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1. Introduction

In this paper we obtain local limit theorems, local limit theorems for large
deviations, and ratio limit theorems for multi-dimensional probability measures
which may be lattice, nonlattice, or a combination of the two.

2. Statements of results

Let R? denote the set of d-tuples of real numbers ¢ = (!, - -+, 2%). Let u
denote a probability measure on the Borel subsets of R¢ with characteristic
function f defined by

@1) 1O = [, 6=udn), 0= (@, - ,0) € RS

where z-6 = 26, 4+ - -- + z%,.

We assume that u is nondegenerate in that it is not supported by any (d — 1)-
dimensional affine subspace of R? Then by making a suitable linear trans-
formation on R¢, we can assume that p is normalized in the following sense
(see Spitzer [10], pp. 64-75): there is an integer d;, 0 < d; < d, and there are
real numbers ol, - -+ , o such that

(2.2)  f@wny, ---, 2104, 0, -+ ,0) = exp 2mi(ma + -+ + ngo))
for integral ny, - - - , ng, and [f()| < 1 for all other values of 8. If d; = 4, then
u is lattice and if d;, = 0, then u is nonlattice.

Let u™ denote the n-fold convolution of x with itself. It is clear that p® is
supported by
(2.3) D, = {z € RYx* — no* is an integer for 1 < k < dy}.
Note that D, is independent of » if and only if we can take o' = --- = o% =0,
and in particular, that D, = R¢ if d; = 0. The statements below can be simpli-
fied somewhat in these cases.

For the 0 < h < » set
(2.4) I.={zreR¢||a*| <h/2forl <k <L d},
and
25) In={reRiz* =0for 1 <k<dand|z*}| <h/2ford, <k <d}.
Alsosetz+In= {yly —ze€ i} andz + I = {yly — 2z € I}.
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TuEOREM 1. Let v be a stable probability measure in R* having o density p.
Let p be normalized and suppose that for some constants B, and A,

(2.6) lim y™(Bx + An + Ipa) = v(z + 1)), zeR? and 0<h <,
Then
hd—dl

2.7 w4+ 1) = BT p(

where Bjo(By*) > 0 as n— o uniformly for x € R* and h in bounded sets.
CoROLLARY 1. Let u be normalized and have mean m and covariance =. Then

z— A,
B

n

> + o(B; %), z € D,

d—di _ .31 _
28) uP@+1I) = (—mh)d/w exp (—(x nm) = (@ "m)>
+ o(n=272), z € D,,

where n?%0(n=4'*) -0 as n — o uniformly for x € R* and h in bounded sets.

Theorem 1 was obtained in the lattice case d; = d by Rvadeva [9] and in
the nonlattice case d; = 0 by Stone [12]. It shows that in the present context
local limit theorems hold no less generally than integral limit theorems. In fact,
the integral form of the central limit theorem in the finite covariance case could
be proven in general by first proving corollary 1 and then using Riemann
approximating sums. After [12] appeared the author was informed that closely
related results were announced by Bretagnolle and Dacunha-Castelle [1] (see
also Stone [11]).

Next we consider probability measures u which satisfy Cramér’s condition:
for some constant ¢ > 0

(2.9) L ,eelu(dz) < oo
Let g denote the moment generating function of u, defined for all s € B¢ by
(2.10) g(s) = fR e u(da), z € R

Under Cramér’s condition, g is continuously differentiable any number of times
for |s| < ¢, and in particular

@.11) g(0) = [, ou(dz) = m.

Let u,, |8| < ¢, denote the probability measure on the Borel subsets of B¢ defined
by du./du = (g(s))~'e'3, or equivalently for all Borel sets 4,

212) wd) = [, (&) e u(da).

If 4 is normalized, then so is each p,. Let u™ denote the n-fold convolution of u,
with itself. Then for all Borel sets 4,

(2.13) WP(4) = [, (&) re e (da)
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and

(2.14) r"(4) = / , 9(®)re~= 2" (dx).

Let m,, Z,, and f, denote the mean, covariance, and characteristic functions
of us,.

Using Fourier analysis we will prove the following theorem.

THEOREM 2. Suppose u is normalized and satisfies Cramér’s condition. Then

] - hd—di (x — nm,)-Z7 ' (x — nm,)
2.15) w@+ D)= Crn)Ez, [ &XP (‘ 2n )
+ o(n—d), z € D,,

where n¥20(n=42) — 0 as n — o uniformly for x € R4, h in bounded sets, and
s tn compact subsats of {s| |s| < c}.

Before stating theorem 3, we need to comment further on the functions m.
and Z,, |s| < c¢. These functions are continuously differentiable any number of
times. Also if 4 has mean 0, then as s — 0, n, = Zs + 0(|s[?) and =, = = + 0(]s])-
If 4 is normalized and in particular nondegenerate, then X is nonsingular and
m, has a continuous inverse s, for s sufficiently small. The function s. is con-
tinuously differentiable any number of times for m sufficiently small.

Recalling the relationship between u{ and u™, we obtain immediately from
theorem 2 the following theorem.

TuroreEM 3. Suppose u is normalized, has mean 0, and satisfies Cramér’s condi-
tion. Then for some constant c; > 0, and for x € Dy,

(2.16)

1 oo
W0te 1) = oo+ i ([ 700 0uth),

where 0,(1) =0 as n — o uriformly for |z| < con and h in bounded sets (the
inlegral is set equal to 1 if dy = d).

Theorem 3, a local limit theorem for large deviations, is closely related to
work of Cramér [3], Petrov [7], Richter [8], and others. The author was moti-
vated to prove theorem 3 by the realization that it led to an easy proof of
theorem 4.

THEOREM 4. Suppose u ts normalized. Then for every integer no, h > 0, and
€> 0, there is a & > 0 such that if n > 6, £ € Dn, Yy € Dyynyy |z —y| L !
and p™(z + Ip) > et then

potmly + ) _
.17) T 1<

Let us say that u is not one-sided if u{z|z-9 > 0} > 0 for all non-zero 6 € R4
It is exactly in this case that there is an (necessarily unique) sy € R4 such that
inf,crs g(s) = g(so). Sufficient conditions to guarantee that sp = 0 are that
# has mean 0 or, more trivially, that g(s) = « for s £ 0.

THEOREM 5. Suppose u is normalized and not one-sided, and let s, be defined
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as above. Then for every integer ny, h > 0, and € > 0, there is a & > 0 such that if
n 28 2E Dy yE Dnsny |2 — y| < € and |z| < on, then

(ﬂ+m)(y + jh)
2.1 BT \Y T e
(2.18) @+ 1)

Note that (2.18) reduces to (2.17) if and only if s, = 0.

If we suppose further that D, = D is independent of n (see discussion of this
above) and ignore the uniformity in z, then the statement of theorem 5 simpli-
fies as follows.

CoROLLARY 2. Suppose u is normalized, D, = D is independent of n, and p is
not one-sided. Let s, be as defined above. Then for every integer no, x € D, y € D,
and h > 0,

. p’(ﬂ+m)(y _I_ Th) _
(2.19) LT A R

Again note that sy = 0 is necessary and sufficient for (2.19) to reduce to

. p‘""”“’)(y + T}.) _
(2.20) lim o = 1

Corollary 2 includes theorems of Chung and Erdos [2] and Kemeny [4] in
the lattice case and an unpublished theorem of Ornstein [6] in the nonlattice
case. Ornstein obtained the result that (in our notation) if d = 1, d; = 0, and
either u has mean 0, or the positive and negative tails of u have infinite means
(both conditions guarantee that s, = 0), then (2.20) holds. Ornstein’s method
differs considerably from the one used here. It seems also to be capable of yield-
ing corollary 2 and possibly much more

— (gla)met—vn| < e

(g(s0) et =91,

3. Proofs

The proof of theorem 1 and its corollary are omitted since the necessary
modifications of the proofs in [12] are presented in the proof of theorem 2.

To begin the proof of theorem 2 write x = (&, z), where £ = (24, - - -, z%) € R
and T = (z@tl, ..., 19 € Ré—4, If d; = 0 or d, = d, then £ or T is undefined.
Similarly, write 8 = (§, §), where § € R% and § € Ré—4,

Define K(z), 7 € Ré~%, and k(9), § € Ré—4, by

— 1 4 gsin 27/2\,
(3-1) K(x) - (21r)d_d1 (]=];{+1 x]/z )
and
d -
(3.2) M@=%Jgp—wm, el < 1,
0, 6]l > 1.

For the a > 0 set
(3.3) K.(Z) = a—@-WK(a"'7), T € Ré—d,
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and
(3.4) k.(8) = k(ad), f € Ri—a,

Then K, is a probability density on R%—4 with characteristic function (Fourier
transform) k,. The essential point here is that k, has compact support.
For |s| < ¢, 2 € Dy, A > 0, and a > 0 set,

(3.5) Vals, o, b ) = [, (&7 = 5) + TDKu(y) dy.

Ré-a1
A form of the Fourier inversion theorem yields that

(3.6) Vau(s, z, h, a)
ha—a . _ 4 gsin h;/2
= 5 do dd e== %k, (0)f7(0 7=,
2m)? /u&u <x ﬁél[ <at ¢ O )j=deI+1 ho;/2

Choose ¢; such that 0 < ¢; < ¢. From the relation f,(8) = f(6 — 4s), it follows
that

(3.7) e~ M5 (8) = e=024/2 + o(|9]%),
where |6]~%0(|6[2) — 0 as 6 — 0 uniformly for |s| < ¢;. Also for any N > 0 there
is an € > 0 such that |f,(0)| <1 —¢ for N1<§<x, N1<8§<N, and
|s| < ¢ It now follows by a standard computation such as in the proof of
lemma 1 of [12] that for any N > 0 and for all z € D,,

(3.8)
d—di
Vo, 2, 1y 0) = G €60 (= (@ = )37 o = mm)/20) + on),

where nd20(n=4?) — 0 as n — « uniformly for [s] < ¢, z€ R}, 0<h <N,
and N-1 <a < N.

Theorem 2 now follows by a proof similar to that of lemma 2 of [2]. This
proof is unnecessarily complicated, however, by the fact that in [12] 0 was
chosen to be a corner instead of the center of the cube I;. A simpler proof can
be based on the fact that if [s| < ¢,z € R4, h > 0and 0 < § < 1, then

(3.9) #,z -9 + Loy Sz + 1. S (& T — 1) + L, lgll < 6/2,

and hence

(3.10) b Z = 9) + Ia-p) S u@@+ 1) < w8 Z = 7) + L),
Il < é/2.

As discussed in section 2, theorem 3 follows immediately from theorem 2.

Theorem 4 is clearly equivalent to lemma 4.

Lemma 1. Suppose p is normalized. Then for every integer ng, h > 0, and
€ > 0,thereisad > Osuchthatif n > 67,2 € Dy, Yy € Dpgnoy and |z — y| < €71
then

(3.11) prtm(y + 1) < e+ (1 + u®™ (2 + ).

Lemma 1 will be proven first under the additional assumption that Cramér’s
condition is satisfied.
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LemMa 2. If u has mean m and satisfies Cramér’s condition, then for every
7 > 0 there is a & > 0 such that p™{z | |z — nm| > ™} < e, n > 5L

It suffices to prove this known lemma for d = 1 and m = 0. In this case we can
find positive numbers s and & such that |s| < ¢ and g(+s)e™ < ¢~25. Then
forn > &

(3.12) w® ([, ©)) < (g))re™ < otin < oin2,

and similarly pu®((—0, —7n]) < e /2. Thus u®@{z||z| > m} < e as
desired.

Let u be normalized and satisfy Cramér’s condition. In proving lemma 1
we can, without further loss of generality, assume that x has mz2an 0. It follows
easily from theorem 3 and lemma 2 that for every integer ng, » > 0, and ¢ > 0
we can find § > 0 and 7 > 0 such that if n > &Y, 2 € D,, y € Dyyn, and
|z — y| < €, then

(3.13) prtmd(y + 1) < (1 + u™(z + In), |z] < 7,
and
(3.14) pntm(y + 1)) < en, || > .

This yields lemma 1 (hence also theorem 4 under the additional assumption
that u satisfies Cramér’s condition).
We can reduce the general case to this special case by means of lemma 3.
LeEmMMA 3. There are two probability measures wy and ps such that w satisfies
Cramér’s condition, u is absolutely continuous with respect to w1, and 2u = w; + po.
To effect the desired decomposition we can, for example, choose 7o € R? such
that u{z,} = 0, define u; by

(3.15) m(d) =2 fA e=s=nly(dz), all Borel sets 4,

7 denoting a positive number such that u;(R%) = 1, and set us = 2u — 1.

We proceed to a proof of lemma 1. Let y; be normalized and decomposed
according to lemma 3. Then g; is normalized and satisfies Cramér’s condition
and, therefore, lemma 1 holds with u replaced by u. Also

w— s ("Y1 a-nso
(3.16) p® = 3 ; g,ui us”,
where * denotes convolution.
Choose integer no, A > 0, and ¢ > 0. By applying lemma 1 to g, and lemma 2

to the binomial distribution, we can find § > 0 and 0 < 7 < 1 such that if
n>6"1 |j— (n/2)| <, € Duj, Yy E Dptm—j, and |z — y| < €, then

(8.17) (" J; "“) 2-tmymtmd(y + Th)

<1 (" ”; ") 9= (bmig=in 4 (1 4 ¢) (’;’) 2-m39 (z + 1),
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and if n > 67, then

(3.18) ) (” + "°> 2= tntm) < e—;".

_n j
[7=3]>m

Lemma 1, and hence also theorem 4, now follow immediately.

LeEmMA 4. Suppose u is normalized and that imy— . (u™ (I1,))Y» = 1 for some
finite ho. Then for every integer no, h > 0, and € > 0, there is a § > 0 such that if
n>6"Y €D, YE Dytny, |2 —y|l L€y and |z| < 8, then (2.17) holds.

In proving this lemma, we can assume that k, > 1. It follows from theorem 4
and the present hypotheses that for any § > 0 there is a positive integer n such
that u™(—z + I1,) > e~ for x € Iy, Since for k > 1

(3.19) pC (L) > /,M 0 ([dr)u ™ (—z + ),

we see that u®m(I;,) > e~ %n k > 1. Theorem 4 now implies a series of conse-
quences. First, lim,—,e (1™ (I4))» = 1. Thus there exists z, € D, with |z,] < 1
and lim;—. (u™(x, + Tp,))¥* = 1. Therefore, for any & > 0 and § > 0 there
exist 7 > 0 and n, such that

(3.20) w®@(x +T,) > et for n>ny,z€ D, and |z| < .
This result, together with a final application of theorem 4, yields lemma 4.

The next result was suggested by theorem 5 of Kesten [5].
LeMMA 5. If u is nondegenerate and inf,crs g(s) = ¢(0) = 1, then

3.21) lim (u™(Ip))V» =1
for some hy.

Under the hypothesis of lemma 5 p is not one-sided and limjy—« g(s) = .
We assume, without loss of generality, that u is normalized. For ¢ > 0 set

(3.22) g(s) = fR e o= tu(d).

Let s. be the unique minimizing point of g.(-). Then as e — 0, s. stays bounded
and Fatou’s lemma implies g.(s) — g(0) = 1. Let ». be the probability measure
defined on all Borel sets A C R? by

(3.23) v(A) = L;z(:) e=51y(dx).

Then », is normalized and has mean 0 and exponentially decreasing tails. Thus
lim,—o (W% (I1))Y» for h > 1. Since

(3.24) D) 2 @ s))" [ e (da),

it follows that, for A > 1, lim inf,—. (u™(I3))!/» > g.(s.), and hence that
lim,—e (u® (1)) = 1, as desired.

Finally, to prove theorem 5, let x4 be normalized and not one-sided, and let
so be as defined just above the statement of theorem 5. Then lemma 5, and
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hence lemma 4, apply to the probability measure us, Using the relation between
v® and u@, we get theorem 5.

REFERENCES

(1] J. BrRETAGNOLLE and D. DacuNHA-CAsTELLE, “Convergence de la niéme convoluée d’une
loi de probabilité,”” C. R. Acad. Sci. Paris, Vol. 258 (1964), pp. 4910-4913.
[2] K. L. CruNG and P. Erpos, “Probability limit theorems assuming only the first moment,”’
Mem. Amer. Math. Soc., Vol. 6 (1951).
[3] H. CraMER, “Sur un nouveau théoréme-limite de la théorie des probabilitiés,’”’ Actualités
Sci. Indust., Part II1 (1938), pp. 5-23.
[4] J. G. KEMENY, “A probability theorem requiring no moments,”” Proc. Amer. Math. Soc.,
Vol. 10 (1959), pp. 607-612.
[5] H. KestEN, “Ratio limit theorems for random walks I1,”” J. Analyse Math., Vol. 9 (1963),
pp. 323-379.
[6] D. OrNsTEIN, “A limit theorem for independent random variables,” unpublished.
[7] V. V. PETRrOV, ‘“‘Generalization of a limit theorem of Cramér,”’ Uspehi Mat. Nauk (n.s.),
Vol. 9 (1954), pp. 195-202.
[8] V. RicHTER, ‘“Multi-dimensional local limit theorems for large deviations,”” Theor. Prob-
ability Appl., Vol. 3 (1958), pp. 100-106. (Translated from Russian.)
[9] E. L. Rvaleva, “On domains of attraction of multi-dimensional distributions,” Gos.
Univ. Uéen. Zap. Ser. Meh-Mat. (1954), pp. 544. (Selected Translations in Math. Stat.
and Prob. Theory, Vol. 2 (1962), pp. 183-205.)
[10] F. SeitzER, Principles of Random Walks, Princeton, Van Nostrand, 1964.
[11] C. J. SroNE, “Local limit theorems for asymptotically stable distribution functions,”
Notices Amer. Math. Soc., Vol. 11 (1964), p. 465.
, “A local limit theorem for nonlattice multidimensional distribution funetions,’”
Ann. Math. Statist., Vol. 36 (1965), pp. 546-551.

(12]




