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1. Introduction

In the present paper several alternative definitions of the familiar symbol x?
are discussed. The body of the paper is divided into two parts. In the first part
(sec. 3) a class of estimates is defined, termed best asymptotically normal esti-
mates (BAN estimates, for short), all having the same asymptotic properties
as the maximum likelihood estimates but varying in the ease with which they
can be computed. In the second part (sec. 4) a class of tests is developed which
are all equivalent in the limit to \-tests. Both the computation of BAN esti-
mates and the application of the statlstlcal tests considered involve the mini-
mxza,tlon of the alternatively defined x =

Some of the results given below were announced in 1940 [8].*

2. General conditions

The problems considered refer to the following situation. Consider s se-
quences of independent trials and let 7; denote the number of trials in the sth
sequence. Each trial of the 7th sequence is capable of producing one of the »;
mutually exclusive results, say

Riy, Rig, -+ -, R;,i, 1)
with probabilities
Piyy Pizy © * 5 Pies 2
where )
i Pii=1. @)
j=1

Denote by n,; the number of occurrences of R; ;in the course of the n; trials
forming the sth sequence. Also let ¢;; = 7;;/n:. Finallylet N = ny + np + -

+ 7, and Q; = n,/N. The symbols n;,; and ¢;,; will be treated as random vari-
ables. The Q/’s will be considered as constants. N, the total number of observa-
tions, will be assumed to increase without limit.

The problems treated below arise when the values of the probabilities p; ; are
unknown but it is given thateach p;; (¢ = 1,2, - - ,8;7=1,2,- - - ,v) isa
specified function of several parameters 6y, 6, - - - , 6x. The reasoning which
follows does not depend very much on the value of k, provided £ = 2. In order

* Boldface numbers in brackets refer to references at the end of the paper (p. 273).
[239]
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to simplify the writing we shall assume £ = 2. Thus we shall consider the
situation where it is known that '

Pii = i,i(01702)>0) ’l:=1,2,"',8; j=1)2)"'}vir (4)

with the functions f; ; satisfying s identities
ad .
Zfi"i(aly 02) =1 ) i1=1, 2) e, 8. (5)
i=1

It will be further assumed that the inequalities (4) and the identities (5) hold
for the whole range of variation of 6; and 6. There will be no need to specify
this range. The functions f; ; will be assumed to be continuous with respect to 6
and 6, and to possess continuous partial derivatives up to the second order. We
shall use the notation

i i
Yt - g, Bt fia. 6
a6, T 36,00, ©

Then the identities (5) imply, foreach? = 1,2, - - -, s,
143 Vi
D Juir= fuira=0. @)
i=1 =1

The parameters 6, and 6, will be assumed independent, meaning that there
exists at least one determinant

Siia Jiiz
#=0. 8)
fa.ﬂ.l f a,8.2

In the situation considered, where the values of the p;,; are unknown, the
actual values of §; and 6, are also unknown. Let these actual values be p;,?, 6,°,
and 020.

3. Best asymptotically normal estimates

The BAN estimates are a generalization of the maximum likelihood esti-
mates (ML estimates, for short). As proved by Hotelling [6] and, in a more
general way, by Doob [2], the ML estimates, say 6, and 6, of 6,° and 6, are
functions of the g;,;, do not depend directly on N, and possess the following
properties: )

(i) 6; is a consistent estimate of 6,2. That is to say, as N ==, the estimate 6;
- tends in probability to 6 or, in symbols,

lim p& =62, i=1,2. . 9)

Noo
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The equality (9) means that, whatever be ¢, 7 > 0, there exists a number N, ,,
such that N > N, , implies

P{l@;—0.~°|>e}<n. (10)
(ii) As N -, the distribution of 8; tends to be normal, N (0.~° ,i/?—%).

More specifically, whatever the real number ¢,

1mP{(0' 0NN t} 4 [ e-%’dx=<b(t)'(say), (1n
Newa oi Vor

where ¢, is a sure number, independent of N.
(iii) If ¢ is any other function satisfying (i) and (ii), but with ¢ taking the
place of o, then
020, (12)

To the writer’s knowledge, these three important properties of the ML esti-
mates form the only rational basis for preferring these estimates to others. It is
obvious, however, that the ML estimates are not the only statistics which
possess properties (i), (ii), and (iii). For example, if ¢ is any bounded function
of the ¢’s and 6; is the ML estimate of 6,%, then the function

b; + (13)

£
N
will also possess properties (i) through (iii) and thus, as far as its asymptotic

properties are concerned, be just as good an estimate of 6 as 6. 4

At this place it is convenient to notice that the ML estimates 8; also possess
the following fourth property:

(iv) The ML estimates, 9; considered as functions of the g;,;, possess contin-
uous partial derivatives with respect to each g¢;,;.

The foregoing circumstances, combined with the fact that the effective de-
termination of the ML estimates is often very tedious, suggests the following
two problems: -7

a) To determine the class of all estimates, to be denoted as BAN estimates,
which satisfy conditions (i) through (iv), with the hope that some of them
can be more easily computed than the ML estimates.

b) To investigate the class of BAN estimates and to see whether their dis-
tributions, corresponding to a fixed value of N would make the use of some of
them preferable to others.

" The present paper deals with the first problem only.

DEFINITION. A function & of the random variables q;,; which does not depend di-
rectly on N 13 called a BAN estimate of the parameter 0; if it satisfies the four
condztwns?i) through (4v) listed above.

The search for BAN estimates will be preceded by several lemmas.
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Lemma 1. Ifa; i=1,2,- -+ ,8;i=1,2, -+ -, »)are any fired numbers,
then the variance ox? of the variable

Z Z i (¢i; — pii°) (14)

=1 ;=
18 given by
ax2= - 6_i2=_1_ : a-.QQ.—l (15)
r=]1 T4 N‘l=l ’ . ‘
where
o2 =3 (@ — 0:)%pi, | (16)
,Z; i i
and
a;. = Zai,jpi,jo- (17)
i=1

Lemma 1 is easily verified by direct computation.
LemMma 2. If 8 tsa BAN estimate of 6y, then it can be presented in the form

0=0"+ X+ Yyox, (18)

where X and ox have the structure of (14) and (15) with the a; ; depending on the
Px.1”'s but being independent of N and the qx1’s, and where Y stands for a random
variable which tends in probability to zero as N— . Moreover, it may always be
assumed that, fori = 1,2, - - ,s,

v

a. = app=0, (19)
,Z; D
so that
sz—'—ZQ_lzauzpu =_‘(SaY) (20)
1=1
Proor. Let
Pt = (i — Pi)?. (21)
; ; 1 ¥

Since every BAN estimate has continuous partial derivatives with respect to
every g;.j, Taylor’s formula gives

8 i
¢ =43+ z a; (g — i) + R, (22)
. =1 7=1
where
a9
a;; = 6Q' - (23)
Y qea = prd°
and where
mE_ g, (24)

p—0 P
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It is now necessary to show that the three terms on the right-hand side of

(22) have the properties stated in lemma 2. We notice first that, should the

derivatives (23) fail to satisfy equations (19), then it would be possible to
subtract from (22) the expression

i . f: (g5 — 2", (25)

t=1 j=1

which is identically equal to zero. Then the BAN estimate would be put into a
form analogous to (22),

2=+ 3 D (s — ) (@i — i) + B, (26)

1=1 j=1

with the coefficients a;; — a.. necessarily satisfying condition (19).

In order to show that 4, = 6,°, it will be sufficient to show that the last two
terms in the right-hand side of (22) both tend in probability to zero as N— .
Denote by X y the first of these terms. It is obvious that the expectation of X 5
is equal to zero. According to lemma 1 and relation (19), the variance of Xy is
given by (20) and tends to zero as N is indefinitely increased. Hence X 5 tends
in probability to zero as N— .

Instead of proving that the remainder R in (22) tends to zero in probability,
we shall prove a stronger statement, namely, that

Yy = /N2 @)
gx [}

tends in probability to zero. For this purpose we shall use the generalized
theorem of Laplace (see David [1]), which implies that, as N tends to infinity,
the distribution of products

(@i — p)VN (28)

tends to the multivariate normal law with expectations zero and with var-
iances equal to Q:p: °(1 — ;).
In particular, whatever be ¥ > 0, the probability that the variables g;,; will
satisfy the relation
8 »
Net=NY > (gi—pi)? <7 (29)
i=1 /=1
tends, uniformly for v > 0, to a limit F(vy) obtainable from the multivariate

normal law. Thus, whatever be n > 0, there exists a number M,, such that
N > M, implies

PlovN <7} 2 F(v) — %n (30)

for all values of v.
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In order to prove that Y » tends to zero in probability, select two arbitrarily
small positive numbers ¢ and 7 and show that there always exists a number N,
such that N > N, implies

P{|YN|<e}=P{M<e}>l—n. 31)
go

Take the selected 7 and determine MM, such that N > M, implies (30) for all
values of v. Consider only values of N exceeding M,. Next select v, so large

that F(v,) exceeds 1 — % n. Then

PlovV/N<v}21-1. (32)

The inequality in braces in the middle term of (31) may be written as follows:

p\/—N—l‘%l <e. : (33)

0

It may be satisfied when the two factors on the left-hand side have various
combinations of values, but in particular when simultaneously

VN <7v, and IB]  ooe, (34)
P Yn

Thus the probability in the left-hand side of (81) cannot be less than the
probability of the simultaneous fulfillment of the two inequalities (34),

P{|Yx| <e}zP{p\/Z‘v‘<MP{L?<%,G P\/_N<'y,,}, -
”
or, owing to (32),
P{|Yn[ < 2(1 —n)P{[_R.l. < %€
P Yn

pV'N < %,} . (36)

Here the probability on the right-hand side of (36) is the conditional proba-
bility of the inequality on the left of the vertical bar, computed on the assump-
tion that p fulfills the inequality on the right of the vertical bar. It will be seen
that there exists a number K, ,, such that N > K, , implies

1!>{|—R|<"—"e p\/]Tf<'y,,}= 1. 37)

p Ya

Fix, for a moment, a value of p > 0 and denote by ¢(p) the corresponding
maximum value of [R|/p. Condition (24) implies that

lim p(s) = 0. (38)
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Denote by po a number such that p < po implies

0 < olp) < 7"‘ (39)
Then define ’
K. = (vo/p0)? (40)

and consider the probability in (37) for values of N > K. ,. The assumption
underlying this probability implies that

LI po. (41)

VN

This inequality implies (39) and, owing to the definition of ¢(p), it also implies
that

p <

IR| o (42)
p Yn

Thus equality (37) is proved, and it follows that if N > max (M,, K.,) then in-
equality (31) must be satisfied.

Thus the two last terms in (22) both tend in probability to zero, and there-
fore ¢ must tend in probability to J. Since ¢ is assumed to be a BAN estimate
of 6,9, it follows that d, = 6,°, which completes the proof of lemma, 2.

Consider two sequences of random variables { X} and {Y,}. Let F,(t) repre-
sent the probability law of X, that is to say,

F.() = P{X,.<t}. (43)

LeMMA 3. If as n— o the probability law F,(t) tends to a continuous probability
law F(t) and if the sequence {Yy,} tends in probability to zero, then the probability
law of the sum X, + Y tends uniformly to F(t),

lim p{X,+ Y.<t} =F(@)=lIm P(x, <4}, (44)
Proor. In proving lemma 3 it will be convenient to use the following nota-
tion: If A and B stand for some inequalities which might be satisfied by some
random variables, then the probability of the simultaneous fulfillment of both
A and B will be denoted by P{(4)(B)}.
In order to prove lemma 3 it is necessary to show that whatever be ¢ > 0
there exists a number N, such that n» > N.implies

|P{Xa+ Y. St} —F(t)| <e (45)
for all values of £. We have

|P{X.+Y.St} —F(@®)|
S |P{Xo+ Y.<t} —P{X.St}| + |P{X. <t} - F@)] . (46)
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Since it is assumed that F(¢) is continuous, a theorem of G. P6lya [10] im-
plies that the convergence of F.(f) to F(t) is uniform. Therefore, given any
number > 0, there exists a number N;, such that n > N, implies

|P{X. =t} —F@®)| <n. (47

It follows that we need consider only the first term in the right-hand side of
(46). Let A > 0 be so small that

Fit+A) —Fit— A) <nq. (48)
We have

|P{X.+ Y. St} — P{X. S t}]
= |P{(X.>O)(YaSt— X))} —P{X. =)V, > t—XJ)}|. (49)

Since the probabilities are non-negative, it follows that the left-hand side of
(49) does not exceed the greater of the two probabilities in the right-hand side.
It will be sufficient to show that one of them tends to zero as » is indefinitely
increased. The proof relating to the other probability runs on exactly similar
lines.

Consider then the probability

P{(X.>t)(Y.St— X,)}
=P{t<X.St+A) Y. St—X)}+P{E+ A< X))Vt — Xn)}.
(50)
Obviously
P+ A< X)(Y.St—X,)} SP{Y.< —A}. (51)

Since, by hypothesis, Y. tends in probability to zero as n —, there ex1sts
a number N,, such that n > N, implies

P{Y, < —A} <. (52)

Thus, for n > N, the second term on the right-hand side of (50) will be less
than 5. Further

P < XnSt+A(Y.St—X)} SP{t<X.St+ A)
=F,(t+ &) —F.(), (53)

and it is seen that for n > N the right-hand side of (53) must be smaller than
3. It follows that if » exceeds both N; and N, then “the probability in (50) is
smaller than 47. Since 7 is an arbitrarily small positive number, this completes
the proof of lemma 3.

ReMARK. It is believed that the results presented in the foregoing lemmas
either are known or are easily obtainable from those published by other
authors. However, the writer failed to find publications in which the necessary
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results are given in exactly the form needed here. For example, lemma 3 is
obtainable from certain results published by Maurice Fréchet [4]. Also, it is
similar to lemma 1 in the paper of J. Wolfowitz [13].*

Now let ¢ denote a function of ¢1,1, ¢12, * * * , s It Will be assumed that ¢
has continuous partial derivatives with respect to each independent variable
¢i;- Then the proof of lemma 2 implies that

== -3

d=%+X+4+Yvox, (54)

where X and ox are defined by formulas (14) and (20) and where Y is a ran-
dom variable which tends to zero in probability as N— .

Lemma 4. If N — o, then the distribution of (¢ — 8y)/ox tends to the normal
with zero mean and unit variance,

Jlim P{";‘ﬁ' < t} = 2. (55)
ox
Proor. We have
8-%_X vy, (56)
ox ox

The generalized theorem of Laplace implies that as N—> o the probability law
of X/ox tends to ®(f). Since ®(¢) is continuous and since Yy tends in proba-
bility to zero, lemma 3 implies lemma 4.

TaEOREM 1. For a statistic (q), function of qu,1,q1,2, * * * , Qs.ps, DUt tndepend-
ent of N, to be a BAN estimate of the parameter 6., it s necessary and suffictent:

a) that ¢ have continuous partial derivatives with respect to all the independent
variables qs;;

b) that the result of substituting

G = 1:.i(61,6:) , :1= L2, ,87=1,2"-"",n, (87)
in 9(q) leads to the identity e
\C sH=6; (58)
¢) that if 8*(q) is any function satisfying (a) and (b) and if
%
:—0- = a;; and 30 = bi;, (59)
T Qa8 = fup e Qa8 = fa8
then
8 1 vi 8 1 Vi
= @i < = bi i (60)
= o .FZI o 1;1 Q; 1= o

for all combinations of values of 6, and 6.

* After this paper was submitted for publication, an elegant proof of Lemma 3 was pub-
lished by Harald Cramér in his remarkable book, ‘“Mathematical Methods of Statistics,”
Princeton University Press, 1946.
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Theorem 1 is a direct consequence of the preceding lemmas.

Up to the present, the number of parameters whose values determine the
probabilities p;,; played no role. On the other hand, the statement of the follow-
ing theorem does depend on that number and it will be expedient to assume
that each function f; ; depends on m independent parameters 6y, 65, - - - , 6,

Dii = fii(01,0: - - - ,0,) = fii(0) (say). (61)

As formerly, the independence of parameters will be understood to mean that
for every system of their values there exists at least one determinant of mth
order,

fahﬁl»l fulvﬁh? st fm:ﬁnm
+0. (62)
Sombal  JomBuz “ JemBam
Let
- - f 1,7 ”.f’ 7,0
Gu.v = Qs = G (63)
foru,v =1,2, - - - ,m. The inequality (62) implies, then, that
Gl,l Gl,2 vt Gl,m
G2,l G2,2 st G2.m
A= : : ~ | >o. (64)
Gm.l Gm,2 ¢t Gm,m

Denote by A; ; the minor of A corresponding to G;,;.

TaEOREM 2. For a statistic 9(q), function of qi1, Que, * * * , Qe t0 be a BAN
esttmate of 6y, it is sufficient that it satisfy the conditions (a) and (b) of theorem 1
and (d) that

9
a;; = SoikBr . (65)
9¢g.i ’ qu ; ;

8=Jop

It will be seen that values (65) satisfy the condition
z; a,p:.,* =0, (66)
=

and that the asymptotic variance of ¢ is given by, say,

o¢2=%2 i_lzaii ii-—]{tr—lAl. (67)
7=

1=1
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Proor. If ¢#(g) is a function satisfying the conditions (a) and (b) of theorem
1, then by differentiating equation (58) with respect to the parameters 6,

6y - - -, Om asystem of m linear equations is obtained:
8 »
z; E @iifiin =1
e
8 ¥
a;ifiix =0, k=23,---,m, (68)

1=1 7=

which must be satisfied by the derivatives a;,;. It is then easily found that the
system of values of these derivatives minimizing the expression in the left-
hand side of (60) under the sole restriction that equations (68) are satisfied is
given by formula (65). This proves theorem 2.

" REMARK. There is just one system of values of a;,; which minimize the left-
hand side of (60) subject to conditions (68). However, the question of the ne-
cessity of condition (65) is still left in doubt, because it is not certain that the
expressions on the right-hand side of (65) necessarily possess the property of
being the partial derivatives of the same function taken with respect to the
independent variables on which it depends. In other words, thus far it is un-
certain whether there always must exist a function #(g) whose derivatives
satisfy equations (65). This question may be settled either by studying the
properties of expressions (65) or by exhibiting functions #(¢) whose derivatives
equal (65). Since the purpose of this study is to indicate several new forms of
BAN estimates, the second of the two methods of proving the necessity of
condition (65) will be followed.

The next three theorems indicate methods of obtaining three alternative
BAN estimates. The proofs of these theorems are completely analogous and
consist in verifying that a particular method determines a function #(q) satis-
fying the conditions of theorem 2. (For this reason the proof will be given for'
only one theorem, namely theorem 5 .|

The likelihood functlon of the pa.rameters 01, 63, -+ + , Om, given the observ-
able random variables q‘ ,)is glven by

P= C-:[.I[-,I-If'f’iw]m , (69)

where C does not depend on 6y, 62, - - - , 0,.. The ML estimates of the param-
eters 0 are obtained by maximizing P or by maximizing its logarithm

L=1logC+ N Z Q; Z gi;log fi;. (70)
1=]1 J=-1
The equations determining the ML estjma,tes are obtained by equating the
derivatives of L to zero:

. oL o~ Qi _ — ..
1}1‘-—6—0,‘—-N Q.Z—’fi_,‘_k—-o, k—l,2,- ,m. (71)

1= 7=1 Jii
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TaeoreM 3. Under the general conditions described in section 2, the system of k
equations (71) possesses solutions, 8,(q), (¢ = 1,2, - - -, m) independent of N,
which have the following properties:

a) The substitution qi,; = fi;(61, + + * , Om) gives,fort =1,2,- - -, m,

8.(f) = 6,. (72)

b) The functions 6:(q) possess continuous partial derivatives with respect to each
variable q; ;.
¢) The substitution of qi;=Ti; (61, - - -, Om) into each partial derivative of b,
gives
o = 2,0, 73)
0¢i.i

Qap = fap

where a;;? is determined by formula (65) n which A x should be substituted for
Ark.
It follows that the solutions of (72) so obtained are BAN estimates of the 6’s.
Consider the familiar expression of the symbol x? as defined by K. Pearson,

x2 _ ; 2 (nl'-i _ Z""pi.i)z =N }ij Q.‘ zw: (qi.i - pi,i)z’ ; (74)

Pi,i i=1 7=1 D

and substitute p;; = f; j(61,0: - - -, 6.,). We have, say, - .

$@H=N3 @3 Gimfl 75)
H & fu

Keep the ¢;; fixed and minimize this expression with respect to the unrestricted
variation of the parameters 8. This leads to the solution of the system of equa-
tions, say

V=—__NEQ12 “) tlk""o k=1;27'°°)m' (76)

THEOREM 4. The system of equations (76) possesses a system of solutions, say
6.(q), which have the properties (a), (b), and (d) enumerated in theorem 2. It fol-
lows that the functions 8:(q) are BAN estimates of the parameters 0;.

Consider now an expression for x? which is similar to but not identical with
(74). The difference between the two expressions occurs in the denominators
of the particular terms. The new expression is

@) =Ny a3 B hL )

1=1 qi.;

In writing this formula it is assumed that none of the ¢; ; is equal to zero.
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The problem of minimizing x,? with respect to the unrestricted variation of
61, - « -, Om, while the values of the g;,; are kept constant, leads to the solution
of the following system of equations:

Wk=ZsQizw:£"_iﬁ.i.k=0, k=12---,m. (78)

=1 =1

TaEOREM 5. The system of equations (78) possesses a system of solutions, say
6*:(q), which have the properties (a), (b), and (d) enumerated in theorem 2. It fol-
lows that the functions 6*,(q) are BAN estimates of the parameters 6, (t = 1, 2,

. . y m).

Proor. In order to prove the existence of the solutions 6*; it is first necessary
to show that, by substituting into (78) any system of values of the #'s and
¢:; = Ji.; the equations (78) will be satisfied. This, however, is a direct conse-
quence of the identities (7),

vi

Z f;,,‘_k =0. (79)

1=1

Next it is necessary to check whether the derivatives of the W} with respect
to the parameters 6 and with respect to the g;,; are continuous in the vicinity of
the point g; ; = f;,i(6, - - -, 0m). We have

Wi _ G 0 i Soishiie + Suifiine = Gt (80)
90, 1=1 i=1 Qi

and, remembering that foreachs = 1,2, . - - 5,

vi—1

Gn=1—" ¢j, (81)

=
AL —Qi(fi"' ik i fi,v.-.lc) = —Q: (‘%’ —f'ﬂ) (82)
9o = fa'ﬂ ! s

8¢:.; .2 2

i, iy

forj=1,2,---,v; — 1. Owing to the assumption that within the region of
variation of the parameters 6y, - - -, 8, all the functions f;,; have positive
values, it is seen that the derivatives (80) and (82) are continuous in the vi-
cinity of the point ¢;; = f; ;.
Further, it is seen that the partial derivatives, say 6*,,;,;, of the 6%, with re-
specttogq;; ¢ =1,2, - --,s;j=1,2,-- -, y; — 1), taken at the point ¢; ;
. = f:i, are obtained from the system of equations

= Jiin _Js v.',k)
Grd*1ii = Qi| =2 — === (83)
zz=:1 R fii o fim
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fork =1,2, - - - ,m. Comparing these equations with (65), it is found that
0*,,;,,. = a,;’j(t) -~ a,-,,,‘(‘)‘ . (84)

Thus the first-order term of the Taylor expansion of 6*; in terms of the differ-

ences ¢;; — fij, fort =1,2,- - - ;sandj= 1,2, - - -, »; — 1, must be, say,
8 w-—1 8 vi
X, = Z Z (@9 = 0:,0) (qui — fii) = Z; E 09 (gii — fii (85)
1=1 ;=1 1=1 7=1
because of the obvious equality
»i—1
Gii — fimi = — Z (gis — fii) - (86)
=1

Thus equations (78) must possess solutions 6*, satisfying all the conditions of
theorem 5.

RemARK 1. Since both expressions (75) and (77) are weighted sums of
squares of deviations (g:,; — f,;), the two methods of determining BAN esti-
mates described in theorems 4 and 5 are, in effect, modifications of the least-
square procedure, with weights selected in a particular way. In these circum-
stances it is interesting that the plain least-square method, or the weighted
least-square method with arbitrarily selected weights, will always give con-
sistent estimates of the 6’s which, however, do not necessarily satisfy condition
(d) of theorem 2 and, therefore, have a greater asymptotic variance than the
BAN estimates.

REMARK 2. Theorems 3, 4, and 5, together with the preceding remark, have
an interesting geometric interpretation. Consider the sample space of the g, ;
Z=12: :--,8j=12— --,v; — 1) as illustrated in the accompanying
figure. Equating ¢ ; = f:.#(01,0s, - - - , Om) and letting the ¢’s vary within appro-
priate limits, a locus of points (parameter points) is obtained represented by
the curve C. The codrdinates of points on this curve are the possible values of
the probabilities p;,; and each such point determines a system of values of the
#’s. The heavy point within a circle on C represents the “true’’ values of the 6’s.
The observations determine the frequencies ¢;,; represented in the figure by the
point E (the “event point”). The procedure of ordinary unweighted least
squares, applied to the determination of estimates of the true values of the s,
reduces itself to finding, on the curve C, the particular point Z whose distance
from E is the least. Here the word “distance” is understood in the ordinary
way, that is to say, as the square root of the sum of the squares of differences
between the coordinates of these two points.

The procedures indicated in theorems 4 and 5 can be interpreted similarly
except that the conception of “distance’” between two points is modified by
the presence of weights depending either on the point, say x, on the curve C
(theorem 4) or on the event point E (theorem 5). As a result, the point x on C
minimizing the specially defined distance need not coincide with the point Z
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on C, whose ordinary distance from E is a minimum. From this point of view,
the maximum likelihood procedure is essentially similar to those just deseribed,
differing only in the definition of “‘distance.” In order to see the analogy, it is
sufficient to notice that the absolute maximum of the likelihood P, correspond-
ing to the totally unrestricted variation of the p;; = 0, subject only to the con-
dition that '

21» =1, 87

is attained when p;,; = ¢:,;. Let A(g) be that maximum value of P. Now it will
be seen that to maximize the likelihood function P with respect to some varia-
tion of the p;,;’s means exactly the same as to minimize the logarithm of the
ratio A(q)/P. The absolute minimum value of this logarithm is equal to zero
and is attained when p; ; = ¢;;. Thus, if the “distance’’ between the points with
cobrdinates p;,; and another point with coordinates ¢;,; is defined to be the loga-
rithm of the ratio A(g)/P, then the maximum likelihood procedure will fit the
general description of the methods of determining the estimates of the param-
eters @ as follows: the search for estimates of the parameters 8 reduces itself
to the search for that point on the locus C whose generalized distance from the
event point £ is the least.

Theorems 3, 4, and 5 indicate that, with large values of N, the repeated ob-
servation of the event point E and the subsequent determination of the least
“distant”’ point on C will determine the estimates of the #'s whose distribution
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about the true values depends on the definition “distance.” In fact, the defini-
tions of “distance’’ implied by theorems 3, 4, and 5 would (eventually, when
N is increased) give tighter clustering of the estimates of the ¢’s than some
other definitions, in particular tighter than the ordinary definition of distance
between two points.

ReEMARKk 3. The procedures for obtaining BAN estimates implied by theo-
rems 3, 4, and 5 will vary in their difficulty according to the nature of the par-
ticular problem. The method of theorem 5 has particular advantages in all
those problems where the functions f;, ; are linearly connected with the param-
eters 6. In this special case the BAN estimates 6* are determined by a system
of linear equations. Theorem 6 extends this possibility to some other more com-
plicated cases. The presentation of this theorem must be preceded by some
introductory remarks.

It is obvious that the problem of estimating the parameters 6y, 65, - - - , 05 is
equivalent to that of estimating all the probabilities p;,;. In the following, it will
be convenient to use this form of the general problem. Accordingly, it will be
considered, foreach? = 1,2, - - -, s, that

w—1

Pii=1—) Dii (88)
,; i

and, similarly, that

vi—~1

Qi = 1-—- Z Qi - (89)
J=1
The information that each p;,; is a known function f;,; of m independent pa-
rameters 6y, 6, - * -, O is equivalent to the restriction on

v= Zg (m—1) (90)

1=1

independent variables p;,; imposed by means of u=v—m equations of the form

Ft(p)=Fi(p1,1;'":ps,v..x)=0; t=12,---,u, (91)

which are obtainable by eliminating the parameters 6 from the equations

The formulation of theorem 6 does not require a distinction between the
probabilities p;, ; or the frequencies g;,; relating to particular sequences of trials.
Therefore, to simplify the typographical work, the previous notation will be
altered. Thus, instead of writing p;,; and ¢; ;, the symbols p. and ¢; will be used
fork=1,2,---,»

The assumptions on the functions f; ; imply that the functions F; possess con-
tinuous partial derivatives up to the second order. Also the true values, say
P, of the probabilities p; satisfy equations (91). Finally, the independence of
the parameters 0 implies that, for each system of values of the p’s satisfying
(91), there exists at least one system of the p’s such that the Jacobian

a(F17F27° ')Fm):':O. (92)
a(ps'n Pi, ° pim)
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In these circumstances, Taylor’s formula may be applied to each function
F «(p) to give its expansion about any point satisfying the conditions p;,; > 0
and /

vi—1

> opmi<l, 1=1,2---,s. (93)

i=1

Taylor’s formula will be applied to obtain the expansion of F(p) about the
point pr = qx (k = 1,2, - - -, »), which we shall denote by E. Thus

F(p) = F* (g, p) + Z Cusi (pi — ¢ (i — @) » (94)
where =t o=t
F*(q,p) = Fi(q) + 21 bei(pi —qi) . (95)

Here b,,; represents the partial derivative of Fg(p) with respect to p; taken at
the point E. Thus b;,; does not depend upon the p’s, so that F*«(g, p) is a linear
function of the p s.0n the other hand, the coeﬁﬁclents C.,..; are functions of both

the p’s and the ¢’s.
Denote generally by A(p, q) the generalized distance between the point with
coordinates py, pe, © * -, p, and the point E. It will be assumed that the distance

A(p, ¢) possesses the following two properties:

(i) A(p, q) possesses continuous partial derivatives of second order with re-
spect to all the independent variables p;, ¢; (7,5 = 1,2, - - -, »).

(ii) A(p, q) possesses an absolute minimum of zero at the point E.

1t will be noticed that the ‘“distances’” underlying the three methods of ob-
taining BAN estimates considered above possess the properties (i) and (ii).

Consider now two problems of minimizing the distance A(p, ¢). In the first,
the minimization will be effected with respect to such variation of the p’s
as is consistent with the u restrictions

F‘(p)=0; t=1:21"'7ﬂ" (96)

In the second problem, the minimization will be effected with respect to
such variation of the p’s as is consistent with the u restrictions of the form

F*t(p)=0, t=1,27"'7/" (97)

In either problem the method of Lagrange will be used, and it will be neces-
sary to give some detail. Owing to the perfect analogy between the two, the
details will be given only once in relation to restrictions (96). Corresponding
equations referring to restrictions (97) will be obtained from those relative to
(96) by adding asterisks to the appropriate symbols.

Let aj, az, - + -, am be some constants. The method of minimizing A(p, ¢)
with respect to the variation of the p’s consistent with (96), while the ¢’s are
kept constant, consists of differentiating the function, say

N 2_; olFe, ©8)
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with respect to all the p’s, as if they were entirely independent, and in setting
the derivatives to zero. Thus » equations are obtained,

¢k-—+2af,k— k=1,2---,», (99)
apr =1

where F ;. stands for the derivative of F, with respect to p:. Solving (99) for the
pi’s, the solutions ;(g, a) are obtained, which obviously are functions of the ¢’s
and of the a’s. We shall have to deal with the derivatives of the 7;(q, a). These
are obtained by substituting r(¢, ) into each equation (99) and by differen-
tiating. Thus

14 2 » 2
%=Z(6A + BF,k>61r.+ A _ (100)
9qs =1 \Opidp: =1 ap. gy OPrIqu

fork,u=1,2,- - - ,vand

e [ PA & OF.\ om
o + F k= 0 101
dar t=] (apkap' tzl ap; ) dar + * ( )

fork=1,2--:,v;7=1,2 -, pu Aslong as the values of the a’s are
arbitrary, the functions =; (g, a) need not satisfy restrictions (96). In order to
satisfy these restrictions, the functions 7;(g, a) are substituted into each of the
equations (96) instead of the p’s and the equations obtained, say

Fix(g,a)] =0, t=1,2---,u, (102)

are considered as determining implicit functions a.(¢) forr = 1,2, - - - | u. The
derivatives of the a,(g) are obtained from the following linear equations:

Z F,,(""' 3 ém i‘#“_’\) -0 (103)

9. £=idar 3¢.

fort =1,2,- - -,uandu = 1,2, - - -, ». The same equations (103) could be

written as
aa, om; _
-16qu z :F;. + E :F,,. =0. (104)

=1 1=1

Once the functions a(q) are obtained, they are substituted into the functions -
m(g, o) instead of the a’s. In this way the functions

Pi(g) = mlq, a(@], k=1,2---,», (105)
are obtained. Among systems of solutions (105) there must be one system

which forgr = p® (k = 1,2, - - ,») reducesto P, = p* (k = 1,2, - - -, »).
In fact, the numbers p:® satisfy restrictions (96) and (97) and also ascribe the
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minimum value to A(p°, p*) = 0. Just those solutions which reduce to p:® at
gr = p° will be considered below and will be denoted by Pi(g) and P*i(g),
respectively.

Notice that under the conditions considered the functions P;(g) and P*;(g)
possess continuous partial derivatives of the first order taken with respect to

each independent variableg; (¢ = 1,2, - - - ,»).
TraEOREM 6. The first-order partial derivatives of Px(q) and P*.(q), taken at the
pointq; = p (i = 1,2, - - -, v), with respect to the same variable q, (u = 1, 2,
-+, v) have equal values,
il = 9% = Ay (say) . (106)
9qu gy
g = p ¢ =ps

Theorem 6 implies that the linear terms of the Taylor expansions of Pi(q)
and P*;(q) made about the point¢; = p2 (¢ = 1,2, - - -, ») coincide,

Pi(g) = p + Z Akl —p) + R,
i (107)
P*(@) = p + ) Awsles — p) + B*.
tm=]
It follows that if the generalized distance A(p, ¢) is such that its minimization
under the restrictions (96) leads to BAN estimates of the ps°, then the minimi-
zation of the same distance A(p, ¢) under the simpler conditions (97) will also
lead to the BAN estimates of the p:°.
Proor. The derivatives of Pi(g) and P*.(q) with respect to any variable g,
are obtained as follows: Substitute in each equation (99) the function Pji(g)
instead of px and the function a,(q) instead of «.. This substitution will result in

the identity, say,
¥i(g) =0, k=1,2---,». (108)

The derivative of the function ¥(g) with respect tog. is expressed in terms of
derivatives of all the functions considered,

i) < ( A 5 aF,,,,\) oP;  8%A £ day
9 _ BT o L + +5 ZF=0 109)
qu Z; ' 3. ' opidg.  Atoge (

Opdp: =1 9ps

fork=1,2,--:,vandu=1,2,- - -, ». Theorem 6 will be proved if it is
shown that, at ¢; = p2 (¢ = 1,2, - - -, »), the system of equations (109) coin-
cides with the analogous one corresponding to P*;(g). For this purpose, notice
first that, at the point considered,

Ft.k = F*t,k = bc,k . (110)
Next it is easy to see that, at the same point,

a:(p®) = a*(p°) =0. (111)
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This follows from the assumption (ii) (p. 255) that A(p, g) possesses an abso-
lute minimum at px = ¢. In fact, this assumption implies that at ¢, = pr = ps?
all the derivatives of A(p, ¢) with respect to the p;’s must be equal to zero. As a
result, the system of equations (99) becomes homogeneous with respect to the
o’s and, owing to (92), the only solution is provided by (111). Returning to
equations (109), it will be seen that to complete the proof of theorem 6 it is
sufficient to show that, at the point¢; = p (¢ = 1,2, - - -, ),

*
9a; _ 9a%, (112)
0¢u  0Qu
fort =1,2,---,pandu = 1,2, - -, ». The derivatives in the left-hand

side of (112) are determined from equations (104) ; those on the right-hand side
from a system similar to (104) corresponding to minimization of A under re-
strictions (97). In order to prove the identity of these two systems of equations
at the point g, = p.? it is sufficient to show that at this point

. %k
fm _ O (113)
dar Odar
and
) %,
om: _ O™ (114)
0¢n  9qu

for all combinations of values of the subscripts. But the derivatives in (113)
and (114) are determined by equations of the type (100) and (101), and it is

seen that at the point g, = p.® (u = 1,2, - - -, ») the equations (113) and (114)
must be satisfied. Thus the values of the derivatives dPy/dg. and 0P*,/3q. at
the point ¢, = p.® (u = 1,2, - - -, ») are obtained from identical systems of

linear equations and the proof of theorem 6 is completed.

It will be seen that by combining theorem 5 with theorem 6 the search of the
BAN estimates of the probabilities p;,;° is reduced to the solution of a system of
linear equations. If

8; = ¢i(p) (115)

represents the expression of the parameter 8, in terms of some probabilities pu,o,
then a BAN estimate 8; of 0,° is obtained by substituting in (115), instead of
Pu.», the corresponding BAN estimate.

Whereas the BAN estimates of the 6’s so obtained possess the asymptotic
properties stated in the definition of the BAN estimates, the question remains
open concerning how good these estimates are when the number of observa-
tions is only moderate.

Before concluding, it may be interesting to notice that the results given in
this section seem to contradict the assertion of R. A. Fisher [3], not a very
clear one, to the effect that “the maximum likelihood equation may indeed
be derived from the conditions that it shall be linear in frequencies, and
efficient for all values of 4.”
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4, Class of x*-tests equivalent in the limit to the \-test

Referring to the situation described in section 2, it will be considered as
known for certain that

Dii=fii(01,0, -+, 05,001, - -, 0m), (116)

with the values of the #’s being unknown. The hypotheses ascribing to the #’s
particular values within certain limits form the set @ of admissible hypotheses.
The problem considered in this section is that of tests of a hypothesis H,
ascrlbmg speclﬁc values to some f < m parameters

8 = 6y, k=1,2---,f. (117)

The number f, equal to the number of parameters specified by the hypothesis
tested out of all the parameters particularizing the admissible hypotheses,
plays an important role in the theory given below. It will be useful to illustrate
its significance.

ExampLE 1. A random variable X is known to be able to assume non-
negative integer values 0, 1, 2, - - - . However, nothing is known about the
probabilities

' = P{X =1}. (118)

A total of n independent observations of the variable X is to be made, and n;
represents the number of those in which X = <. The hypothesis H, to test is
that X follows a Poisson law, so that

pi = e "N/il (119)

Limiting the sequence of possible values of X to » categories X = 0, X = 1,
-, X =»—2and X = » — 1, it is easy to establish the relation of the
situation described with the above theoretical one, as follows:
Since there is no a priori information concerning the probabilities P{X =m},
it will have to be assumed that the set, say Qy, of admissible hypotheses con-
tains every hypothesis ascribing some specified values to the probabilities

Pm=P{X=m}>0, m=01-,»p—2, (120)
and to
v—2
Pi=1—3 pa>0. (121)
m =0

Referring to formula (116), it will be seen that in the present case the proba-
bilities (120) play the role of independent parameters 6, whose number is» — 1.

The hypothesis tested Ho, expressed by means of (119), contains just one
parameter A whose value is left unspecified. In other words, out of the » — 1
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parameters involved in Q, the hypothesis H, specifies v — 2. Thus, in this
particular case, f = v — 2. In order to bring the situation in this example into
complete correspondence with (116) and (117), it will be sufficient to rewrite
(120) as follows:

Po=¢e", (122)

R

e
m!

Pm = 002 - - - O, m=1,2---,»p—2, (123)

where A and the s are arbitrary positive parameters subject to the restriction
that p,.; of formula (121) is a positive number.
The hypothesis tested H, specifies, then, that

0k=ak=1, k=1,2,~--,v—2. (124)

The test considered in this example may be described as the test of the Poisson
law against the unrestricted set of alternatives.

ExawmrLE 2. Consider the random variable X as in example 1 but assume as
given that X follows a contagious distribution of type A with two parameters
(see [7]) whose probability generating function is

1 —e—02(1~u)

Gu) =e™ & . (125)

It follows that in this case the set of admissible simple hypotheses, say @, is
more restricted than the set @ of example 1. In fact, each of the simple
hypotheses belonging to @ specifies the probabilities corresponding to (125)
with some particular values of the parameters 6, > 1 and 6, = 0. If 6, = 0, then
(125) reduces to the probability generating function of the Poisson law.

Consider now the same hypothesis tested as in example 1, namely, that X
follows a Poisson law. Out of the two parameters 6, and 6, characterizing the
admissible simple hypotheses, the hypothesis tested specifies one 6 = 0.
Hence in this case f = 1.

In relation to the x2-tests discussed below,the number f is called the number
of degrees of freedom. Thus, in each case, the number of degrees of freedom is
the difference between the total number of independent parameters which
specify the particular simple hypotheses considered as admissible and the
number of parameters which are left unspecified by the hypothesis tested.

Referring again to the situation described in section 2, it will be necessary
to explain the conception of a test of a single hypothesis H relating to the case
where the number of observations N indefinitely increases.

Imagine a rule R, which associates with every value of N a region, say wy,
in the » = Z»; — s dimensioned space W of the ¢’s. This region wxy will be
called the Nth critical region. Imagine further that in a particular case some N’
observations are to be made and that there is another rule, R., to reject H
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whenever the event point, Ey-, falls within wy- and not to reject H in other
cases. The combination of the two rules R; and R, will be regarded as a test of
the hypothesis H.

Consider now two different tests, Ty and T,, associated with sequences of
critical regions {w’x} and {w”x} respectively.

DEFINITION. If, whatever be the admissible simple hypothests h, the probability
of the two tests Ty and T» contradicting each other tends to zero as N is indefinitely
increased, then the tests Ty and Ts are called equivalent in the limit or asymp-
totically equivalent.

The tests Th and T will contradict each other either when Ey falls within
w'x but outside of v’ x or when E falls within w"”y but outside of w’'y. De-
noting by ab the common part of any two regions a and b, the probability of
contradiction of the two tests can be written as follows:

P{Eye 'y — w'yw"n)|h} + P{Exe(w"sy — w'yw"x)[h} . (126)

It follows that, for 7, and T to be equivalent in the limit, the expression (126)
must tend to zero as N — =, for every h ¢ Q.

It is important to notice that, if T, and 7’ are both consistent so that, what-
ever be the simple hypothesis A’ inconsistent with the hypothesis tested H ,

lim P{Eyewy|W} = lim P{Eyewn|h'} =1, (127)
Now N—- o

the equivalence of 7 and T in the limit will depend only on the properties of
the critical regions wx and w’» with respect to the hypotheses tested. In other
words, to prove the asymptotic equivalence of T and T%, it would be sufficient
to show that

lim P{Ene(’wN — wNw'N)|H} +P{EN6(’w/N —'wNw’N[H} =0. (128)
Now

Let 7;,; denote the ML estimate of p; ; computed without any reference to the
hypothesis tested H, and let $; stand for the ML estimate of the same proba-
bility p:; computed on the assumption that H is true. In other words, px,;is a
function of the ¢’s obtained by maximizing the likelihood function with respect
to the unrestricted variation of 8,1, 0742, * « - , 6m, While the ¢’s are kept con-
stant and the other parameters are ascribed the values 4, é;, - - - , 8, specified
by H. If it happens that H is true, then ; ; will have the properties of a BAN
estimate of p;,%, but not necessarily so if H is wrong.

Further, let x, be the root of the equation

@ 1 —_
ﬁ e Py = 2V T 4, (129)

where e is the chosen level of significance. In other words, x.2 is the tabled value
of the x? with f degrees of freedom, corresponding to the level of significance e.
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Then the \-test (see [9]), of the hypothesis H consists in the rule of rejecting
H when the expression, say,
PA

n.’ .
2 (D N 1 - =

and in not rejecting it otherwise. It will be noticed that inequality (130) defines
the sequence of critical regions {wx} associated with the A-test.

In the following, it will be shown that certain x2-tests are equivalent in the
limit to the A-test of the hypothesis H just described. The definition of the x2
considered involves BAN estimates of the parameters 6 or of the probabilities
i A certain point in the proof requires the discussion of the method by which
a BAN estimate is determined. Therefore the following theorem 7 relates only
to BAN estimates discussed in this paper, i.e., to ML estimates and to those
mentioned in theorems 4, 5, and 6. As was the case with respect to the A-test,
we shall need both the BAN estimates of the probabilities p; ;° computed with-
out reference to the hypothesis tested H and those computed on the assump-
tion that H is true. The former will be denoted by p;,;(?), and the latter by
p:,;(H). This notation, then, applies to the four categories of BAN estimates
mentioned above.

THEOREM 7. The N-test of the hypothesis H is equivalent in the limit to any one
of the following tests:

Test T1: Reject H whenever, say,

2 = X — Xa®

5, e g — pE)]? N~ [0 =P 5 (g9
‘IZ; n",; P-'.:'(H) 1=1 n'J=l pi.i(g) =X ( )

Test T2: Reject H whenever, say,

X2 (%) = x2(%) — Xa¥(x)

8
= n;
i=1 ;=1 qi.;

(g — pw(I{)]2 > n; = [q" Pii(D) ] =x2. (132)

1=1 Qi.i

._M

Denote by ux and vy respectively the critical regions defined by (131) and
(132). For any region w, let 6 = W — w denote its complementary region.

The proof of theorem 7 is based on the generalized theorem of Laplace.

In order to formulate this theorem in full detail, consider a v dimensioned
space W of continuous variables z;; (¢ = 1,2, - -+ ,s8;5=1,2, -+ - ,») sub-
ject to the restrictions )

S wiVp =0, i=1,2---,s. (133)
=1
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For every fixed N we shall consider a correspondence between points in W, and
those in the original space W of the ¢’s as determined by the formulas

.0
¢ = pi + xe,i\/;;;z). . (134)

1

Here ¢;,; is considered merely as a function of x;,; and need not have only ra-
tional values with the denominators equal to n;. Whatever be the open set 7 in
W ., formula (134) will determine the corresponding set, say 7 in W.

The generalized theorem of Laplace states, then, that for every o > 0 and
for every open set 7 in W, there exists a number N, , such that the inequality
N > N, , implies

|P{Enern} — I(7)| <%n, (135)

1=of - [ emtan., (136)

where ¢ is a constant so selected that I(W,) = 1.
Denote by 7(n) the region in W defined by the inequality

with

S mp <R, (137)

1=]1 5=1

where R is a constant satisfying the equation
1
I[rm] =1-3"- (138)
Then, for N > N,
P{Exerx(n)} > 1—1. (139)

In order to prove the first part of theorem 7 it will be sufficient to show that,
for N sufficiently large,

P{Eyern(n)[wy —wyun]|h} <9 (140)
and

P{Exern(m)[ur — wyun]|h} <=9 (141)

for every h ¢ Q. In fact,
wy — wyuy = () [wy — wyun] + Tv(0) [wy — wrun], (142)
and the probability of Ex falling within the region represented by the second

term in the right-hand side of (142), being at most equal to that of E falling
within 7x(n), must be less than 5. Similar argument applies to (141).
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The convenience of dealing with products like 7x(n) - wy, etc., consists in
that the z; /s are bounded within (),

|z:i| =R. (143)
Thus, using (134),
D
lgii — pi®| <R N—Q. (144)
within all the region 7x(»).
Proof of theorem 7 requires further the following known facts from the
theory of normal variables. Let us use again the letters z;, 25, « - - , z, to de-

note some normal random variables [having no relation to variables x;,; of
(134)] independent or correlated, none being a function of the others, and
having variances equal to unity. Let the probability law of the z’s be

1
p(xl’ te ’xﬂ) = ce_EQ(z) ) (145)

where Q(x) is a positive definite form

n

Q@) =30 > Qe — )i — ), (146)

1=] ;=1

with the £; denoting some real numbers.
(i) There exists a system of n random variables 1, %2, + * * , ¥ linearly con-
nected with the 2’s so that

n

Ty = s iYs t=12---,n (147)
; i ’
and a system of constants 71, 72, + - + , 7. such that the substitution of (147) in
Q() gives, say,
Q)] = (s — n, (148)
1=1
which implies that the probability law of the y’s is represented by the function
1 )n —1 2
€ 2ia . (14.9)
( V 2=
(ii) Under the general conditions of (i), consider n linear combinations of
some s independent parameters 6y, 6;, - - -, 6,,
S’s=zbiﬁi, t=12---,n, (150)

7=1
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such that for a certain system of values 6,°,8:°, - - - , 6,2 of the parameters each
¢ coincides with £;. Consider also the form, say,

Q@ =20 3 Quiles — ¢ — £ (1s1)

1=1 y=1

The transformation (147) applied to (151) will give, say,

W) =3 -, (152)

1=1

where %’; stands for a linear combination of the same parameters 6y, 6,, - - - , 8,,
say

W= e, ~ (153)

j=1

such that for ; =69 (: = 1,2, - - - s) each #’; has the value »;.
Then there exists a system of n random variables z;, 2, - - - , 2, linearly con-
nected with the y's,

yi=zﬂia‘zi; t=12--,n, (154)

(and therefore with the 2’s) such that the substitution of (154) into (152) gives,

say,
n—s 8 F)
CAVCIED RS 3] CHWE > by, (155)
1=1 7=1 =1
with the d;: denoting constant numbers and

d,~,,-;£0, J=12--,s. (156)

A direct proof of the existence of the transformations described is given by
P. C. Tang [11]. The distribution of the variables z; is given by the function

1 " -1 "E—‘ze’+é z»-.+j-—2.d~,k0b“ ’
—— 2|1 = . 157
() et -

(iii) Denote by @, the minimum value of Q’(z) of (151) computed for an un-
restricted variation of the parameters 6;, - - - , 6, while keeping the random
variables z;, - - - , 2, fixed. @, will be termed the absolute minimum of @' (x).
Obviously it is a function of the z’s. Applying to @'(x) in turn the two trans-
formations (147) and (154), it will be seen from (155) that, for any fixed system
of values of the z’s, say &'y, 2%, - + -, 2'n,

Q. = Z_: 72, (158)
=1

where the 2z’ stand for the corresponding values of the 2’s.
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It follows from (157) that the 2’s are mutually independent normal variables,
all having unit variances and, for7 =1, 2,- - - , n — s, having their means
equal to zero. Thus the random variable Q, is distributed as a central x? with
n — s degrees of freedom.

(iv) Let f be a positive integer less than s and let 6y, é;, - - - , 8, be any real
numbers. Assign some fixed values to z;, Tz, - - - , T, let 8; = §;fori = 1, 2,

-« +,f, and vary 641, - - -, 6,. Under these conditions, let Q. stand for the
minimum value of @'(x). This minimum will be termed the relative minimum.
Obviously @, = Q.. Let @, = Q. — Q.. Referring again to (155), it will be seen
that,if 2’1, - - - ,2’nand 2y, - - -, 2/, are the values of the 2’s and the 2’s which
correspond to each other through (147) and (154), then

3 d;.x00)? 159
= 2 ati — iy .
Z; ( +i Z:l 1k k) ( )

1=

Q

Thus @, considered as a random variable may be presented as a sum of
squares of mutually independent normal variables all having variances equal
to unity. It follows that the distribution of @, is that of a x? with f degrees of
freedom. If it happens that 6, = 6 fork = 1,2, - - - , f, then @, is distributed
a8 a central x2, otherwise as a non-central.

We shall now prove several easy lemmas.

Consider the Taylor expansion of the funetions f; ; about the ‘“true” param-
eterpoint 6, =02 (k = 1,2, - - - ,m),

Pii = fii = ¢i; + Ri;, (160)
with
eii =P+ Y Juind (0 — 67, (161)
i i ; i

where f; ;,«* stands for the value of f; ;. at the true parameter point. Write

. .
(g — ¢ii)?

2 — . -
xo? = Z; m:=1 o (162)

and denote by p;; the value of ¢;; minimizing x,* with respect to the unre-
stricted variation of the ’s. Also let @, stand for the minimum value of x? in

(162).
LEMMA 5. Whatever be the BAN estimate ps,; () of the four categories considered,
at each potnt of the region T~ (n)
_ 1
pii(R) =Diit+ o ( \/ﬁ) . (163)

Lemma, 5 is proved by following up the process of determining p; ;(©2) and by
noticing that the values of the derivatives

api.i(g) , (164)
aqa,e
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taken at the point gu,» = pu,,’(u = 1,2, - - -;8;0 = 1,2, - - -, »,) are deter-
mined by the numbers f; ; :°. Thus the Taylor expansion of p; ;(©2) about the par-
ticular point will differ from P;,; only by terms in differences (gu,» — Ps.,.") of
order of magnitude higher than the first. However, within 7y (n) the differences
1
Qu,» — Pu,s” are all of order O ( ) which proves lemm@
VN

LeMMA 6. Within the region tx(n) the values of xa2 and of x.2(*) differ from Q,

no more than by terms of order O (——L—> . Thus there exists a number C, such

VN

that within T (n)

G

Cy
|x02 - Qal < = and IXaz(*) - Qa . (165)
V'N VN
Simple algebra shows that lemma, 6 is a consequence of lemma 5.
LemmMma 7. As N s indefinitely increased, the differences
A=xl—@Q. and A*=x'*)—Q. (166)

tend in probability to zero.

Lemma 7 is a direct consequence of lemma 6 and of the fact that for suffi-
ciently large values of N the probability of the event point falling within 7x(x)
exceeds 1 — 1.

LeMwMma 8. As N s indefinitely increased, the distribution of Q. tends to that of a
central x* with v — m degrees of freedom.

Lemma 8 is a consequence of the generalized theorem of Laplace and of the
property (iii) of normal variables quoted above (see p. 265).

Lemma 9. As N is indefinitely increased, the distribution of either x.? or x.*(*)
tends to that of a central x* with v — m degrees of freedom.

Since the x? distribution is continuous, lemma 9 is implied by lemmas 3, 7,
and 8.

Let m
=pi®+ E Join® (6 — 6:°) (167)
S ES]
and @, denote the minimum of
s % (i — )2
s (9s.i — ¥:) (168)

=1 j=1 i
computed with respect to the variation of 071, 0742, - * * , Om. Also let @, =
Qr - Qa ;

LemwMa 10. If the hypothesis tested H is true, then within vx(n) the values of x»?
and xp*(*) differ from Qp no more than by terms of order O (—1-) . Thus there
exists a number C, such that within v~ (n) VN

C, C.
x* — Q and xo(*) — . 169
=@l < 75 o VN (169
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Lemma 11. As N — o the distribution of Qp tends to that of a central x* with f
degrees of freedom.

Lemma 12. If the hypothesis tested H is true, then, as N — o , the distribution of
xv? and that of x2(*) tend to that of a central x* with f degrees of freedom.

Proofs of lemmas 10, 11, and 12 follow exactly the lines of proofs of lemmas
6,8,and 9.

LemMA 13. The N-test of the hypothesis H is consistent.

Lemma 13 is a direct consequence of a general theorem of Wald [12] con-
cerning the consistency of the A-tests.

Lemma 14. Both tests Ty and Ty mentioned in theorem 7 are consistent.

Proor. Notice first that, since as N — the distributions of x.2 and x.2(*)
tend to that of a central x* with » — m degrees of freedom, whatever be ¢ > 0,
there exist two numbers A and N,, such that the inequality N > N.implies

P{xd > A}<e, }
(170)

P{x2(*) > A} <e.

The next step is to show that, if the hypothesis tested H is wrong and therefore
some contradictory simple hypothesis 4 is true, then, whatever be n > 0 and
M, there exists a number N, 5, such that the inequalities N > N, y imply

P{sz >M|h}>1_77)
171)

P{x**) >M|h} >1—1n.

The proof consists in showing that for sufficiently large values of N the
inequalities in the braces in (171) will be satisfied within the whole region
7n(n).

It will be sufficient to carry out the proof only in relation to the first of the
inequalities (171). The value of x,2 can be written as

x*=NV(Q, (172)
with
[Qta pi.i(H)]?
vV i . 173
(@ = ZQZ_; o D) (173)

Whatever be the method of determining p;,;(H), the value V(p°) of V(q) taken
at the point gop = Pos® (e = 1,2, - - ,8;8=1,2, - - -, »,) must be positive,

— S o. 5 [P — pii(H)]?
V() = ; Q’,Z{ ~T 2A>0. (174)

In fact, V(p°) could be equal to zero only if each p; ;(H) = p;, °. This, however,
is impossible because, if the true hypothesis h contradicts H, then at least one



THEORY OF X’ TESTS 269
of the estimates p; ;(H) must be different from the true value of ;°. This is im-
mediately evident with such BAN estimates as are based on minimizing the
generalized distance A(p, ¢) under the exact restrictions on the p’s by which
the hypothesis tested is expressed and which, therefore, must be satisfied by
the p;,;(H) but not all by the p; 2. However, the same conclusion is also true for
the BAN estimate based on theorem 6, obtained by minimizing a generalized
distance under the linear restrictions (97),

F*:(p)EFc(q)+E E beii(Dii—q)=0, t=1,2,---,v—m+f  (175)
1=1 3

v
=1

In fact, if H is wrong, then the substitution of the p; ® instead of p;,; will fail to
turn into zero at least one of the functions F.(p),

Fy(p®) #0. (176)

Thus if each g;,; is put equal to p;,;? and if then each p;,; is put equal to p;,
then the corresponding value of F*; will be different from zero. It follows that,
whichever of the four categories of BAN estimated is used, if H is wrong, then
(174) must hold good. Since V (g) is continuous, there must exist a vicinity S of
the point g.. s = Ppa.8 say,

i i (i — Pi)* < 8, (177)
==
such that, within S,
Vig > A. (178)
In the same vicinity
x2 > NA, (179)

and may be made as large as desired provided N is taken sufficiently large.
However, the region 7x(4) is defined by the inequality (137) and it will be seen
that, for sufficiently large values of N, 7x(n) will be entirely contained in S.
This proves the assertion (171).
It is now easy to see that, in all conditions,

Pix?> x&} = P{x?> A + x&} — P{x2> A} . (180)

The application of the results just obtained leads to the conclusion that, for
sufficiently large values of N,

Pix?> x?|h} > 1—2n, (181)

which means that test T} is consistent. The same argument applies to test T%.
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LemMma 15. If the hypothesis tested H is true, then within the region t~(n) the
value of —2 log Ax differs from Qu no more than by terms of order O (—1—) Thus

VN

there exists a number C; such that, within tx(n),

Cs
VN’

Proor. The expression of the log Ay can be written as follows:

] ¥ T
log\y = 2 Z {Iogp” 1 gp—"’}. (183)
1=] ;=1 Gi,i ¢, i

| —2log Ay —

(182)

Let now p;,; mean any positive numbers, bounded from zero and such that

vi
Z Pii = 1. (184:)
i=1
Writing
Qij = Pii + Ui ?;;f (185)

and applying the familiar expansions, it is easy to find that so long as the p; ; re-

main bounded from zero and ¢;,; = p;; + O (—1—

vV N/’
NS i) 1 N (gii — pii)? 1.
n.,log(q )—— n; -I-O( ) (186)
2 ") T A T VT

Since the true probabilities p;,;* are different from zero and, with the hypoth-
esis H being true, the estimates p;,; and p;,; tend to p;,* as N — «, uniformly
in 7x(n), formula (186) may be applied to log Ay of (183) giving

-5 (@i — Pid)® _ <N N (gig — Pii)? ( 1 )

—2logiy = n; Yy E WY )y —L Mt 4 Ol ——=

B z; JZ=; pt 7 121 " .1Z=; i’i.i + \/]Tf ’
(187)

and the proof of lemma, 15 is concluded by a reference to lemma, 10.

Lemma 16. If the hypothesis tested H is true, then the probability that the \-test
and either of the tests Ty and T3 described in theorem 7 wzll contradict each other
tends to zero as N s indefinitely increased.

It will be sufficient to prove lemma 16 in relation to test T only. The Nth
critical regions wy and ux respectively of the M-test and of test T are defined
by the inequalities (130) and (131), which we shall rewrite as

—2logAx = x.2,
' (188)

x? 2 x2-
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According to the remark made previously, it will be sufficient to show that as
N — o the probability of E y falling within each of the regions

~v(n) [wy — uywy] and () [un — unwy] (189)

tends to zero. Since in the two cases the reasoning is the same, only the case of
the first of the two regions (189) will be discussed in detail.
The point E y falls within (wy — uywx) when simultaneously

—2log Ay = x2 (190)
and
x? < x2. (191)

Owing to lemmas 10 and 15, there exists a number C such that within rx(»)

& — —\%V < xs (192)
and
—2loghy < Qs+ -\—% (193)

It follows that if Ey falls within that part of 7x which belongs to wy — wxyun,
then @, must satisfy the inequalities

C C :
Q——=<x2<Qp+— 194
b ‘\/_—N Xe b *\/KT ( )
or
C C
ez -—< Q < ‘2 +_"
X. T b < X v (195)
which means that
P{Ex ¢ ra(n) [0y — wyun] |H} < P{xd — \/i;, <@ < x? +T/C—N |£Z} : |
196

But as N = the probability in the right-hand side of (196) tends to zero.
Therefore the probability in the left-hand side of (196) must tend to zero as N
is indefinitely increased. This proves lemma 16.

Lemmas 13, 14, and 16 imply theorem 7. It will be noticed also that which-
ever of the three tests mentioned in theorem 7 is used lemma 12 implies that,
as N — =, the probability of rejecting the hypothesis tested H when it is true
tends to the selected level of significance e.

5. Summary

1. In many important problems of application the use of the maximum
likelihood estimates and the application of the A\-test of statistical hypotheses
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are prohibitive because of the difficulty in solving systems of equations which
these methods involve. '

In relation to the situation described in section 2, theorem 6 gives a method
of determining estimates, termed BAN estimates, which have the same asymp-
totic properties as the maximum likelihood estimates. When parameters to be
estimated are expressed as functions of probabilities p; ; this method reduces to
the solution of a system of linear equations.

2. Theorem 7 determines two types of the x*-test both of which are consist-
ent and equivalent in the limit to the A-test. The application of these tests
depends on the possibility of computing the BAN estimates of the unknown
parameters. Owing to theorem 6, this procedure is frequently reduced to the
solution of a system of linear equations.

3. The machinery of the x?-tests mentioned in paragraph 2 above was first
presented in 1929 by the writer [6]. However, in that early paper the justi-
fication of the tests was based on consideration of the probabilities a posteriori,
of which the present paper is entirely free.
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