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Abstract: Consider a testing problem for the null hypothesis Hp : 6 € Og.
The standard frequentist practice is to reject the null hypothesis when the p-
value is smaller than a threshold value «, usually 0.05. We ask the question how
many of the null hypotheses a frequentist rejects are actually true. Precisely,
we look at the Bayesian false discovery rate 8, = Py( € ©¢|p — value < «)
under a proper prior density g(6). This depends on the prior g, the sample
size m, the threshold value « as well as the choice of the test statistic. We
show that the Benjamini-Hochberg FDR in fact converges to ¢, almost surely
under g for any fixed n. For one-sided null hypotheses, we derive a third order
asymptotic expansion for d,, in the continuous exponential family when the test
statistic is the MLE and in the location family when the test statistic is the
sample median. We also briefly mention the expansion in the uniform family
when the test statistic is the MLE. The expansions are derived by putting
together Edgeworth expansions for the CDF, Cornish—Fisher expansions for
the quantile function and various Taylor expansions. Numerical results show
that the expansions are very accurate even for a small value of n (e.g., n = 10).
We make many useful conclusions from these expansions, and specifically that
the frequentist is not prone to false discoveries except when the prior g is too
spiky. The results are illustrated by many examples.

1. Introduction

In a strikingly interesting short note, Sori¢ [19] raised the question of establishing
upper bounds on the proportion of fictitious statistical discoveries in a battery of
independent experiments. Thus, if m null hypotheses are tested independently, of
which mg happen to be true, but V' among these mg are rejected at a significance
level «, and another S among the false ones are also rejected, Sori¢ essentially
suggested E(V)/(V + S) as a measure of the false discovery rate in the chain of m
independent experiments. Benjamini and Hochberg [3] then looked at the question
in much greater detail and gave a careful discussion for what a correct formulation
for the false discovery rate of a group of frequentists should be, and provided a
concrete procedure that actually physically controls the groupwise false discovery
rate. The problem is simultaneously theoretically attractive, socially relevant, and
practically important. The practical importance comes from its obvious relation to
statistical discoveries made in clinical trials, and in modern microarray experiments.
The continued importance of the problem is reflected in two recent articles, Efron
[7], and Storey [21], who provide serious Bayesian connections and advancements
in the problem. See also Storey [20], Storey, Taylor and Siegmund [22], Storey and

IDepartment of Statistics, Purdue University, 150 North University Street, West Lafayette, IN
47907-2067, e-mail: dasgupta@stat.purdue.edu

2Department of Statistics, Purdue University, 150 North University Street, West Lafayette, IN
47907-2067, e-mail: tlzhang@stat.purdue.edu

AMS 2000 subject classifications: primary 62F05; secondary 62F03, 62F15.

Keywords and phrases: Cornish—Fisher expansions, Edgeworth expansions, exponential fami-
lies, false discovery rate, location families, MLE, p-value.

190



False discovery rates of a frequentist 191

Tibshirani [23], Genovese and Wasserman [10], and Finner and Roters [9], among
many others in this currently active area.

Around the same time that Sori¢ raised the issue of fictitious frequentist dis-
coveries made by a mechanical adoption of the use of p-values, a different debate
was brewing in the foundation literature. Berger and Sellke [2], in a thought pro-
voking article, gave analytical foundations to the thesis in Edwards, Lindman and
Savage [6] that the frequentist practice of rejecting a sharp null at a traditional
5% level amounts to a rush to judgment against the null hypothesis. By deriving
lower bounds or exact values for the minimum value of the posterior probability of a
sharp null hypothesis over a variety of classes of priors, Berger and Sellke [2] argued
that p-values traditionally regarded as small understate the plausibility of nulls, at
least in some problems. Casella and Berger [5], gave a collection of theorems that
show that the discrepancy disappears under broad conditions if the null hypothesis
is composite one-sided. Since the articles of Berger and Sellke [2] and Casella and
Berger [5], there has been an avalanche of activity in the foundation literature on
the safety of use of p-values in testing problems. See Hall and Sellinger [12], Sel-
lke, Bayarri and Berger [18], Marden [14] and Schervish [17] for a contemporary
exposition.

It is conceptually clear that the frequentist FDR literature and the foundation
literature were both talking about a similar issue: is the frequentist practice of
rejecting nulls at traditional p-values an invitation to rampant false discoveries? The
structural difference was that the FDR literature did not introduce a formal prior
on the unknown parameters, while the foundation literature did not go into multiple
testing, as is the case in microarray or other emerging interesting applications. The
purpose of this article is to marry the two schools together, while giving a new
rigorous analysis of the interesting question: “how many of the null hypotheses a
frequentist rejects are actually trues” and the flip side of that question, namely,
“how many of the null hypotheses a frequentist accepts are actually falses”. The
calculations are completely different from what the previous researchers have done,
although we then demonstrate that our formulation directly relates to both the
traditional FDR calculations, and the foundational effort in Berger and Sellke [2],
and others. We have thus a dual goal; providing a new approach, and integrating
it with the two existing approaches.

In Section 2, we demonstrate the connection in very great generality, without
practically any structural assumptions at all. This was comforting. As regards to
concrete results, it seems appropriate to look at the one parameter exponential
family, it being the first structured case one would want to investigate. In Section 3,
we do so, using the MLE as the test statistic. In Section 4, we look at a general
location parameter, but using the median as the test statistic. We used the median
for two reasons. First, for general location parameters, the median is credible as a
test statistic, while the mean obviously is not. Second, it is important to investigate
the extent to which the answers depend on the choice of the test statistic; by
studying the median, we get an opportunity to compare the answers for the mean
and the median in the special normal case.To be specific, let us consider the one
sided testing problem based on an i.i.d. sample Xi,...,X, from a distribution
family with parameter 6 in the parameter space {2 which is an interval of R. Without
loss of generality, we assume 2 = (,0) with —oo < § < § < co. We consider the
testing problem

Hy:0<60yvs Hi :0 > 0,

where 6y € (,0). Suppose the o, 0 < o < 1, level test rejects Hy if T, € C, where
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T, is a test statistic. We study the behavior of the quantities,
0n = P(0 < 00|T,, € C) = P(Hplp — value < «)

and
€n = P(0 > 60|T,, & C) = P(Hi|p — value > «).

Note that d,, and €, are inherently Bayesian quantities. By an almost egregious
abuse of nomenclature, we will refer to d,, and €, as type I and type II errors in this
article. Our principal objective is to obtain third order asymptotic expansions for
0, and €, assuming a Bayesian proper prior for 6. Suppose g(f) is any sufficiently
smooth proper prior density of 4. In the regular case, the expansion for §,, we obtain
is like

P(9 < QQ,Tn € O) (&1 Co C3

1 511 = — —_—— _“ 9 —2
(1) P(T, €C) \/ﬁ+n+n3/2+0(n )
and the expansion for €, is like

Pl > 00,T, ¢C) dy d> ds 2

2 = e A R

(2) €n BT, 2 C) \/ﬁ+n+n3/2+0(n )

where the coefficients ¢y, co,c3, di, ds, and d3 depend on the problem, the test
statistic T,,, the value of « and the prior density g(#). In the nonregular case,
the expansion differs qualitatively; for both d,, and €, the successive terms are in
powers of 1/n instead of the powers of 1/y/n. Our ability to derive a third order
expansion results in a surprisingly accurate expansion, sometimes for n as small as
n = 4. The asymptotic expansions we derive are not just of theoretical interest; the
expansions let us conclude interesting things, as in Sections 3.2 and 4.5, that would
be impossible to conclude from the exact expressions for §, and ¢,.

The expansions of §,, and €, require the expansions of the numerators and the
denominators of (1) and (2) respectively. In the regular case, the expansion of the
numerator of (1) is like

(3) A, =P(0<60,T, €C) = +—+—+O( 2)

T n3/2

and the expansion of the numerator of (2) is like

(4) A, =P(0>60,T, ¢C) = + 2+ 3/2 +0(n?)
Then, the expansion of the denominator of (1) is
(5)  By=P(TneC)= Ap+ A Ay =r— 2L 02 b 502
" vn oono n3/2 ’
where A = P( > 0y) = fe 0)df and assume 0 < A < 1, by = a1 —aqg, be = ag —as
and b3 = a3 — as, and the cxpansion of the denominator of (2) is
5 . bl b b3 —2
(6) Bn—P(THQC)—l—B )\-‘1-7-1— +W+O(n )
Then, we have
o a1 - CL1b1 as - as a1b2 + (Igbl alb%
(7) Cl—)\,CQ— )\2 +>\7C3_)\+ )\2 )\37
dl - C~Ll d2 _ &2 _ a1b1 d3 _ &3 agbl + ale &16%

DY I-x (1-=-)N% I—x  (1=XN2 T (a-=-N%
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We will frequently use the three notations in the expansions: the standard normal
PDF ¢, the standard normal CDF & and the standard normal upper « quantile
2o = 711 — a).

The principal ingredients of our calculations are Edgeworth expansions, Cornish—
Fisher expansions and Taylor expansions. The derivation of the expansions became
very complex. But in the end, we learn a number of interesting things. We learn that
typically the false discovery rate J,, is small, and smaller than the pre-experimental
claim « for quite small n. We learn that typically €, > d,,, so that the frequentist is
less vulnerable to false discovery than to false acceptance. We learn that only pri-
ors very spiky at the boundary between Hy and H; can cause large false discovery
rates. We also learn that these phenomena do not really change if the test statistic
is changed. So while the article is technically complex and the calculations are long,
the consequences are rewarding. The analogous expansions are qualitatively differ-
ent in the nonregular case. We could not report them here due to shortage of space.
We should also add that we leave open the question of establishing these expan-
sions for problems with nuisance parameters, multivariate problems, and dependent
data. Results similar to ours are expected in such problems.

2. Connection to Benjamini and Hochberg, Storey and Efron’s work

Suppose there are m groups of iid samples X;1,..., X;, for i = 1,...,m. Assume
Xi1, ..., X, are iid with a common density f(x,6;), where 6; are assumed iid with
a CDF G(0) which does not need to have a density in this section. Then, the prior
G(6) connects our Bayesian false discovery rate &, to the usual frequentist false
discovery rate. In the context of our hypothesis testing problem, the frequentist
false discovery rate, which has been recently discussed by Benjamini and Hochberg
[3], Efron [7] and Storey [21], is defined as

27'711 It .cc 0:<60
8 FDR = FDR(0;,....0,) = E T Trec) V1)
( ) ( 1, ) m) B, 0m { (Zi=1 ITm:EC) vl

where T,,; is the test statistic based on the samples X;1,..., X;,. It will be shown
below that for any fixed n as m — oo, the frequentist false discovery rate F'DR goes
to the Bayesian false discovery rate J,, almost surely under the prior distribution
G(6).

We will compare the numerators and the denominators of FDR in (8) and 6,
in (1) respectively. Since the comparisons are almost identical, we discuss the com-
parison between the numerators only. We denote Fy(-) and Vy(-) as the conditional
mean and variance given the true parameter 0, and we denote E(-) and V(-) as
the marginal mean and variance under the prior G(6). Let Y; = Ir,,cc,0,<6,- Then
given 01,...,0,,, Y; (i = 1,,...,m) are independent Bernoulli random variables
with mean values p; = p;(6;) = Ep,(Y;), and marginally p; are iid with expected
value A,, in (3). Let

1 & 1 & 1 &
Dm = E ;ITMEC,&;SQU - An = E Zl(yl - ,uz) + E ;(,U/z - An)

=

Note that we assume that 61,...,0,, are iid with a common CDF G(#). The sec-
ond term goes to 0 almost surely by the Strong Law of Large Numbers (SLLN)
for identically distributed random variables. Note that for any given 64,...,6,,,
Y1,...,Y,, are independent but not iid, with Fy, (Y;) = pi, Vo, (Vi) = pi(1— ;) and
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S iV, (Vi) < 3052 i < oo. The first term also goes to 0 almost surely by a
SLLN for independent but not iid random variables [15]. Therefore, D,,, goes to 0
almost surely. The comparison of denominators is handled similarly. Therefore, for
almost all sequences 61,05, ...,

YiciIriecoi<on
(221 It,,ec) V1 "

as m — oo.
Since Y it It ec.o,<00 < (>iey IT,,<c) V1, their ratio is uniformly integrable.
And so, FDR as defined in (8) also converges to ¢, as m — oo for almost all
sequences 61,605, . ...
This gives a pleasant, exact connection between our approach and the estab-
lished indices formulated by the previous researchers. Of course, for fixed m, the
frequentist FDR does not need to be close to our §,.

3. Continuous one-parameter exponential family

Assume the density of the i.i.d. sample X1, ..., X, is in the form of a one-parameter
exponential family fy(z) = b(x)e?=%® for € X C R, where the natural space
Q of 6 is an interval of R and a(6) = log [, b(x)e?*dz. Without loss of generality,
we can assume () is open so that one can write Q = (6, 9) for —0o < 0 < 0 <
oo. All derivatives of a(f) exist at every 6 €  and can be derived by formally
differentiating under the integral sign ([4], p. 34). This implies that a’(8) = Ep(X1),
a”(0) = Varg(X1) for every 6 € Q. Let us denote u(8) = da/(9), o(0) = +/a"(0),
i (0) = a () and p;(0) = k;(0)/c(#) for i > 3, where a() () represents the i-th
derivative of a(#). Then, u(0), o(0), x;(0) and p;(8) all exist and are continuous at
every 6 € Q ([4], p. 36), and pu(f) is non-decreasing in @ since a”’(6) = o2(6) > 0 for
all 6.

Let po = (o), oo = 0(0), kio = Ki(00) and p;o = p;(6p) for i > 3 and assume
oo > 0. The usual o (0 < a < 1) level UMP test ([13], p. 80) for the testing
problem Hy : 0 < 6y vs Hy : 0 > 6y rejects Hy if X € C where

0 > keo,’n}7

9) C— (X

and ky, ,, is determined from Py, {/n(X — o) /00 > kogn} = o limy, o0 kgy.n = Za-
Let

(10) Ba(6) = Py (ﬁX — Ko kgom)

0o

Then, using the transformation = = ogy/n(6 — 6y) — 2z, under the integral sign
below, we have

B b _Z"~ T+ 24 T+ 24
) au= [0 UM/ 0+ g0+ e
and
12 A= — [ =B+ g0 + T

0’0\/5 —Za 0\/_ 0’0\/%
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where z = o\/1(0 — 0y) — 2o and T = oo/n(0 — 6p) — 24

Since for an interior parameter € all moments of the exponential family exist and
are continuous in @, we can find ; and 6 satisfying 6 < 6; < 6y and 6y < 65 < 0
such that for any 6 € [01,0s], 0%(0), r3(0), ra(0), r5(0), g(8), ¢'(0), ¢" () and
g®) () are uniformly bounded in absolute values, and the minimum value of ¢(6)
is a positive number. After we pick 61 and s, we partition each of A,, and A, into
two parts so that one part is negligible in the expansion. Then, the rest of the work
in the expansion is to find the coefficients of the second part.

To describe these partitions, we define 61, = 6y + (01 — 90)/n1/3, 0o, = 09 +
(92 — 90)/711/3, Tin = Uo\/ﬁ(eln — 90) — Za and Ton = Uo\/ﬁ(egn — 90) — Za- Let

TR T+ zq T+ Zq
1 A, = (6 0 d
( 3) O1n Uof o ﬂ ( o + O'Q\/ﬁ )g( 0 + 0_0\/?1 ) €
T+ 2q T+ 2o
14 R, = / (0o + ——=)g(0p + —=
( ) 21,601, UO\/_ 6 0 0\/— ) ( 00\/— )
~ 1 Tan T + a X + ZOL
(15) An792n = [ ﬂn(GO +—F )]9(00 + )d'ra

UO\/H —Za \/ﬁ JO\/E

and

_ 1 z ~ T+ Zq
16 R, = 1-—06,(0
( ) 02, UO\/H 2o [ ﬂ ( +

0 Uo\/ﬁ
Then An = An O1n +Rn 91
for any ¢ > 0, lim,, oo n'R

T+ 2o

0’0\/5

)]g(6o + )d.

and 4,, = A, 09, R p,, - In the appendix, we show that

R, o, =lim, con 'R, 05, = 0. Therefore, it is enough to

compute the coefficients of the expansions for A,, g, and An792n. Among the steps
for expansions, the key step is to compute the expansions of 3, (6o+(x+24)/(c0y/n))
when x € [z1,, —2,] and 1 — Bn(Ho + (4 za)/(00y/n)) when x € [—z,, X2,] under
the integral sign, since the expansion of g(fy + (z + 24)/(00y/n)) in (13) and (15)
is easily obtained as

T+ 2z T+ z " T+ 24)?
(1) gt + ) = glon) + o ) e 4 TN EEET 002,
After a lengthy calculation, we have
e - P(x)g1(z) | d(x)g2(x)
(18)An,91n - 0_0\/* . [(I)( )+ \/ﬁ + n ]
laton) + 00 2+ LN 004 o),
and
7 I o) (z)  P(x)ga(x)
An by, = —F= [1—o(z) - ]
(19) UO\/H —Za \/ﬁ " n
<lglbo) +g'(0p) e LN Sy o2y
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where
2
P30 2 | ZaP30 Za P30
2 _ By
(20) 91(x) gLt Tt g
and
2 2 2 2 2 3.2
_ P30 5 ZaP30 a4, Pao  1325p30  Tp3g. 3 ZaPa0  ZaP30
golw) = Zo ' = T + (5 72 21 )7 T (56 6
2 2 4 2 2 2 2
21 _ ZaP30, .2 Za _ T _ ZaP30  1325p5 | 4p30
21 12 ) UG ) = =g 72 g 12
22 24 22 2o o
+ [(g - ﬂ)ﬂzxo - (3 - %)P%]

The expressions for g1(z) and go(z) are derived in the Appendix; the derivation
of these two formulae forms the dominant part of the penultimate expression and
involves the use of Cornish—Fisher as well as Edgeworth expansions.

On using (18), (19), (20) and (21), we have the following expansions

(22) An,eln—f+—+w+0( %),
where
i = 205 20) -z,
= 20900) (0 4 9022 — 22,0(z0)) - L (a2 + 1) - 200
g0 )
@) ar= L2 4 2)0(z0) - a(ad + 320)) + L[R2 4 2z,
00 )
P 9(o) ., zaP3o | 424P% | P3
=5 + 1o(za)] + T (- +
22 o4 4 23 2 Za P2 23 Za P4
= SZ : %)‘b(’z ) +a(=? ngo N H36P30 * a§4o - go)}'
Similarly,
(24) Anpn = S+ 2+ S O,
where a; = [g (90)/001[ $(za) + (1 — a)zal], G2 = [g’(9o)/(203)][(1 —a)(z3 + 1) +
2a0(2a)] = [p309(00)/ (600)][(1 — ) (1 + 222) +2200(24)], a3 = 9" (60)/(607)][(22 +
o) + (1 - )(Z + 324)] — [9'(60)p30/(303)][(2 + )¢( o) (1 —a)(z} +

2)¢(z
220)]+[9(00) /0] [¢(2a) (— 25050/ 36+ 425,50 / 9+ P30 /36 — 527 pao /244 pao /24) — (1
@) (=523 p3,/18 — 1124p32/36 + 23 p10/8 + 2apa0/8)]- The details of the expansions

for A, p,, and An792 are given in the Appendix. Because the remainders R
-2

n91

and R, g,, are of smaller order than n=2 as we commented before, the expansions
in (22) and (24) are the expansions for A, and A,, in (3) and (4) respectively.
The expansions of d,, and €, in (1) and (2) can now be obtained by letting

— feeo g(ﬂ)d&, by = a1 —ay, by = az — az and b3 = az — az in (7)



False discovery rates of a frequentist 197

3.1. Examples

Example 1. Let X;,..., X, beiid. N(6,1). Since 6 is a location parameter, there
is no loss of generality in letting 8y = 0. Thus consider testing Hy : 6 < 0 vs Hj :
6 > 0. Clearly, we have p(0) =0, 0(0) =1 and p;(0) = x;(0) = 0 for all 4 > 3.

The a (0 < a < 1) level UMP test rejects Hy if v/nX > z,. For a continuously
three times differentiable prior g(6) for 6, one can simply plug the values of g = 0,
o0 = 1, pso = pao = 0 into (23) and the coefficients of the expansion in (24) to
get the coefficients a; = g(0)[®(z4) — @za], a2 = —¢'(0)[a(22 — 1) — 246(24)],
ag = ¢"(0)[(za +2)¢(2a) — (25, +32a)]/6, a1 = g(0)[d(2a) +d(2a)], a2 = ¢'(0)[(1 -
@) (22 4+1)+240(24)]/2, a3 = ¢"(0)[(20+2)P(2a) +(1—a) (23 +324)] /6. Substituting
ai, as, as, a1, as and as into (7), one derives the expansions of §,, and ¢, as given
by (1) and (2) respectively.

If the prior density function is also assumed to be symmetric, then A = 1/2
and ¢’(0) = 0. In this case, the coefficients of the expansion of ¢, in (1) are given
explicitly as follows: ¢; = 2g(0)[¢(2a) — @20, c2 = 424[9(0))}[(20) — za], 3 =
20(2) {42 [g(0)]2 + " (0)(=2 + 2)/6} — a{g"(0) (23 + 320) /3 + 823 [9(0)]2}, and the
coefficients of the expansions of €, in (2) are as d; = 2¢(0)[(1 — @)za + ¢(za)],
dy = —4z,[gO)P(1 — @)za + 6(za)], ds = 26(2) {42 [g(0)]* + g (0)(z2 + 2)/6} +
(1— a){g"(0)(23 + 320)/3 + 823[9 (O)]°}.

Two specific prior distributions for 6 are now considered for numerical illustra-
tion. In the first one we choose 6 ~ N(0,72) and in the second example we choose
/7 ~ t,,, where 7 is a scale parameter. Clearly ¢ (6) is continuous in 6 in both
cases.

If g() is the density of § when § ~ N(0,72), then A\ = 1/2, g(0) = 1/[v/2n7],
g'(0) =0 and ¢"(0) = —1/[v2r73].

We calculated the numerical values of ¢, ¢o, 3, d1, do and ds as functions of «
when 6 ~ N(0,1). We note that ¢; is a monotone increasing function and d; is also
a monotone decreasing function of o. However, ¢z, do and c3, d3 are not monotone
and in fact, dy is decreasing when « is close to 1 (not shown), ¢3 also takes negative
values and d3 takes positive values for larger values of a.

If g(0) is the density of 6 when 9/7 ~ tm, then A = 1/2, ¢'(0) = 0, ¢g(0) =

(2t /[r/mal(2)] and g”(0) = —I'(22) /[r/m7D(™£2)]. Putting those values
into the correspondlng expressions, we get the coefficients ¢y, co, c3 and dy, do, d3 of
the expansions of §,, and €,. When m = 1, the results are exactly the same as the
Cauchy prior for 6.

Numerical results very similar to the normal prior are seen for the Cauchy case.
From Figure 1, we see that for each of the normal and the Cauchy prior, only about
1% of those null hypotheses a frequentist rejects with a p-value of less than 5% are
true. Indeed quite typically, 6,, < a for even very small values of n. This is discussed
in greater detail in Section 4.5. This finding seems to be quite interesting.

The true values of ¢, and ¢, are computed by taking an average of the lower
and the upper Riemann sums in A,, A,, B, and B, with the exact formulae for
the standard normal pdf. The accuracy of the expansion for §,, is remarkable, as
can be seen in Figure 1. Even for n = 4, the true value of §,, is almost identical to
the expansion in (1). The accuracy of the expansion for €, is very good (even if it
is not as good as that for §,,). For n = 20, the true value of ¢, is almost identical
to the expansion in (2).

Example 2. Let X1,---, X, be iid Ezp(f), with density fy(z) = e if z > 0.
Clearly, u(0) = 1/6, 02(0) = 1/62, p3(0) = 2 and ps(§) = 6. Let § = —6. Then,
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n=2
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Fi1Gc 1. True and estimated values of o, as functions of a for the standard normal prior and the
Cauchy prior.

one can write the density of X in the standard form of the exponential family
as f(x) = e’*t181fl. The natural parameter space of § is Q = (—o0,0). If g(0)
is a prior density for 8 on (0,00), then g(—f) is a prior density for 6 on (—co,0).
Since 0 is a scale parameter, it is enough to look at the case 6o = —1. In terms
of 0, therefore the problem considered is to test Hy : 8 > 1 vs Hy : § < 1. The «
(0 < a < 1) level UMP test for this problem rejects Hy if X > Ianon, where I'y r s
is the upper a quantile of the Gamma distribution with parameters r» and s. If
g(0) is continuous and three time differentiable, then we can simply put the values
o =1,00=1, psg =2, pso =6, and A = fol g(0)d0 into (23) and the coefficients
of the expansion in (24) to get the coefficients a1, aq, as, a1, a2 and as, and then
get the expansions of §,, and €, in (1) and (2) respectively.

Two priors are to be considered in this example. The first one is the Gamma prior
with prior density g(#) = s"0""'e=%? /T'(r), where r and s are known constants. It
would be natural to have the mode of g(f) at 1, that is s = r — 1. In this case,
g'(1)=0,g(1) = (r—1)7e""V/I(r) and ¢"(1) = —(r — 1) e~V /T(r).

Next, consider the F' prior with degrees of freedom 2r and 2s for 8/7 for a fixed
7 > 0. Then, the prior density for 6 is g(f) = FF(Y);;S)) L (Z2)yr=1(1 4 28)=(r+9) To
make the mode of g(#) equal to 1, we have to choose 7 = r(s+1)/[s(r — 1)]. Then
g'(1)=0,g(1) = %(%)T(l+%)7(T+S)7 and ¢"(1) = 71_‘125’7;‘1&{98))(:;})7“4’1(7,4»
(L4 ph)=la),

Exact and estimated values of §,, are plotted in Figure 3. At n = 20, the ex-
pansion is clearly extremely accurate and as in example 1, we see that the false
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of a for the standard normal prior and the

F1G 3. True and estimated values of 8, as functions of o under I'(2,1) and F(4,4) priors for 0

when X ~ Exp().
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discovery rate §, is very small even for n = 10.

3.2. The frequentist is more prone to type II error

Consider the two Bayesian error rates
0n = P(Hy| Frequentist rejects Hp)

and
€, = P(H1| Frequentist accepts Hp).

Is there an inequality between d,, and ¢, 7 Rather interestingly, when 6 is the normal
mean and the testing problem is Hy : 6 < 0 versus H; : 6 > 0, there is an
approximate inequality in the sense that if we consider the respective coefficients
¢y and d; of the 1/4/n term, then for any symmetric prior (because then ¢’(0) =0
and A =1— X\ =1/2), we have

c1 = 29(0)[¢(2a) — @za] < di = 29(0)[(1 — @)za + ¢(2a)]

for any o < 1/2. It is interesting that this inequality holds regardless of the exact
choice of g(-) and the value of «, as long as a < 1/2. Thus, to the first order, the
frequentist is less prone to type I error. Even the exact values of §,, and ¢, satisfy
this inequality, unless « is small, as can be seen, for example from a scrutiny of
Figures 1 and 2. This would suggest that a frequentist needs to be more mindful of
premature acceptance of Hy rather than its premature rejection in the composite
one sided problem. This is in contrast to the conclusion reached in Berger and Sellke
[2] under their formulation.

4. General location parameter case

As we mentioned in Section 1, the quantities d,,,¢, depend on the choice of the
test statistic. For location parameter problems, in general there is no reason to use
the sample mean as the test statistic. For many non-normal location parameter
densities, such as the double exponential, it is more natural to use the sample
median as the test statistic.

Assume the density of the i.i.d. sample X1, ..., X, is f(z —0) where the median
of f(-) is 0, and assume f(0) > 0. Then an asymptotic size « test for

Hy:0<0vsH{:60>0

rejects Ho if \/nT,, > 24/[2f(0)], where T), = X((2]41) is the sample median ([8],

p. 89), since /n(T,, —0) = N(0,1/[4£2(0)]). We will derive the coefficients c1, ca, c3
in (1) and dy, dz2,ds in (2) given the prior density g(6) for 6. We assume again that
g(0) is three times differentiable with a bounded absolute third derivative.

4.1. Expansion of type I error and type II error

To obtain the coefficients of the expansions of d, in (1) and €, in (2), we have to
expand the A,, and A, given by (3) and (4). Of these,

Ra

2/(0)

25) Ay = POSOVAT, > gt = 2 [ (1= Rl = 20f0)}o( =)o
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where F), is the CDF of 2f(0)y/n(T,, — 0) if the true median is 6. Reiss [16] gives
the expansion of F), as

o(t)
NG

where, with {2} denoting the fractional part of a real z, Ry (t) = fi11t> + fi2, f11 =
f/(O)/[4f2(0)], f12 = (1 — 2{ }) and RQ ) f21t5 + f22t3 + fggt, where f21 =
—[£(0)/£2(0)]?/32, foz = 1/4+(1/2 {5 DI (0)/(2£2(0)]+£"(0)/[24f3(0)], foz =
1/4—(1—2{%})?/2. The error term 1, can be written as ry,, = ¢(t)Rs(t)/n3/?+
O(n=?), where R3(t) is a polynomial.

By letting y = 22 f(0) — 2z, in (25), we have

(26) Fut) =20+ Wrio) + Wty 41,

L e ) oWy
(27) An = Qf(())\/ﬁ - {q)( \/ﬁ//]{l( ) 1; RQ( y) 3—21,71}
« [g(O) + g/(O) Y+ 2q + g (O) (y + Za) (y + ZQ) 9(3) (y*)]d:%

2f(0)vn 2 AfA0)n  48f3(0)n?/2

where y* is between 0 and (y + z4)/[2f(0)v/n].
Hence, assuming sup, [¢® ()| < oo, on exact integration of each product of
functions in (27) and on collapsing the terms, we get

ay

(28) An:ﬁ+—+3—/2+0( )
where
(29) ap = %[gﬁ(za) — azg),
(30) @z = S adlen) — ae2 4 1) = S Uuliad(a) + ol + fiza)
and

a = s 2+ 2)0(z0) — (s +320)
B = s (nlasa ~ 200l + falaza ~ o))

(0)

2
=270 ){le[(z +423 + 8)d(2a)] + farl(22 + 2)(2a)] + fa36(2a)}-

We claim the error term in (28) is O(n~2). To prove this, we need to look at its
exact form, namely,

O(n72) Y+ 2a
2f(0) 2f(0)v/n

Since g(#) is absolutely uniformly bounded, the first term above is bounded by
O(n=2). The second term is O(n~2) obviously. This shows that the error term in

(28) is O(n~2).

[ ) Ra(—y)g0 + Jdy + O(n~?) / 90 + y)dy.
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As regards A, given by (4), one can similarly obtain

A, =P0>0T, < 2£(0)z]g(—=)dz

as -2
= —_— _— —_— O
\/ﬁ+n+n%+ (n )7

where y* is between 0 and (zo,—y)/[2f(0)v/n], a1 = [g(0)/(2f (ON][(1—)za+P(24)],
is = (9 (0)/ SO~ @)(2 + 1) + zad(z0)] + [9(0)/ IO fual(L - a)
2ad(z)] + fra(1— )}, 5 = [97(0)/ (48 O[22 + 2)p(z0) + (1~ ) (2 + 32)] +
(9/(0)) A4S ODH{fur[(1 - )z & 20(22)] 4+ fral(L — @) + Bz )]} — [9(0)/2F(O))] x
{f21((za + 425 + 8)(2a)] + f2[ (2] + 2)¢(2a)] + f236(2a)}- The error term in (32)
is still O(n=2) and this proof is omitted.

Therefore, we have the the expansions of By, given by (5) By, = A—b1/v/n—bz/n—
b3/n3/% + O(n=2) where A = [ g(6)df as before, by = a1 — a1 = z49(0)/[2f(0)],
by = a2 — az = ¢'(0)(23 + 1)/[8%(0)] + g(0)(f11 + f12)/[2f(0)], b5 = a3 — a3 =
g"(0)(23 +324)/[48£3(0)] + 204" (0)(f11 + f12)/[4£%(0)]. Substituting ay, as, as, a1,
ao, a3, by, be and b3 into (7), we get the expansions of d,, and ¢, for the general
location parameter case given by (1) and (2).

4.2. Testing with mean vs. testing with median

Suppose Xi,..., X, are i.i.d. observations from a N(6,1) density and the statis-
tician tests Hy : @ < 0 vs. Hy : & > 0 by using either the sample mean X or
the median T;,. It is natural to ask the choice of which statistic makes him more
vulnerable to false discoveries. We can look at both false discovery rates J,, and €,
to make this comparison, but we will do so only for the type I error rate J,, here.

We assume for algebraic simplicity that g is symmetric, and so ¢’(0) = 0 and
A = 1/2. Also, to keep track of the two statistics, we will denote the coefficients
c1, ¢ by ¢y g, c1r,, co x and ca 1, respectively. Then from our expansions in section
3.1 and section 4.1, it follows that

cim, —c1x = 9(0)(6(2a) — aza) (V27 — 2) = a(say),
and

o, — o 5 = 92(0)2a(d(20) — a20)(27 — 4) — g(0)V 27 frocx
29 (0)2a(@(20) — @za) (27 — 4) = b(say) as f12 < 0.

Hence, there exist positive constants a,b such that liminf,, .. vn(v/n(0n,1, —
0, %) —a) > b, ie., the statistician is more vulnerable to a type I false discovery by
using the sample median as his test statistic. Now, of course, as a point estimator,
T, is less efficient than the mean X in the normal case. Thus, the statistician is
more vulnerable to a false discovery if he uses the less efficient point estimator as
his test statistic. We find this neat connection between efficiency in estimation and
false discovery rates in testing to be interesting. Of course, similar connections are
well known in the literature on Pitman efficiencies of tests; see, e.g., van der Vaart
([24], p. 201).
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4.3. Examples

In this subsection, we are going to study the exact values and the expansions for
dn, and €, in two examples. One example is f(z) = ¢(z) and g(0) = ¢(0); for the
other example, f and g are both densities of the standard Cauchy. We will refer
to them as normal-normal and Cauchy-Cauchy for convenience of reference. The
purpose of the first example is comparison with the normal-normal case when the
test statistic was the sample mean (Example 2 in Section 3); the second example
is an independent natural example.

For exact numerical evaluation of d,, and €, the following formulae are necessary.
The pdf of the standardized median 2f(0)/n(T;, — 0) is

ﬁ(ﬁﬁﬁ t

ORAONG

We are now ready to present our examples.

Example 3. Suppose X3, Xs,..., X, are i.i.d. N(6,1) and g(f) = ¢(6). Then,
9(0) = £(0) = 1/v2m, ¢'(0) = f'(0) = 0 and ¢"(0) = f”(0) = ~1/v2m. Then,
we have fi1 = 0, fio = —(1 = 2{5}), far = 0, foo = 1/4 — /12 and fao3 =
1/4 — (1/2 — {%})?. Plugging these values for fi1, fi2, fa1, fo2, fos into (29), (30),
(31) and (7), we obtain the expansions for d,, and similarly for €, in the normal-
normal case.

Next we consider the Cauchy-Cauchy case, i.e., X1,..., X, are i.i.d. with density
function f(z) = 1/{x[1 + (x — 0)?]} and g(0) = 1/[r(1 + 6?)]. Then, f(0) = 1/,
f'(0) = 0 and f”(0) = —2/m. Therefore, fi1 = 0, fio = —(1 —2{%}), for =
0, fao = 1/4 — 7%/12, and fo3 = 1/4 — (1/2 — {%})?. Plugging these values for
fi1, fi2, fa1, fa2, f23 in (29), (30), (31), we obtain the expansions for d,,, and similarly
for €, in the Cauchy-Cauchy case.

The true and estimated values of 4,, for selected n are given in Figure 4 and
Figure 5. As before, the true values of §,, and € are computed by taking an average
of the lower and the upper Riemann sums in A, fln, B,, and Bn with the exact
formulae for f,, as in (33). It can be seen that the two values are almost identical
when n = 30. By comparison with Figure 1, we see that the expansion for the
median is not as precise as the expansion for the sample mean.

The most important thing we learn is how small §,, is for very moderate values
of n. For example, in Figure 4, §, is only about 0.01 if a = 0.05, when n = 20.
Again we see that even though we have changed the test statistic to the median,
the frequentist’s false discovery rate is very small and, in particular, smaller than
«. More about this is said in Sections 4.4 and 4.5.

)F[%]_l(#)(l _ F(#))n—[%].

(33) fale)= HONG ONG

4.4. Spiky priors and false discovery rates

We commented in Section 4.1 that if the prior density g(6p) is large, it increases
the leading term in the expansion for ¢, (and also €,) and so it can be expected
that spiky priors cause higher false discovery rates. In this section, we address the
effect of spiky and flat priors a little more formally.

Consider the general testing problem Hy : 0 < 6y vs Hy : 0 > 6y, where the
natural parameter space 2 = (6,0).

Suppose the a (0 < a < 1) level test rejects Hy if T,, € C, where T, is the test
statistic. Let P, (0) = Py(T,, € C). Let g(0) be any fixed density function for § and
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Cauchy case.

let g,(0) = g(0/7)/7, 7 > 0. Then g,(0) is spiky at 0 for small 7 and g, () is flat
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for large 7. When 6y = 0, under the prior g,(0),

0
(34) S,(1) = PO <0|T, € C) = f%/; Pn(Ty)g(y)dy7
Jos PalTy)g(y)dy
and
0
(35) en(r) =P >0|T, ¢C) = Jos-11 = Pa(my)]g(y)dy

ST = Pa(ry)lg(y)dy

Let as before A\ = f_ooo g(0)df, the numerator and denominator of (34) be denoted
by A,(7) and B,(7) and the numerator and denominator of (35) be denoted by

A, (7) and By, (7). Then, we have the following results.

Proposition 1. If P, (0y) = limg_g,— P,(0) and P (6y) = limg_g,+ Pn(0) both
exist and are positive, then

. B AP, (0)
(36) tim 0n(7) = 3 5= (0) + (1 — AP (0)
and
. B (1 =N - PF(0)]
(37) lim en(T) = AL = Py (0)] + (1= \)[1—P0)]

Proof. Because 0 < P, (ty) < 1 for all y, by simply applying the Lebesgue Domi-
nated Convergence Theorem, lim,_,g A,(7) = AP, (0), lim,_,o B,(7) = AP, (0) +
(L=N)PF(0), im, o Au(7) = (1= N)[1— P (0)] and lim, o B, (r) = A[1— P, (0)]+
(1 —N)[1 — P} (0)]. Substituting in (34) and (35), we get (36) and (37). O

Corollary 1. If0 < A < 1, lim, . P,(7y) =0 for all y < 0, lim,_ P,(7y) =1
for ally > 0, then lim, o §,(7) = lim, . €,(7) = 0.

Proof. Immediate from (36) and (37). O

It can be seen that P, (0) = P, (0) in most testing problems when the test
statistic T3, has a continuous power function. It is true for all the problems we
discussed in Sections 3 and 4. If moreover g(d) > 0 for all 4, then 0 < A < 1.
As a consequence, lim,_gd,(7) = A, lim; g€, (7) = 1 — A, and lim, o §,(7) =
lim;_,o €,(7) = 0. If 6 is a location parameter, 6y = 0 and g(f) is symmetric about
0, then lim;_,q 0p(7) = lim, ¢ €,(7) = 1/2.

In other words, the false discovery rates are very small for any n for flat priors
and roughly 50% for any n for very spiky symmetric priors. This is a qualitatively
informative observation.

4.5. Pre-experimental promise and post-experimental honesty

We noticed in our example in Section 4.4 that for quite small values of n, the
post-experimental error rate ¢, was smaller than the pre-experimental assurance,
namely a. For any given prior g, this is true for all large n; but clearly we cannot
achieve this uniformly over all g, or even large classes of g. In order to remain
honest, it seems reasonable to demand of a frequentist that J,, be smaller than
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F1G 6. Plots of na(7) as functions of T for normal-normal test by mean and Cauchy-Cauchy test
by median for selected a.

«a. The question is, typically for what sample sizes can the frequentist assert his
honesty.

Let us then consider the prior g,(0) = ¢g(8/7)/7 with fixed g, and consider the
minimum value of the sample size n, denoted by n,(7), such that J,, < . It can be
seen from (36) that n,(7) goes to oo as 7 goes to 0. This of course was anticipated.
What happens when 7 varies from small to large values?

Plots of n,(7) as functions of 7 when the population CDF is Fy(z) = ®(z — 0),
g(0) = ¢(6) and the test statistic is X are given in the left window of Figure 6. It is
seen in the plot that n,(7) is non-increasing in 7 for the selected a-values 0.05 and
0.01. Plots of nq(7) when Fy(r) = C(x — 0) and g(0) = c¢(0), where C(-) and ¢(+)
are standard Cauchy CDF and PDF respectively, are given in the right window of
Figure 6.

In both examples, a modest sample size of n = 15 suffices for ensuring 4,, < « if
7 > 1. For somewhat more spiky priors with 7 = 0.5, in the Cauchy-Cauchy case,
a sample of size just below 30 will be required. In the normal-normal case, even
n = 8 still suffices.

The general conclusion is that unless the prior is very spiky, a sample of size
about 30 ought to ensure that §,, < « for traditional values of «.

Appendix: Detailed expansions for the exponential family

We now provide the details for the expansions of A,, g, in (13) and 4, g, in (15)
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and we also prove that R, 4 in (14) and R, g,, in (16) are smaller order terms.

Suppose g(0) is a three times differentiable proper prior for 8. The expansions are
considered for those 6 so that the exponential family density has a positive variance
at 0. Then, we can find two values 6; and 6 such that § < 6; < 6y < 6y < 0
and the minimum value of o2(#) is positive when 6; < 6 < 65. That is if we let
mo = ming, <g<g, 02(), then mg > 0. Since o2(0), k;i(0), pi(#) and g3 () are all
continuous in 6, each of them is uniformly bounded in absolute value for 6 € [0, 02].
We denote My as the common upper bound of the absolute values of o%(8), k;(6)
(i = 3,4,5), pi(0) (i = 3,4,5), g(6), ¢'(6), g"(6) and ¢®(6).

In the rest of this section, we denote 61,, = 6y + (61 — 90)/111/3, 02y, = 0o + (02 —
00)/n'/3, 21 = o9v/n(01 — 00) — 24, T2 = do/n(02 — 00) — za, T1n = To/N(01n —
0o) — 2o and w2, = 0o/n(01n — bo) — za As in (13), (14), (15) and (16), we define
Angln = P(Gln <6< 00,X S O) o, g, = = A, —Angln, Angm = P(90 <0<
02, X ¢ C) and Ry g,, = A, — A, 9, , where A, and A, are given by (3) and (4)
respectively. We write By, 9, = P(0 > 01,, X € C) and B, 0y = P(9 < ng,X ¢ C).
Then, one can also see that R, O = = B, — B, and R, Bom = B Bn792 from

definition, where B,, and B,, are given by (5) and (6) respectively. B
The following Proposition and Corollary claim that R and R, g,, are the

—n 91
smaller order terms. Therefore, the coefficients of the expansions of A, and A,, are

exactly the same as those of A, ,, and A, g, .

Proposition 2. Let 01 ., = 0o+ (01 —0p)/n™ and 0., = 0o+ (02—00)/n™. If 0 <
T < 1/2, then for any £ < 00, lim,, 0o 1! By (01,7.n) = limy,— 0o n'[1 = Bn(02.7,)] = 0.

Proof. A proof of this can be obtained by simply using Markov’s inequality. We
omit it. 0

Corollary 2. For any [ > 0, lim, . n'R =lim, .o nlﬁnﬁM = 0.

=n,01n
Proof. Since (3,(0) is nondecreasing in 6, we have

91n -

n Rn O = n! ] Bn(0)g(0)do < Tllﬁn(91,1/3,n)/0 g(0)do < nlﬂn(91,1/3,n)

and similarly n'R, g, < n'[l — 3,(02. /3,n)]- The conclusion is drawn by taking
7 =1/3 in Proposition 2. O

In the rest of this section, we will only derive the expansion of A, 4,, in detail
since the expansion of A,, g,, is obtained exactly similarly.

Using the transformation x = gg/n(0 — 6p) — 2, in the following integral, we
have

1 TR T+ 24 :c + 24

38 A = 0 N dx.

( ) n,01n O—O\/ﬁ - 6 ( o + O\/ﬁ )g( JO\/_ )
Note that

T+ z X_M(90+w+jg)

39 0 Y =P, | wtza 7 > koywom | 5
e
where

. pio — (0o + =)
(40) kao,z,n = \/ﬁ ov/n + kOO,n JOZ+Z .
o o (6o + W%)
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We obtain the coefficients of the expansions of A,, g,, in the following steps:

1.

The expansion of g(fy + i:\jﬁ) for any fixed & € [z1,, —24] is obtained by
using Taylor expansions.

The expansion of kg, . for any fixed € [21,, —2q] Is obtained by jointly
considering the Cornish-Fisher expansion of kg, ,, the Taylor expansion of

Vnlpo — p(6 + ij\j%)]/ao and the Taylor expansion of og/c (6 + %)

Write the CDF of X in the form of Py[y/n X;(;éga) < u]. Formally substitute

0 =6y + (f:—z\/% and u = légo,m in the Edgeworth expansion of the CDF of

X. An expansion of 3, (6 +
expansions for a number of relevant functions (see (47)).

The expansion of A, g,, is obtained by considering the product of the expan-
sions of g(6y + ij—zﬁ) and 5, (60 + j(}*\j‘%) under the integral sign.

Finally prove that all the error terms in Steps 1, 2, 3 and 4 are smaller order
terms.

I:\j%) is obtained by combining it with Taylor

g

We give the expansions in steps 1, 2, 3 and 4 in detail. For the error term study
in step 5, we omit the details due to the considerably tedious algebra.

Step 1: The expansion of g(6y + “ﬁ) is easily obtained by using a Taylor
expansion:

(41)

T+ Za

0'0\/%

T+ 24 N g"(00) (x + z4)?

) =9(6o) + g'(6o) Gov/n B) o2n

9(90 + + rg,a:,rw

where 74 ;. , is the error term.
Step 2: The Cornish-Fisher expansion of kg, ,, ([1], p. 117) is given by

(42)

(25 = Dpso | 1 [(23 —3za)pa0 (225 — 52a)p30
k n - (o2 ai - = - o n»y
N 24 36 T

where rq ,, is the error term.
The Taylor expansion of the first term inside the bracket of (40) is

(43)

. P3O(x+za)2 _ p40(x+za)3

2y/n 6n

_(CC + Za) +r2amn

and the Taylor expansion of the term outside of the bracket of (40) is

(44)

1

_po@tz) 1 (3/’30 _ P

2
2Jn n\ 8 4 >(‘C+ZC‘) RREENE

where 3 5 , and 73, , are error terms.
Plugging (42), (43) and (44) into (40), we get the expansion of kg, ,, below:

(45)

~ 1 1
k rn — — - T,my
90, z+ nfl(x)Jr nfz(fﬂ) + T4,

NG

where 74, is the error term, fi(x) = fi1z + fio and fa(z) = fos23 + foox? +
fo17 + fo0, and the coefficients for fi(x) and fo(x) are fio = —(222 + 1)p30/6,
fi1 = —2ap30/2, fa0 = (23 +22a)p30/9— (25 +2a)pao /8, for = (T25/2441/12)p30 —
22pa0/4, faz =0, faz = pao/12 — p3y/8.
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Step 3: The Edgeworth expansion of the CDF of X is (Barndorff-Nielsen and
Cox ([1], p.- 91) and Hall ([11], p. 45)) given below:

X — p(fo + 222

Py otz n s0vn <u
sovn o(6o + (er\jﬁ)
d(u) (u? —1) T+ zq d(u) (u® — 3u)
4 =®(u) — —=~——p3(b —
(46) N N LUy g A 7
T+ Zo (u® — 10u3 + 15u) , T+ 2q
6 0 ns
Xp4(0+ Oﬁ)+ 79 p3(0+00\/ﬁ)}+7"57

where r5, is an error term. If we take pu = ];‘gmxm in (46), then the left side is
1 — Bn(0g + ZH2=) and so

NG
T+ Za 7. ¢(];;9 a:n)(l;:g a:nil) T+ 2a
0 = &(—Foy .m oz.m) .2, 5(0
6(0+00\/ﬁ) ( 90,,)+ \/ﬁ 6 p3(0+00\/ﬁ)
k )(ks — 3kg,0n) T+ z
47 (rb( 6o,z,n 0o ,x,n 0,7, «
(47) A [ 21 pa(bo + UO\/H)
kS 10k3 .+ 15kg, 2.n
+(901n 0o,z,m 9077) (90+$+za)]_ -
72 =

Plug the Taylor expansion of p3(fg + j;r\j&)

T+ z a)_ +(.’E+ZQ) _§2 +7r
Tor/n P30 7\/5 P10 = 5P30 6,z,n.

n (47), where rg 4, is an error term, and then consider the Taylor expansions of
the three terms related to kg, » » in (47) and also use the expansion (45). On quite
a bit of calculations, we obtain the following expansion:

Bullo + ) = () — ola) [Lﬁ) * #] ol [%)] |

» +%ﬁ‘%go+ (10— o)) + 22 () (&° — 32) i (2)
z) (2® — 3z z® — 1027 x
¢(n)[( 243 )P4o+( 0o+ 15 )PQ]+7“7,M

72 30
o(z)

(48) p3 (0o +

%1.)92 ((E) + T7,x,n7

gi(z) +
where 77, , is an error term, g1 () = g122*+ 9117+ 910, 92(T) = goo+ 9217+ g0 +
Go37> + goax? + gos®, and the coefficients of g;(x) and go(z) are g12 = p30/6,
g1 = zap30/2, g0 = 25p30/3, G925 = P30/72, goa = —zap3o/12, ga3 = pao/8 —
1322 p30/T2=Tp30/24, 922 = 2apa0/6— 23030 /6~ 2430/ 12, g21 = (23 /4—T/24) pao—
2aP30/18 = 1322930 /72 + 4930 /9, 920 = (23/8 — 2a/24)pa0 — (25/9 — 2a/36) 3.
Step 4: The expansion of A, ¢,, is obtained by plugging the expansions of

B(6o + i:\jﬁ) and g(fo + (‘fj—z\/‘%) On careful calculations,

(50) An,91n _\/—+_+ 3/2 +TSna
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where rg,, is an error term, a1 = (g(6p)/00)[¢(2a) — a2al, a2 = p309(0o)[e +
2022 — 2200(20)]/(600) — ¢/ (60)[a(2 +1) — 206(2)]/(203), and ag = [h116(za) +
ahi2][(9"(00)/(607)] + [h216(2a) + ahaz]lg'(60) /o8] + [ha16(2a) + aha2][g(00)/00],
where hll = Zi +2, h12 = —(Zi +3ZQ), h21 = —(p30/3)(22+1), h22 = (p30/3)(2;i +
220), hsy = —23,p30/36 + 423 p30/9 + p3o/36 — 527 pao/24 + pao/24, haz = 52303/
18 — 1124p30/36 + 23 p40/8 + zapao/8. These a1, az and a3 are the coefficients in
the expansion of (23).

The computation of the coefficients of the expansions of A,, ¢, is now complete.
The rest of the work is to prove that all the error terms are smaller order terms. But
first we give the results for the expansion of flnﬁ%. The details for the expansions
of 121,1792” are omitted.

Expansion of An,g%: The expansion of flnﬁ% can be obtained similarly by
simply repeating all the steps for A,, ¢,,. The results are given below:

it ay az as
(51) A71792n — % Jr g + W

where rg,, is an error term, a; = ¢(0o)[d(za) + (1 — @)za]/00, G2 = ¢'(00)[(1 —
)22 +1) + 2a0(70))/ (208) — pog(B0)[(1 — 0)/6 + (1 — )32 /3 + 7a(z)/3]/ 00,
and az = (¢"(60)/60%)[h119(2a) — (1 =) h12] = (9 (60)/03) [~ h216(2a) + (1 — ) haa] -
(9(00)/c0)[—h310(2a) + (1 — a)hsa], where hiy, hi2, hai, hoa, hs; and hsy are the
same as defined in Step 3. These a1, ao and a3 are the coefficients in the expansion
of (24).

Remark. The coefficients of expansions of 4,, and ¢,, are obtained by simply using
formula (7) with aq, as and a3 in (23) and also the coefficient a1, G and ag in (24)
respectively.

Step 5: (Error term study in the expansions of A4, g,, ). We only give the main
steps because the details are too long. Recall from equation (38) that the range
of integration corresponding to A, g, is 1, < < —z,. In this case, we have
limy, 00 Z1, = 00 and lim,, oo £1,/+/N = —24. This fact is used when we prove the
error term is still a smaller order term when we move it out of the integral sign.

(I) In (41), since g©(#) is uniformly bounded in absolute values, 7, is ab-
solutely bounded by a constant times n=3/%(z 4 z4)?

(II) From Barndorff-Nielsen and Cox [4.5, pp 117], the error term 7 ,, in (42) is
absolutely uniformly bounded by a constant times n~3/2.

(III) 1In (43) and (44), since p;(#) and «;(0) (i = 3,4,5) are uniformly bounded
in absolute values, the error term rs , ,, is absolutely bounded by a constant
times n—3/2 (x + 24)* and the error term 73,2 is absolutely bounded by a
constant times n~%/2(z + z,)%.

(IV)  The exact form of the error term ry , , in (45) can be derived by consider-
ing the higher order terms and their products in (42), (43) and (44) for the
derivation of expression (45). The computation is complicated but straight-
forward. However, still, since p;(0) and k;(0) (i = 3,4,5) are uniformly
bounded in absolute values, 4., is absolutely bounded by n=%/2P;(|x|),
where P;(]z|) is a seventh degree polynomial and its coefficients do not de-
pend on n.

(V) Again, from Barndorfl-Nielsen and Cox ([1], p. 91), the error term rs,, in
(46) is absolutely bounded by a constant times n~=3/2.

(VI) The error term rg,,, in (48) is absolutely bounded by a constant times
n~ Yz + z4)? since p;(0) and k;(0) (i = 3,4,5) are uniformly bounded in
absolute values.
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(VII) This is the critical step for the error term study since we need to prove
that the error term is still a smaller order term when it is moved out
of the integral in (50). We need to study the behaviors of ®(—kg, z.n)
and ¢(kgy 2n) as n — oo for all & € [x1,, —24] uniformly (see (49) in
detail). This also explains why we choose 61,, = 6y + (61 — 6p)/n'/? and
Z1n = 09y/n(01, — 6p) — 2z at the beginning of this section, since in this
case |kgy.z.n + 2| is uniformly bounded by |z|/2 + 1 for a sufficiently large
n. Then for sufficiently large n, the error term |r7 ;| in (49) is uniformly
bounded by |77,5.5| < ¢(z/2+1)Pa(|z|) where Ps(|z]) is a twelveth degree
polynomial of |z| and its coefficients do not depend on n.

(VIII) Finally, we can show that the error term rg,, in (50) in O(n=2). This is
tedious but straightforward. It is proven by considering each of the ten
terms in rg, separately.

Remark. We can similarly prove that the error term rg ,, in (51) corresponding to
An.6,, is O(n™2). Since the steps are very similar, we do not mention them.
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