Chapter 111
o -Trees in L

Tree theory forms a rich and interesting part of combinatorial set theory, having
applications in other parts of set theory as well as in other areas of mathematics
(in particular, in general topology). We study trees here because tree theory is
greatly enhanced by the assumption V = L, and affords a good example of the
application of the methods of constructibility theory. In this chapter we concen-
trate on w, -trees, and as we shall demonstrate, these arise out of some very basic
questions in mathematics. Later chapters deal with generalisations to higher
cardinals.

1. The Souslin Problem. w,-Trees. Aronszajn Trees

The Souslin Problem has its origin in a classical theorem of Cantor concerning the
real line. In order to consider this theorem we need some definitions.

A densely ordered set is a linearly ordered set (X, <) such that whenever
x,yeX and x < y, thereisa ze X such that x <z < y.

An interval in a linearly ordered set <X, <) is a subset of X of the form

(x,y)={zeX|x<z<y}

for some x, ye X, x < y. (We call this set the interval determined by x and y.)

An ordered continuum is a densely ordered set (X, <) such that whenever Y
is a subset of an interval of X, there is a least z € X such that (Vy e Y)(y < z) and
a greatest x € X such that (Vye Y)(x < y). (We call z the supremum of Y, x the
infimum of Y.)

A linearly ordered set is said to be open if it has no end-points.

A subset Y of a densely ordered set (X, <) is said to be dense in X if, whenever
x,z € X are such that x < z, there is a y € Y such that x < y < z.

Cantor proved that, considered as a linearly ordered set, the real line (R) is
characterised, up to isomorphism, by being an open, ordered continuum having
a countable dense subset (the rationals). In 1920, M. Souslin asked whether a
natural weakening of these conditions still suffices to characterise RR.
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Let us say that a linearly ordered set X has the Souslin Property if every set of
pairwise disjoint, non-empty intervals of X is countable. (This condition is often
referred to as the “countable chain condition”.) Clearly, if a densely ordered set X
has a countable dense subset Y, it must have the Souslin Property, since any
non-empty interval of X must contain an element of Y. The question Souslin
raised was this: Is it the case that IR is characterised by being an open, ordered
continuum having the Souslin Property? Although Souslin did not publish any
indication that he thought a positive answer was likely, it has become common to
refer to a positive answer as The Souslin Hypothesis.

We now know that the Souslin Problem cannot be solved in ZFC set theory,
even if we assume GCH. We shall show that if we assume V = L, however, then
the problem can be solved, with Souslin’s Hypothesis being false.

We shall solve the Souslin Problem (assuming ¥ = L) by first reformulating it
in terms of trees. But before we do that, let us notice that the Souslin Hypothesis
is equivalent (in ZFC) to the following assertion:

Every densely ordered set with the Souslin Property has a
countable dense subset.

(We shall denote this last assertion by SH.) The proof (of equivalence) in one
direction is immediate. Assuming SH, if we are given an open, ordered continuum
having the Souslin Property, then by SH it will have a countable dense subset, and
so by Cantor’s theorem it will be isomorphic to R. For the proof in the other
direction, suppose we are given a densely ordered set, X, with the Souslin Proper-
ty. Let X’ be obtained from X by introducing a copy of the rationals at each end
(to obtain an open ordered set). Let X” be the Dedekind completion of X'. It is
easily seen that X" is an open, ordered continuum with the Souslin Property. By
the Souslin Hypothesis (as formulated by Souslin), X” is isomorphic to R. Hence
X is isomorphic to a dense subset of an interval of IR. Thus X has a countable
dense subset.

We shall prove that if V' = L then SH is false, by using V = L to construct a
densely ordered set having the Souslin Property but no countable dense subset.
We achieve this by way of trees.

A tree is a partially ordered set T = (T, <) such that for every x € T, the set

X={yeTly<rx}
is well-ordered by <.
The order-type of the set X under < is called the height of x in T, denoted by
hty(x).
If o is an ordinal, the a-th level of T is the set

T, ={x e T|hty(x) = a}.

We often write T | o to denote the set ) T, and T I o for the restriction of the
structure T to this set. f<a
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Sometimes we blur the distinction between a tree and its underlying set,
writing T instead of T, etc.

In a tree T, if we are at any point x, there is only one path “downwards”,
namely X, though there may be several (or none) paths “upwards” from x. It is
customary to represent trees pictorally as in Figure 1, using vertical connecting
lines to denote the ordering <y in the upward direction, drawing the levels of the

tree on a horizontal line.

etc.
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Let T be a tree. A linearly ordered subset b of T with the property that whenever
x € b, then y <, x implies y € b, is called a branch of T. If o is the order-type of b
under <y, we say that b is an a-branch. A branch is maximal if it is not properly
contained in any other branch of T. By the Axiom of Choice, every branch can be
extended to a maximal branch. Every set X is a branch of T. If x has no successors
in T (i.e. there are no points y € T such that x <), then X U {x} is a maximal
branch of T.

An antichain of T is a subset of T, no two elements of which are comparable
under the ordering <. An antichain is maximal if it is not properly contained in
any other antichain of T (or, equivalently, iff every point of T is comparable with
some member of the antichain under <;). By the Axiom of Choice, every anti-
chain of T can be extended to a maximal antichain. If T, & @, then T, is a maximal
antichain of T.

Let 0 be an ordinal, 4 a cardinal. A tree T is said to be a (0, A)-tree iff:

(i) (Yo < O)(T, + 0);
(i) Tp = 0;
@) Va< 0)(|T,] < A).
In words, a (6, A)-tree is one of “height” 6 and “width” less than A. (We demand

|T,| < A rather than |T,| < 4 in (iii) to allow for the case where A is a limit
cardinal.)
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A tree T is said to have unique limits if, whenever « is a limit ordinal and
x,yeT,if X =7 then x = y.

A (0, A)-tree T is said to be normal if T has unique limits and each of the
following conditions is satisfied:

() Tl =1;
(i) if o, « + 1 < 6 and x € T, then there are distinct y,, y, € T, ; such that
x <ry; and x <7Y,;
(iii) if « < f < 0 and x € T,, there is a y € T such that x <, y.

Let x be an infinite cardinal. A x-tree is a normal (k, k)-tree.

It is trivial to show that every w-tree has an w-branch. (By recursion, pick
x, € T, so that x, <;x,..) And it is tempting to imagine that this simple result
generalises to w,-trees. However, as was first demonstrated by N. Aronszajn,
there are w,-trees having no w,-branch. Such trees are now known as Aronszajn
trees.

1.1 Theorem. There is an Aronszajn tree (i.e. an w,-tree with no w,-branch).

Proof. By recursion on the levels, we construct an w,-tree T. The elements of T,
will be strictly increasing a-sequences of rational numbers, and the tree ordering
will be x <7 yiff x is an initial segment of y (i.e. iff x < y). Notice that if b were an
w;-branch of such a tree, | Jb would be a strictly increasing w;-sequence of
rationals, which is impossible. Hence our tree certainly can have no w,-branches,
and our problem is simply to construct the tree. In order to do this, we ensure that
at each stage in the construction, T | o satisfies the following condition:

P(a): T ais a normal (o, w,)-tree, and for every f <y < o and every
x € Ty and every rational g > sup (x), thereisa y € T, such that x = y and
q>sup(y),

where sup (x) here denotes the supremum (in the reals) of the range of values of the
rational sequence x.
To commence the construction, we set

T, = {‘D}
If T [ (x + 1) is defined and satisfies P (o + 1), we define
To1={x"<@lxeT, AqeQ A g>sup(x)}.

Clearly, T [ (x + 2) then satisfies P (x + 2).

Finally, suppose « is a limit ordinal and T [ « has been defined and satisfies
P («). (Notice that if P(B) is valid for T | f for all f < o then P («) is automatically
valid for T I «.) The construction of T, depends upon the following claim.

Claim. For each x € T | a and each rational g > sup (x), there is an a-branch b of
T | « such that x € b and sup (| ) b) < q.
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To prove the claim, given x, g as above, pick a strictly increasing w-sequence
(¢, | n < w) of ordinals, cofinal in o, so that x € T [ «,. Since P («) is valid, we can
inductively pick elements y, € T, sothatx < y, < y; < y, =...and sup(y,) < gq.
Set

b={yeTla|@n<w)(y <y}

Celarly, b is an a-branch of T | « which contains x and is such that sup (| ) ) < g,
proving the claim.

Using the claim, we construct T, as follows. For each x € T [« and each
rational g > sup (x), pick one a-branch b(x, q) of T [« as in the claim, and set

L={Ub(xqlxeTlanrqeQnq>sup(x)}.

It is easily seen that T [ (x + 1) satisfies P (« + 1). In particular, T, is countable
because both T |« and @ are countable.

That completes the construction of T. Since T | o satisfies P () for all « < ,,
T is an w,-tree, and so we are done. [

Related to the notion of an Aronszajn tree is that of a Souslin tree. This is
defined to be an w,-tree having no uncountable antichain. (We shall see later that
Souslin trees are closely connected with the Souslin Problem.) As the following
result shows, Souslin trees are just special kinds of Aronszajn trees.

1.2 Theorem. Every Souslin tree is an Aronszajn tree.

Proof. Let T be a Souslin tree. Let b be any branch of T. We show that b must be
countable. Since T is normal, for each x € b we can pick an element x* € T such
that x <px* ht(x*) = ht(x) + 1,and x* ¢ b. It is easily seen that {x* | x € b} is an
antichain of T. But if x, y € b are such that x % y, then x* + y*. So as T has no
uncountable antichain, b must be countable. [

The above proof made use of the normality requirements on a Souslin tree.
These are rather strong conditions, since they tend to point in the opposite
direction to the Aronszajn and Souslin requirements of no uncountable branches
or antichains. In the case of Aronszajn trees, the somewhat “paradoxical” situa-
tion arose (in 1.1) that essential use was made of normality requirements in order
to construct an Aronszajn tree. But in the case of Souslin trees, the full normality
requirements turn out to be a burden as far as construction of such trees in
connection with the Souslin Problem is concerned. The next lemma shows that
this burden is easily shed.

1.3 Lemma. (i) Let T be an (w,, w,)-tree with unique limits, having no uncountable
branch. Then there is a subset T* of T such that, under the induced ordering, T* is
an Aronszajn tree.

(i) Let T be an (w,, w,)-tree with unique limits, having no uncountable branch
and no uncountable antichain. Then there is a subset T* of T such that, under the
induced ordering, T* is a Souslin tree.
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Proof. (i) Since T; is countable, we can find an element x, of Ty such that T is
uncountable, where we set

T ={xeT|xy<px}.

Let T” be the set of all members of T’ which have extensions on all higher levels
of T'. It is easily seen that each member of T” has extensions on all higher levels
of T" itself. It follows that for every point x € T” there are points y, z e T” such
that x <7y, x <rz,and y and z are incomparable in T. (Otherwise the extensions
of x would form an uncountable branch of T.) Hence we can define a function
f: @, > w, by the following recursion:

f(0)=0;
S + 1) = the least B > f(a) such that for all x € T, there are y,z € Ty
such that x <ry, x <pz,and y =+ z;

S(A) =sup, <, f(v), if lim(4).
Set

= T

It is easily checked that T* is as required.
(i) The above proof works in this case also. [

Notice that unique limits played no role in the above proof. We could have
omitted this requirement from all definitions and results, but it is common to
include it, and we shall always do so.

Our next result indicates our usage of the phrase “Souslin tree”.

1.4 Theorem. Souslin’s Hypothesis is equivalent to the non-existence of a Souslin
tree.

Proof. Assume first that there is a Souslin tree. We construct a counterexample to
SH,i.e. a densely ordered set having the Souslin Property but no countable dense
subset.

Let T be a Souslin tree. By replacing T by its restriction to the limit levels of
T, if necessary, we may assume that each member of T has infinitely many success-
ors on the next level of T. For each non-zero o < w,, let <, be a linear ordering
of T,, isomorphic to the rationals, so that the set of all successors on T, ; of any
element of T, is ordered as the rationals by <, ;. Let X be the set of all maximal
branches of T, and define a linear ordering on X by setting b <, d iff b («) <, d (),
where « is the least ordinal such that b N T, + d n T, and b (x) denotes the unique
element of b N T,, d («) the unique element of d N T,. Clearly, (X, <y) is a densely
ordered set of cardinality 2¢.

We show that X has the Souslin Property. Let I be any interval of X,
say I = (b,d). Choose « minimal so that b(x) # d(x). Pick x;e T, so that
b(x) <,x; <,d (). Let e(I) be a maximal branch of T containing x;. Thus e(I) € I.
Suppose now that I and J are disjoint intervals of X. Then e(/) ¢ J and e(J) ¢ I,
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so x; and x; must be incomparable in T. Since T has no uncountable antichains,
it follows that any pairwise disjoint collection of intervals of X must be countable.

We complete the proof of this half of the theorem by showing that X has no
countable dense subset. Let 4 be any countable subset of X. For each pair b, d of
distinct elements of A, let « (b, d) be the least ordinal o such that b(x) + d(«). Let

y =sup{o(b,d)|b,de A & b +d}.

Since A is countable, y < ;. Let we T, and choose x,y,ze T, so that
w<rXx,y,zand x <,,;y <,z Let b, be a maximal branch of T containing x,
and choose b, b, similarly. If 4 were dense in X, we could find d, d’ € 4 such that
b, <xd <xb,and b, <xd' <xb,. Butsince b, b, b, all contain w, we would have
a(d, d') > vy, contrary to the choice of y. Hence 4 cannot be dense in X.

Thus X is a counterexample to SH.

We now assume that SH is false and construct a tree satisfying the hypotheses
of 1.3 (ii), which by virtue of 1.3 (ii) at once implies the existence of a Souslin tree.

By the failure of SH, let X be a densely ordered set with the Souslin Property
but no countable dense subset. By recursion on the levels we define a partition tree
T = (T, 2) of X, elements of which are non-empty “intervals” of X. To com-
mence, we set T, = {X}.

Suppose we have defined T,. For every I € T, of cardinality greater than 1,
choose an interior point x (I') of I. (Since X is densely ordered, if I has at least two
elements, such a point always exists.) Let

Iy ={yelly <xx(I)}
I ={yel|x(I)<xy}.
Set
Lov={TeT, Al >1}u{li[IeT, A ll|>1}.

Now suppose that lim (&) and Tj has been defined for all f < «. In this case, set
T,={()b|b is an a-branch of T |« such that |} b| > 1}.

That defines T. Let 6 be the least ordinal such that T, = §. We shall show that
0 = w, and that T satisfies the hypotheses of 1.3 (ii). It is clear that T has unique
limits. We show first that T has no uncountable branch (so that, in particular,
0 < wy).

Suppose that B were an uncountable branch of T. Let (I,|o < w,) be the
canonical enumeration of the first w, elements of B. Set

Ao ={a <o |(Vyel+)(y <xx(L))},
Ay ={a <o |(Vyel)(x() <x))}.

Thus A, and 4, constitute a disjoint partition of @, . Hence at least one of 4,, 4,
is uncountable. Suppose, for the sake of argument, that 4, were uncountable.
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(The other case is handled similarly.) For a € 4,, let J, be the X-interval
Jaz = (X (IB)9 X (Ia)) s

where f is the least element of 4, above a. Now, ifx € A and « < f, we have x (I)
<xx(I,). Hence {J, |« € Ay} is an uncountable set of pairwise disjoint intervals of
X, which is impossible. Thus T has no uncountable branch.

Moreover, T has no uncountable antichain. Essentially this is because incom-
parability in T means disjointness as “intervals” in X. For suppose {I, |« < w,}
were an uncountable antichain of T. Then for each a < w; we could choose
Xy Vo € I, x4 <x V., Whence {(x,, y,)|¢ < ®w,;} would be an uncountable set of
pairwise disjoint intervals of X, which is impossible.

Since T has no uncountable antichains, each level of T must be countable. If
we can show that T is uncountable, we shall thus be able to conclude that T is an
(w;, w,)-tree and be done. But it follows easily from the construction of T that the
set {x(I)|Ie T} is dense in X. (Roughly speaking, this is because we keep on
“splitting” intervals of X until it is not possible to go any further.) So, as X has
no countable dense subset, we see that T is indeed uncountable. 0

1.4 enables us to prove that SH fails if we assume V = L.
1.5 Theorem. Assume V = L. Then there is a Souslin tree.

Proof. We construct an w,-tree, T, by recursion on the levels. The elements of T,
will be sequences from *2, and the ordering of T will be sequence extension
(= set-theoretic inclusion). We carry out the construction so that at each stage
o < wq, T [oisanormal («, w,)-tree. This will ensure that T is an w,-tree, so the
only problem will be to ensure that T has no uncountable antichains.

To commence, set

To = {0}.

The definition of T, , is dictated by the normality requirements. If T [« + 1
is defined, we set

To1=1{s KDlseT,Ani=01}.

If Tla+1 is a normal (« + 1, w,)-tree, then T [a + 2 is clearly a normal
(o + 2, wy)-tree.

There remains the definition of T, when « is a limit ordinal and T [ « has been
defined. Notice first that if T | f is a normal (f, ,)-tree for all f < «, T [ o will be
anormal (o, w,)-tree. Now, if s € *2 is to be a member of T, {s [ | f < o} will have
to be an a-branch of T | «. Hence for some collection, B,, of a-branches of T [ a
we shall have

T,={UblbeB,).

What properties must the set B, have? Certainly it must be countable. And to
preserve normality requirements, each element of T' | « must be a member of some
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branch in B,. Since trees consisting of sequences as in this case necessarily have
unique limits, these two conditions on B, suffice to ensure that T [« + 1 will be
anormal (x + 1, w,)-tree. So we are left with choosing B, to ensure that T will be
a Souslin tree. How can we do this? Well, the final tree, T, will be a subset of U *2

a<wi
of cardinality w,. By GCH, the set T will have w, many uncountable subsets. We
must choose the collections B, so that none of these uncountable subsets of T is
an antichain of T. To see how this might be achieved, suppose that in fact there
were an uncountable antichain in T. Then there would be a maximal uncountable
antichain, A. For each « <w;, A n (T [ «) is an antichain in T [ o. Let

C=C,={recw|lim(@ A An(T|a) isamaximal antichainin T [ a}.

The set C is club in w,. Closure is immediate, of course. To prove the un-
boundedness of C in w,, given oy < w,, define o, < w, recursively by setting a,,,
to be the least ordinal y > «, such that each element of T [ a, is comparable with
some member of A N (T I'y), in which case it is easily seen that & = (] «, € C.

Suppose now that we can somehow choose the sets B, so that for each maximal
uncountable antichain 4 of T, there is an a € C, for which the definition of T,
prevents the addition of any elements to T which are incomparable with all of the
elements of 4 N (T ' «). This would then ensure that in fact there are no un-
countable antichains in T. (The above discussion would be a proof by contradic-
tion of this fact.) Now, constructing T, so that some specific maximal antichain
ANn(TTo)of T | o does not “grow” in T (at any subsequent stage) is easy. Define
B, so that each element of B, contains a member of A N (T | «). Since A N (T | &)
is a maximal antichain in T [ «, each element of T | o is comparable with some
member of A N (T | «), so constructing B, with this property causes no difficulties,
and will ensure that every element of T, extends a member of 4 N (T | ), and
hence that any element of T of height greater than a will have to extend an element
of A (T | o). Our problem now reduces to one of cardinalities. In constructing
T there are w, limit stages a where we can “kill off” maximal antichains
AN (T o) of T [ «in the above sense. But there are w, many potential sets 4. So
we must somehow deal with w, possibilities in w, steps. This is where we use
V=L.

Suppose then that we are at stage o, where lim («) and T [ o has been defined.
Let A, be the <;-least maximal antichain of T [ « with the property that the set

{y<al4,nT,=+0}

is unbounded in a. (Such a set always exists, as is easily seen.) For each x € T [ a,
let b, be the <;-least a-branch of T | « such that x € b, and b, N 4, + 0. Since 4,
is a maximal antichain of T [ o, b, is always defined. Let

B,={b,|xeTla}.
Set

T,={UblbeB,).
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That completes the definition of T. We must check that T has no uncountable
antichain. Suppose, on the contrary, that it did. Let A4 be the <,-least maximal
uncountable antichain of T. Now, all of the sets involved in the above definition
of T are members of L,,,, so we could in fact carry out the construction of T within
the set L,,. Thus T is a definable element of L,,. Hence 4 is also a definable
element of L,,,. Moreover, we clearly have (by a trivial absoluteness observation):

Fr,, “Ais the <,-least maximal antichain of T such that the set
{y e w|ANT, + 0} is unbounded in w,”.

Let M be the smallest elementary submodel of L,,. By IL.5.11, M nL,,, is
transitive and of the form L, for some o < w,. (M is, of course, countable.) Since
T and A are definable in L,,,, they are elements of M. We have

TAnM=Tla.

To see this, suppose first that B < «. Then there is a surjection f: @ — T,. Hence
there is such a surjection in M. But w = M, so it follows that T; = /" w = M. Thus
Tla< M. Again, if xe Tn M, then (again because M < L, )ht(x)e M, so
ht(x) < a,s0 x € T [ o. We also have

AnM=An(T ).
(This is an immediate consequence of the previous equality.) So, if we let
m M= L
(by the Condensation Lemma) we have:
nlL,=i1d L, ww)=a 7wn(T=Tla, =#n(d)=An(T]a).

(These are all easy consequences of the properties of the collapsing isomorphism.
Such considerations will occur often in our later development.) Thus, by elemen-
tary substructure and isomorphism, we have:

Fr, “(An T o) is the < -least maximal antichain of T [ « such that the
set {yea|(An T ta)n (T !a),=* 0} is unbounded in o”.

By elementary absoluteness considerations, this clearly implies that AN T [«
really is the <;-least maximal antichain of T [« such that the set {y <«
(ANT @) T, # 0} is unbounded in o. Hence

AnTla=A,.

But then by the construction of T,, every element of T of height greater than or
equal to o is comparable with some element of A n T [ «. This contradicts the fact
that A is an uncountable antichain of T. Hence T must be a Souslin tree, and we
are done. [

In section 3 we shall analyse the use of V' = L in the above proof.
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2. The Kurepa Hypothesis

We have seen that there are w, -trees with no w,-branches. And by making simple
modifications to an Aronszajn tree it is possible to construct w,-trees with exactly
K many w,-branches, where k is any of the cardinals 1,2, 3, ..., n,..., w, w;. Now,
any o, -tree is a set of cardinality w,, so the maximum possible number of bran-
ches is 2. Thus, if we assume GCH, no w,-tree can have more than w, many
,-branches. A natural question is whether in fact there are any w,-trees which
have w, many w,-branches. This turns out to be related to an old question of
D. Kurepa concerning the Generalised Continuum Hypothesis (see later), and as
a result, an w,-tree with w, (or more) w,-branches is called a Kurepa tree.

In ZFC, or even in ZFC + GCH, it is not possible to decide whether or not
Kurepa trees exist. The sharpest results are these:

(I) If ZF is consistent, so too is the theory

ZFC + GCH + “there is a Kurepa tree”.
(II) If the theory

ZFC + “there is an inaccessible cardinal”
is consistent, so too is the theory

ZFC + GCH + “there are no Kurepa trees”.
(II1) If the theory

ZFC + “there are no Kurepa trees”
is consistent, so too is the theory

ZFC + “there is an inaccessible cardinal”.

Hence the non-existence of Kurepa trees is closely bound up with the notion
of inaccessible cardinals. We shall prove that if V = L, there is a Kurepa tree. But
before we do this, we relate the notion of Kurepa trees to the problem of Kurepa,
mentioned earlier.

The Kurepa Hypothesis (K H) is the assertion that there is a family # < 2 (w,)
of cardinality w, such that for all « < w,, the set

Fla={xna|xeF}

is countable. The following lemma is due to Kurepa himself.

2.1 Lemma. The Kurepa Hypothesis is equivalent to the existence of a Kurepa tree.
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Proof. Suppose first that there is a Kurepa tree, T. We may clearly assume that
T = {w,, <y and that o <7 f implies & < . Let # be the set of all w,-branches
of T. It is immediately clear that & satisfies KH.

Conversely, let # = 2 (w,) satisfy KH. For each x € %, define a function
[ 0y = P (w,) by setting

(@) =xno.
Let
T={f,la|xeF A a<w,}.

Forg,, g9, € T,say g, <79, iff g, = g,. Itis clear that T = (T, <) is a tree such
that T, < *2(w,). Since # |« is countable for each a < w,, each level of T is
countable. Hence T is an (w,, w,)-tree. For each x € &, the set

by={filala <}

is an w,-branch of T, and if x= y then b, + b,. Hence T has w, many ;-
branches. Hence we shall be done if we can show that T is normal. Well, it is easily
seen that T satisfies all of the normality requirements except possibly the require-
ment that each element of T has at least two immediate successors. But this is
easily achieved: simply add two copies of an Aronszajn tree above each point of
T. The resulting tree will then be a Kurepa tree. O

2.2 Theorem. Assume V = L. Then there is a Kurepa tree.

Proof. We verify KH, rather than construct a Kurepa tree directly, as this turns
out to be marginally simpler (because there is less to check).

Using I1.5.4 and I1.5.10, we can define a function f: w, — w, by letting f(x) be
the least ordinal y > a such that L, < L,,, . Notice that L, will be a model of the
theory ZF~ (= ZF minus the Power Set Axiom). (As is often the case in such
situations, we are being a little sloppy here. As formulated, ZF ~ will be a theory
in LST, and we have no concept of a model for an LST-theory. We can avoid this
sloppiness either by formulating a “copy” of the theory ZF ™ in the language %,
or else defining within set theory the notion of “a model of ZF~” in an entirely
semantic fashion, just as we defined the notions of amenable sets and admissible
sets to provide us with the notions of “models” of the theories BS and KP,
respectively (Chapter I). What matters to us is that, working inside L, ,,, we can
carry out any construction which can be carried out in ZF without use being made
of the Power Set Axiom.)

Define # < 2 (w,) by:

F={xcw|(Vae<w)(xnaeL;y).

Forany o < w;, # [ a S L, so certainly |# [ «| < w. What we must show,
in order to prove that & satisfies KH, is that | % | = w,. Intuitively, this is because,
although countable, f(«) is “much larger” than a (in the sense that L, is a “partial
universe” as far as the theory ZF ™ is concerned).
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We shall assume that | % | + w, and work for a contradiction. By this assump-
tion, & has an w,-enumeration (not necessarily one-one). Let X = (x, | < w;) be
the <;-least w,-enumeration of &. Notice that the function f is definable in L,
(because the definition of f given above only involves sets in L,,,), whence both #
and X are definable in L,,,.

By recursion, we define elementary submodels N, < L,,, for v < w, as follows:

Ny = the smallest N < L,,,;
N, +, = the smallest N < L, such that N, U {N,} = N;

Ny= N, if lim(3).

By I1.5.11, N, n w, is transitive for each v < w,. Let o, = N, n w,. Now, by a
simple induction, we see that each N, is countable, so each «, is a countable
ordinal. Moreover, since N,€ N,;,; <L,,, we have a, = N,nw; e N,;, s0
o, < o,4+,. Hence (a,|v < w,) is a normal sequence in w,. (Continuity follows
from the continuity of the sequence (N, |v < w,), of course.) Set

x={a,|v<w; Ao, §x,}.

Foreachv < wy, x + x,, 50 x ¢ #. We obtain our contradiction by showing that
xna€Lgyforall a <w,;.

Fix a < w, arbitrarily. We prove that x na € L. Let n be the largest limit
ordinal such that a, < a. (If no such 7 exists, then x N« is finite and hence
xNna€Lyy.) Since x N o differs from x N o, by only a finite amount, and since
L, is amenable, it clearly suffices to prove that x na, € L. But o, <« and f
is clearly monotone, so it suffices to prove that x na, € L,,,. Hence we may
assume that o = o, where lim (7).

Now, we have

xnoa={o,v<nAoad¢x,Nna},
so as L, is a model of ZF~ we shall be done if we can show that
(a,Jv<m), x,nalv<n)eL;y.
Let
n: N, = Lg.
Clearly,
nlL,=id[L, wnw)=a, =#aX)=xnalv<a).
In particular,
(xynalv<a)e L.
So asyn < a,

(x,nalv<mneL,.
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Now,x €L,y <Ly, s0
FL,. ®is countable”.

But since 7 (w,) = «,

o= wkt,
Hence,

B <f().
Thus

(xyna|v<n)eLyy.

It remains only to prove that (a,|v <#)€ L; .
For each v < n, let
7y: N, = Lgyy).
Then,
n,[L,, =id[L,,, =n,(0)=2,.

Since «, = w#™, the sequence (a,|v <#) is definable from the sequence

(B()|v <#)in ZF~, so we shall be done if we can prove that
BO) v <neLysgy-

Well, we proved above that g < f(a), so certainly f € L. Moreover, L, is a
model of ZF~. So, working inside L, we can define a sequence (N, |v < ') of
elementary submodels of L (for some #’) as follows:
Np = the smallest N < Lg;
N, .1 = the smallest N < L; such that N, U {N;} = N;
Ns=J Ny, if lim(5).

v<o

(The ordinal %’ is the largest ' < # for which the above construction is possible:
in a moment we shall see that in fact " = #.) Still inside L, let

m: N, = Lgy, (v<7).
Thus

B ™lv<n)eLyy-

Now recall the dfinition of the original sequence (N, |v < w,). Since v < n implies
N, <N, < L,,, in the definition of the initial part (N, |v < #) of this sequence we
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could equally well use N, in place of L,,,. That is to say, for v < n we have:

N, = the smallest N < N,;
N, = the smallest N < N, such that N, U {N,} = N;
Ns;= J N,, if lim(9).
v<o

Now.
n: N, = L,,

so an easy induction argument shows that for each v < 7,
(I N,): N, =N;,.

(The successor step uses I1.5.3.) Hence ' = 1 and for each v < 7, the structures N,
and N, have the same transitive collapse, i.e.

v<n-o B =p0).
Thus

BWIv<neLysy,

and we are done. [

3. Some Combinatorial Principles Related
to the Previous Constructions

Both for later use and for independent interest, we shall analyse the use of the
condensation lemma in the two previous constructions using V = L. We begin
with the construction of a Souslin tree (1.5). If we try to eliminate the use of the
elementary substructure argument of 1.5, we see that what we need is the follow-
ing:

There should be a sequence (A,|o < w,) such that A, = T | a, with the
property that whenever A = T, then for any club set C = w, there is an
oe C such that An(T o) = A,.

For then, given an uncountable maximal antichain 4 = T, we take

C={aew,;|An(T|a)is a maximal antichain of T [ o}

and find an « € C for which A N (T [ ) = A4,.
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The problem with the above approach is that the sequence (4, |« < w,)is too
closely bound up with the tree, T, which we are trying to define. And until T, has
been defined, we do not know which members of *2 will lie in T, of course.
However, this problem is easily overcome. By taking the elements of T to be
countable binary sequences as we did, we fixed in advance the ordering of T
(namely <), and concentrated all our efforts upon choosing the correct subset of

\J *2for the domain of T. An alternative approach is to fix in advance the domain

a<w

of f, say the set w,, and to define the ordering, <, by recursion. Thus we can
commence by setting Ty = {0}, and if T [ (o« + 1) is defined, then for each x € T, we
can pick the first two unused ordinals in w; and appoint them as successors to x
in T, ; (subject to some well-ordering of T;). For limit ordinals o, if T | o is defined,
we use the next w unused ordinals to provide extensions in T, of each member of
a suitably chosen countable collection, B,, of a-branches of T | «. Analysis of the
proof in this form leads to the following combinatorial principle:

There should be a sequence (S,|a <w,) such that S, < o and for each
X < w, and each club C < w, there is an o€ C such that X na = 8§,.

(See 3.2 below for a construction of a Souslin tree using this principle.)

The above principle implicitly involves the classical set-theoretic concept of a
stationary set, which we now consider briefly.

A subset, E, of a limit ordinal 4 is said to be stationary in A iff E has a
non-empty intersection with every club subset of /.

It is immediate that stationary sets are unbounded. They need not be club,
since the result of removing one (limit) point from any stationary set is a stationary
set, of course. If x is an uncountable, regular cardinal, every club set C = k is
stationary (by 1.6.1), and in this case the property of being stationary lies strictly
between the properties of being club and of being unbounded. For example, in the
case of w,, the set {& + 1|a € w,} is unbounded in w, but not stationary, whilst
the set {a € w,|cf(x) = w} is stationary in w, but not club. A classical result of
Ulam (which we do not prove here) states that if E < w, is stationary, there are
disjoint stationary sets E, = w,, for v < w,, such that E= | E,.

v<wy

Stationary sets are closely connected with “regressive functions”. If 4 is an
ordinal and E = A, a function f: E — 1 is said to be regressive iff, for each non-zero
aeE, f(o) <a.

3.1 Theorem (Fodor’s Theorem). Let k be an uncountable regular cardinal, and let
E < k be stationary. If f: E — K is regressive, then for some f € k, the set

{0 E|f(a) = B}

is stationary in k.

Proof. Suppose that, on the contrary, for each f € x the set

{xe E|f(2) = B}
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is not stationary in k. Then for each f € k we can find a club set C; < « such that

aeCynE— flo) + f.
Let
C={oexlae () Cs.
B<a

This set, C, is called the diagonal intersection of the sets Cg, f < k. It is not hard
to see that C is club in x. Hence, as E is stationary in k we can find a non-zero
ordinal e Cn E. For f < a, we have a e Cy, so f(a) + B. (Since a € E, f() is
defined, of course.) Thus f(x) >«. But this is absurd, since f is regressive. The
theorem is proved. O

As an easy exercise, the reader might like to prove that if E < « is not station-
ary, there is a regressive function on E which is not constant on any unbounded
set. Thus stationary sets may be characterised as those unbounded sets E such that
all regressive functions on E are constant on an unbounded subset of E.

In terms of stationary sets, our previous combinatorial principle can be ex-
pressed as follows:

There is a sequence (S, | o < w,) such that S, < a, with the property that
whenever X < w, the set {a € w{| X na = S,} is stationary in w,.

In turns out that this combinatorial principle has many applications, and thus
deserves a name. Following Jensen, who discovered it, we call it & (i.e. “dia-
mond”).

By amending the argument of 1.5 we prove:

3.2 Theorem. & implies the existence of a Souslin tree.

Proof. Assume <, and let (S,| o < w,) be a O-sequence as described above. By
recursion on the levels we construct a Souslin tree, T, with domain w;. The
elements of T [ w will be the finite ordinals, and for infinite « the elements of T,
will be the oridinals in the set

{lowa< &< wa+ w}.

We shall carry out the construction so that for each « < w,, T [« is a normal
(o, ¢ )-tree.

Set T, = {0}. f ne w and T | n + 1 is defined, define T | n + 2 by taking the
elements of T,, in turn, for each one picking the next two unused finite ordinals to
be its successors in T,,,. If « > w and T [« + 1 is defined, define T [ o + 2 by
using the ordinals in the set {¢ |wa < ¢ < wa + w} to provide each element of T,
with two successors on T, ;. Since T, is countable, this is easily arranged. There
remains the case where lim (x) and T | « is defined. By the normality of T | o, for
each x € T| « we can pick an a-branch b, of T [ « containing x. The exact choice
of b, is unimportant except when S, is a maximal antichain of T | «, in which case
we ensure that b, N S, + @, which is easy to do by virtue of the maximality of the
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antichain S, in T [ a. The ordinals in the set {¢|wa < & < wa + w} are then used
to provide one-point extensions in T, of each of the (countably many) branches b,
xeTla.

The above construction clearly provides us with an w,-tree, T. We need to
check that T is Souslin. It suffices to show that every maximal antichain of T is
countable. Let X = w; be a maximal antichain of T. Set

C={axew;|wa=a A X naisamaximal antichain of T [ a}.

Now, if wae = «, then T [ oo = Tna, so X N ais certainly an antichain of T [ o. It
is easy to see that C is club in @, now. (The argument was given in 1.5.) So by ©,
we can pick an a € C so that X na = S,. By the construction of T, every element
of T, lies above an element of X na. Hence X N« is a maximal antichain in T.
Thus X = X n «, which means that X is countable, as required. [

Notice that & implies CH: for if (S, |« < w,) is a &-sequence, then for each
set X < w there is an ordinal o such that X = X na = §,. In fact & can be
regarded as a sort of “super-CH”. This is highlighted by the following fact, whose
proof is left as an exercise (see Exercise 3). © is equivalent to the existence of a
sequence (S,| o < w,) such that S, = « for each o and, whenever X = w, there is
at least one infinite ordinal « such that X na = S,. CH, on the other hand, is
equivalent to the existence of a sequence (S,| & < w,) such that S, = « for each «
and, whenever X = w,,thenforall« < w, thereisa f < w, such that X na = Sj.

The following result completes our analysis of the proof of 1.5.

3.3 Theorem. Assume V = L. Then < is valid.

Proof. By recursion on a we define sets S, < o, C, < o for each a < w,.
To commence, we set

So = CO - ®.
If S,, C, are defined, set
Sav1=Coyr=0a+ 1.

Finally, suppose lim(«) and §,, C, are defined for all y < «. Let (S,, C,) be the
<-least pair of subsets of a such that:

(i) C,is clubin a;
(i) (Vye CH(S.ny *8S,),

providing that such sets exist, and set

S.=Cy=u0,

otherwise.
Notice that, by the above definition, the sequence ((S,, C,)|a < ,) is defin-
able in L,,,. We show that the sequence (S, |a < w,) satisfies .
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Suppose that (S,|a < w,) were not a {-sequence. Then for some set S < oy,
the set

{xew|Sna=3S8,}
would fail to be stationary in w,, so there would be a club set C = w; such that
VyeCO)(Sny*8§,).

Let (S, C) be the < -least pair of such sets S, C. Notice that this definition will
define (S, C)in L,,.

Let X < L,, be countable, and let 7: X >~ L;. By I1.5.11, X n L,,, is transitive.
Let o = X nw;. Then

nlL,=id L, and n(w,)=«.
Moreover, as is easily checked (cf. similar arguments in 1.5)

nS)=Sna, wn(C)=Cna, n(S,|y <o) =(S,ly<q),
(Cyly < @) = (Cy|y < a).

Now, by elementary absoluteness considerations, we have

Fr,, (S, C) is the <;-least pair of subset of w, such that C is club in w,
and (VyeC)(Sny £ 8§,)”.

So,as ™' Ly < L,,,

Fr,“(Sna, Cna)is the <;-least pair of subsets of o such that C N is
cubinaand VyeCno)(Sna)ny+8§,)”

Thus, by another simple absoluteness observation (together with I1.3.4(i)), we see
that (S na, C n ) really is the < -least pair of such subsets of o. But by definition,
this means that S, = Snaand C,= Cna.

Now, as we saw above,

Fr, “C nais unbounded in o”.

Thus C n o really must be unbounded in «. But C is closed in w;. Hence o € C.
But this implies that S na = S,, so we have a contradiction. The proof is com-
plete. [

A natural strenghtening of ¢& would be the following: there is a sequence
(S,lo < w,) such that S, < « for each o and whenever X = w, there is a club set
C < w; such that X na = S, for all « € C. However, it is an easy exercise to show
that this is impossible. But by modifying the formulation of ¢ a little, we can
obtain an equivalent statement which can be strengthened in the above fashion.
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Let ¢’ mean the following assertion:

There is a sequence (T,|o. < w,) such that for each o, T, is a countable
subset of % (o), with the property that whenever X < w,, the set
{a e w,| X nae T} is stationary in w,.

Clearly, ¢’ is a consequence of <: if (S,|a < w,) is a <-sequence, then
(T, | < w,)isa &'-sequence, where we set T, = {S,} foralla < w,.Infact, &’ and
< are equivalent, as we now show.

3.4 Lemma. &' and < are equivalent.

Proof. Let (T, | < w;) be a &'-sequence. We first of all use (T,| o < w,) in order
to construct a “<$’-sequence” on w, x w. That is, we define a sequence (U,| o < w,)
such that U, is a countable subset of 2 (x x w) and for each set X < w, x w, the
set

{aew | X n(axw)e U,}
is stationary in ;.
To this end, choose a bijection
Jiwiew Xw
so that for all limit « < w;,
lo):aeaxo.

For instance, using the fact that any ordinal in @, has a unique expression of the
form

o+2"-2n+1)—1,

where 6 is either 0 or else a limit ordinal, and where m, n € w, we can set
jo+2"-2n+1)—1)=(5+m,n).

For each o < w,, now, set

U - {JU|UeT}, if lim(x),
=0, otherwise.

It is easily checked that (U,|« < w,) has the desired properties.

Now let (U?|n < w) enumerate U,, for each o« < w,. Thus U; < a x w and
whenever X € w, x w there is a stationary set E = w; such that for every a € E
there is an n € wsuch that X n (« x w) = UZ. Now, in general, the n here, for which
X N (2 xw) = UL, will depend upon o. But as we shall show below, this is not
always the case.

Claim. If X < w, x w, there is a stationary set F < w, such that for some fixed
new, X n(exw)= U} forall aeF.
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To see this, let X = w; x w be given. Choose E < w, stationary so that
aeE—->Qnew) X n(xxw) = U.

Define f: E — w by setting f(n) = 0 for n € E n , and letting f(«) be the least n
such that X n(ax x w) = U}, otherwise. Since f is regressive, Fodor’s Theorem
(3.1) tells us that for some n € w, the set

F = {«eE|f@) = n}

is stationary in w,. Clearly, F is a claimed.
For each n < w and each « < w,, now, set

Sh={vea|(v,n) e Us}.

We show that for some n € w, (S} | o < w,) is a {-sequence. Well, suppose other-
wise. Thus for each n € w we can find a set X, = w, and a club set C, < w, such
that

aeC,—»X,Nna %Sy
Set
X = | (ax{n}),

c=(cC.

Then C is club in w; and for all n < w,
aeC—->Xn(axw)* UL

This contradicts our earlier claim, and completes the proof. O
The following principle, known as &* (“diamond-star”) is an obvious
strengthening of &'

O*: there is a sequence (S, | o < w,) such that S, is a countable subset of
2 (a) and for any X < w, there is a club set C < w, such that X no € S,
for all a e C.

Itis clear that &* implies <’ (hence ). And it is known that & * does not follow
from <. The next theorem provides us with an alternative proof of & from V = L.

3.5 Theorem. Assume V = L. Then O is true.

Proof. Define a function f: w — w, by setting

f(«) = the least y > « such that F; “a is countable”.
Let
Sa=9(d)ﬁLf(a), O(<a)1.
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We show that (S,|a < w,) is a O *-sequence. Since each S, is clearly a countable
subset of £ («), what we must prove is that if X = w, is given, there is a club set
C = w; such that X nae S, for all e C.

By recursion, we define a sequence of elementary submodels

N, <L,,, Vv<ow.
Let
N, = the smallest N < L, such that X € N;
N, ; = the smallest N < L, such that N, U {N,} = N;
N; = vgé N,, if lim(d).

By 11.5.11 we can define «, € w,; by
o, = N,Nw,.

Clearly, the set C = {a,|v < w,} is club in w,. We show that X n« € S, for each
aeC. Let v < w, be given. Let

n: N, =L,.
Then,
ala,=idla, =wnw)=«, nX)=XnNa,.
In particular,
Xn o, € Lﬁ .
But
Fr @) “a, is countable”,
whereas
o, = whr.
Hence § < f(«,) and we see that

Xnoa,eLyg,-

Thus X na, €S, and we are done. O

We turn now to our analysis of the construction of a Kurepa tree from V = L
(2.2). The essential combinatorial property of L used here is the following general-
isation of &* known as & (“diamond-plus™):

O there is a sequence (S,| o < w,) such that S, is a couniable subset of
P () and whenever X < w, there is a club set C = w, such that for all
aeC,both XnaeS,and CnaeS,.
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It is clear that &* is just an apparently weaker version of &*. In fact O™ is a real
strengthening of &*. In particular, &* does not imply the existence of a Kurepa
tree, whereas &F does, as we show below.

3.6 Theorem. Assume . Then there is a Kurepa tree.

Proof. As in 2.2, we choose to establish the existence of a family # < 2 (w,) such
that |# | = w, and |F | | < wforalla < w,, rather than construct a Kurepa tree
outright.

Let (S,|o < w,) be a &F-sequence. Recalling that H,,, is the set of all heredi-
tarily countable sets, for each « < w,, let M, < H,,, be countable and such that

@+ 1ol Sp e M,.
Bsa

Set

F={xcwo|Va<w)(xnaeM,}.
If we can prove that |# | = w, we shall clearly be done. Suppose that, on the
contrary, | | = w,. (It is clear that & is at least uncountable, since {a} € & for
all @ < w;.) Let (x,|v < w,) enumerate all unbounded members of %. (This se-

quence does not have to be one-one. Hence, as we clearly have w, €%, the
sequence does exist.) For each v < wy, let

B, = {a € w;|lim () A x, N is unbounded in a}.
It is easily seen that B, is club in w,. Set

B={xew,|lim(@) A (Vv <a)(xeB,)}.
It is easily seen that B is club in w,. (B is essentially the diagonal intersection of
the sequence (B,|v < w,), already mentioned in 3.1.) Applying & to the set
B = w, we obtain a club set C = w, such that

aoeC—->Bna, Cnaes,.
Let («, | v < w,) enumerate, monotonically, the club set

{ee Bloo = sup(C na)).
For v < o, set

p, = min (C — (a, + 1)).
Thus

a, < By <0yiq.
Set

x={p,|v<ai}.
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For any v < w,,

v<a,<d,,q €B,
S0 Xx, N a,,, is unbounded in «,, . But

XNO&ypy = {BtlT < V} Eﬁv+ 1< Ay+q-
Hence x + x,. We obtain our desired contradiction now by proving that x € &,
ie. that x na e M, for all o < ;.

If x N« is finite, then it is immediate that x N o € M, since

acsM,<H, .
So assume x M « is infinite. Let § < o be the greatest limit point of x N «. Since
x N o differs from x N § by at most finitely many points, and since M, is a model
of ZF 7, it suffices to prove that x n f € M,. Now, f is a limit point of x and x = C,
so as C is closed in w,, f € C. Thus

BnpB, Cnpes;.
But < . Hence

Bnp, CnpeM,.
Let 4 be such that

ﬁ = SUPy<, ﬁv .
Then

{oa,|v< A} ={aeBnBla=sup[(Cnp)nal}.
So, as

Bnp,CnpeM,<H,,
we conclude that

{oa,|v < A} e M,.
But for v < 4,

B, = min[(C N ) — (o, + 1)].
Hence
xnB={plv<iteM,,

and we are done. [
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To complete our analysis of 2.2 now, we prove:
3.7 Theorem. Assume V = L . Then &V is valid.

Proof. As in 2.2 we may define a function f: w; — w, by letting f(«) be the least
ordinal such that

a€L;py<L,, .
Set
Se =2 ()N Ly,.

Notice that f and (S,|a < w,) are definable in L, (using the above definitions).
We prove that (S,|a < w,) satisfies OV,

Suppose that (S,|« < w,) did not satisfy &, and let X be the < -least subset
of w, such that for all club sets C < w, there is an o € C such that it is not the case
that both X na and C na lie in S,. Notice that X is definable in L, by means
of this definition.

By recursion, define a sequence of elementary submodels N, < L,,,,v < w,, as
follows:

Ny = the smallest N < L,,,;
N, ., = the smallest N < L, such that N, U {N,} = N;
N; = Qﬁ N,, if lim ().
By I1.5.11, N n L,,, is transitive. Set
o, = N,Nnw;.
Clearly, («,|v < w,) is a normal sequence in w;. Let

n,: N, = Lg,).
Clearly,
n, 1L, =id|L,, mn(w)=a, n,X)=Xna,.

Let C be the set of all limit points of the set {f(v)|v < w,}. C is club in w,. We
obtain our contradiction by showing that for all « € C,

Xna,Cnaes,.
Let o € C be given. For some limit ordinal 4 < w,,
o= sup,<; B(v).

Claim 1. o = a;.
To see this, it suffices to prove that for all v < w,,

o‘v<ﬁ(v)<dv+l'
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Well, clearly, «, < f(v). But f(v) is definable from N, since L, is the transitive
collapse of N,, and moreover this definition relativises to L,,, (i.e. is absolute for
L,,) So, as

NVENv+1<sz’

we have f(v)e N,,,. Hence f(v) €, , and the claim is established.

Claim 2. f(4) <f(®).
To see this, note first that by definition of f,

FL;@ o 18 countable”.
But,

o=a, =i,

Hence f(4) < f(«), as claimed.
Now, by claim 1,

Xﬁa = nl(X)eLpM),
so by claim 2,

XNnoaeLsgy.
Thus

Xnaes,,
and it remains to prove that C na € S,. It clearly suffices to prove that

{B|v<iteL;y.

This is proved exactly as in 2.2, so we do not repeat the details here. Our proof
is complete. [

Exercises

1. w,-Trees and Souslin Trees (Section 1)

Let T be an w,-tree, P a totally ordered set. T is said to be P-embeddable iff there
is an order-preserving map f: T — P. Our interest concerns the cases when P is
either the rationals, @, or else the reals, R.

1 A. Show that an w,-tree, T, is Q-embeddable iff there are antichains 4,, n < w,
of T such that

T= ) 4,

n<ow
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1 B. Show that if an w,-tree, T, is IR-embeddable, it is an Aronszajn tree but not
a Souslin tree. (Hint: It is possible to utilise 1 A here.)

1C. Construct a Q-embeddable w,-tree. (The tree constructed in 1.1 almost suf-
fices.) Such trees are sometimes referred to as special Aronszajn trees, though we
shall use this name for a different notion (see Exercise IV.1).

1 D. Itis known to be consistent with ZFC that every Aronszajn tree is Q-embed-
dable. (See Devlin and Johnsbrditen (1974).) Show that if V= L there is a
R-embeddable Aronszajn tree which is not Q-embeddable. (Hint: Take the ele-
ments of T to be countable one-one sequences of integers whose ranges are
co-infinite in w, ordered by inclusion. Construct T by recursion on the levels to
satisfy the following condition:

ifo < B < wyands € T,and o is afinite set of integers, disjoint from ran (s),
there is a t € Ty such that s < t and o Nran(t) = §.

Use V = L to ensure that if f: T — Q) were an embedding, there would be a limit
ordinal o < w; such that for each x e T, there is a ye T, y <rx, such that

fy) =f(x))
2. Kurepa Trees (Section 2)
2A. Assume V = L. Define f: w, — w, by setting

f(a) = the least y such that e L, < L,,,.

Construct an w,-tree as follows. The elements of T, will be members of *2. The
ordering of T will be =. Let Ty, = {@}. If T, is defined, let

Tor={s "<DIseT,ni=01}.
If lim (x) and T | « is defined, let
T,={{Jb|bis an a-branch of T [o lying in L} .

Prove that T is a Kurepa tree.

2B. Let T be the Kurepa tree constructed in 2 A. Show that thereisaset U = T
which is a Souslin tree under the induced ordering.

3. The Combinatorial Principle & (Section 3)

3A. Let & be the following principle: there is a sequence (S,|a < w,) such that
S, is a countable subset of Z (o) for each « and whenever X < w, there is an infinite
ordinal « such that X na € S,. Prove that &~ is equivalent to <. (Hint: First show
that &~ implies O~ *, where &% is the same as &~ except that the o which is
asserted to exist is required to be a limit ordinal. Now let (S,| ¢ < w,) be as in O™ .
Define j: w; » w; by j(v) =2v. Set T, = {j " !"x|x e S,}. Then (T,]a < w,) is a &'~
sequence. The idea is that, given a club set C = w, from which we must find an «
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with X na e T,, for a given X < w,, we construct a set Y < w; whose intersection
with the even ordinals is j” X and whose intersection with the odd ordinals is a
diagonalisation set ensuring that if Yna € S,, then o € C.)

3 B. Show that CH is equivalent to the existence of a sequence (S,|a < w,) such
that S, is a countable subset of 2 () (« < w,) and whenever X < w,, then

Va)@P(X naeSy).

3 C. Show that < is equivalent to the existence of a sequence (S,|a < w;) and a
function f* w, — w, such that S, is a countable subset of £ («) for each « and
whenever X < w, then for uncountably many o < w,.

@B <f@)(X naeSy).

3D. Let P assert the existence of a sequence (U,|a < @w; A lim(«)) such that U, is
an increasing w-sequence, cofinal in o, with the property that whenever X < w,
is uncountable there is an « such that U, = X. Show that in the presence of CH,
Pis equivalent to <. (It is known that in the absence of CH, P does not necessarily
imply <.) (Hint: Let (X,|« < w,) enumerate all bounded subsets of w; so that
each set appears cofinally often. Define S,=(){X;na|feU,} to obtain a
&~ -sequence.)

3E. Show that & implies the existence of two non-isomorphic Souslin trees.

3F. Show that ¢ implies the existence of an IR-embeddable tree which is not
@Q-embeddable.

3 G. Show that & implies the existence of a family {4,|v < w,} of stationary
subsets of w, such that the intersection of any two of them is countable.

4. & and O in L{A] (Section 3)

Using the same kind of ideas employed in Exercises 11.2 and 11.4, we prove that
& and O hold in L[A4], where 4 = okl

4A. Assume V = L[A], where A < w,. Prove that & is valid. (Hint: For each
limit ordinal a, let (S,, C,) be the < ,.,-least pair of subsets of o lying in
L[A na]such that C,isclubinoand S, ny # S, forall y € C,, whenever possible.
Now argue analogously to 3.3.)

4B. Suppose V = L[A], where A < w,. Prove that if o} "* < @, forall « < w,,
then w, is inaccessible in L[4 N a]for all & < w, . (Hint: If w, were not inaccessible
in L[A na]for all & < w,, then for some o we would have w, = (0*)*“"*, By a
condensation argument, 6 can be shown to be countable in some L[4 N y]. Then
w; = ot % for 6 = max(a, y).)

4C. Assume V = L[A], where A < w,. Prove that & is valid. (Hint: Define
8: w, — w, by cases, depending on A. If w; = 0~ for some a < w,, let a, be
the least such, and let 6 («) = w; N M,, where M, is the smallest M < L, [4]such
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that a,, « € M. Otherwise let § (x) = w5 (which is countable by virtue of 4 B),
and set oy = w. For a < w; now, let & = max («, ao). Set S, = 2 (%) N L,y [A N &].
Now argue as in 3.7, except for the fact that there are now the two cases to
consider instead of one.)

4D. Prove that if there is no Kurepa tree, then w, is inaccessible in L. (Hint: Use
4 C, together with an absoluteness argument concerning Kurepa trees.)





