PART III

SYMBOLIC NOTATION
THE NOTATION AND ITS IMMEDIATE CONSEQUENCES, §§ 39—41

39. Introduction. The conditions that the binary cubic

(1) J=a0x®+3a1x1202+3a2x1%22 + azx2®
shall be a perfect cube
(2 (a121 +a222)?

are found by eliminating a; and a2 between

(3) a13=do, a12a2 =ai, a1a22=a2, a23=(13,

and hence the conditions are
(4) apae =a,?, aiaz =as’.

Thus only a very special form (1) is a perfect cube.

However, in a symbolic sense * any form (1) can be rep-
resented as a cube (2), in which «; and a2 are now mere symbols
such that

2

/
3" as®, ar’as, arae?, | ad

are given the interpretations (3), while any linear combination
of these products, as 2a;®—7az?, is interpreted to be the cor-
responding combination of the a’s, as 2ap—7a3. But no inter-
pretation is given to a polynomial in aj, a2, any one of whose
terms is a product of more than three factors «, or fewer than
three factors a. Thus the first relation (4) does not now follow
from (3), since the expression ai*as? (formerly equal to both

* Due to Aronhold and Clebsch, but equivalent to the more complicated

hyperdeterminants of Cayley.
63



64 ALGEBRAIC INVARIANTS

aoaz and a42) is now excluded from consideration; likewise
for aj%a2* and the second relation (4).

In brief, the general binary cubic (1) may be represented
in the symbolic form (2) since the products (3") of the symbols
a1, ag are in effect independent quantities, in so far as we
permit the use only of linear combinations of these products.

But we shall of course have need of other than linear
functions of ao, . . ., a3. To be able to express them sym-
bolically, we represent f not merely by (2), but also in the
symbolic forms

(5) Brx1+Bax2)®, (maxityaxe)®, . . .,
so that
(6) Bid=ao, Bi%B2=a1, PBiBe?=a2, PB2=a3; ~vi®=ao, .. ..

Thus apas is represented by either ;381822 or Bi3ajaq?, while
neither of them is identical with the representation a;j%as8:282
of a;2. Hence

@002 — 1% =3 (1®B1822 + B1larae? — 2a12a2612B2)
=3a1B1(c182 —a2P1)2.

We shall verify that this expression is a seminvariant of

oI
x1=X1+1tX2, x2=Xo,

then f becomes F=A40X13+. . ., where

Ao=ao, Ai=a1+1ta0, A2=az2+2ta1+ao,
As=az+3taz+3t2a1 +13ay.
Hence, by (3),

- F= (a1 X14a'2X2)3,  o'a=as+tia.
Similarly, the transform of (51) is
B1X148'2X2)3,  B2=p2+1B1.
Hence we obtain the desired result

Aod2—A2=3a181(c1f'2—’261)?
=3a181 (182 — asB1)? = agas — a,2.
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40. General Notations. The binary #-ic
f=aox1" a1 aa . . .+(Z>axx1”"‘x2"+. . Fanx2”

is represented symbolically as a;"=8,"=. . ., where

az=a1x1 +a2xz, B:=B1x1+B2x2, . . .,
— -1 _ -k —
ai®=a0, 1" az=ai, ..., a1" Fak=ar, ...,
a™ =qay,; Bi*=ag, . . . .

A product involving fewer than # or more than #» factors ai,
az is not employed except, of course, as a component of a
product of # such factors.

The general binary linear transformation is denoted by

T: x1=68X1+mXo, X =£2X1+ 12X, (¢n)=0

’

where (£7) =#1m2— E2m. It is an important principle of com-
putation, verified for a special case at the end of §39, that
T transforms ;™ into the nth power of the linear function

(a1 frtasg2) X1+ (am +azn2) X2 = X1+, Xo,

which is the transform of a; by T. Further,
a ay ap  az 1 om

W Be Byl [B1 B2 £2 72
where (aB) =a1f2—a281= —(Be). Thus
(s —B)" = (£m)" (@)™,
so that (ef)” is an invariant of «,"=@," of index #. Since

(Ba)™ represents the same invariant, the invariant is identically
zero if » is odd.

= (aB)(£n),

EXERCISES

1. (eB)? is the invariant 2(a,a:—a:2) of az2=p8.2

2. (aB)*is the invariant 271 of az*=p;¢ (§ 31).

3. (aB)? (B7)? (ya)? is the invariant 6J of azt=gz4=1~* (§ 31).
4. The Jacobian of ;™ and 8, is '

m—~—1
a

mag 1 maz™ " Las

=mn(af)a m_lﬁ n—1
n8:" "1 nB:" "1 (aB)a ‘
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5. The quotient of the Hessian of a,"=8;" by #*(n—1)? equals

n—2
a? I

8" 28,2 8" 288,

n—2 n—2 ’
z aa; az a,?

n—2
(£27 oy oo

B" " 28:8: B 28,2

one-half of the sum of which equals } az”-2ﬂz""2(a6)2.

[+3

6. lar B1 M
a B2 72 |= (@B)vz+(B7)az+ (va) Bz =0.

az Bz Yz

41. Evident Covariants. We obtain a covariant K of
f=a"=B"=. . .
by taking a product of « factors of type o, and N factors of
type (aB8), such that « occurs in exactly » factors, 8 in exactly
n factors, etc. On the one hand, the product can be inter-
preted as a polynomial in ao, . . ., @, %1, ¥2. On the other
hand, the product is a covariant of index N of f, since, by
(1), § 40,
(AB)(AC)*(BC)t . . . A$B3C% . . .
=(£’7))‘<a6)r(a7)s(ﬁ'¥)t B T P y
if \=r+s+¢+. . . and
Ax=41X1+A4:X2, Ai=a, A2=a,,, (AB)=A1Bz—A2Bl,

etc. The total degree of the right member in the o’s, 8’s,. . .
is 2v+w=nd, if d is the number of distinct pairs of symbols
a1, a2; Bi, B2; . . . in the product. Evidently d is the degree
of K in ag, a1, - . ., and w is its order in &1, x2.

Any linear combination of such products with the same
w and N, and hence same d, is a covariant of order w, index
X and degree d of f.

EXERCISES
1. (af)(@v)as’Bstvz*and (aB)? (ay)as?8:3 v arecovariants of az’ = 875= vz°
2. (aB)Taz” "7 B:™ " isa covariant of ", 8™,
3. If m=n, B:"=a;" and 7 is odd, the last covariant is identically zero.
4. a2 2122 +ax.2 and boxi2+2biwixs +b.x,2 have the invariant

(aB) 2= aob.—2a:b1 +asbo.
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CovarianTts as Funcrions or Two SymBoLric TypEs, §§ 42-45

42. Any Covariant is a Polynomial in the «,, («8). This
fundamental theorem, due to Clebsch, justifies the symbolic
notation. It shows that any covariant can be expressed in
a simple notation which reveals at sight the covariant property.

While a similar result was accomplished by expressing
covariants in terms of the roots (§36), manipulations with
symmetric functions of the roots are usually far more complex
than those with our symbolic expressions.

The nature of the proof will be clearer if first made for
a special case. The binary quadratic ;> has the invariant

K =apa2—a4?
of index 2. Under transformation T of § 40, «,2 becomes
(e X1+a,Xo2)2=A0X12+. . ., do=a? Adi=oa, Az=a?
Hence AoA2— A% equals
a?B,2 —agBea,B, = (£1)°K.
We operate on each member twice with

( 1) 82 82

0£10m2 O&20m1’

and prove that we get 6(aB)2=12K, so that K is expressed
in the desired symbolic form. We have

(£n) = E1m2— fam1,

9 (gn)2= & (en)2=2(tn)+2
anz(iﬂ) 2(&n) &1, 8218172(97) (&n)+2n2£1,

9 (gnp=— & (tn)p=—2(gn)+2
am(én) 2(£n) &2, ag“)am(ifn) (£n) +2m &2,

V(&n)2=6(¢n), V2(§n)2 =12,
since V(&n) =2, by inspection. Next
2 VagB,= V(a1 t1+az ) (81114 B2nz) =a1Bz —azB1 = (af).
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Hence
V8,2 =4aiB,(aB), VZaB,>=4(aB)?,
VagBea,By=Braty: VorBy+aeB, VB,
= Beary () +a8,(Ba),
V2aBiat,8, = (Ber) (aB) + (aB) (Ber) = — 2(af)?.

The difference of the expressions involving V2 is 6(«3)2. Hence
if (1) operates twice on the equation preceding it, the result is

6(aB)?>=12K, K =3(ap)?.

43. Lemma. V*(&n)"=(n+1)(n!)2.
We have proved this for n=1and n=2. Ifn 22,

2 (emn=n(en)» 14,
onz

82
0£10m2

(gn)r=n(tn)" ' +n(n—1)(&n)" 2021

Similarly, or by interchanging subscripts 1 and 2, we get

82
0&20m

(gn)r=—n(En)* " +n(n—1) (&)™ 2 Lo

Subtracting, we get
V(gn)"={2n+n(n—1)}(en)" " =n(n+1)(gn)"
It follows by induction that, if 7 is a positive integer, ‘
Vr(gn)t=(n+Din(n—1) . . . (n=r+2)Pn—r+1)(En)" "

The case r =# yields the Lemma.

44, Lemma. If the operator V is applied r times to a produc!
of k factors of the type oy and 1 factors of the type B,, there results
a sum of terms each containing k—r factors o, l—r factors B,,
and r factors (af).

. The Lemma is a generalization of (2), §42. To prove
it, set
A=aPx® . . . ®  B=p®p®  pO,
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Then

82AB k l A B
=3 = MO

01072 3=1z=1al (s) 8, 3@

azAB k l A B
= 2 2 (s) (t) i

0&20M  s=1¢= 1a "B ) B, 3.0

Subtracting, we get

aen A B
VAB= 82”21( ap®) @ 5”«)‘

Hence the lemma is true when r=1. It now follows at once
by induction that

1) VrAB

=32(ap0) . . . (alIBO) 4 B
Qg

. alsr) B,,(’l) v B,,(tf)’

where the first summation extends over all of the
k(k—1) . .. (k—r+1) permutations si,...,s of 1,. ..,k
taken » at a time, and the second summation extends over
all of the I(l—1) ... (I—r+1) permutations f1,. .., of
1,. .., [ taken r at a time.

CororLARY. The terms of (1) coincide in sets of 7! and
the number of formally distinct terms is

= ()

For, we obtain the same product of determinantal factors
if we rearrange s, . . ., s, and make the same rearrangement
of ty,. . ., ¢

45. Proof of the Fundamental Theorem in §42. Let K be
a homogeneous covariant of order w and index X\ of the binary
form f in §40. By §40, the general linear transformation
replaces f=a," by
< >AtX nEX 0P = (X1 +a,X2)"

YI

k=0
Hence

) Ar=a;"""a,* (k=0,1,. . .,n).
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By the covariance of K,
(2) K(do, - . ., An; X1, X2)=(£n) Ko, - . ., an; 21, %2).
By (1) the left member equals

| "0 TABX #—1X5,
in which the inner summation extends over various products
AB, where A is a product of a constant and factors of type
a;, and B is a product of a constant and factors of type a,.
Let x1=7v2, and x2=—y;. Then, by solving the equations
of T, § 40,

Xi=y,/(kn),  Xa=—ye/(&n).

Hence the equation (2) becomes
= Z(—1)idBy, "y = (gn) K.

Since the right member is of degree A+w in £, &, and of
degree A+ w in 71, 72, we infer that each term of the left mem-
ber involves exactly A4« factors with subscript # and A w
factors with subscript 7.

Operate with V**¢ on each member. By § 43, the right
member becomes ¢K, where ¢ is a numerical constant 0.
By § 44, the left member becomes a sum of products each of
M+« determinantal factors of which w are of type (ay)=a,,
and hence M of type (). The last is true also by the definiton
of the index N\ of K. Hence K equals a polynomial in the
symbols of the types az, (aB).

To extend the proof to covariants of several binary forms
o, v.", . . ., we employ, in addition to (1),Ce=nv¢™ "%k, . .
and read o, v¢, . . . for a; in the above proof.

FINITENESS OF A FUNDAMENTAL SYSTEM OF COVARIANTS,
§§ 46-51

46. Remarks on the Problem. It was shown in §§28-31
that a binary form f of order <5 has a finite fundamental
system of rational integral covariants Ki, ..., K, such
therefore that any rational integral covariant of f is a poly-
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nomial in Ky, . . ., K, with numerical coefficients. We shall
now prove a like theorem for the covariants of any system
of binary forms of any orders. The first proof was that by
Gordan; it was based upon the symbolic notation and gave
the means of actually constructing a fundamental system.
Cayley had earlier come to the conclusion that the fundamental
system for a binary quintic is infinite, after making a false
assumption on the independence of the syzygies between the
covariants. The proof reproduced here is one of those by
Hilbert; it is merely an existence proof, giving no clue as to
the actual covariants in a fundamental system.

47. Reduction of the Problem on Covariants to one on In-
variants. We shall prove that the set of all covariants of the
binary forms fi, . . ., fx is identical with the set of forms
derived from the invariants I of fi, . . ., fi and I=xy’—x'y
by replacing " by x and y" by y in each I. It is here assumed
(§ 15) that I is homogeneous in the coefficients of / and that
the covariants are homogeneous in the variables.

Let the coefficients of the f’s be a, b, . . ., arranged in
any sequence. Let 4, B, . . . be the corresponding coefficients
of the forms obtained by applying the transformation in § 5.
The latter replaces ! by £n'-£'n, where

" =ay’ —va',  §=0"—py.
Solving these, we get
Ax' =al +Bn', Ay =vE+on.

Let I(a,d,...; «',9) be an invariant of / and the f’s.
Then
IA,B,...; & 1)=0M(a,b,...;2,).

Since I is homogeneous, of order w, in «’, y’, the right member
equals
A<I(a, b,. . .; A%, AY).

Hence we have the identity in ¢, 7':

I4,B,...; ¢, 7)=a"%I(a,bd,. . .; af +B7, ~v&+87).
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Thus we may remove the accents on ¢, . Then, by our
transformation,

I(4,B,. . .; & n)=A"%I(a,bd,. . .; x,9).

Hence I(a, b, . . . ; %, y) is a covariant of f1, . . ., f¢ of order
w and index A\ —w.

The argument can be reversed. Note that the sum of the
order and the index of a covariant is its weight (§ 22) and hence
is not negative.

CoroLLARY. A covariant of the binary form f has the
annhilators in § 23. :

For, an invariant of f and xy’ —x’y has the annihilators

) e,
Q—y P —x a—y,

48. Hilbert’s Theorem. Awny set S of forms in xi1, ..., %n
contains a finite number of forms F, . . ., Fi suchthat any form
F of the set can be expressed as F=fiFi1+. . .+fiFyr, where
J1, -« ., fx are forms in x1, . . ., xn, but not necessarily in
the set S.

For n=1, S is composed of certain forms cix®, cox®, . . ..
Let e, be the least of the e’s, and set #i=cx%. Then each
form in S is the product of F; by a factor of the form cxe, e 2 0.
Thus the theorem holds when #=1. :

To proceed by induction, let the theorem hold for every
set of forms in #n—1 variables. To prove it for the system
S, we may assume, without real loss of generality,* that S
contains a form Fy of total order r in which the coefficient
of x, is not zero. Let F be any form of the set S. By division
we have F=FoP+R, where R is a form whose order in x,

*Let F be a form in S not identically zero and let the linear transformation
ri=cuyitceyt. . .Acmyn (E=1,...,n)

replace F(x1,. . . ,%n) by K(y1,. . ., yn). In the latter the coefficient of the term
involving only yy, is obtained from F by setting x;=c¢s, and hence is F(cin, Con, . . .,
¢nn), Which is not zero for suitably chosen ¢’s (Weber’s Algebra, vol. 1, p. 457;
second edition, p. 147). But our theorem will be true for .S if proved true for
the set of forms K.
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is <r. In R we segregate the terms whose order in x, is exactly

r—1, and have
F=FyP+Mux, " '+N,

where M is a form in x1, . . ., x,_;, while N is a form in
x1,. . ., y whose order in &, i3 £r—2. Each F uniquely deter-
mines an M.

For the definite set of forms M in #—1 variables the theorem
is true by hypothesis. Hence there exists a finite number
of the M’s, say My, ..., M; (derived from Fy, .. ., F)),
such that any M can be expressed as

M=f1M1+- . -+f1Mz,

where the f’s are forms in 1, . . ., x,-;. Then

l
F=FoP+N+a "' = [, =" Mi=F,~FoP=N,,

F=FoP'+ = fF+R, P'=P—3fP, R=N-3fN.
=1

Each exponent of x, in R is £r—2. We segregate its terms
in which this exponent is exactly r —2 and have

1
F=FoP' + 3 fFt M7 2+N,
1=1

where M’ is a form in x1, ..., 2,_;, and N’ a form in
%1, . . ., %s whose order in x, is = r—3.

The theorem is applicable to the set of forms M’, so that
each is a linear combination of My, . . ., M',, corresponding
to Fit1, - - +» Fiym, say. As before, F differs from a linear
combination of Fo, . . ., Fiim by

1 —_ 44
M%7 =3+N",

where M" is a form in x1, . . ., x,—; and N” is a form whose
order in x, is £7—4. Proceeding in this manner, we see that
F differs from a linear combination of Fy, . . ., F, by a form
Rinxi, ..., %,—1. One more step leads to the theorem.

49. Finiteness of a Fundamental System of Invariants. Con-
sider the set of all invariants of the binary forms f1, . . ., f4,
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homogeneous in the coefficients of each form separately. By
the preceding theorem, there is a finite number of these invariants

I, . . ., In in terms of which any one of the invariants 7 is
expressible linearly:
(1) I=E\l+. . .+Enln,

where E; is not necessarily an invariant, but is a polynomial
homogeneous in the coefficients of each f; separately.

Let a, az, . . . be the coefficients in any order of fi, . . ., fa.
Let A1, A2, . . . be the coefficients in the same order of the
forms obtained from them by applying a linear transformation
of determinant (£1). We may write

I(4) = (M (a),  I(4) =(EnNI(a), E,(4) =G,

where G; is a function of the a’s, £’s, #’s. From the identity
(1) in the a’s, we obtain an identity by replacing the a’s by the
A’s. Hence

(M = z G,(En)MI,,

j=

in which the arguments of the I’s are a’s. Thus G, is of order
A=)\ in £, & and of order A—\,; in 7, 2. Operate on each
member by V*. By § 43, the left member becomes

(A1) (AD2I.
By the formula to be proved in § 50, the right member

becomes

3 LCo(EnM G +Ci(EM VG . . ACEMIGY,
j=1
where the C’s are numerical constants. Since G; is of order
y=A—N201n &, £ and of order » in 71, 72,

Vr+iG;=0, Vr+2G,=0, Cey V*G;=0.
Also Cy, Cy, . . ., C,—; are zero since they multiply powers
of (¢n) whose exponents —», —p+1, . .., y—A+r—1=-1

are-negative. Hence

DA = 2 LCV*G,
=i



§ 50] FINITENESS OF COVARIANTS 75

The torm obtained from f;=a," by our linear transformation
has the coefficients (1), §45. The polynomial G; in these
coefficients is therefore a sum of terms each a product of a
constant by » factors of type o and » factors of type a,.
Hence, by §44, V*G; is a polynomial in the determinantal
factors (af) and is consequently an invariant of the forms
fi. Thus

I= g]jllj,
i=1

where I’; is an invariant. Then, by (1),

m

m
I’j"—‘ b ejklk, I= 2 ethjIg.
k=1 k=1
By repeating the former process on this 7, we get
m
I= 2 I”j];[jlg,
J k=1

where the I” are invariants of the forms f;. Since there is
"a reduction of degree at each step, we ultimately obtain an

expression for I as a'polynomial in Iy, . . ., I, with numerical
coefficients.

60. Lemma. If D=¢in2—E2m, and P is homogeneous (of
order \) in &1, to, and homogeneous (of order ) in w1, 12, then

(1) VmD"P= % C,D" ™+t VP,
r=0
where Co, . . ., Cn are constants.

First, we have

2P
P=P —-—
VD +7I2 +£la£1+ 0£10m2
< —-P— Ez————- 224D o*P >=<2+x+u)P+DVP,
ok om 0&20m

by Euler’s theorem for homogeneous functions (§24). If P
is replaced by D" ~'P, so that X\ and p are increased by n—1, we
get

VD"P=(\+u+2n)D*"'P+DVD"~'P,
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Using this as a recursion formula, we get
VD"P = {n(Au)+n(n+1)} D" 'P+D"VP,

which reduces to the result in § 43 if P=1, whence A=p=0.
Hence (1) holds when m=1. To proceed by induction from
m to m—+1, apply V to (1). Thus

ymHpnp— ¥ C,V(Dr-mHryrp).
r=0

In the result for VD"P, replace n by n—m+r and P by
V7P, and therefore diminish A and p by r. We get

V(D =m+rVrP) =(,Dr-mr -1y rp g Drombrpriip,
where
b=(n—m+r)(A\tu—r+n—m-1).

Hence, changing 7+1 to 7 in the second summand, we get
m+1
VmHipnP = 2 (Ci,+C,_y)D*—m+r=1y7p,
r=0
with Cp41=0, C_;=0. Thus (1) is true for every m.

61. Finiteness of Syzygies. Let I;, . .., I, be a funda-
mental system of invariants of the binary forms fi, . . ., fa
Let S(21, . . ., 2m) be a polynomial with numerical coefficients
such that S(Iy, . . ., I,), when expressed as a function of the
coefficients ¢ of the f’s, is identically zero in the ¢’s. Then
S(I)=0is a syzygy between the invariants.

By means of a new variable z,, 11, construct the homogeneous

form S’(z1, . . ., Zm41) corresponding to S. By §48, the
forms S’ are expressible linearly in terms of a finite number
Sy, . .., S of them. Take z,41=1. Thus

(1) S=CiS1+. . .4+CiSy,

where Ci, ..., Ci are polynomials in 2, ..., 2, Take
z1=I1,. . .,2m=In Hence there is a finite number of syzygies
S1=0, ..., S:=0, such that any syzygy S=0 implies a
relation (1) in which Cy, . . ., Cy are invariants. In particular,

every syzygy is a consequence of S1=0,. . ., S;=0.
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52. Transvectants. Any two binary forms
f =azk; ¢=B$l

have the covariant
(1) (f) ¢)r = (aﬁ)razk—rﬂi-r)
called the rth transvectant (Ueberschiebung) of f and ¢, and
due to Cayley. It is their product if =0, their Jacobian
if r=1, and their Hessian if f=¢ and r=2, provided numerical
factors are ignored (Exs. 4, 5, § 40).

It may be obtained by differentiation and without the use
of the symbolic notation. In fact, a special case of (1), § 44, is

Bl

(k—n)! (l )'
so that if f is of order % and ¢ of order /,

@ G, oy = E g,

After f(£1, £2)- ¢(n1, n2) is operated on by V", we set 1= £,
n2 = 2.
For example, let f(£) =a,8,, ¢(£)='y£3, P=¢!EB£7”3. Then

agByt= —y(@B) e 7B,

2P
oL 3(aBr+enBy)vyrs,

=3 .
2tom (aeﬁz +01219£)‘Yr,z‘¥1

P
0£0m
The difference is VP. Taking ni= &, n2= &, we get
3{_3‘5(6172—3271) +ﬁ£(ﬁ‘(1’y;:—az71)}‘yez.
The numerical factor in (2) is here 1/6. Hence
®3) (g8, 7" '=3(8v)eryv, 2 +3(an)Byv
In general, consider the two forms

f=aWa® . a®,  o=BV8D . . . BO.

Then by (1), § 44, and the Corollary, and by (2),

e 1 N @M (@78 f8
(1) (f; ) _r!<k><l>zaé(l) . ae(‘r)ﬁg(l) L. ,BE(T),
r/\r,

where the summation extends over all the combinations of the
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o’s r at a time, and over all the permutations of the g's r at
a time. Thus the number of terms in the sum is the reciprocal
of the factor preceding Z.

If the o’s are identified and also the B’s, (4) becomes (1). If k=2,
1=3, r=1, we have one-sixth of a sum of six terms; then if the g’s are
identified we have two sets of three equal terms and obtain (3).

Since V is a differential operator, (2) gives
(5) (Zedy, Zhidy)™ = ZZciks(fi, 1)

ArorariTy; RatioNarL CuUrves, §§ 53-57

63. Binary Forms Apolar to a Given Form. Two binary
quadratic forms are called apolar if their lineo-linear invariant
is zero; then they are harmonic (Ex. 3, §11). In general,
the binary forms

T (n S " (n S
f=ar= 2 (Maa" s,  ¢=8"= = (7 )bar" 2,
+1=0\17 +=0\?

of the same order, are called apolar if
W (@)= 2 (=1 (*)ebs-i0.

In particular, f is apolar to itself if » is odd (Ex. 4, § 38).
Let the actual linear factors of ¢ be 8,V, . . ., 8;:™. By

(1), (4), §52,
(@B)*=(", B ... B")"=(aBV) ... (™).
But 8, vanishes if x; and x» equal respectively

yl(r) ='32(f>’ y2(r) — _Bl(r)_
Thus

(aﬁ(r)) =a1y1(r) +a2y2(r) =aqay (M,
Hence if ¢ vamishes for x1=v1", x2=%" (r=1, ..., n),
it is apolar to f if and only if

o) ay@ . .. oy =0.
Thus f is apolar to an actual nth power (yax;—yix2)* if

and only if a,*=0, i.e., if y1, y2 is a pair of values for which

f=0.
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If no two of the actual linear factors /; of f are propor-
tional, f is apolar to # actual nth powers /;* and these are readily
seen to be linearly independent. Then their linear combinations
give all the forms apolar to f. For,if fis apolar to ¢1, . . ., ¢,
it is apolar to ki¢1+. . .+kadn, where k1, . . ., kn are con-
stants, since, by (5), § 52,

(f, lipr+. . Fkatn)"=ki(f, d1)"+. . .Fka(f, ¢a)"=0.
Moreover, f is not apolar to #+1 linearly independent forms

¢1) ¢2y L) ¢n+l-

For, if so, we have n+1 equations like (1), in which the deter-
minant of the coefficients of ag, . . ., a, is therefore zero.
But this implies a linear relation between the ¢’s. If f is the
product of n distinct linear factors I, a form ¢ can be repre-
sented as a linear combination of I,*, . . ., l," if and only if
¢ is apolar to f. In particular, if  and s are the distinct roots
of f=ax®+42bx+c=0, the only quadratics harmonic to f are
gx—r)2+h(x—s)2

In case li, . . ., I, are identical, while I, =L(i>r), we may
replace /1", . . ., " in the above discussion by /,*, ;"I\, . . .,
I;" "t -1 where \ is any linear function of x; and x2 which
is linearly independent of /;. In fact, after a linear trans-
formation of variables, we may set I;=x2, A=x1. Then the
above r forms have the factor x2" "% and hence are of type
¢ with b,=00G Z#n—r). Also, f now has the factor xs", so
that a;=0(i<r). Hence every term of (1) is zero.

For example, f=ux,%r:(x;—x)? is apolar to
xly, mive; 0 (= w)%, (n—x) e,
which give five linearly independent quintics.

In general, when there are multiple factors of f, the n
forms apolar to f obtained above can be proved to be linearly
independent. This fact is not presupposed in what follows.

54. Binary Forms Apolar to Several Given Forms. From
the list of the given forms we may drop any one linearly de-
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pendent on the others, since a form apolar to several forms is
apolar to any linear combination of them. In the resulting
linearly independent forms

fr= = <n,>a,,x1"—‘x2i (r=1; CEE ,g)7

1=0\1

the g-rowed determinants in the rectangular array of the
coefficients are not all zero. For, if so, there are solutions
k1, . . ., kg, not all zero, of

kg tkeain+. . Akay=0 (@=0,1,...,n),
which would give, contrary to hypothesis, the identity
kifi4kofa+. . Ak f,=0.
If box1™+. . . is apolar to each f,, then

1=0

%(—1)’<’E>a,,b,,_.~=0 (r=1,...,p.

These determine g of the &’s as linear functions of the remaining
b’s, which are arbitrary. Hence there are exactly n+1—g
linearly independent forms apolar to each of the g given

linearly independent forms.
In particular, apart from a constant factor, there is a

single form apolar to each of # given linearly independent
forms of order #.
Consider three binary cubic forms

Jf1=a:® =aox1®+3a10:%02+ 3a200120%2 + azx2?,
fo=B3=Dbox13+3b1a12x2 +3box 12622 +b3xe?,
f3=7"=cox13+3c1x1202 4 3cax1202% +c3%23.
Each is apolar to the cubic form
¢ = (aB) (e7) (BY) azBrva-
For, by (4), § 52, and the removal of a constant factor by (5),
(¢, 8:2)> = (aB)(a7) (By) («6)(88) (v9),

which is changed in sign if & is interchanged with «a, 8, or v,
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and hence is zero if 8,2 is one of the f;. Hence each f; is apolar
to ¢. Now
(112 a1o2 a22

(@B)(ar)(By)=| B2 BiB2 B2 |.
12 vive 2P

In fact, the determinant vanishes if (¢8)=0 as may be seen
by setting Bi1=ca1, fe=caz. Moreover, the two members are
of total degree six and the diagonal term of the determinant
equals the product of the first terms a1, etc., on the left.
Since ai?a; =ai3x1+ai®aow2 =aox1+a1x2, etc., we find, by
multiplying the members of the last equation by a.8:vz,

aox1+a1xe  a1¥1+az2xe  a2x1-+asxa
o=\ box1+bixe bix1+bexs boxi+bsxe

Cox1tc1x2  cix1+cox2  coxy+caxe

= [012]x13 + [013]3(212962 + [023]3619622 + [123]9623,

where
a; a; ag
[ljk]= b1 bj b]; .
¢t G (g

If ¢ is identically zero, the four three-rowed determinants
in the rectangular array of the coefficients of fi1, f2, f3 are all
zero, and the f’s are linearly dependent.

Apart from a constant factor, ¢ is the unique form apolar
to three linearly independent cubic forms f1. fe, fs.

The extension to # binary #n-ics is readily made.

55. Rational Plane Cubic Curves. The homogeneous coor-
dinates &, 7, ¢ of a point on such a curve are cubic functions
of a parameter /. We may take /=x;/x2 and write

pE=/1, pn=/2, ps =3,

where p is a factor of proportionality and the f’s are the cubic
forms in § 54.

We may assume that the f’s are linearly independent, since
otherwise all of the points (%, 9, ¢) would lie on a straight
line.
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There is a unique cubic form ¢ apolar to f1, f2, f3 (§54).
This cubic form, denoted by ¢=¢,% is fundamental in the
theory of the cubic curve.

Three points determined by the pairs of parameters x1, x2;
V1, ¥2; and 21, 22, are collinear if and only if

(1) $zby:=0.
For, if the three points lie on the straight line
(2 let+my+ng=0,
the three pairs of parameters are pairs of values for which
(3) C(x1, x2) =If1+mf2+nf3=0.

Since C is apolar to ¢, (1) follows from the first italicized theorem
in §53. Conversely, (1) implies that the cubic C which van-
ishes for the three pairs of parameters is apolar to ¢ and hence
(§53) is a linear combination of f1, f2, f3, say (3); the corre-
sponding three points lie on the straight line (2).

Since (2) meets the curve in three points the ratios x;/x2
of whose parameters are the roots of (3), the curve is of the
third order.

We restrict attention to the case in which the actual linear
factors os, B:;, vz of ¢ are distinct. Since any cubic apolar
to ¢ is a linear combination of their cubes (§ 53),

fi=cnad +coBd +csv.® (=1, 2, 3).

Since the determinant |c;| is not zero, suitable linear com-
binations of the f’s give .3, 8.2, .. Hence by a linear trans-
formation on £, 7, ¢ (i.e., by choice of a new triangle of ref-
erence), we may take *
pE=ab,  en=B3,  pi=vS
The line £=0 is an inflexion tangent, likewise n=0 and
¢=0. In addition to the resulting three inflexion points,

there are no others. For, at an inflexion point three consecutive
points are collinear, so that (1) gives ¢=¢>=0. In the present

* We now have the formulas in the second part of § 54, where now a,? is the
actual, not a symbolic, expression ol fi, etc.
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case there are therefore exactly three inflexion points and they
are collinear.

66. Any Rational Plane Cubic Curve has a Double Point.
Let P, denote the point (%, #, {) determined by the pair of
parameters xq, x2. If the ratios x1/x2 and yi/ys are distinct
and yet P, coincides with P,, then P, is a double point. For,
any straight line (2), §55, through P, meets the curve in
only the three points whose pairs of parameters satisfy the
cubic equation (3), and since two of these pairs give the same
point P, the line meets the curve in a single further point.
Hence there is a double point P,=P, if and only if there are
two distinct ratios x1/x2 and y1/y2 such that (1) holds identically
in 21, %2.

Let Q be the quadratic form which vanishes for the pairs
of parameters 1, ¥2 and yi1, y2 giving a double point. By (1),
and the first theorem in § 53, Q is apolar to ¢2¢, for 21, 22
arbitrary. Write ¢'.®> as a symbolic notation for ¢, alter-
native to ¢,;2. Applying the argument made in § 54 for three
cubics to two quadratics, we see that the unique quadratic
(apart from a constant factor) which is apolar to both ¢,2¢,
and ¢',2¢’, is their Jacobian

J= (¢’¢‘,) ¢z¢,z : ¢z¢’/w-

Since ¢ and ¢’ are equivalent symbols, their interchange must
leave J unaltered. Hence

J =360 ¢:¢":{ 60— 620}
The quantity in brackets equals (¢¢')(zw) by (1), §40. Dis-
carding the constant factor (zw), we may take
Q=(¢¢")¢:¢s
as the desired quadratic form. This is the Hessian of ¢.

Conversely, the pairs of values for which Q vanishes are the
pairs of parameters of the unique double point of the curve.

57. Rational Space Quartic Curve. Such a curve is given
by
pi=azt, =B+,  pi=vt,  pw=44,
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where the four binary quartics are linearly independent. By
§ 54, there is a unique quartic ¢ apolar to each of the four.
As in § 55, four points P;, P,, P,, P, on the curve are coplanar
if and only if
G20y Pz =0.

Thus ¢ =0 gives the four points at which the osculating plane
meets the curve in four consecutive points. It may be shown
that the values x;®, 22 for which the Hessian of ¢ vanishes
give the four points P,® on the curve the tangents at which
meet the curve again.

FuNDAMENTAL SYSTEMS OF COVARIANTS OF BINARY FoORrRMS
§§ 58-63

68. Linear Forms. A linear form o, is its own symbolic
representation. If o;=p,;, then (a8)=0. Hence the only
covariants of o, are products of its powers by constants. A
fundamental system of covariants of » linear forms is evidently
given by the forms and the }n(n—1) invariants of type (aB),
where «, and 8, are two of the forms.

59. Quadratic Form. A covariant K of a single quadratic

f=a?=B>=. ..

may have no factor of type (ef8) and then it is
az26x27z2 .. -=fk,
or may have the factor («B) and hence the further factor (aB),
(ay)(88), (ay)Bsz, or azB;, including the possibility é=v. In
the first case, K =(af)2K1, where K; is a covariant to which
the same argument may be applied. Now (ay) =a, if y1=1,,
yo=—v;. Hence in the last three cases, K has a factcr of
the type
0= (aﬁ)ayﬁz;
where a, is either o, or a new mode of writing («y), and similarly
B: is either B, or a new mode of writing (34).
Interchanging the equivalent symbols o and 8, we get

0= (Ba)By0e =} (aB) (e, 8. — B,ex) = 3 (aB)?(y2),
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by (1), §40. We are thus led to the first case. Hence the
fundamental system of covariants of f is composed of f and
its discriminant.

EXERCISES

1. The fundamental system for f=a;2=5;? and I=a;=8; is f, I, (ab)?,
(aa’, (ao)as.
2. The fundamental system for f=g,2=0;% and ¢=oa;2=8;2 isf, ¢,
(ab)?, («B)?, (aa)?, (ax)azez. Hint:
(aa) (aB)asBy= (aa) By~ 3 (aB) 2ayas,
as proved by multiplying together the identities (Ex. 6, § 40)
(eB)ay=(aB)ey—(ac)By, (aB)az=(aB)az— (acr)6s,

and noting that « and g are equivalent symbols.

60. Theorems on Transvectants. In the expression (4),
§ 52, for a transvectant, each summand taken without the
prefixed numerical factor is called a ferm of the transvectant.
In the first transvectant (3), § 52, the difference of the two

terms is
{(87)a — (av) Bl ve® = {(Ba) vi}ve?,

by Ex. 6, §40, and is the negative of the Oth transvectant
(viz., product) of (e8) and v;. The act of removing a factor
a¢ and a factor B; from a product and multiplying by the
factor (ap) is called a convolution (Faltung). We have therefore
an illustration of the following

Lemma. The difference between any two terms of a trans-
vectant equals a sum of terms each a term of a lower transvectant
of forms obtained by convolution™ from the two given forms.

Consider the rth transvectant of

k
f=PaE(l) e .. ag( ), ¢=Qﬁg(l) .. Bé(z)7

where P and Q are products of determinantal factors. Then
PQ is a factor of each term of the transvectant. Any two
terms T and 7’ differ only as to the arrangements of the o’s
and the 8’s. Hence T” can be derived from T by a permuta-

* Including the case of no convolution, as ¥¢? from itself, in the above example.
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tion on the o’s and one on the B’s, and hence by successive
interchanges of two a’s and successive interchanges of two
B’s. Any such interchange is said to replace a term by an
adjacent term. For example, the two terms of (3), §52,
are adjacent, each being derived from the other by the inter-
change of o with 8. Between T and T’ we may therefore
insert terms T4, . .., Ty such that any term of the series
T, T, To, . .., Ta, T’ is adjacent to the one on either side
of it. Since

T—T' =(T=T)+T1~T)+. . .A(Too1—Tw)+(Ta=T"),

it suffices to prove the lemma for adjacent terms.

The interchange of two a’s or two §’s affects just two factors
of a term of (4), § 52. The types of adjacent terms are *

CWRB),  CBNE"S);
C('8)B", C('B8")B's;

where 8’ and B” were interchanged. The difference of the
last two terms is seen to equal C(8”8")e/s by the usual identity.
The latter is evidently a term of the (r—1)th transvectant
of f and (8"8")¢/{8":8’s}, which is obtained from ¢ by one
convolution.

The difference of the first two adjacent terms equals
C(a'a")(8'8"), since
a,l alll Bll 6"1
al2 al’2 6’2 5112
a’] a,’l Bll B/ll
. alz a//2 BI2 BI,2
as shown by Laplace’s development. The same relation
follows also from the identity just used by taking & = —a"s,
g2=d'"1. The resulting difference is a term of the (r—2)th
transvectant of

(alall) (ﬁlﬁl!) _ (a/B/) (a”ﬁ”) + (a/B//> (a"B') E% =0,

¢
BB
which are derived from f and ¢ by a convolution.

o) L @8
[e 2572 2

* A pair C(@'B)a’’s, C(a"’B')a’t, obtained by interchanging o’ and oa”, is
essentially of the second type.
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The Lemma leads to a more important result. By the
proof leading to (4), §52, the coefficient of each term of a
transvectant is 1/N, if N is the number of terms. Just as
S=3(T1+7T>) implies S—T,=%4(T2—T1), so

S=%(T1+. . +Tx)
implies

S—T1=:,IV{(T2—T1)+. A (Ta=TD}.

Hence the difference between a transvectant and any one of its
terms equal a sum of terms each a term of a lower transvectant
of forms oblained by convolution from the two given forms.

Each term of a lower transvectant may be expressed, by
the same theorem, as the sum of that transvectant and terms
of still lower transvectants, etc. Finally, when we reach a
Oth transvectant, i.e., the product of the two forms, the only
term is that product. Hence we have the fundamental

THEOREM. The difference between any tramsvectant and
any one of its terms is a linear function of lower transvectants
of forms obtained by convolution from the two given forms.

For example, from (3), § 52, and the result preceding the
Lemma, we have

(67)‘15722 = (aEBE) 753)1 —%((CZB), 723)0’

and (ap) is derived from «;8; by one convolution.

61. Irreducible Covariants of Degree m Found by Induction.
Let

f=a"=B = . .=\"

be the binary s-ic whose fundamental system of covariants
is desired. Since a term with the factor (aB) is of degree at
least two in the coefficients of f, the only covariants of degree
unity are %f, where k is a numerical constant. We shall say
that f is the only irreducible covariant of degree unity, and
that f, K, . . ., K, form a complete set of irreducible covariants
of degrees <m if every covariant of degree <m is a poly-
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nomial in f, . . ., K, with numerical coefficients. Given the
latter, we seek the irreducible covariants of degree .

A covariant of degree m is a polynomial in the (¢8) and
the o, such that each term contains m letters o, 8, v, . . ..
Let T be one of the terms with its numerical factor suppressed.

Leta, B,. . ., &, X\ be the m letters occurring in T, so that
Tm=P(@\)*BN? ... (NN (a+b+. . .+k+i=n),
where P involves only @, 3, . . ., x. Then

Tm-1=Po,2Bb . . . &>
is a covariant of degree m—1. Evidently Ty is a term of
(Tm—h )‘I")r (r=n—l),

since it is obtained by r=a+4b+. . .4+k convolutions from
Tm-1A". By the final theorem in § 60,

r—-1 __ .
Tn= (Tm—h f)r+ .EOCI(Tm—b f)Jy
. J=

where the ¢; are numerical constants, and each Ty is derived
from T, _; by convolutions and hence is a covariant of degree
m—1. But the covariant of degree m was a linear function
of the various T,. Hence every covariant of degree m of f is
a linear function of transvectants (Cp—y, f)* of covariants Cn_y
of order m—1 with f. Such a transvectant is zero if 2>,
in view of the order of f. Moreover, it suffices by (5), § 52,
to employ the C,, —; which are products of powers of f, Ky, . . .,
K,  Hence the covariants of degree m are linear functions of
a finite number of transvectants.

. In the examination of these transvectants (Cm_1, f)%, we
first consider those with k=1, then those with k=2, etc. We
may discard any (Cm—1, f)* for which Cn_y has a factor. ¢, of
order 2 k, which is a product of powers of f, K1, . . ., K;, and
of degree <m—1. For,if T is a term of (¢, /)*, and if Cp_1 =¢¢,
then T is obtained by % convolutions of ¢f, and ¢7T" by the same
k convolutions of ¢¢f, not affecting ¢. Hence ¢T is a term of

(g6, /)%, Hence
(Cm -1 f)k =9T+ _EOCJ(Cm -1 f)’
j=
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But the terms of the last sum have by hypothesis been con-
sidered previously, while the covariants ¢ and 7" are of degree *
<m and hence are expressible in terms of f, Ky, . . ., K,.

62. Binary Cubic Form. The only irreducible covariant of
degree one of

f=a23 =623 2713
was shown to be f. The only covariants of degree two are
(aB)ra® B3 (r=0,1, 2, 3).

This vanishes identically if » is odd. If r=0, we have f2,
which is reducible. Hence the only irreducible covariant of
degree two is

(aB)?aB: = (f, f)? =Hessian H of f.

To find the irreducible covariants of degree m=3, we
have C,,_;=H or /2. Inthe second case, C,,_; has the factor
f of degree <m—1 and order 3 Z % (since we cannot remove
by convolution more than three factors from the second function
f in the transvectant). Hence we may discard C,,—;=f2. It
remains to consider (H, f)* k=1, 2. Now

(H, f) = (aB)*(cry)Bxvs* = Jacobian J of H and f

is irreducible, being of order and degree three and hence not
a polynomial in f and H. Next,

(H, [)2=(aB)*(av)(BY)v==P(aB)v:,  P=(aB)(av)(BY).

Interchanging « with v, we get P(By)a,. Interchanging B
with v, we get P(ya)B,. Hence

(H; f)2 =%P{ (aﬁ>7r+(ﬁ')’)az+(')’a)lsz} =0.

The irreducible covariants of degree three or less are therefore
f,H,J.
To find those of degree m=4, we have Cn_1=f3, fH, J,
* This is evident for the factor ¢ of C;n —1. Since ¢ is of degree <m—1, the

term T of (¢, f)* involves fewer than m—1-+41 symbols «, 8, . . ., and hence is
of degree < m.
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of which the first two may be discarded as before. It remains
to consider (J, /)¥, for k=1, 2,3. By § 52,
(, ) = (@B)?*(av) (Bzvs, &°)
= (aB)2(ay) {3(88)v:2 8.2 + %(v6)Bv26.2}.
Replacing (86)v: by (v8)B:+(8y) 8z, and noting that
(@B)?(ary) (BY)vz0:2 = (H, [ )2-[ =0,

(J’ / ) = (‘xﬁ)z(a')’) (76)6171 622,
Interchange v and 6. Hence

(J, £ ) =%(aB)?(v0)Bxv20:{(cry) 6+ (8) v2h.
The quantity in brackets equals —(y8)az. Hence

(J, ) = —3(B)*(v8)asbrysd: = — FH>.
Denoting H by h.*=h'%, we have
J=(?, &) = (ha)ha®, =P,
(J, [ )2 = (he) (hB) (aB)etaz+c((her)?ez, f ),

by the theorem in § 60. Here J = (ha)2ez = (H, f)2=0. Since
the first term is changed in sign when « and 8 are interchanged,
we have (J, f)?=0.

For the third case,

(J, 172 = ((aB)*(e)Bavs?, 85%)° = (aB)*(ery) (83) (v8)* =D,

an invariant, evidently equal to (H, H)?, the discriminant
of H. Thus D is the discriminant of f (§§8, 30) and is not
identically zero. Hence D is the only irreducible covariant
of degree four.

We can now prove by induction that f, H, J and D form
a complete set of irreducible covariants of degree = m 2 5. Let
this be true for covariants C,_; of degree Zm—1. We may
discard (Cp—1, [ )¥ if Cp—1 has the factor f or J, each of which
is of order 3 Z % and of degree (1 or 3) less than m—1; and
evidently also if it has the factor D. Hence Cp—;=He, ¢ 2 2.
If £ = 2, it has the factor H of order 2 Z % and degree 2<m—1.
It remains to consider (He, f)3. If e>2, He has the factor

we get
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H? of order 423 and degree 4<m—1, since H¢ is of degree
2 6. Finally,

(B2, [P = (he?h%, o) = (he? (W)l s = (2, (he)’erz) = 0.

Hence f, H, J, D form a fundamental system of covariants

(¢f. §30).

63. Higher Binary Forms. The concepts introduced by
Gordan in his proof of the finiteness of the fundamental system
of covariants of the binary p-ic enabled him to find * the
system of 23 forms for the quintic, the system of 26 forms for
the sextic, as well as to obtain in a few lines the system fer
the cubic (§62) and the quartic (§31). Fundamental sys-
tems for the binary forms of orders 7 and 8 have been deter-
mined by von Gall.f

Gordan’s method yields a set of covariants in terms of
which all of the covariants are expressible rationally and
integrally, but does not show that a smaller set would not
serve similarly. The method is supplemented by Cayley’s
theory I of generating functions, which gives a lower limit
to the number of covariants in a fundamental system.

64. Hermite’s Law of Reciprocity. This law (§ 27) can be
made self-evident by use of the symbolic notation. Let the
form

d=a”=BL=. . .=ao(x1—p1x2) (X1 —p2x2) . . . (x1— pyxa)
have a covariant of degree d,

K=a¢?Z(p —pz)i(pl—pa)j<92—p3)" ce (x1—p1x2)l‘ . (xl_pr2)lp,

so that each of the roots p;, ..., p, occurs exactly d times
in each product. Consider the binary d-ic

f=azd=b,d=. N .=Co(x1—71x2) e . (xl-rdxg).

* Gordan, Invariantentheorie, vol. 2 (1887), p. 236, p. 275. Cf. Grace and
Young, Algebra of Invariants, 1903, p. 122, p. 128, p. 150.

t Mathematische Annalen, vol. 17 (1880), vol. 31 (1888).

t For an introduction to it, see Elliott, Algebra of Quantics, 1895, p. 165, p.
247.
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To the various powers, whose product is any one term of K,
(p1—p2)%, (pr—ps), (p2—pa)k, ...,
(x1—p1x2)t, (21— pox2)®, . . . ,
we make correspond the symbolic factors
(ab)i, (ac), (bo)k, ..., ab, bh ...
of the corresponding covariant of J:
C=(ab)(acy(bc)* . . . aibtc™ . . .,

of degree p (since there are p symbols a, b, ¢, . .., cor-
responding to pi;, . . ., py) and having the same order
L+l+is+. . . as K. Conversely, C determines K.

EXAMPLES

Let p=2. To K=a¢*(p1—p:)?* corresponds the invariant C= (ab)?®
of degree 2 of f=a,**=0,%. Again, to the covariant K¢! of ¢ corresponds
the covariant (ab)?S atb,! of the form a,25 tt=p,25 +¢,

ConcoMITANTS OF TERNARY FORMS IN SYMBOLIC NOTATION,
§§ 65-67

65. Ternary Form in Symbolic Notation. The general
ternary form is

f= Em ArsiX17X2%X3¢E,
where the summation extends over all sets of integers 7, s, ¢,
each 2 0, for which 7+s-+¢f=n.

We represent [ symbolically by
f=a,”=6,” e ey az=a1x1+ax2+aszxs, . . ..

Only polynomials in a1, a2, a3 of total degree # have an inter-
pretation and
ar’az’ast = .
Just as aifz—a2B1 was denoted by (eg) in §39, we now

write
ay a2 ag

(@By)=|B1 B2 Bs|
YT Y2 Y3
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Under any ternary linear transformation
T: 2= 5X1+mXo+ X3 (i=1» 2; 3)
a; becomes a;X1+4«a,X2+a; X3, and f becomes
n!

Emz‘l X1 XX = (e X1 +a,Xo -|—a;X3) .

Thus o, behaves like a covariant of index zero of f. Also
A =af’a nsart;

laf oy Qr
Be By Bs|=(aBy)(£n0),
Y Yq V¢

so that (aBy) behaves like an invariant of index unity of f.

EXERCISES
1. The discriminant of a ternary quadratic form a,?is § (a8v)?.
2. The Jacobian of agl, 82, vo® is Imn (aBy)ast ~18.™ " 1vz" L.
3. The Hessian of a,® is the product of (aBv)%:" ~28," “2y," "% by a
constant.
4. A ternary cubic form az3=g;3=. . . has the invariants

(aBY)(@B8) (av8)(Bv8), (aBy)(aBd)(ave)(Bve)(dep)2

66. Concomitants of Ternary Forms. If u;, ue, us are
constants,
Uz =U1X1+U2X2 +u3x3 =0

represents a straight line in the point-codrdinates x1, %2, 3.
Since w1, u2, uz determine this line, they are called its line-
coordinates. If we give fixed values to xj, x2, 23 and let the
line-codrdinates w;, u2, us take all sets of values for which
#z=0, we obtain an infinite set of straight lines through the
point (x1, x2, x3). Thus, for fixed «’s, #,=0 is the equation
of the point (%1, 2, #3) in line-codrdinates.

Under the linear transformation T, of § 65, whose deter-
minant (£9¢) is not zero, the line u, =0 is replaced by

Ux=U1X1+U2X2+U3X3=O,

3

in which 3
U= .21 oy, Uz= ‘21'71“‘; Us
s = =

1
I M e
N
S



94 ALGEBRAIC INVARIANTS

The equations obtained by solving these define a linear trans-
formation T; which expresses i, %2, us as linear functions
of Uy, Uz, Us and which is uniquely determined * by the
transformation 7. Two sets of variables x1, x2, 3 and u1, uz, u3,
transformed in this manner, are called contragredient.

A polynomial P(c, x, #) in the two sets of contragredient
variables and the coefficients ¢ of certain forms fi(x1, x2, ¥3)
is called a mixed concomitant of index M of the f’s if, for every
linear transformation T of determinant A0 on x1, x2, 3 and
the above defined transformation T'; on u1, #2, u#3, the product
of P(c, x,u) by A* equals the same polynomial P(C, X, U)
in the new variables and coefficients C of the forms derived
from the f’s by the first transformation. For example, u, is
a concomitant of index zero of any set of forms.

In particular, if P does not involve the #’s, it is a covariant
(or invariant) of the f’s. If it involves the #’s, but not the
x’s, it is called a contravariant of the f’s.

Since Uy=u;, Us=u,, Us=u;, we see by the last formula
in § 65, with v replaced by u, that (afu) behaves like a contra-
variant of index unity of ", and also like one of o,", 8.™.

For the linear forms a; and B;, (¢f#) has an actual interpretation.
For f=a;?= 3,2, where
J=a200%1% +@020%22 + B002%52 + 201100182 + 201 011X + 20 011023,
it may be shown that
A0 Aduo Gion U1
Qo Gozo Qonn U2
= (aBu)?.
dion Qomr Qoo2 U3

Uy U Us 0

By equating to zero this determinant (the bordered discriminant of
f), we obtain the line equation of the conic f=0.

67. Theorem. FEvery concomilant of a sysiem of ternary forms
is a polynomial in u, and expressions of the types oz, (aBy), (afBu).

* We have only to interchange the rows and columns in the matrix of 7 and
then take the inverse of the new matrix to obtain the matrix of the transforma-
tion Th. Similarly, 21, 2, are contragredient with u,, u,, if we have T, § 40, and

w = (m Ur—&U,) /(En), wa=(—mU+&U2)/(n).
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A concomitant of the forms fi(x1, x2, x3) is evidently a
covariant of the enlarged system of forms f; and »,. We may
therefore restrict attention to covariants. In the proof of the
corresponding theorem for binary forms, we used the operator
(1), § 42. Here we employ an operator V composed of six terms
each a partial differentiation of the third order:

9 0o 9
081 0& 0&

y-lo @ o|__ & _
om Omz Oms| 0£10m20%3 ’
9 9 0
of1 of2 0Ofs

the determinant being symbolic. It may be shown as in
§ 43 that
V(gng)" =n(n+1)(n+2) ()"

As in § 44, the result of applying V" to a product of % factors
of the type ay, I factors of the type B, and m factors of the
type v;, is a sum of terms each containing k—r factors a,
1—r factors B,, m—r factors v¢, and r factors of the type (e8y).

For the case of an invariant I, the theorem can be proved
without a device. In the notations of § 65, we have

1(4) =(&n$)M (a).
Each 4 is a product of factors ag, a,, a;r. Hence I(4) equals
a sum of terms each with A factors of the type a¢ N of type
a,, and X of type ;. Operate on each member of the equation
with V*. The left member becomes a sum of terms each a
product of a constant and factors of type (a8y). The right
member becomes the product of I(a) by a number not zero.
Hence I equals a polynomial in the (af7).
For a covariant K, we have, by definition,

K(4, X) = (&) K(a, x).

Solving the equations of our transformation 7 in § 65,
we get

(£99) X1=2x1(n23— n3f2) +a2(nsi1— mils) Fas(nife—n2t),
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etc. Replacing a1 by y223—v322, X2 by yaz1—y123, and x3 by
Y132 — Y231, we get
(En8) X1 =2 — Ye2a,

(&n8) X2 =yeze— ez,
(En0) X3 =y, — Yzt
Our relation for a covariant K of order w now becomes
Z(product of factors ag, ys, 3¢, gy « - -, 3) = (EnO)T*K(a, ),

each term on the left having A+ w factors with the subscript £,
etc. Apply the operator V to the left member. We obtain
a sum of terms with one determinantal factor (a8y), («8y) or
(ayz) =az, and with A+ w—1 factors with the subscript £, etc.
The result may be modified so that the undesired factor («8y)
shall not occur. For, it must have arisen by applying V to
a term with a factor like a8,y and hence (by the formulas
for the X,) with a further factor z, or z;. Consider therefore
the term CogB,y:2, in the initial result. Then the term
—CaB,y,%c must occur. By operating on these with V,
we get C(aBy)z,, —C(aBz)y.,, respectively, whose sum equals

Ct (6}’2)“'0 - (ayz)ﬁn} = C(Bzan —azﬂn);

as shown by expanding, according to the elements of the last
TOW,
air B1 Y1 =
a2 B2 Y2 22
a3 B3 Y3 23
oy By Yo %

I
e

The modified result is therefore a sum of terms each with
one factor of type (eBy) or a: and with A4w—1 factors with
subscript ¢, etc.

Applying V in succession A4« times and modifying the
result at each step as before, we obtain as a new left member
a sum of terms each with N+w factors of the types (afy) and
a; only. From the right member we obtain #nK, where » is
a number0. Hence the theorem is proved.
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68. Quaternary Forms. For a;=a1x1+. . .+asxy,
f=azﬂ =ﬁzﬂ . ,yzn —_ 6zn

has the determinant («8y3) of order 4 as a symbolic invariant
of index unity. Any invariant of f can be expressed as a
polynomial in such determinantal factors; any covariant as
a polynomial in them and factors of type a;. In the equation
uz=0 of a plane, ui, ..., ug are called plane-codrdinates.
The mixed concomitants defined as in §66 are expressible
in terms of #, and factors like az, (¢8v38), (¢By%). For geometrical
reasons, we extend that definition of mixed concomitants to
polynomials P(c, x, u,v), where vy, . . .,vsaswellasuy, . . ., us
are contragredient to i, ..., ®4. There may now occur
the additional type of factor

(aBuv) = (1B2 —aoPr) (usva—uqvs) +. . .+(c3Bs —ufB3) (102 —1201).
These six combinations of the #’s and 9’s are called the line-
coordinates of the intersection of the planes #.=0, v,=0. For
instance, (afuv)2=0 is the condition that this line of inter-
section shall touch the quadric surface a;?=0.

We have not considered concomitants involving also a
third set of variables w1, . . ., w4, contragredient with the x’s.
For, in

ui1x1+. . Fusxs=0, X1+, . Fvax4=0,
wix1+. . Fwirs=0,

%1, . . ., %4 are proportional to the three-rowed determinants
of the matrix of coefficients, so that (auvw) is essentially a;.






