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Abstract. In the present paper we prove non-existence theorems for con-
formal mappings of compact (pseudo-)Riemannian manifolds onto Einstein
manifolds without boundary. We obtained certain conditions for which these
mappings are only trivial.

MSC: 53C20, 53C24, 53C25
Keywords: Compact (pseudo-)Riemannian manifold, conformal mapping,
Einstein manifold, non-existence theorems

This paper is devoted to conformal mappings of special (pseudo-)Riemannian spaces
onto FEinstein spaces.

On the basis of studying the fundamental linear equations which were obtained by
Mikes, Gavril’chenko and Gladyscheva [13] we found new results of conformal
mappings of compact n-dimensional pseudo-Riemannian manifolds onto Einstein
manifolds.

Conformal mappings of n-dimensional Riemannian spaces V,, were studied in
many papers, see for example [2,3,5,6,10-12,15,16]. We assume that the metrics g
of V,, under study are of arbitrary signature, i.e., V,, is either a proper Riemann-
ian or a pseudo-Riemannian space. Conformal mappings have applications in the
general theory of relativity (see, e.g., [1,4,5, 15]).

In 1920 Brinkmann [1] started researching on conformal mapping of (pseudo-
)Riemannian manifolds V;, onto Einstein spaces V,,. He obtained the fundamental
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system of differential equations in covariant derivatives of Cauchy type with re-
spect to (n+ 1) unknown functions. This problem is stated in detail in Petrov’s
monograph [15].

As we said above, in [13] J. Mikes, M. Gavril’chenko and E. Gladyscheva found
the mentioned fundamental system of differential equations in linear form, see [9],
[14, pp. 112-116], [12, pp. 242-246]. We studied this system precisely in [7].

The number p (< n + 2) of substantial parameters on which the general solu-
tions depend is called a degree of mobility of a Riemannian space with respect to
conformal mappings onto Einstein spaces.

Lacunas in the distribution of mobility degrees of Riemannian spaces with respect
to conformal mappings onto Einstein spaces were found [7-9, 13].

In the above mentioned papers, it is assumed that the geometric objects in question
are of rather high differentiability class. Our paper is devoted to the study of min-
imal conditions on the differentiability of the geometric objects under conformal
mappings of V,, onto Einstein spaces. As it is known, by means of the choice of
a coordinate system one can decrease the differentiability class to the “minimal
level”. We assume that the dimensions of the spaces under consideration is greater
than three.

1. Basic Facts on Conformal Mappings

Consider a Riemannian space V,, with metric g of arbitrary signature. If in terms
of a coordinate chart (U, x) the components g;;(z) of the metric belong to the class
C", we will write V,, € C". We assume that r = 2,3, ..., 00, w, where C'™ is the
class of functions possessing continuous partial derivatives of any order, C* is the
class of real analytic functions.

In V,, € C" there are defined the Christoffel symbols of the first and the second

types
Cijr = 1/2 (0igjk + 0jgir — OkYij) and Il = g"Tija
where g%/ are the components of the inverse of the matrix ||g;;|| and 9; = 9/9z".

In V,, € C?, there are defined the Riemann and the Ricci tensors and the scalar
curvature

Rhijk = gna R, Rl =0Tk — 0T} + TGTh, — TR,
Rij = Rfy;. R =Rapg™”.
Note that in many works (e.g., [16,17]) the Ricci tensor is defined with the opposite
sign. Further, in V,,, there are defined the Weyl tensor of conformal curvature C'

Cz'hjk = ¢"*Cuiji, Chijk = Ruijk — gnjLik — gikLnj + gneLij + gijLnk
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and the tensors
1 R
L. — R.: — _
Y n -2 (P 2(n —1)
Here and in what follows the comma stands for the covariant derivative with respect
to the Levi-Civita connection of V,,. If V,, € C", then

h 1 ph h h 2 -
Ui Lige € C"77 Ry, Ruaji, Rig, R, Ciis Chijr, Lij, L € C"%, Lij, € C7 .

159 %

gij), LI'=¢""La; and Lijk = Lijx — L ;.

Two Riemannian spaces V,, and V,, are in a conformal correspondence if, in a
coordinate system (U, x) which is common with respect to a mapping between V/,
and V;,, their metric tensors g;; and g;; are related as follows [5,6,12, 14-16]

gij(x) = ¢*"@gi;(x) (1)

where ¢ is an invariant.
As it is known, for spaces V, and V,, which are in a conformal correspondence, the
following relations hold

f?j = F?j + oltoj + 5?01- —ohgi;

Rf’]k = ng + (51’;0'1']' — (5;10'1k + O'Z,'gij — O'Jhgik + AlO’ (51};“91'3' — 5?91%)

Rij = Rij — (n—2)oij — (A0 + (n — 2)A10)gi

~h  _ vh
Ciir = Cij
Hiere F?j (fi‘]) are the Christoffel syrflbols, R?jk (Rfjk) the Riemann tensors, R;;
(Rij;) the Ricci tensors, and C’ihjk (Cgk) the conformal curvature tensors of V/,
and V,, respectively. In addition, 5;‘ is the Kronecker’s delta, Ajo = gaﬁaaog
and Ayo = g8 0 «p are the first and the second Beltrami operators, respectively

_ _ h __ ah h _ __ah
0; = 04, Oij = 0445 — 0405, o =0a9 0; = 0ai§ -

The above formulas hold when V;, and V,, € C? are considered in a common
coordinate system with respect to the mapping between V,, and V/,.

2. Conformal Mappings onto Einstein Spaces

In [13] it is proved that a Riemannian space V;, admits a conformal mapping onto
an Einstein space V}, if and only if in V;, there exists a solution of the following
system of linear homogeneous differential equations in covariant derivatives of
Cauchy type with respect to the functions u(x) and s(x) (> 0)

Sij = ugij — s Lij. 2
In this case, s = ¢, and (1) takes the form

S o2
9ij =S8 Yij-
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These conditions are fulfilled for minimal requirements on the smoothness class
of the functions under consideration, i.e., when s € C? and w is a continuous
function. Then obviously V,, and V,, € C?.

In [7] we have obtained the following theorem.

Theorem 1. A Riemannian space V,, € C", r > 2, admits a conformal mapping
onto an Einstein space V,, € C? if and only if in V,, there exists a solution to the
closed system of linear homogeneous differential equations in covariant deriva-
tives of Cauchy type

a) S, = Si, b) s;j = ugi — s Lij, c) Ui = —Sa Ly 3)

with respect to the functions u(x), s(z) (> 0) and a vector s;(z). In this case,
space Vy, € C".

In [13], as a matter of fact, under the condition that V;, and V,, € C? the above
Theorem 1 is proved.

3. Modification of a Certain Theorem by Hopf

After modification of a well known Hopf Theorem about the existence of the so-
lutions of differential equations in partial derivative on manifolds [17] (pp. 26) we
prove the new results about conformal mappings onto Einstein spaces.

In advance we modify the well known Hopf Theorem.

Theorem 2. Let ¢ € C? be a function on a connected compact manifold M,
without boundary. Then if for every point Py € M, there exists the coordinate
neighbourhood U(xl, 2, ... ,x™) € M,, and in this neighbourhood there exist the
continuous functions A% (z) and B*(z) of P(x) € U such that on the whole U the
following inequality holds

2
Gjagxb + B%(x) gfa >0 respectively <0 4)
where A“b(az)zazb is a positive form then  is constant on M, and “> " or “<”
in the inequalities (4) for all coordinate neighbourhoods are the same.

Aab(l’)

Here and later we suppose that the studied manifolds are connected without bound-
ary.

Obviously, in (pseudo-)Riemannian manifolds and manifolds with affine connec-
tion the partial derivative in formula (4) may be replaced by the covariant deriva-
tive.

We point out that in Theorem 2 we do not suppose that the functions A% (x)
and B*(z) define in all coordinate neighborhoods geometric objects which are de-
termined “in the whole” of M, in such a way as required, as for example in a
theorem by K. Yano and S. Bochner [17, p. 26].
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Proof: For a compact manifold M,, we can choose a finite set of coordinate neigh-
bourhoods U, such that the unification of these coordinate neighbourhoods covered
M, and in each of them the condition (4) holds (for definition take the sign *“ >").
Because ¢ is smooth and M, is compact, the function ¢ on M,, reaches its max-
imum at a point Py € Uy, where Uy is one of the neighbourhoods chosen earlier.
Then ¢(P) < ¢(FPp) for each points P € Uy and on Uy all the conditions of
Hopf’s Theorem hold, and we have p(P) = ¢(Fy) for any point P € Uj.

Further consider a coordinate neighbourhood U; which has an intersection with
Up. Evidently, ¢(P) < ¢(FPp) for any point P € U;. From this p(P) = ¢(Fp)
for any point P € U;. Analogically we exhausted any coordinate neighbourhood
U. Because the number of them is finite and M, is connected, we verify that
©(P) = ¢(Py) for any point P € M,,. The theorem is proved. [

4. Conformal Mappings of Pseudo-Riemannian Manifolds onto
Compact Einstein Spaces

Mikes, Gavrilchenko and Gladysheva [13] obtained certain results, which are de-
voted to the problems of conformal mappings of pseudo-Riemannian manifolds
onto compact Einstein spaces

Theorem 3. A compact space V,, in which the tensor S;;. vanishes at not more
than one point does not admit nontrivial conformal mappings onto Einstein spaces.

Theorem 4. Compact nonconformally flat symmetric Riemannian spaces do not
admit nontrivial mappings onto Einstein spaces.

We proved the following result

Theorem 5. Let V,, be a compact pseudo-Riemannian manifold. If the Ricci ten-
sor constitutes a positive (or negative) form, then a conformal mapping V,, onto
Einstein spaces is only homothetic.

From differential prolongations of integrability conditions of the fundamental equa-
tions (3) we prove the following theorems.

Firstly we obtain integrability conditions of the fundamental equations (3). From

the Ricci identity s; jr — Sik,j = saRf‘jk and after substitution of (3) we get
(see [13])
saijk + s Sijk =0. ®))
After differentiating this integrability condition we obtain
uChl'jk + s (Sijk,h — LhaCf‘jk) + Sa Cijk,h + sp, Sijk =0. (6)

If Chyji. # 0, then from the last formula we have obtained
U:S’a+3aba (7)
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where a is a function and b“ is a vector field on V,,. This formula is true on all of
the manifold V/, if the condition Cj;j3 # 0 is true on all V,, with the exception of
a set of measure zero.

After exclusion of u from the formula (6) we obtain
s(a Chijk + Sz‘jk,h — Lpo za]k) + Sa (baChijk + Cijk,h) + sp, Sijk =0. (8
From formula (8) the following theorem holds.

Theorem 6. A compact space V,, in which the tensor
a Chijk + Siji,h — LnaCljy, )

vanishes at not more than one point does not admit nontrivial conformal mappings
onto Einstein spaces.

Proof: The proof follows from the fact that, if a conformal mapping is nontrivial,
there must exist a maximum and a minimum for the function s. But at these points
s; = 0. Since s > 0, from (8) we find that the tensor (9) vanishes at least at two
points in the space V/,. |

Finally, the following theorem holds.

Theorem 7. Let V,, be a compact (pseudo-)Riemannian manifold for which Chjy,
= 0 is true on all V,, with the exception of a set of measure zero.

If for the tensor L;‘j = L;j + a - gij in any point xo € V,, exists a vector V' for
which L;‘jvivj > 0 (< 0, respectively), then a conformal mapping V,, onto Einstein
spaces is only homothetic.

Proof: Let V;, be a compact (pseudo-)Riemannian manifold for which Cp;jy is
non vanishing on all V;, with the exception of a set of measure zero, and V;, admits
a conformal mapping onto the Einstein space V;,. Then formula (7) will be true
and we can rewrite equation (2) in the form

Syij — S,aba gij = S- L;ﬁj. (10)

We note that the functions « and b’ determine on Vj,.
We suppose that a vector v’ that L;v*v’ > 0 (< 0, respectively) exists at all points
xg € Vi.
For any point zo of V), there exists a coordinate neighbourhood U*(x) such that
v’ = 4% and also L} (x¢) > 0 (< 0).
We assume a positive constant A for which

A > —(Lyy(xo) — Lag(xo) — - -+ = Ly (20))/ L11 (0)-

Therefore -
A (z) ©diag(A,1,1,1,...,1)
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gives rise to a positive form A% (x)zazp on the neighbourhood U*.
In the point xg holds

L3 (o) - A (x4) > 0, respectively < 0.
From (10) it follows that
(5.4 — 8.ab% gij)(x0) - AY(20) > 0, respectively < 0.

This implies the existence of the coordinate neighbourhood U(x) C U* in which
for any point x € U

(5,ij — 5.a0% gij) () - AY(x) > 0, respectively < 0 (11)
holds.
Finally, because s ;; = 0;j5 — 0q S FZ‘-"j we have that from Theorem 2 follows that
the function s is constant, i.e. the conformal mapping is homothetic. |
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