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Abstract: For a general family of one-dimensional skew-symmetric probabil-
ity densities, the application of the maximum likelihood method to the esti-
mation of the asymmetry parameter A is studied. Under mild conditions, the
existence and consistency of a sequence {An} of maximum likelihood estima-
tors is established, and the limit distributions of {A,} and the sequence of
likelihood ratios are determined under the null hypothesis Ho : A = 0. These
latter conclusions, which hold under differential singularity of the likelihood
function at A = 0, extend to the present framework results recently obtained
for general statistical models with null Fisher information.
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1. Introduction

This work concerns likelihood inference for the general one-dimensional skew-
symmetric family, which is constructed as follows: Given two symmetric densities
f and g on the real line—that is, f(z) = f(—=z) and g(z) = g(—=x) for all x € R—
let

(1.1) G(z) = /$ g(z)dz
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be the cumulative distribution function of density g. Notice that [ [1 — G(Aw)] x
f(w)dw = [R[1-G(=Aw)]f(—w)dw = [ G(Aw)f(w) dw for every X € IR, so that
Jr 2f(w)G(Aw) dw = 1. This argument, due to Azzalini [1], shows that for each
relR

(1.2) plx; A) =2f(z)G(A\z), ze€R
is a genuine density, and the collection

(1.3) S(f,9) :={p(5 N A e R},

is the skew-symmetric family determined by f and g. When the parametrization
A p(;A) is one-to-one, f(-) = p(+;0) is the unique symmetric density in S(f, g),
and A can be considered as a measure of the asymmetry (or skewness) of density
p(; A). The first systematic treatment of a skew-symmetric family was presented
in Azzalini [1, 2] for the case in which f and g coincide with the standard normal
density ¢, and location-scale and regression models based on S(p,¢) as well as
multivariate extensions have been intensively studied during the last twenty years;
see Azzalini and Dalla Valle [4], Azzalini and Capitanio [3], Pewsey [13], Genton
[10] and the references therein. The analysis of the maximum likelihood method
for the location-scale model based on S(ip, ) has proved most challenging since,
in that context, the Fisher information matrix has incomplete rank at A = 0, a
problem that also arises for the skew exponential family, which includes the skew
normal location-scale model as a particular case (Azzalini [2], DiCiccio and Monti
[9]). The singularity of the information matrix has been analyzed via the centered
parametrization introduced in Azzalini [1] and asymptotic results are based on the
recent work by Rotzintzky et al. [14]. Using the conclusions in this latter paper,
rates of convergence for maximum likelihood estimators are derived in Chiogna [8],
and Sartori [15] studied the finiteness of the estimator of the asymmetry parameter.
As suggested by the previous comments, family S(p, @) has been intensively
studied, and a great effort has been done on generalizations of that model (Genton
[10]), so that looking for inference results applicable to a broad class of skew fam-
ilies is, certainly, an interesting problem. This work is a first step in this direction
since, although no scale or location parameters will be introduced, the maximum
likelihood method applied to the estimation of the asymmetry parameter A will be
studied under rather minimal conditions on densities f and g, making the likeli-
hood inference problem a very interesting one. The first objective of this note is

(i) To establish the existence of a sequence {\,} of maximum likelihood estima-
tors of A and to prove its consistency.

To see the interest behind this problem, denote the (kernel log-) likelihood cor-
responding to a single observation x by

(1.4) L(X\;x) = log(G(Ax)),

and observe that if g is the standard normal density, then £(-; z) is strictly concave
for = # 0, a property that yields the existence and consistency of maximum like-
lihood estimators (Newey and McFadden [12]). However, strict concavity of £(-; z)
is far from being a general property, and may fail in common cases, for instance,
if ¢ is the Laplace density. In this work, problem (i) above will be studied under
the minimal assumption that the parametrization A — p(-; A) is identifiable and,
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since the parameter space is not compact for the S(f,g) family, to the best of the
authors’ knowledge, in this context the existence and consistency of maximum like-
lihood estimators can not be directly obtained form general available results. The
second problem studied in this work concerns the asymptotic distribution of {\,}
and, as usual, the analysis below requires differentiability assumptions on £(-; x),
and then, on density g. This problem will be studied under conditions allowing g
to be non smooth at x = 0, which can be roughly described as follows:

A1: g is continuous on IR, is ‘smooth’ outside 0, and has lateral derivatives at zero.

Under this requirement, it is not difficult to see that if the true parameter value, say
v, is non-null, then ¢(-; ) is smooth on a neighborhood of v if ¢(v;x) < co. Thus,
when the information number at v, given by Z(v) = [ (Oxl(v; 2))?p(v; ) d(> 0),
is finite, under standard regularity conditions Wald’s classical results yield that
/nZ()(A, — v) has a standard normal distribution at the limit (Lehmann and
Casella [11], Section 6.3, Shao [16], Section 4.4). However, under the null hypothe-
sis Ho : A = 0 such a direct conclusion is not possible, since g(-) is not necessarily
differentiable in a neighborhood of zero under condition A1l above. Also, observe
that 9x0(0;2) = 2g(0)z, so that Z(0) = 4g(0)* [, *f(z) dx; thus, Z(0) is null if
g(0) = 0 and, again, in this case the asymptotic distribution of {\,} can not be
obtained from the results in the aforementioned references. The case of null infor-
mation at A = 0 was recently studied in a general context by Rotnitzky et al. [14]
under several assumptions, including (a) compactness of the parameter space, and
(b) the existence of higher order derivatives 95¢();z) in a neighborhood of zero.
Since in the present context neither the parameter space is compact, nor higher
order derivatives 0%¢(\; z) exist around zero, if g(0) = 0 then the limiting distrib-
ution can not be solved by direct application of available results under condition
A1. Therefore, the second problem considered in this note is

(ii) to determine both the limit distribution of the (appropriately normalized)
sequence {\,} under the hypothesis Hy : A = 0, and the asymptotic null distribu-
tion of the likelihood ratio statistic.

The approach used below to study problems (i) and (ii) can be described as
follows: The monotonicity of the mapping A — £(\;z) is used to establish the
existence of maximizers ), of the observed likelihood when the sample size n is
large enough, whereas the proof for the consistency of {5\,1} follows the ideas in
Cavazos-Cadena and Gonzalez-Farfas [7] where, under mild conditions, it is shown
that sequence {S\n} is consistent if and only if it is bounded with probability 1;
here, after establishing the boundedness property, a direct proof of consistency is
given via a simple consequence of Kullback’s inequality. Concerning problem (ii),
as in the results presented in Lehmann and Casella ([11], Section 6.3), Shao ([16],
Section 4.4), or in Rotnitzky et al. [14], the analysis is based on Taylor series
expansions for the observed likelihood and its derivative around zero, which in the
present context are lateral erpansions; they are used to show that the maximum
likelihood estimator is no null with probability increasing to 1, and the asymptotic
distributions are obtained via the central limit theorem and the strong law of large
numbers.

The organization of the paper is as follows: Problem (i) is analyzed in the fol-
lowing three sections. Thus, in Section 2 the identification property of the para-
metrization A — p(;-) is discussed, the existence of a sequence {S\n} of maximum
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likelihood estimators is established in Section 3, and the consistency of {5\”} is
proved in Section 4. After this point, the reminder of the paper concerns problem
(ii). In Section 5 the basic dominance and smoothness assumptions are formally
introduced, and the main asymptotic result is stated as Theorem 5.1. Next, in
Section 6 the necessary technical tools concerning lateral Taylor series for the like-
lihood function and its first derivative are established and, finally, the exposition
concludes in Section 7 with a proof of Theorem 5.1.

Notation. Throughout the remainder X7, X5, X3, ... stands for a sequence of in-
dependent and identically distributed random variables with common density be-
longing to family S(f,g) in (1.3): For each n = 1,2, ..., set

(1.5) XP o= (X1, ..., X,).

The distribution of the sequence (X7, Xs,...) when v is the true parameter value
is denoted by P,[-], whereas E,[-] stands for the corresponding expectation op-
erator. On the other hand, if H(-) is a function defined around zero, H(0+) :=
lim,\ o H(z), and H(0—) := lim, ~o H(z), whereas given A C IR, 14 is the indica-
tor function of set A, that is, [4(x) = 1if x € A, whereas I4(x) = 0 when z ¢ A.
Finally, the following convention is enforced: Z?:a C; =0 when b < a.

2. Identifiability

In this section the identifiability of the parametrization A — p(-; A) is briefly dis-
cussed. This condition establishes that different parameters correspond to different
densities, and plays a fundamental role in parametric estimation (Newey and Mc-
Fadden [12]).

Assumption 2.1. The mapping A — p(-; \) is one-to-one, that is,
[ 1ptain) = plain)lde = [ 2f@)|60) - Glolda 20, if A
R R

see (1.2).
Some primitive conditions ensuring this requirement are now given.

Lemma 2.1. Assumption 2.1 holds under either of the following conditions (i)—
(iii).
(i) For every nonempty open interval J C R, [, f(zx)dx > 0;

(i) fJg(x) dz > 0 for each nonempty open interval J C R;
(#ii) There exists § > 0 such that

/g(az)dm>0 and /f(a?)dx>0,
J J

for each nonempty open interval J C (0,6).

Proof. Let A and v be fixed and different real numbers, and suppose that

(2.1) /]Rf(x)|G(/\z) — G(vz)|dz = 0.

A contradiction will be obtained under each of the three conditions in the lemma.
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Assume that condition (i) holds. Given an open interval J C IR with positive
length, (2.1) and [ f(x)dz > 0 together yield that |G(Az) — G(vz)| = 0 for some
x € J, so that {z | G(Az) — G(vx) = 0} is dense in IR. Since G(+) is continuous, this
set is also closed, so that

(2.2) G(A\x) = G(vz) for all x € R.

This fact implies that A # 0 and v # 0. Indeed, if v = 0, it follows that A # 0 and
the right-hand side equals 1/2 for all , whereas the values of left-hand side cover the
whole interval (0, 1) as  moves on IR. Thus, v # 0 and, similarly, A # 0. Moreover,
(2.2) also yields that A and v have the same sign since, otherwise, as © — oo one
side of the equality converges to 1 and the other converges to 0. Therefore, recalling
that A # v, it follows that |A| # |v|, and without loss of generality it can be assumed
that 8 = |\|/|v] = A/v € (0,1). Replacing x by y/v, (2.2) yields that, for all y € R,
G(y) = G(By), and then

Gly)=GB"), yeR, n=1,23,....

Letting n go to oo, the continuity of G(-) and the inclusion 8 € (0, 1) yield that
G(y) = G(0) = 1/2 for all y € IR, in contradiction with the basic properties of a
distribution function.

Under condition (ii), G(b) — G(a) = f:g(x) dx > 0 for a < b, so that G(-) is
strictly increasing. Thus, since A # v, |G(Ax) — G(vx)| > 0 for all  # 0, and it
follows that (2.1) is equivalent to [ f(z)dxz = 0, which is not possible, since f(-)
is a density.

Suppose that condition (iii) occurs. In this context, G(-) is strictly increasing on
the interval (0,0) and then on (—§,¢), by symmetry. Next, define 01 := §/(|A\| +
|v| + 1) and, recalling that A\ # v, notice that if « € [61/2,d1] then Az and va are
different points in (-4, §), so that |G(Az) — G(vz)| > 0. Thus, by continuity of G(-),
minge(s5, /2,6, |G(Ar) — G(vx)| =: € > 0. Consequently,

| @I60a) - 6o da
[61/2,61]

> 5/ f(z)dx > 0,
[61/2,61]

where the inclusion [d1/2, 1] C (0,0) was used to set the last inequality. Therefore,
(2.1) can not occur under condition (iii). O

According to the previous result, Assumption 2.1 is valid under mild require-
ments on densities f and g, and it is interesting to observe that if conditions (i)—(iii)
in Lemma 2.1 do not hold, then identifiability may fail.

Example 2.1. Let the symmetric densities f and g be such that f(z) = 0 for
x € [—1,1], whereas g(z) = 0 for |z| > 1. In this case, it is not difficult to see
that the general density p(-;A) € S(f,g) satisfies p(-;A) = p(-;1) for A > 1, and
p(;A) = p(+; —1) when A < —1, so that Assumption 2.1 does not hold.

The basic consequence of Assumption 2.1, which plays a central role in the
subsequent development, is established in the following lemma. Firstly, recall that
G(+) is increasing and notice that if Ao > A; then

/0 T )|Ger) — GO z)| do = /0 T ) (G 0wr) — GOuw) da,
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and

0
/ f(@)|G(Aex) — G(\iz)| dx = / f(@)(G(Mzx) — G(A\ax)) dx

— 00

/ f(@)(G(Aex) — G(M\z)) dz,
where the second equality comes from [, f(2)G(Aiz)dz = 1/2 for i = 1,2, so that
/R F(@)G o) — GOur)| do
_ 2/ F2)(G o) — Gz)) da

= 2/ F@)(G(Mx) — G(Aex))dx, A < Ao

Lemma 2.2. Under the identifiability Assumption 2.1, the following assertions (i)
and (ii) hold:

(i) For each A € R, [ f(z)G(Ax)dx > 0 and f f(@)G(\x)dx > 0.
(ii) There exists a functzon ¢: R — (0,00) such that
Py X1 < —c(N)] >0 and P\[X;>cN)]>0, AeRR.
Proof. (i) Notice that

0< /00 f(z)G(Ax)de < /OO f@)G(A2z)dz, A1 < Ag,
0 0

since G() is increasing. Now, suppose thatfoOO 2)G(A2z) dx = 0 for some Ay € TR.
In this case the above display yields fo )G (Mz)dx = 0 for every Ay < Ay, and
then,

/Rf(:v)|G(/\2x) C )z =0, A<,

by the first equality in (2.3), contradicting Assumption 2.1; consequently, fooo f(z)x
G(A\z)dx > 0for all A € IR, whereas the other part of the conclusion can be obtained
along similar lines.

(ii) By the monotone convergence theorem, as € N\, 0, f:o fl@)G(A\x)dx

IS f(@)G(A\z)de and [~ f(x)G(\x)dz / fo flx ()\:z:) dx for each ). There-
fore, by part (i), there exists ¢(\) > 0 such that f()\ z)G(A\z)dz > 0 and
f:;(A) f(@)G(A\x)dx > 0, and the conclusion follows. O

3. Existence of Maximum Likelihood Estimators

The objective of this section is to establish the existence of a sequence of maximum
likelihood estimators, an idea that is formally stated below. To begin with, given a
fixed sample size n > 0, for each possible sample x = (z1,...,2,) € R" define the
average (kernel log-)likelihood function L, (-;x) by

(3.1) = 1 Zn: L(N\; xy) Zlog (Axg)), A ERR,

k=1

3
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(see (1.1) and (1.4)), where the usual convention log(0) := —oo is enforced. Since
G(-) is continuous and takes values in [0,1], L, (+;-) is continuous function from
R x IR" into [—o0, 0]; moreover, for every @Q C {1,2,...,n}

(3.2) /\x<—Zlog (\z;)) <0, AeR, 0+#Q.
1:EQ

Definition 3.1. Let {)\, : R™ — IR} be a sequence of (Borel) measurable functions
and set .
An = A (XT).

In this case, {j\n} is a sequence of maximum likelihood of estimators of A if

(3.3) Py, | U (N [Ers XF) > Le(\ XF) for all \]| =1, Ao € R.

n=1k=n

occurs for every A € R if

Remark 3.1. (i) By continuity, L, (An; X7) > Ln,(X; X7) 0
n(An; XT) = Lo (X XT), A €

and only if it holds for each rational number, so that [L
IR] is an event.

(i) In words, {\,} is a sequence of maximum likelihood estimators of A if, with
probability 1 and regardless of the true parameter value, A maximizes the observed
average likelihood function L, (-; X7') whenever n is large enough. The event within
brackets in (3.3) is the inferior limit of the events [Ly(Ar; X¥) > Lp(X; X¥), A € R],
and when (3.3) holds then, as k — oo, Py, [Lr(A; XF) > Lp(X; XF) for all A] — 1;
see, for instance, Billingsley ([6], Section 4).

The main objective of this section is to prove the following result.

Theorem 3.1. Under Assumption 2.1, there exists a sequence of mazimum likeli-
hood estimators of \.

The proof of this theorem has been divided into three simple lemmas involving
the following notation: For each x € IR", set

(3.4) My (x) := sup L, (X\;x),
AeR

so that (3.1) and (3.2) lead to

(3.5) 0> mu(x) > L,(0;x) = —1log(2), xe€IR",
since G(0) = 1/2. Next, define

(36) M) = {v € R| Lu(i%) = ma(x)}, x € R™,

which is a closed subset of IR, by the continuity of L, (-;x). As can be seen from
the monotonicity of ¢(-;x), the set M, (x) may be empty if the observed sample
x € IR™ does not contain observations of different sign. The first step to the proof of
Theorem 3.1 is the following lemma, showing that M,,(x) is nonempty and compact
if x € IR™ contains components with opposite signs. For each integer n > 2, set

(3.7) S, ={x € R" | z;z; <0 for some i and j with 1 <i# j <n}

and observe that S,, is an open subset of IR".
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Lemma 3.1. For each integer n > 2 and x € S,,, the set of mazimizers M, (x) is
nonempty and compact.

Proof. Given x € &y, select indexes * and j* such that z;» < 0 and z;- > 0, so
that limy_ o log(G(Ax;+)) = —oo = limy_,_ o log(G(Az;+)). After setting Q = {i*}
and @ = {j*} in (3.2), these convergences yield that

lim L,(\x)=—o0,

[A]—o0

and it follows that the set M., (x)—consisting of the maximizers of the continuous

function L, (-;x)—is nonempty and compact. O
Next, for each n > 2, define A} : S, — R by
(3.8) A (x) = max M, (x), x€S,,

so that A} (x) is the largest element in M,,(x). Observe that A} (x) € M, (x) is a
well-defined finite number for each x € §,,, by Lemma 3.1. As it is shown below,
this function A} (+) is upper semi-continuous.

Lemma 3.2. Let the integer n > 2 be arbitrary but fized, and suppose that {x;} C
Sy is such that limg_,oo X =y € Sy. In this context,

(i) If vi, € My, (xi) for each k, then sequence {vy} is bounded, and
(ii) Every limit point of {vk} belongs to M, (y).

Consequently,

(i) AY(+) is upper semi-continuous.

Proof. To begin with, write x; = (21, . .., Tk,) and notice that, since v, € M, (xx),
(3.9) Zlog (Axgi)) = Ln(Nsxk) < L (vg; xk) Zlog (VETki))

for ever A € IR; in particular,

(3.10) —log(2) = L, (0;xx) Zlog (Vi)

(i) Assume now that limsup,_,. vy = oo and, taking a subsequence if neces-
sary, without loss of generality suppose that vy — oco. In this context, select an
index ¢* such that y;+ < 0, which is possible since y € S,, (see (3.7)) and observe
that the convergence xp;+ — y;+ < 0 leads to vgzp;x — —o0 as k — 00, so that
log(G(viaki=)) — —o0o, and then, via (3.2) with @ = {i*}, this yields

lim — Zlog (VkxR;)) = —o0,

k—oo N

which contradicts (3.10); it follows that limsupy vy < oo, whereas the inequality
liminfy v > —o0 can be established along similar lines.

(ii) Let v* be an arbitrary limit point of {14}, and notice that, by part (i), v
is finite; selecting a subsequence, if necessary, assume that v, — v*. In this case,
taking the limit as k goes to oo in (3.9), it follows that

1 n
= - 1 1 Ln *7 ) ’
Ay) nZ; 0g(G(Ayr)) Zog (V*ur)) = Lu(v';y), AER
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e, v € My(y).

(iii) Let y € S, be arbitrary. If {xx} C S, is such that limj x; =y, recalling
that A (xi) € My, (xk), part (i) with v, = A} (xx) yields that limsup, A} (xx) €
M, (y), and then lim sup, A} (xx) < A (y), by (3.8), so that A\ (+) is upper semi-
continuous. O

The last step before the proof of Theorem 3.1 is the following consequence of
Lemma 2.2(i).

Lemma 3.3. Under Assumption 2.1,

lim P, ﬂ[XfESk} =1, vel;
n—oo Een

see (1.5) for notation.
Proof. Let v € IR be fixed and observe that for every i =1,2,...,

P[X;<0=1-PJX;>01=1- 2/000 f(x)G(vz)de =: p_(v) € [0,1),

where the inclusion stems from Lemma 2.2(i), so that for each k > 0, p_(v)¥ =
P,[X; <0, 1 < i < k]; similarly, P,[X; > 0, 1 < i < k] = py(v)* for some
p+(v) € 10,1). Since

(XFeS°=[X;<0, 1<i<kU[X;>0,1<i<k|,
it follows that P,[[X¥ € Si|] < 2p(v)*, where p(v) € [0,1) is given by p(v) :=

max{p_(v), p+(v)}. Observing that (1.5) and (3.7) together yield that [X]* € S,,] C
[X¥ € 8] for k > n, it follows that

P, | (X} €8]| > P [X] €8] 21— 2p(v)"
k=n
and the conclusion is obtained taking the limit as n — oo. O

Notice that the last display and Lemma 3.1 together shows that, with probability
increasing to 1 at a geometric rate, the function L, (-; X7') has a maximizer when
n is large enough.

Proof of Theorem 3.1. Select a point A* € IR and for each positive integer k define
A : R® — IR as follows: A;(-) = A*, whereas, for k > 2, A\x(x) := A\* if x € RF\ Sy,
and A, (x) := A} (x) if x € Si. Since the Sy’s are open sets, Lemma 3.2(iii) implies
that each function A (-) is measurable, and then A, = A\x(XF) is a genuine statistic.
Using (3.4)—(3.6) and (3.8), this specification yields [X¥ € 8] C [Li(\e; XF) >
Li(\; X¥), A € R] for k > 2. Therefore, for each integer m > 2,

(XF e C () LA XF) > Li(X XF), A € R

k=m

1D

U Lk XF) > Li(X XF), X € R,

n=1k=n
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a relation that yields that, for every parameter v,

oo o0

U ﬂ Li(A; XB) > L\ XP), A € R]

Nixte sa] .

k=m

After taking the limit as m — oo, an application of Lemma 3.3 leads to

U () [Er(hs XTF) >Lk()\;X{“),>\eIR]] =1, veR,

n=1k=n

so that, by Definition 3.1, {Xn} is a sequence of maximum likelihood estimators. [

4. Consistency

The objective of this section is to show that a sequence {5\”} of maximum likelihood
estimators of A is consistent, i.e., that {A,} converges to the true parameter value
with probability 1.

Theorem 4.1. Suppose that Assumption 2.1 holds and let {5\”} be a sequence of
maximum likelihood estimators. In this context,

P,,[lim S\nzy}zl, v €R.

The proof of this result relies on the two lemmas stated below and involves
the following notation: Throughout the remainder of the section {\,} is a given
sequence of maximum likelihood estimators of A and the event * is given by

(4.1) Q= G ﬁ [Le(Ak; XT) > Li(A; XT), A € R].

n=1k=n

Also, for each v € IR,

where ¢(v) > 0 is as in Lemma 2.2(ii). Notice that the strong law of large numbers
and Definition 3.1 yield

(4.3) P[Q* =P =1=P[Q)], veER.

The core of the proof of Theorem 4.1 is the following boundedness property.

Lemma 4.1. Under Assumption 2.1, if {5\71} is a sequence of mazimum likelihood
estimators of A, then

P, [limsup [A,| < oo} =1, veR.

n— oo
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Proof. Tt will be shown, by contradiction, that the event

(4.4) {lim sup A, = co| NQ*NQ;  is empty.

n—oo

To achieve this goal, suppose that the sample trajectory Xi, Xo, ... is such that the
above intersection occurs, and observe that along this path assertions (a)—(c) below
hold:

(a) Since the event [limsup, A, = co] occurs when X1, Xo, ... is observed, there
exist a (trajectory dependent) subsequence {nj} such that

ng > k and Xnkzk;

for all positive integers k; .
(b) Using that X7, Xs,... is such that Q* occurs, it follows that A, maximizes
L, (-; X7 for n large enough, so that there exists a positive integer M such that

Ln(An; X7) > L (0; X1) = —log(2), n> M;

(c) Since the observation of X7, X, ... implies that Q occurs,
1 n
— Z”Xi < —¢(v)] = P,[X1 < —c(v)] asn — occ.
n 4

Notice now that for each integer My > M and k > M, (a) and (b) together yield

—108(2) < Ly (s X) = nik S 10g(G(An, X1))
=1

< —Zlog A, XX < —c(v)]

< n_k Zlog —Myc(W)I[X; < —c(v)]

where (3.2) with @ = {i : i < ng, X; < —c(v)} was used to set the second

inequality, and the third one follows from the monotonicity of log(G(-)), since Ay, >
k > M. From this point, letting k go to oo, (c) leads to

—1og(2) < log(G(=Mic(v))) Py [ X1 < —c(v)];

and, recalling that lim, , o log(G(z)) = —oo and that P,[X; < —c(v)] and
¢(v) are both positive (by Lemma 2.2(ii)), taking the limit as M; — oo, it fol-
lows that —log(2) < —oo, which is a contradiction, establishing (4.4). Therefore,
[limsup,, .. A, = 00] C ()€U (€,)¢, inclusion that yields

P, [limsup ;\n =0l =0, rvekR,
by (4.3). Similarly, it can be established that [liminf,_.o A, = —o0] C (2*)¢ U
()¢, so that P,[liminf,, o A, = —00] = 0 for all v € IR; the conclusion follows
combining this fact with the above display. (I
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To continue, observe that since log(G(-)) < 0, E, [log(G(AX1))] is always a well-
defined non positive number, where the expectation may assume the value —oo.
Also, since z +— zlog(z) is bounded on (0,1), FE,[log(G(vz))] =
Jr 210g(G(vz))G(v) f(x) do is finite.

Lemma 4.2. Suppose that Assumption 2.1 holds and let v € IR be arbitrary but
fized.
(i) [Kullback’s inequality.] For each A € R\ {v},

E,log(G(AX1))] < E,[log(G(vX1))].

(i) Assume that {ri} and {sx} are two real sequences such that, for some v* €
R,
re \\V* and sy S v* ask — oo

and suppose that, for every k =1,2,3,..., the following inequality holds:
(45)  E,[log(G(vX))]

< B, [log(G(re X)) I[X > 0] + Ey [log(G(sx X)) I[X < 0]].
In this case, v = v*.

Proof. (i) If A # v, Assumption 2.1 and the strict concavity of the logarithmic
function yield, via Jensen’s inequality, that

(52 <o 23]

=log (/R pla; \) dm) =0.

Observing that p(x; \)/p(x;v) = G(Ax)/G(vz) when p(x;v) is positive, the above
inequality can be written as E, [log(G(AX1)) — log(G(vX1))] < 0, which yields the
desired conclusion since, as already noted, E, [log(G(rX1))] is finite.

(ii) Notice that rp N\, v* leads to rpy X \, v*X on [X > 0], whereas s; /' v*
implies that s, X \, v*X on [X < 0]. Therefore, since —log(G(+)) is decreasing and
nonnegative,

0 < —log(G(re X)) I[X > 0] / —log(G(v* X)) I[X > 0]

and
0 < —log(G(sp X)X < 0] / —log(G(v*X))I[X < 0].

Now, an application of the monotone convergence theorem yields
B, log(G(re X)) I[X > 0] \, B, log(G(v* X))I[X > 0]]

and
B, [log(G(s X)X < 0]] \, By [log(G(v* X)) I[X < 0]),

convergences that, after taking the limit as k goes to oo in (4.5), lead to
E,[log(G(vX))] < Ey [log(G(v* X)),

and then v = v*, by part (i). O
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After these preliminaries, the proof of Theorem 4.1 is presented below. The ar-
gument uses the following notation, where Q stands for the set of rational numbers:
For each v € IR, define

(4.6) %rpg%ZMW@mrﬂmwwxﬁ;

i=1

(4.7 Q.= lnli_)rrgo%ilog(G(AXi))I[Xi > 0]
i=1

= E[log(GAX1))I[X; >0]], A€ Q] ;

1 n
4.8) Q2= |lim =) log(G(AX;)I[X; <0
(18) 02 L%“;%((”[ ]

= By [log(G(AX1))I[X1 <0]], A€ Q] .

Since Q is denumerable, the strong law of large numbers yields P,[Q}] = 1 for
1 =0,1,2, and then, setting
(4.9) Q,=0"nQl N2,
it follows that
(4.10) P[] =1.
Proof of Theorem 4.1. Given v € IR, it is sufficient to show that

(4.11) [limsup An] <00l NQ*NQ, C [limj\n = z/},

where Q* and €2, are specified in (4.1) and (4.9), respectively. Indeed, if this inclu-
sion is valid, then (4.3), (4.10) and Lemma 4.1 together imply that P, [lim,, A, =
v] = 1. To establish (4.11) let X;, X9, X3,... be a fixed trajectory such that
[limsup,, [An| < o0] N Q* N Q, occurs, select an arbitrary limit point v* of the
associated sequence {\, }, and observe the following facts (a)—(c):

(a) v* is finite, since limsup,, |;\,L| < oo holds when X1, X5, X3, ... is observed.
Let r and s be arbitrary rational numbers satisfying

(4.12) s<vi<r

and select a sequence {n;} of positive integers such that

(4.13) ng>k, s<A,<r, k=12 ...

(b) Since the path X1, Xa, X3, ... is such that Q* occurs, A\, is a maximizer of
L, (-; X7') when n is large enough, say n > M; see (4.1). In particular, L, (v; X7) <
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Ln(j\n; X7') when n > M, and then, replacing n by nj in this inequality and using
the monotonicity of log(G(-)) as well as (4.13), it follows that

1 &
— > log(G(vX;)) = Ly, (v; X*)
i

S Lnk (XTUQ 7 X{Lk)

:%ZMMMM)
(4.14) < — ik’g X =0

+n7 zglog(G(in))l[Xi <0), k>M.

(c) Since the trajectory X1, Xo, ... is such that €, occurs, a glance to (4.6)—(4.9)
immediately yields that, as k — oo,

L log(GX,)) — B, log(G X)),
n_lk ZIOg(G(rXi))I[Xi > 0] — E,[log(G(rX)I[X > 0]], and
i=1

! ilog(G(in))I[Xi < 0] = E,[log(G(sX)I[X < 0]].

After taking the limit as k — oo in (4.14), these convergences yield that
E,[log(G(vX))] < E,[log(G(rX)I[X > 0]] + E,[log(G(sX)I[X < 0]],

and then, since r and s are arbitrary rational numbers satisfying (4.12), from Lemma
4.2(ii) it follows that v* = v. In short, it has been proved that along an arbitrary
path X7, Xo,... for which the intersection [limsup,, |/\”| < ool N * N Q, occurs,
the corresponding sequence {)\ } has v as its unique limit point, so that A — v as
n — oo. This establishes (4.11) and, as already noted, completes the proof. O

5. Asymptotic Distribution

The remainder of the paper concerns the asymptotic behavior of a consistent se-
quence {S\n} of maximum likelihood estimators of A, whose existence is guaranteed
by Assumption 2.1. As already mentioned, the large sample properties of {j\n} will
be studied under the null hypothesis Hy : A = 0, and the analysis below requires
two properties on the densities g and f generating the family S(f, g), namely, (i)
smoothness of density g outside of {0} and a ‘good’ behavior of its derivatives
around A = 0, and (ii) a moment-dominance condition involving both densities f
and g. After a formal presentation of these assumptions, the main result is stated
at the end of the section, and the corresponding proof is given after establishing
the necessary technical preliminaries.
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Assumption 5.1. For some nonnegative integer r—hereafter referred to as the
critical order— the following conditions hold:

(i) The symmetric density g(x) is continuous on R and has derivatives up to order
2r + 2 on the interval (0,00);

(i) D*g(0+) = lim,~ o D*g(z) exists and is finite for k =0,1,2,...,2r + 1, and
(#i) D"g(0+) # 0, whereas D°g(0+) =0 for 0 < s <r.

Remark 5.1. (i) Under this Assumption, g¢(-) statisfies that D"g(0+) =
limg~ o 7lg(x) /2" > 0, by continuity of g if » = 0, or by L'Hopital’s rule, if > 0, so
that D"g(0+) > 0, since D"g(0+) is no null. It follows that a density g satisfying
Assumption 5.1 can be expressed as g(z) = |z|"h(]z|) where r is a nonnegative
integer (the critical order), h : [0, 00) — [0, 00) is continuous with h(0) > 0, and has
derivatives of order up to 2r+2 on (0, co), which are ‘well-behaved’ near zero so that
the required lateral limits of the derivatives of g exist at x = 0. Thus, besides the
smoothness requirement on the whole interval (0, 00), the core of Assumption 5.1
essentially concerns the local behavior of g around the origin.

(ii) Under Assumption 5.1, density g(-) is continuous, so that G(-) has continuous
derivative, and then 0x4(\; z) = 0y log(G(Ax)) exists if £(\; z) is finite. Suppose now
that A, maximizes L, (; X7"). In this case —log(2) = Ly (0; X7) < Ly (Ap; X7') im-
plies that log(G(\,X;) is finite for every i = 1,2,...,n, by (3.1), so that L, (-; XJ")
is differentiable at 5\,“ and then the likelihood equation holds: 8>\Ln(5\n; X)) =0.

By symmetry, Assumption 5.1 yields that g(-) also has derivatives up to order
2r +2 on the interval (—oo,0); indeed, if k < 27+ 2 then D¥g(x) = (—1)*D*g(—x)
for x # 0, so that

(5.1) D¥g(0—) = 11}% DFg(z) = (=1)*D*g(0+), k=0,1,2,...,2r +1,

and the nullity of D*g(0+) for 0 < k < r implies that g has null (bilateral) derivative
at x = 0 of any order less that r. On the other hand, under Assumption 5.1 the
cumulative distribution function G in (1.1) has derivatives up to order 2r + 3 on
IR \ {0}, and using the relation D*G(z) = D*~1g(x) for x # 0 and k > 0 it follows
that

(5.2) DEG(0) =0, 1<k<r+1

and

(5.3) D*G(0+) = D*"'g(0+), D*G(0-)=D*"1g(0-), r+1<k<2r+2.
Next, define

(5.4) H(z) :=1log(G(x)), =€,

and observe the equalities

(5.5) L(\;x)=H(Mx), z€R,
oXe(N\x)=DFH(\x)z*, #0, 1<k<2r+3

see (1.4). It follows that the lateral limits of 9%¢(-; z) at zero are given by

D*H(0+)zk, if 2 > 0;

k . —
(5.6) X0+ ) = {DkH(o_)xk, if 2 <0
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and

DFH(0—)z*, if 2 > 0;
kpr_. ) — ) ’
(5.7) N(0—;2) = {DkH(O+)$k, if z <O.

The analysis below uses (lateral) Taylor expansions of order 2r + 2 for L, (-; X7)
around zero, and it is necessary to have an integrable bound for the residual as
well as finite second moments for the coefficients. For this reason, the following
conditions will be enforced.

Assumption 5.2. Conditions (i) and (i) below hold, where r is the the critical
order in Assumption 5.1:

(i) Eo[X1["+?] = [ 22 f () d < oo;

(ii) There exists a function W : IR — [0,00) and 6 > 0 such that

(5.8) |03 T20(N; ) < W (), 0<|N<6, and /RW(x)f(m) dzr < o0.

Remark 5.2. The moment requirement in Assumption 5.2(i) concerns only density
f, whereas the dominance condition in the second part involves a relation between
g and f. Using (5.4), it can be shown by induction that, for = # 0, D*H(x) is a
polynomial in Dg(z)/G(z),s =0,1,2,...,k — 1, and then, setting

M, := max{|D*g(z)|/G(z) : 0 < k < 2r +2, x # 0},

via (5.5) it follows that there exists a constant B such that |9} T2¢(\, 2)] <
BM,|z|?"*3 so that, if M, < oo, then Assumption 5.2 holds entirely if the mo-
ment condition in part (i) is valid. It is not difficult to see that M, is finite when
there exists xp > 0 for which (a) or (b) below occur:

(a) g(x) is a rational function for & > x¢, as it is the case if g(-) is a multiple of
a t-density for x large enough;

(b) g(z) = p(z)e P on (xg,00), where 3 is a positive constant and p(z) is a
polynomial or, more generally, a linear combination of terms of the form z*®; this
occurs, for instance, when g(-) is proportional to a mixture of gamma densities on
(20, 00).

To state the result on the large sample distribution of maximum likelihood esti-
mators, set

D" g(0+)

2
(r+1)! ) Bo [Xi™] > 0

(5.9) u%p:4<
which, as it will be shown later, is the variance of 9} 7'¢(0+, X;)/(r + 1)!; for the
strict inequality, see Remark 5.1(3).

Theorem 5.1. Let {\,} be a consistent sequence of mazimum likelihood estimators
of X, and suppose that Assumptions 5.1 and 5.2 hold. In this context, under the
hypothesis Hy : X = 0, the following convergences (i) and (i) occur as n — oo,
where r is the critical order in Assumption 5.1, and Z is a random variable with
standard normal distribution:

(i) (nV,p) Y COHD) {9 7|V (D gi0n (2),

(i) 2n[ L (Ans X7') = L (0; X7)] - 22,
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Remark 5.3. (i) Suppose that the critical index 7 is null. In this case Theorem
5.1 (i) yields that (nV1)Y2 X, % |Z|sign(Z) < Z. This conclusion coincides with
that obtained from the general classical results presented, for instance, in Lehmann
and Casella (1998, Section 6.3), or Shao ([16], Section 4.4), where derivatives up to
order 2 are required for g(-) around zero; under Assumption 5.1, only the lateral
limits of Dg and D?g exist at zero.

(ii) Suppose that the critical order r is positive and that g(-) has (bilateral)
derivative of order r at zero, so that D"g(0+) = D"g(0—). Since D"g(0+) # 0 it
follows from (5.1) that r is an even integer, and g(-) has derivatives up to order r on
the real line. Thus, setting s = r+1, s is odd, ¢(+; ) has derivatives up to order s on
IR, and 05¢(0;-) = 0 for 1 < k < s, whereas 95£(0,z) # 0 for  # 0. If, among other
conditions, g(-) has derivatives up to order 2s at zero, an application of Theorem
1 in Rotnitzky et al. [14] yields the conclusions in Theorem 5.1; notice, however,
that Assumption 5.1 only ensures the existence of the lateral limits D¥g(04) for
s < k < 2s, so that Theorem 5.1 extends Theorem 1 in Rotnitzky et al. [14] to the
framework of this work.

The rather technical proof of Theorem 5.1, requiring some explicit computations
for the lateral limits 0%¢(04;x) in terms of density g(-), will be given after the
preliminaries established in the following section.

6. Technical Preliminaries

This section is dedicated to establish the basic tools that will be used to prove
Theorem 5.1, namely, lateral Taylor expansions around the origin for the average
likelihood L,,(-; X7*) and its first derivative; via the absolute value function, such
expansions are stated below as single equations. The following notation will be used:

(6.1) A(z) == 05TH(0—;2) — 05T H(0+;2), =€ TR.

Theorem 6.1. Suppose that Assumptions 5.1 and 5.2 hold. In this case, the asser-
tions (i)—(iii) below occur, where r is the critical order in Assumption 5.1, § > 0
and W (-) are as in Assumption 5.2, and

A, = zn: A(Xy);
i=1

S|

see (6.1).
(i) For each positive integer n and « € (=96, 0),
Ln(o; XT') = Ln(0; X7')

2r+41 IcL X
|O¢TOI{ Z a/\ n(0+, 1)|a|k7r71

k!
k=r+1

O Ly (04 XT) + Anl—oo)(@)  Wi(a) .
62)  + < (2r + 2)! el
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and
AL (c, XT)
21 ok+1 n
r 6 Ln(0+’X ) —r
= |af {Z A ol

k!
k=r

O3 2 Lo (04 XT) + Al (—so0)(@) | Wy(a) .
63+ ( @r 1 1)! Tl
where the random variables W} (o) and W, (a) satisfy

_ 1 n
(6.4) Wea(a)l, [Wa(a)] < W= =3 W(X).
i=1

(i) Under Ho: A=0 for each k =7+ 1,...,2r + 1, the following convergences
hold as n — oo:

(6.5) V1 O8Ln (04 XY~ (0, 05),  where vy = By [(a’;e(o+;X1))2} ,

whereas

O3 2L (04; X7
(6.6) A, —0 and 2 A @ _('_ ;—)" ") — =V Py-a.s;
see (5.9).

The proof of this theorem relies on explicit formulas for 8’/\“6(01; z) in terms of
density g(-) and, in this direction, the following lemma concerning the lateral limits
at zero of the derivatives of function H(-) in (5.4) will be useful.

Lemma 6.1. Suppose that Assumption 5.1 holds. In this case, the lateral limits at
0 of the derivatives of function H(-) in (5.4) satisfy the following relations (i)—(iii):
(i) DFH(04+) = D*H(0—) =0, 1 <k <r+1;
(i) If r+1 < k < 2r + 2, then

D¥*H(0+) = 2D*"'g(0+) and D*H(0—)=2DF"'g(0-).

(iii) D 2H(0+) = 2D*Flg(0+) — %(2:: f) (D™ H(0+))°,
and
1/2r+2 2
2r+42 ) — 2r+1 I r+1 _
D *2H(0-) = 2D* *1g(0—) 2<r+1>(p H(0-))*.

Proof. Recalling that the distribution function G(z) is continuous and has deriva-
tives up to order 2r +3 on IR\ {0}; from (5.4) it follows that G(z)DH (x) = DG(x)
and, via Leibinitz’ formula,

k—1
GE)DHH () + Y (k ; 1) DiG(x) D" H(z) = D*G(x)

for x # 0 and 2 < k < 2r + 3; since G(-) is continuous and G(0) = 1/2, taking
lateral limit as x approaches to zero these equalities lead to

DH(0+) = 2DG(0)
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and, for 2 < k < 2r + 2,
k—1
k k—1 7 k—1 k
DFH(0%) +2) . | D'G(0£)D* T H(0£) = 2D*G(0).
=1

Since D*G(04) = 0 when 1 < k < 7, by (5.2), these relations yield D* H(04) = 0
for 1 < k < r, establishing part(i), as well as

(6.7) D" H(0+) = 2D" M G(0+),
and

forr+1<k<2r+2,
k—1
(6.8) DFH(0+) + 2

(k ; 1) D'G(0+)D* " H(0+) = 2D*G(0+).
1=r+1

To prove part (ii), select an integer k such that » + 1 < k < 2r + 2. In this case, if
k>i>r+1then1<k—i<r+1,and then D*"*H(0+) = 0, by part (i), so that
the summation in the above display is null. Therefore, D* H(0+) = 2D*G(0+), and
combining this with (6.7) it follows that

DFH(04) = 2D*G(0+), r+1<k<2r+2,

equalities that yield part (ii) via (5.3). To conclude, observe that if k& = 2r + 2 then
2r+1>i>r+1implies that 1 <k —1i < r+ 1, and in this case D*"*H(04) = 0,
by part (i), so that the terms in the summation in (6.8) with & = 2r + 2 are null
when i > 7 + 1. Consequently,

2r+1

D¥T2H(0+) + 2
( ) * r+1

)D’““G(Oi)D’"“H(Oi) = 2D*T2G(0+);
since
2D" M G(0+) = 2D"g(0+) = D" H(0+)
and D*"2G(0+) = D?>"T1g(0+), by (5.3) and part (ii), respectively, the conclusion

2r +1 2r + 2
follows observing that rE —o 17" - . O
r+1 r+1

The expressions in the previous lemma are used below to determine the lateral
limits of O%¢(+;x) at zero in terms of density g(-).

Lemma 6.2. Under Assumption 5.1, assertions (i)—(v) below hold:

(i) O50(0+;-) = 0= 054(0—;-) for L <k <.
(i1) For each x € R and r+1 <k < 2r +2,

ONL(0+;2) = 2D" 1 g(0+)[z[Fta,
oN0(0—;z) = 2DF 1 g(0—)|z|* L.

(iii) O50(0—; ) = (=1)*719%0(0+;2) forr +1 <k <2r+2 and v € R.
(iv) For each x € R

(6.9) O 200+ 2) = 2D* T g(04) |2 [>T a

1(2r 42\ ., >
§<T+1> (0571 e(0+; 1)),
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and
(6.10) 3/2\7~+2£(07; z) = 2D+ g(0—)|z|> e

S ey
Consequently,

v) The difference between 02" 20(0—; x) and 92" 20(0+; ) is given by
A A
(6.11) A(z) = —4D* T g(0+) |z)* Tz, =z € R;

see (6.1).

Proof. From Lemma 6.1(i), part (i) follows via (5.6) and (5.7), whereas these latter
equalities and Lemma 6.1(ii) together yield that, for r +1 < k < 2r + 1, (a) and
(b) below hold:

(a) For x > 0,

oN0(04x) = 2DF1g(04)2* and 950(0—;x) = 2DF1g(0—)z*;

(b) If z <0,
ok0(0+;z) = 2D*1g(0—)z*
= 2D 1g(0+)(=1)F b = 2D* 1 g(0+) | F e,
O50(0—; ) = 2D*1g(0+)a*
— 2D 1g(0-)(— 1) 1a = 2D g0l a,

where (5.1) was used to set the second equalities. These facts (a) and (b) together
lead to part (ii), which implies part (iii) via (5.1). To establish part (iv), notice that
Lemma 6.1(iii) and (5.6) together imply that:

For x > 0

2r +2

r+1
2r 4+ 2

r+1

1
8§r+2£(0+;m) _ 2D2r+1g(0+)x2r+2 _ 5 < > (DT+1H(O+)$T+1)2

— 2D2T+lg(0+)x27‘+2 _ ;( > (a;+1€(0+,1;))2’

showing that (6.9) holds for > 0, whereas combining Lemma 6.1(iii) with relations
(5.6) and (5.1) it follows that if z < 0, then

200+ )
1/2 2
— 9D+ g(0— )22 — _( T+

2\ r+1

) (D™ H(0-)2")?
= 2D g (04) (1) (2’“ 2

K 1) (851 e(0+:2))°
r

2r41 2r+1 L(2r+2 r+1 2
=2D g(0+)]z| =5\, +1 (6>\ €(0+;x)) ,

and then (6.9) also holds for z < 0. Equality (6.10) can be established along similar
lines and, finally, observing that 91 £(0+;z) and 97 ¢(0—;z) have the same ab-
solute value, by part (iii), via part (iv), (6.11) follows immediately from (5.1) and
(6.1). O
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Next, the above expressions will be used to write lateral Taylor expansions for
£(-;z) and Ox£(-;z) around the origin.

Lemma 6.3. Suppose that Assumptions 5.1 and 5.2 hold. In this case, the following
expansions are valid for x € R and a € (—0,6) \ {0}:

o, z) — £(0;2)
2r+1 ok
, 0+ x e
= |a‘ a{ g M'a‘k 1

k=r+1 H
X 8§T+2€(0+;x)+[(_OO7O)(01)A(I) n W*(a,x)a la|"a
(2r +2)! (2r+3)! |
and
8A£(a7x)

2r  ak+1

) NFU(O0+52) gy

~ ol {ZAT“VC

k=r

O T2(0+;2) + -0 0)()A(x)  W(a, ) ”
+ ( : @2r + 1)1 : N (2r+2)!0‘> o] a}’

where A(+) is as in (6.1), and

(6.12) (W*(a,2)|, W(a,z)] < W(2).

Proof. Select ag # 0 with the same sign as a and |ag| < |al, so that the closed
interval joining ap and « is contained in (—4,d) \ {0}. Since ¢(-; ) has derivatives

up to order 2r 4 3 outside 0, there exist points a* and & between ay and « such
that the following Taylor expansions hold:

2r+2 A 2r+3 *
O l(av; ) e 0y (ot )

1 - cx) = AT (o — 22 N\ 2r+3
(6.13) (e, z) — £(vp; ) ; 5 (a—ag)” + @ +3)! (o —ap) ,
and

2r+1 ok41 2r+3 p/ ~
N (ag; x 0 La;x -
610 ot = Y. A a4 BT (oo,
— ! !
where
(6.15) ‘8/2\T+3€(a*;x) ) 8§T+3€(d;x)’ < W(x),

by Assumption 5.2(ii). Next, the conclusions in the lemma will be obtained taking
lateral limits as ag goes to zero. Recall that £(-;z) is continuous and consider the
following exhaustive cases:

Case 1: a > 0. taking the limit as ag decreases to zero, the above displayed
relations and Lemma 6.2(i) together yield

a,x) —4(0;x)
2r+2 *
i RUO+:2) o W(e:2) o
! (2r + 3)!

k=r+1



Inference for Skew Symmetric Families 297
T ake(0+ 02 +20(0+; W (ov;
Z N +az)ak+ U +7$)a2r+2 (a7x)a2r+3
Nt k! (2r+2)! (2r +3)!

2r+1
:ar+1{ ) a§€(0+?9ﬁ)ak—7»—1

k!
k=r+1

O 2(0+;2)  WH(sx) 1
( (2r + 2)! (2r+3)!a)0‘ ’

and
2r+1 qk+1 i~
o ITU0+52) 4 W(yz) 2r42
tlasz) = kz RO T eryon”
_ Z L o+ z) O 2(0+; ) 2 W(a; ) 2
(2r +1)! (2r +2)!

T 8§+1€(0—|—7 Z‘) k—r
= {Z T

k=r
2r—4+2 . T .
N 05" (045 2) n W(a;x) oottt
(2r +1)! (2r +2)!

where W*(a,2) is given by W*(a,z) = limg, 005 "¢(a*;x) and, similarly,
W (a,z) := limay 0 93 720(&; ), so that

W (a, 2)], | W (e, 2)| < W(a),

by (6.15); since « is positive, so that I(_. 0)(c) = 0, these last three displays are
equivalent to (6.12)—(6.12).

Case 2: o < 0. In this context, taking the limit as « increases to zero in (6.13)
and (6.14), Lemma 6.2(i) yields that

2r+2 k *
o) Ml(O0—sz) o Wr(a;2) 943
Uaw) = U0sz) = ) ==——ak (2r + 3)!
k=r+1
and -
 INTL(0—; ) W(a; )
o) = A ) k ) 2942
Ortles ) ;; W T
where, analogously to the previous case, W*(a, z) := limy, ~o 8§T+3€(a*;z) and

W (a, ) = limg, -0 03 720(&; x) so that, again, (6.15) implies that (6.12) is valid.
Observe now that Lemma 6.2(iii) allows to write

2r+2 g _. *(
Z (o aff)ak W (a’f)azwrg

R @2+ 3)!
2r+1 r s/ .
=Y W(—Uk_lak WQQTH Vg(—o";')a%%
W5 ! (2r +2)! (2r + 3)!
2r+l ok 2r+2 . *
OML(O0+32) | 1y R UO0—2) W) ro\2
2, Pl e (P ) (el

k=r+1
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2r+1
, Ok0(0+;z o
= ‘a| a{ Z %|O&‘k 1
k=r+1
20— 2)  WHasx) -
+< @r+2)l (2r+3)!0‘> o O‘}

and

2r+1
Z 8§+1£(0*§$) k, Wl o) o2 +2

2 Ko T 2rt )
2r > ~
_ Z INTL(0+; ) (—1)Fak + oy +20(0—; 2) 21 W (o z) 2
P k! (2r+1)! (2r +2)!
2r k41 2r+2 T
B NTH(0+52) o [0 TH(0—2)  W(a;x) -
_kZ:T el +lal G ezl
2r  ak+1
, ONTH(O0+52) s
~la] {Z %
k=r ’
X T20(0—;2)  W(a;z) -
+ < Gl )l

using that 03" T2(0—; z) = 85 T20(0+; 2) + I(_ o0 (@) A(z), by (6.1), the last four
displays together yield that (6.12) and (6.12) are also valid for o < 0. O

After the above preliminaries, the main result of this section can be established
as follows.

Proof of Theorem 6.1. (i) Since Ly (-; X7') is the average of ¢(-; X;), i =1,2,...,n,
by Lemma 6.3 the two indicated expansions hold with

n

W (a) = = ZW*(Q,Xi) and  Wy(a) = %ZW(Q,Xi),

so that (6.4) is satisfied, by (6.12).

(ii) Under Hp : A = 0, X; has symmetric distribution around zero with finite
moment of order 4742, by Assumption 5.2(i), so that a random variable of the form
|Xi|k_1Xi has zero expectation and finite second moment when 1 < k < 2r + 2.
Thus, from Lemma 6.2, for all k =r+1,...,2r +1,

Eo[050(0+; X)) =0 and Eo[(0%4(0+; X;))?] = vp < 00,

as well as Fy[A(X1)] = 0. From this point, (5.9) and (6.9) together yield

2 2r+4+2 1 2 1 9
@ OO0 X)) =~ (7(r+1)!> B[(050(0+; X,))?]
r 2
=4 (?7"94—(01—;)> E[XEHQ} = —Vr+1.

where Lemma 6.2(ii) was used to set the second equality (notice that this shows
that Vj.41 is the variance of 95 11¢(0+; X;)/(r+1)!). Now, (6.5) and (6.6) follow from
the central limit theorem and the strong law of large numbers, respectively. O
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7. Proof of Theorem 5.1

After the previous preliminaries, Theorem 5.1 is finally established in this section.
The core of the argument has been decoupled into two lemmas showing that, under
Ho : A = 0, along a consistent sequence {5\7,} of maximum likelihood estimators,
(i) the expansions in Theorem 6.1 can be simplified substantially, and (ii) that A,
is no null that with probability converging to 1.

Lemma 7.1. Suppose that Assumptions 5.1 and 5.2 hold and let {5\”} be a con-
sistent sequence of mazimum likelihood estimators of . In this case, assertions (i)
and (i) below occur under the null hypothesis Ho : A = 0.

(i) On the event [|\,| < 6], the following expressions are valid:

N L, (0+; X7 Bn: o«
:)\n|)\n|r A l( +; 1) +An*7)\n|/\n|r ;
(r+1)! 2
and
L, ;\an . 8T+1Ln 0+ X7 B N
(7.2) DLn(ni Xi) Ao|™ |22 (04 X7) + An — Bpn| A",
r+1 (r+1)!

where

and

(7.4) lim B, = lim B, =V,41 Py-a.s.

n—oo n—oo

(i) Consequently,

20 [ Ly (An; XT) — L (0; X7)]

< 8r+1Ln(O+;Xn> BnA -
T R WP ey
Proof. (i) Setting
2r+1 k n
OyL,(0+; XT") « _._
An — Z A (kj_ 1>|)\n‘k r—1
k=r+2 ’
and
B 2072 Loy (040 X7) + 2801 oo.0)(An) N QW (An) 5
" (2r +2)! (2r+301°" )7

(7.1) is equivalent to (6.2) with v = \,,. Similarly, defining
i 1 i O L, (04 X7

n = |
r+1 wo k!

‘5\”|k7r
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and
5. 1 2L (04 XP) + Anl(— o0y (Mn) N Vi (An) N
"o+l (2r +1)! 2r+2)1""
(20 LA (04 XT) + 280 o 0) (M) N V() R
N (2r +2)! (r+1)2r+2)!""

it follows that (7.2) is equivalent to (6.3) with a = A,. Therefore, since (6.2) and
(6.3) are valid for |a| < 8, (7.1) and (7.2) hold on the event [|A,| < 8]. To conclude,
it will be shown that (7.3) and (7.4) are satisfied. First, notice that A, and A,
defined above are null for r = 0, so that (7.3) certainly occurs in this case. On the
other hand, if » > 0, then convergences (6.5) established in Theorem 6.1(ii) yield
that 0% L, (0+; X7) = O,(1/+/n) for r+1 < k < 2r+1 and then (7.3) follows, since
the above expressions for A,, and A,, involve factors |5\n\s with s > 1 and

(7.7) Py[An — 0] =1,

by consistency. Next, observe that
. - . 1 &
W Q)ls (Wa ()| < W = - ;Wm),

by (6.4), and then the strong law of large numbers and Assumption 5.2(ii) yield
that

lim sup |W;(An)], limsup [W, (A,)] < / W (z)f(x), dr < oo Py-as.,
n— oo n— oo R
so that o o
lim W;(Ap)A, =0= lim W,(A\,)A, Po-as.,

n—oo n—oo

by (7.7). From this point, (6.6) in Theorem 6.1(ii) and the specifications of B,, and
B, lead to (7.4).

(ii) Since expansion (7.1) is valid on [|A,| < ], the conclusion follows from
(7.7). O

Lemma 7.2. Suppose that Assumptions 5.1 and 5.2 are valid, let {5\”} be a se-

quence of maximum likelihood estimators of A, and define

Q= [Ln( A XT) > Ly (N XT), A€ R| N [0y L, (04 XT) #0]
With this notation, assertions (i) and (ii) below occur.

(i) An # 0 on Q5.
Consequently,
(i) Po[An # 0] — 1 as n — oco.

Proof. (i) The expansion for L, (-; X7") — L,(0; X7") in Theorem 6.1(i) yields that

iy Lol XT) = L (0; XT')

=9 L, (04, XT).
a—0 |O[|TOé A ( + 1)
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It follows that if 057" L, (0+; X7) > 0, then L,(a; XJ) — L,(0; X') > 0 when a
is positive and small enough, whereas if 97" L, (0+; X7") < 0, then L, (c; X]) —
L, (0; X7) > 0 when a < 0 and |« is sufficiently small. Thus, 05" L,,(04; X7) # 0
implies that 0 is not a maximizer of L, (-; X7), so that, if A\, maximizes the average
likelihood L, (-; X7) and 95 L, (0+; X7') # 0 then A, is no null, i.e., Q5 C [\, #
0].

(ii) Since D"g(0+) # 0, it follows that 957" ¢(0+; X;) = 2D"g(0+)|X;|"X; has a
density, and then their average 6§+1Ln(0+; X7 is absolutely continuous. It follows
that P[0y "' L, (04+;XT) # 0] = 1, and then Py[Q%*] — 1, by Definition 3.1 (see
Remark 3.1(ii)) and, via part (i), the conclusion follows. O

Proof of Theorem 5.1. Suppose that Assumptions 5.1 and 5.2 hold, that the hy-
pothesis Hp : A = 0 occurs, and let {\,} be a consistent sequence of maximum
likelihood estimators. In this context, define

Q= [La(M; XT) > Lo X)), AER] N[0 < [A,] < 4],

and notice that the conclusions in Lemma 7.1 occur on this event, since 2, . C

[|A| < 8]. Also, the consistency of {),}, Definition 3.1 and Lemma 7.2(ii) together
imply that

(7.8) lim Py[Qn..] = 1.

n—oo

Observe now that, on the event €, ., the estimator A, is no null and maxi-
mizes Ly (-; X7'), so that the likelihood equation 9L, (A,; X7) = 0 holds; see Re-
mark 5.1(ii). Via (7.2) it follows that

O L, (0+; XT)
(r+1)!

on Qn,*a Bn\/ﬁj\nlj\nr = \/ﬁ + \/ﬁfina

and then, from (7.8)

R Lo (0+; XT)

Bn\/ﬁj\n‘}\nr =+/n + \/ﬁfin + Op(l)

(r+1)!
O L, (0+:; X7 .
= \/EW + Op(An) +0p(1)
O L, (0+; X7)
- (r+ 1)l or(D):

where (7.3) was used to set the second equality, and the third one stems from
Py[An, — 0] = 1, by consistency; via (6.5) this yields that B,v/nA,|A,|" = Op(1),
and then (7.4) leads to

O L, (0+; X7)
(r+1)!

(7'9) W+1\/ﬁ 5‘n|;\n|r = \/7_1 + Op(l)‘

r+1L - Xn
(i) Using that \/ﬁa/\ (rniOS; ) ~LN(0, Vi) (see (5.9) and (6.5)), the

above display yields

(7.10) Ve Anldn|” 4.7 where Z has standard normal distribution;
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since the inverse of the function z +— x|z|" is the continuous mapping x — |z|%/("+1)
sign(z), it follows that

(V)OI L | 2 0 Dsign (7).

(i) Since v/IAu|An|” = O,(1), by part (i), Lemma 7.1(ii), (7.3), (7.4) and (7.9)
together yield

20 [ Ly (An; XT) — L (0; X7)]
< e [T L (04 XT) B 4

i r A n y 3] A _—-n r 1

A [ An| ] + A, 5 An|Anl } + 0p(1)

OTHL, (04; X7)
(r+1)!

5 Lo (045 XT) )

An

= + Op(An)

_ Vet 0(1)

2

L (04; XT)
(r+1)!

= Qﬁj\np\nrﬁ \/ﬁ

= 2V | A" |V

Bn < s
#vid, = 2l + 0,0

\/ﬁj‘nl;\nr] +op(1)

= 2VndalAnl" |V

\/ﬁj\n|;\n|r V7+1\/ﬁj\n|;\n -

2
— (VaVis alal")? + 0, (1)

_ ‘/r2+1 \/ﬁj\nj\nlr] +0p(1)

] + o1

together with (7.10), this yields that 2n[L,, (An; X7*)—L, (0; X7)] 4, Z?2, completing

the proof. 0
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