Chapter 4

Lecture 13

The score function, Fisher information and bounds

Let © be an open interval in R! and suppose that dPs(s) = €p(s)du(s), where p is a
fixed measure on S. Suppose that 8 — £4(s) is differentiable for each fixed s; then

6= Qse(s) = 28) is also differentiable for each fixed (s,6). If we use dashes for
derivatives with respect to the parameters as described, then

) ()
0,0(5) = % =% (s)

is the SCORE FUNCTION at 6 (given s). We also define I(8) := Ea(’)’(l) s))2, the
FISHER INFORMATION (for estimating 6) in s.

Note.

( /S 05(s)du(s) = 1 V6 € ©)

= (/s 5.0(5)dPy(s) = Z;ES;&)( s)dp /@' Ydu(s) =0Vé € 9)
= Ep(1§"(s)) = Ea( 1 5(s)) =0 = I(6) = Varg(+{)

Similarly, we have [ ¢5(s)du(s) = 0, [543 (s)du(s) = 0, etc. for all 6 € ©, so that

Es(y (J)(s)) =0 for j =1,2,3,..., where 'y(J)( ) = (ajﬁzfs )/4s(s). Conditions under

which the interchanging of different1at1on and integration (as above) is valid will be
given later.

Suppose that we are interested in W, and want some concrete method of con-
structing it. We have that

Qsa(5) = Qoo + (6 — )7 (s) + (5 0)27 (s) + - -,

which suggests that Wy = Span{1, 751), fyg ,-.-}. We will see that this equality holds
exactly in a one-parameter exponential famlly and approximately in general in large
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samples. To see that 7 j) € Wy, we reason as follows: First of course, we note
that 1 € Wy. Then, smce Qgg,Qgg € Wj, we have that ;= (Q,;g Qgg) € W, for

0 # 0, from which it follows that ’Ya ) € W,. Similar 1nduct1ve reasoning allows us to
conclude that each 7(] )i

It is clear that 1 and 70 ) are the most important generators if s is very informative,
for then only é near the true 6 are important. In any case,

Wo(k) := Span{1, 751’,752), ..,fygk)} C W.

We know that, in V, = L?(P), every t € U, projects to the same # € Wp; thus every
t € U, has the same projection to We(k) —say tp . Then we have:

1s 1n W.

11. BHATTACHARYA BOUNDS: For each t € U,

Varg(t) > Eo(ts,)? — [9(0)]2
for k = 1,2,....

Proof. This follows since
Varg(t) + [9(0)]" = Eo(t*) > Eo(t;,.)*
O
Let us consider the case k = 1 —i.e., projection to Span{1, 7, )} We have seen that

11 7(1) i.e., that Eo(’ygl)) =0 - and that [|’)/(§1)||2 = I(6). Hence {1, 7, 1)/||”y 1)||} is
an orthonormal basis in Wf,(l) and, for any ¢ € Vj, the projection t;, of ¢ to Wo

751) 76()1)
tz’lz(l,t)l—i-( D ,t) O
H’Yo I “’Yo I

Now (1,t) = Ey(t) = g(6) since t is unbiased, and

1 1)y _ E’(s) _ !
080 = Balt ") = [ )2 Bars) = [ Ho)ex(s)duts)
™ d _d

since the summands are orthogonal,

x 112 _ 2 (9’(9))2 _ 2 (g’(9))2
el = 90" + i = 900 +

From this we see:
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12 (Fisher-Darmois-Cramér-Rao). INFORMATION INEQUALITY: For t € U,

Vary(t) >

The Fisher information can be related to the second derivative of the log-likelihood:
Let Ly(s) = log, £y(s). Then Lj(s) = ﬁag; 'yél)( ) and

" EH(S) 7 (3) ? _ _Eﬁ(i) _ [M2
Los) =G0 <e§<s>> PORLLEE
but Eg(£5(s)/4s(s)) = [ £5(s)du(s) =0, and so
13. Eg(Lg(s)) = —1(9).

Exact conditions under which statements (11)—(13) hold are deferred until Lecture
5.1

Lecture 14

Heuristics for maximum likelihood estimate:

i. Wy = Span{l, 'Ygl), 752)’ }

ii. Wy = Span{1,, (U1 if 5 is highly informative.
iii. The MLE 6(s) & W (whatever  may be!).

The last item gives us that:

iv. 0 is approximately the UMVUE of its own expected value function (the same
is true of estimates related to 6 in certain ways).

Let 4(s) be the MLE of § and assume that § is close to 6. Since 6(s) maximizes Ls,
we have X X
0=L;=Ly+(0—-0)Ly+-- -~ Ly+ (0 — 0) L.

Assume also that the experiment (that is, (S,.A, Py), 8 € ©) is highly informative in
the sense that I(#) is large (for a given §). We know that Fy(Lj) = 0 and Varg(Lp) =
I(6); hence, informally, Lj is “about” 0, “give or take” about +/I( From (13),

Eo(—Lg) = 1(0) - i.e., Eg(— 1(0)) = 1. Assume that the random varlable 1(0) ~ 1.
Then @
/ / 1

=" o vim L7 VAT
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and hence 0 is nearly in Wg(l) C We; so 8 is nearly LMVU, and hence 6 is nearly the
UMVUE (of 6). From (*),

Ep(f) ~ 0 and Varg(é)zm.

The MLE of g(f) is g(f). Assuming that g is continuously differentiable, we have
)~ g(0) +¢'(0)(8 - 6).

So g(f) is nearly in Wj (since 1 € Wy and 6 is nearly in Wp). Hence

>

q(

Eog(0) ~ g(6) and Var(g(d)) ~ (4'(6))*

where %‘Z,))—]z is the lower bound in (12).

Note. w—{% is the information in s for estimating g(@).

Suppose that (Si, A1, Po(l)) and (Sz, As, Pe(Q)), f € O, are independent experiments
concerning 6, with sample points s; and s;. Let s = (s1,82), A = A; X Ay and
Py = P(gl) X Pe(z), and let I;() be the information in s; for estimating 6 ( = 1,2).
Then the information in s for estimating 6 is 1(0) = I1(0)+ I3(#). (This result extends
inductively to any finite number of independent experiments.)

Proof. dPg(i)(s) = Egi)(si)du(i)(si) for i = 1,2, so dPy(s) = fgl)(sl)é,(f)(sQ)dl/(s) and
hence
Lg(s) = log éf,l)(sl) + logéff)(sz) = Lgl)(s) + ng)(s).

The result now follows from (13). O
Ezample 1(a). s = (X1,...,Xn), Xi e N(0,1). The information in s for estimating 6
is the sum of the information in X, ..., X,,, respectively, for estimating 6, which sum

is (since the X; are iid) n times the information in X;, which product is (since X is
distributed as N (6, 1)) just n. L(X1) = X1 —6 = 75 (X;) and Vary(+§”) = 1 = I,(6).

(We check that i\;% is about 0, give or take about 1; and %%(,j;—) ~ 1 (indeed, here it

is identically 1).)
Example 2. X1,...,X,,... are iid as

0 with probability 1 — 6
1 with probability 6,

and © = (0,1). s = (X3,...,Xn), N the stopping time. The three cases we discussed
are:

a. N =n (n a fixed positive integer).
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b. N is the first time k successes (i.e., 1s) are recorded (k a fixed positive integer).

c. Two-stage scheme.
In all cases (even other than (a)—(c) above), fo(s) = 67)(1 — §)N@=T(), where
T(s) = YN X;, and hence

Ly =1
and
1 = -1 - 1

where V(s) = N(s) — T'(s). Since Ey(Ly) = 0, we have
Eo(T) _ E¢(V)

6  1-0’ (4.1)
1(6) = Vary(L}) = Var;z(T) + Xa]f(g;) - 9(12_ 5 Cov(T V) (42)

and
1) = Eol~Lj) = EoT) + (= BoV). (4.3

Ezercise: What happens in case (a) (i.e., N = n)? This is like Example 1(a)
except that 1(6)~! = Jl—i depends on 6.

Suppose now that we are in case (b). Then T = k and V(s) = N(s) — k. Hence,
from (4.1), % = %ﬂi and therefore E3(N) = % (which we could also compute
directly) and

k 1 k
1(0) = = = FEp(N — k _—
O =g+ TPV -4 =mi—g
(from equation (4.3) above). Hence the heuristics apply when £ is large. In all cases
B(s) is T,
(s)

Ezercise: Derive Varg(N) from (4.2) and check the behavior of Lj/\/I(#) and
Ly/\/I(9).

Ezample 1(e). s = (X1, -+, X,), with the X; iid with density ae=2@=9* (a,b > 0).

Homework 3

1. a. Find a and b such that Varyg(X;) = 1 (to make it comparable to Example
1(a)).
b. Find I(9).
c. Eg(X) =0, so X is unbiased for . Is X the UMVUE? (Note the answer
is no.)

d. What is the UMVUE?
e. Give an explicit method for finding 4(s).
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Lecture 15

13(a). Suppose t € U, is such that

Vary(t) = [_Q‘;L(Z))_P Vo € ©;

then {P, : § € O} is a one-parameter exponential family with statistic ¢ - i.e.,

4P,

T () = fa(s) = p(s)e PO,

where A and B are smooth functions; moreover, g(§) = —A’(6)/B'(9).

Proof. By the same argument as used in the proof of (12), we have that ¢t € W(gl)
for all @ —i.e., that

t(s) = a(0) +b(0)Ly(s)  a.e.(Pp)

for all . From this it follows that Ly(s) = «a(f) + B(8)t(s) (if b = 0 then
Varg(t) = 0 for all . We rule out this case) and hence that

Lo(s) = A(6) + B(0)t(s) + C(s),
where A(9) = [ a(6)df. This gives the required form for £(s). Also,
0= Ey(Ly) = a(8) + B(6) Ep(t) = (6) + B(0)g(0)
and so g(0) = —a(0)/8(0) = —A'(6)/B'(6)- O

Note. For a near-rigorous proof, see R. A. Wijsman 1973 AS, pp. 538-542, and
V. M. Joshi 1976 AS, pp. 998-1002.

Note. The necessary conditions on {Pp : § € ©} and g are also sufficient for the
attainment of the C-R bound. We will see this later.

Ezample 1(a). Since

nyY n 2 e
Us(s) = pr(s)e"TXD" = y(s5)e= "2 +OX

the C-R bound is attained by X for estimating g(f) = 6. This implies that X is
LMVU at 0, which in turn implies that it is UMVU. Also, the C-R bound is not
attained by any unbiased estimate of any g which is not an affine function of 4. In

particular, since X — L is an unbiased estimate of g(f) = 2, it does not attain the

C-R bound since 62 # —A'(§)/B'(§). We have seen before, however, that X~ — s
the UMVUE.
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To study the Bhattacharya bounds, note that £, = £ - [-nf + nX| and £ =
by [-n0 +nX|? + £y - [—n], so that £ /Eg is affine in X and ¢ /¢, is quadratic. ThlS

implies that .
W = Span{1,£,/¢} = Span{1, X }

and
Wé = Span{1,£y/4y, by /ls} = Span{1,7,72},

whence X~ — le W()( attains the Bhattacharya bound and is the UMVUE. In fact,
W, is the space of all functions of X, and hence any function of X (but not 6) is the
UMVUE of its expectation.

Ezample 1(b). s = (X1, Xa,...) are iid from e71*=% on R'. Here Wj is well-defined
(i.e., (8)—(10) hold), but (11)—(13) are not applicable since {3 is not sufficiently
smooth. In such a situation, the following is useful.

4 (Chapman-Robbins). Given (S, A, P), 6§ € O, with © an open interval in R?,

if t € Uy then
—(9(5) — 9(8)’ Q59— 1 ?
vant) 2 i (*5 =) /e (e

for all § such that Q54 = d—P‘i exists for all 4 in a neighborhood of 4.

Proof.

Ey(t) = g(6) = /S - QspdPy = g(6) = [S K0 — 1)dPy = 9(5) — 9(6).

Dividing by § — 6, we find that

[(5e5)n- sz
6))

:fs(t_ ( —Hl)dpezg(a()sig(g)
= (9(5;:3(9))2 < Vary(t) Eg(Qg’g__el)z
]

Note. If g is differentiable at 6, then
2
Vary(t) > (¢'(¢ )) /lim E (9——1)
56 6—96
If, further, §25 is differentiable (see (12E) below for exact conditions), then this

9'(9))?
is the same as [1—(09"
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Homework 3

2. What is the Chapman-Robbins bound for ¢g(f) = 6 in Example 1(b)?

3. In Example 1(c), s consists of n iid observations from 7(1+(+0)2_)' For any g,

the C-R bound is not attained by any t; but 9 has nearly the variance ﬁ if
1(0) is large. Here I(6) = nly(f). Show that I;(f) = 3.
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