CHAPTER 3

Manifolds with hyperbolic ends

1. Classification of 2-dimensional hyperbolic manifolds

The hyperbolic manifold is, by definition, a complete Riemannian manifold with
all sectional curvatures equal to —1. General hyperbolic manifolds are constructed
by the action of discrete groups on the upper-half space. The resulting quotient
manifold is either compact, or non-compact but of finte volume, or non-compact
with infinite volume. In the latter two cases, the manifold can be split into bounded
part and unbounded part, this latter being called the end. To study the general
structure of ends is beyond our scope. We briefly look at the 2-dimensional case.

1.1. Mdbius transformation. Recall that Cy = {z = z +iy;y > 0} is a
2-dimensional hyperbolic space equipped with the metric
(dz)? + (dy)?
y? '
Let 0C, = OH? = {(2,0);2 € R} Uco = R U co. For a matrix

7:<Z Z)eSL(ZR)

the Mobius transformation is defined by

(1.1) ds® =

(1.2) C,oz2—7-2:=

which is an isometry on H?. Since v and —v define the same action, one usually
identifies them and considers the factor group:

PSL(2,R) := SL(2,R)/{£I}.
The non-trivial Mobius transformations v are classified into 3 categories :
elliptic <= there is only one fixed point in C
= |try] < 2,
parabolic <= there is only one degenerate fixed point on 0C
= |try] =2,
hyperbolic <= there are two fixed points on 9C
= |try| > 2.
1.2. Fuchsian group. Let I' be a discrete subgroup of SL(2,R), which is
usually called a Fuchsian group. As a short introduction to the theory of Fuchsian

groups, we refer [81]. Let M = I'\H? be the fundamental domain by the action
(1.2). T is said to be geometrically finite if M is chosen to be a finite-sided convex
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96 3. MANIFOLDS WITH HYPERBOLIC ENDS

polygon. The sides are then geodesics of H2. The geometric finiteness is equivalent
to that T is finitely generated.

1.3. Examples. As a simple example, consider the cyclic group I'" which gen-
erates the action z — z + 1. This is parabolic with fixed point co. The as-
sociated fundamental domain is M = (—1/2,1/2] x (0,00), with which one can
endow the metric (1.1). It has two infinities : (—1/2,1/2] x {0} and oco. The part
(—1/2,1/2] x (0,1) has an infinite volume. Let us call it regular infinity in this
note. The part (—1/2,1/2] x (1,00) has a finite volume, and is called cusp. The
sides © = +1/2 are geodesics.

Another simple example is the cyclic group generated by the hyperbolic action
z — Az, A > 1. The sides of the fundamental domain M = {1 < |z| < A} are
semi-circles orthogonal to {y = 0}, which are geodesics. The quotient manifold is
diffeomorphic to S x (—o00,00). It is parametrized by (¢,7), where t € R/log \Z
and r is the signed distance from the segment {(0,%);1 < ¢ < A}. The metric is
then written as

(1.3) ds? = (dr)* + cosh® r (dt)?.
The part > 0 (or z < 0) of M is called funnel. Letting y = 2e~", one can rewrite

(1.3) as
dy\ 2 1 y\2
ds* = (—) + (—+ —) dt)?.
Y y 4 ()
This means that the funnel can be regarded as a perturbation of the regular infinity.

1.4. Classification. The set of limit points of a Fuchsian group I', denoted
by A(T), is defined as follows : w € A(T) if there exist zp € C; and distinct
Yo € 'y n=1,2,---, such that v, - zo0 — w. Since I' acts discontinuously on C_,
A(T) C OH2. There are only 3 possibilities.

e (Elementary) : A(T) is a finite set.

o (The 1st kind) : A(T') = OH.

o (The 2nd kind) : A(T') is a perfect (i.e. every point is an accumulation
point), nowhere dense set of OH.

If A(T') is a finite set, I" is said to be elementary. Any elementary group is either
cyclic or is conjugate in PSL(2,R) to a group generated by v -z = Az, (A > 1),
and v -z = —1/z.

For non-elementary case, we have the following theorem.

Theorem 1.1. Let M = I'\H? be a non-elementary geometrically finite hyper-
bolic manifold. Then there exists a compact subset K such that M\ K is a finite
disjoint union of cusps and funnels.

For the proof of this theorem, see [21], p. 27, Theorem 2.13.
One more explanation is necessary about Theorem 1.1. Let I' be a Fuchsian
group. For a point 2y € C,, we put

I.y={ve€l;v 20=20}
If T,, # {1}, 20 is called a fixed point of I'. A fixed point in C; is called an
elliptic fixed point. Let M;,4 be the set of elliptic fixed points of I'. By a suitable
choice of local coordinates, M = I'\H? becomes a Riemann surface, moreover by
introducing the metric y=2 ((dz)? + (dy)?)), M \ Maing is a hyperbolic manifold.
However, this metric is singular around the points from M;,4. In this case, there



2. MODEL SPACE 97

exists a neighborhood U of zyp € Mipng such that U =T',,\ B, where B is a ball in
H?. Then M turns out to be an orbifold. Theorem 1.1 also holds for the orbifold

case. However, in this note, we do not enter into the orbifold structure in detail.
The case I' = SL(2,Z) will be explained in §5.

2. Model space

By the above classification, it is natural to consider the manifold whose ends

are asymptotically equal to either Myeq = M X (0,1), or Mcysp = M x (1,00),

where M is a compact manifold, and the metrics of M,., and M., have the form
(dy)? + h(z, dz)
y? ’

where h(x,dz) = Z?;l hij(x)dz'dz? is the metric on M, z being local coordinates

on M. Let Ap; be the Laplace-Beltrami operator on M, 0 = Ag < A < -+

(2.1) ds® =

the eigenvalues, and ¢,,(z), m = 0,1,2,-- -, the associated complete orthonormal
system of eigenvectors of —A ;. We define for ¢ € L?(M)

(2'2) P = <¢)7 @m)L2(M) Pms

(2~3) Hm¢ = (¢7 Spm)Lz(M)-

We now let M = M x (0,00) equipped with the metric (2.1). The Laplace-
Beltrami operator on M is y*(92 + Apr) — (n — 2)yd,. We put

(n—1)? (n—1)°

4 4

Here we need to explain the change of usage of suffix. In Chapters 1 and 2, we
used the subscript 0 to denote unperturbed operators. However, in the sequel, we
use the suffix free for that purpose. The suffix 0 will be used to distinguish the case
in which the eigenvalue Ay = 0 is involved.

Spectral properties of H .. can be studied in essentially the same way as in
Chap. 2. We have only to replace the space L2(R"~!) by L?(M) and the Fourier
transform by the eigenfunction expansion associated with —Aj,;. The expansion
coefficient of f(x,y) is denoted by

(2'5) fm(y) = (f('ay)?spm)L?(M) = (Hm f) (y)
For f € C§°(M), we have

(Hmereef) (y) = Lfree(m)ﬁrL(y)a

where L¢yec(€) is defined by Chap. 1. (3.7). As in Corollary 1.3.10, for A, # 0,
the Green operator of Lfree(vAm) — A F i€ is

(Lfree(\/)\m)_)\iie))il :Gfree( )\m,ZFiv)\iie),

where G frec(C,v) is defined by Definition 1.3.5. The Fourier transformation asso-
ciated with L fee(v/Am) is given in Chap.1, (3.22):

(24)  Hpree = —y*(02+ Anr) + (n — 2)y0, — Ay

sinh(km 2 oo
26) (Ffme,mw)(k):(% h(km)) /0 y(n—1>/2K¢k(\/Ey)w(y);ig'

s

Letting ¢ = v/A,, in Theorem 1.3.13, we obtain the following theorem.
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Theorem 2.1. Let A\, # 0.
(1) Ftreem is a unitary operator from L*((0,00); dy/y™) onto L?((0,00);dk).
(2) For ¢ € D(Lfrec(vVAm))

(Ffree mLf'ree( \/ = kQ Ff’r’ee mw)( )
(3) For ¢ € L*((0,00);dy/y"™) the inversion formula holds :

Y= (Ffree,m)*Ffree,mw
e > (2k sinh(kn))'/?
=yt [ CEIEE L g (/) g (W)

0

We consider the case A\, =0, i.e. m =0:
n—1)2
Lfree(0) = —y285 + (n —2)yo, — %
Since this is Euler’s operator, we have

(Lirec(0) = AFi€)) ™" = G pree,0(FivVA £ ie),

du’
(27) Gfree 0(1/)7/) / Gfree O(ya y VW(?J )ﬁ;
1 [y =) T o<y <y

2.8 G Y v
= precalied:V) =3, yT )T, o<y <y

In the same way as in Lemma 1.3.8, we can prove

1G free.0(V) s < B |H¢||37

where the constant C is independent of v. The Fourier transform Fy,.. o associated
with L,c.(0) has 2 components:

+
(29) Ffree,O - (F}re)e 0 Fjg'r’e)e O)
(i) n— 1:|:zk dy
2.10 ree0?)( / U(y)—-
Let us check this fact. By (2.7), we have for w € C5°((0,00))
. ik (E)
. (3 ™ y ¢ Free()( ),(/}7 y_)07
Gfree,0(¢7lk)q/](y) ~ i% 5 L ik (j::)
y Ffree O(k)w’ Yy — 0.

On the other hand we have

(Gfree O( ) Gfree 0(7,](,’))1#

) 4”/ ) 21{)ik+(5)ik}w<y'>$n

_ L ik p(4) Lyik (=)
- 2]6\/% (y Ffree O(k)w + y Ffree O(k)w> )

Hence we have
1

2mi

! |(Ffreeo¢)( )|

([Gfree O( Zk) - Gfree,O(ik)jlwa 1/’) %
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Integrating this equality and arguing as in Chap. 1, §3, we obtain the following
Theorem 2.2. Alternatively, one can use the fact that

(Fpree,0t) (k) = (D(=k), (k) ) .
where 1) is the Fourier transform of Uip(t) = e~ (m= D2y (et). In fact, U is unitary
from L2((0,00);dy/y") to L*(R;dt), and we have

—1)?
(2.11) U (gﬁaj + (n — 2)yd, — <”4>> U* = -2

Theorem 2.2. (1) Ffreeo : L2((0,00);dy/y™) — (L*((0,00); dk))? is unitary.
(2) For f € D(Lfree,()(o))f
(Ffree,OLfree,O(O)f)(k) = k2 (Ff'ree,Of)(k>'
(3) For f € L?((0,00);dy/y"), the inversion formula holds:
f - (Ffree,O)* Ffree,Of

1 °° , e a(—
_ (n=1)/2 (, —ik 2(+) ik (=)
\/% ~/0 Y (y Ffree,()(k>f +y Ffree,O(k)f> dk.

We now return to the operator H ... whose resolvent is written as

(212)  (Hppee = AFi0) 7 = 3 0n(@) (CrreeV A FiVN Fin ) (0):

m=0

Here G free(vV A0, FiVA) = Greeo(FivA). Repeating the proof of Lemma 1.4.1,

we can show the following lemma.

Lemma 2.3. Hyree o 1s essentially self-adjoint.

0

Recall that the generalized Fourier transform is derived from the asymptotic
behavior of the resolvent at infinity. For M x (0, 00), there are two infinities ; y = 0
and y = oo, the former corresponding to the regular infinity, the latter to the cusp.
We put the suffix reg or ¢ for the Fourier transforms associated with regular infinity
or cusp.

Definition 2.4. Let D(M x (0,00)) be the set of functions f(z,y) € C*>°(M x

(0,00)) such that fm € C§°((0,00)), moreover f,, = 0 except for a finite number of
m. We put

h=L*M)®C, H=L*(0,00);h;dk),
£ :<f<i> £ )

free reg,free’Y c,free

and define on D(M x (0,00))

free,m?

(2.13) Fligree = 9 OO (k) Po @ Ff7)
=0

(2.14)

ree,m +
d , F;Te)e,o ()\m = 0)7

F(:I:) _ { Ffree,m ()\m 7& 0)
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Fik
(%2) owzo
(2.15) ) (k) = 2

+1 s
Foox (F) \[2 (m =0),

(216) f(i) =P ® F]Ej":e)e,O‘

c,free

We define B, B*, and L?**® by putting h = L?(M) @ C in Chap. 1, §2. Note
that, geometrically, B corresponds to the diadic decomposition with respect to the
geodesic distance, and B* to the integral mean over the geodesic ball. Let

Rpree(2) = (Hpree —2) 7
Then Theorem 2.1.3 remains valid for Hy,... if X* is replaced by L?5.

Theorem 2.5. (1) 0(Hfree) = [0,00).
(2) op(Hpree) = 0.
(8) For A >0 and f,g € B, the following weak limit exists
gi_r)%(Rf'ree()\ + ié)f, 9) = (Rfree(/\ + ZO)f, g)

Moreover

[Ryrec(A£10) fll5- < Cf|5,
where the constant C' does not depend on X if A varies over a compact set in (0, 00).
(4) Letting F) (k)f = (FE) £)(k) for f € DM x (0,00)), we have

ree free

1FE) (&) flln < ClIf|lss

ree
where the constant C does not depend on k if k varies over a compact set in (0, 00).
(5) FE) is uniquely extended to a unitary operator from L?(Mx(0,00); \/gardxdy/y™)

free

to H. Moreover if f € D(Hfree)
(FhreHpreef) k) = KA (FL 2 ) (K).

free free

Proof. The assertions (1), (2) follow from Lemma 1.3.2. Note that Ljfc.(0)
should be treated separately, however, it is easy by (2.11). The proof of (3) is
almost the same as Theorem 2.2.3 (2), (3), the term Ly,..(0) requires a small
change, though. In the next section, we shall give the proof for the more general
case (see Theorem 3.8). Applying Stone’s formulas for each L free(\/E), we have
L ([Rfree<)‘ + ZO) - Rfree(A - ZO)]fa f) = ||~7:(i) (k)f”Qa

27TZ ree

which implies (4). Since each Ffpee m is unitary, (5) follows. O

The relation of F ](cffe)e and the asymptotic behavior of the resolvent is as follows.

Theorem 2.6. For k>0 and f € B, we have

1 _ dy
2.17 lim Rifree(k? £i0)f — vE)|2, 1 — =0,
(2.17) A% Aog R o e yen [ Rree( )f PAIFEIEYs o

n— 7 +
vE) = wa (k) y VTR ER (),
dy

2.18 lim / Rjree(k? £40)f — 0|2 —~ =0,
( ) R—oo log R 1<y<R 1R gree 2 ||L2(M) y"
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Ugi) :wgf)(k;) (n—1)/2%ik () (k) f.

c,free

Here wy (k) is defined by Chap. 1 (4.15), and

Proof. By Theorem 2.5(3) and (4), we have only to prove the theorem for
f € D(M x (0,00)). Assume that f =0 for y < e and y > 1/e. Then if y < €, we
have by (2.12), (2.8) and Chap.1 Definition 3.5

Riree( k +40)f

\/—\/7 (n— 1)/2:szF;j:eeo(k)f0

E (n—l)/2 ) / r
Pm I i ( )\my)F ree,m(k)fm-
(2k: smh(k:ﬂ'))l/2 m>1 o d

Using Definition 2.4 and Chap. 1 (3.5), we obtain (2.17).
For y > 1/¢, we have by using Chap. 1 (3.10)

1 ~
[Rfree(k* £1i0)f — —==G free.0(Fik) foll 22
VIM]
dy ?
n 2
2 (/ [ Fmy <n+z~>/z> :
m>1

which proves (2.18). O

3. Manifolds with hyperbolic ends

3.1. The formula of Helffer-Sjostrand. We prepare a useful tool from
functional analysis introduced by Helffer-Sjostrand [49]. Let o € R, and suppose
f(t) € C>*(R) satisfies

(3.1) PO < Cr(1+ )7 %, Yk, VteR.
Then there exists F(z) € C°°(C) such that

F(t)=f(t), teR,

[F(2)] < C(1+2])7,

0-F(2)] < Cullmz|"(1 + |2])77"71, Vn,
supp F'(z) C {|Im z| < 2+ 2|Re z|}.

(3.2)

Here 0, = %(33; +10,). This function F' is called an almost analytic extension of f.
If f € C§°(R), we can construct F'(z) € C§°(C).

Let us explain the idea of the proof. For z € C, let (z) = (1 + |2|>)'/2. Take
x(y) € C5°(R) such that x(y) =1 (ly| < 1), x(y) =0 (ly| > 2), and put

N-1 .,
F(z) =Y ;—!ﬂ”)(x)y”x(%).
n=0
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Then we have

2.7(2) = @ ()

N-1 ., :
Yo gy () (L - Y
+T§)n!f (@)y X((@)((@ <x>3)'
On the support of the first term of the right-hand side, |y| < 2(z). Hence for
1 <n < N -1, it is dominated by C(z)° N|y|N=1 < Cly|"(2)° "1, On the
support of the 2nd term, (z) < |y| < 2(z). Hence, it is dominated by
-l y Yl
ey @yt ()| £ Gl exp 2 < Calyl ()7
2 (@) (@)

Hence, |0, F(2)| < Cy,|Im z|"(1+|2[)°~"~! holds for 1 <n < N —1. By the similar
computation, one can show |F(z)| < C(1 + |z|)?. For the general construction of
F(z), see e.g. [62] p. 363.

Lemma 3.1. Let f(t) and F(z) be as above. Suppose o < 0. Then for any
self-adjoint operator A, the following formula holds

F(A) = % /C TF(2)(2 — A)'dzdz,

Proof. For A € R, we have by the generalized Cauchy formula

1 Pe), 1 [ BFQ)

— dzdz.
211 \z|:RZ_)‘ 21 lz|<R z — =4z

F(\) =

Letting R — oo, we have

1 (TR,
F(/\)—m/c Z_)\dZdZ,

where the integral is absolutely convergent. Let E()) be the spectral decomposition

of A. Then we have
/ FVER)

f(4)
=2m/ /C — dcrdE(A)

= /8F Y(z—A)"tdzdz. O
27

Let us mention here useful formulas to compute the commutator of functions
of self-adjont operators. For two operators P, A, we put

ado(P, A) =P
ad, (P, A) = [ad,,—1(P, A), A], Vn>1.
If A is self-adjoint and f(s) satisfies |f(®)(s)] < Ci(1 + |s|)°~*, Vk > 0, we have
n—1 (_1)k71
(3:3) [P f(A) =D —adu(P, AP (4) + Ry,

k=1
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(3.4) =5 / 0.F(2)(A— 2)"tad, (P, A)(A — 2) " "dzdz.
(35) [P, f(A)] = Z f"“’( Jad (P, A) + Rn,p,

1)(n+1
(3.6) Ry, = / 0.F(2)(A — 2) "ad, (P, A)(A — 2) " dzdz.

Here, F(z) is an almost analytic extension of f, and we assume that
I(A = 2)""adn (P, A)(A = 2) | < Cllm 27" (2)#),
o —n+pu(n) <0,
in order to guarantee the convergence of the integrals (3.4), (3.6). Formal derivation
of (3.3), (3.5) is rather easy. However, rigorous derivation requires examination of

the domain of ad,, (P, A). When P and A are differential operators, this domain
question boils down to the regularity estimate for (A — z)~1.

2. Assumptions on ends. Now we consider an n-dimensional connected
Riemannian manifold M, which is written as a union of open sets:

M=KUMiU---UMy.
We assume that
(A-1) K is compact.
(A-2) M,NM, =0, p#a.

(A-3) FEach M,, p=1,---,N, is diffeomorphic either to M,y = M, x (0,1)
or to M. = M, x (1,00), M, being a compact Riemannian manifold of dimension
n — 1, which is allowed to be different for each p.

(A-4) On each M, the Riemannian metric ds* has the following form
(3.7) ds? =y 2 ((dy)2 + hy(z,dz) + Ap(x,y, dz, dy)) ,

n—1 n—1
AP($7 Y, dxv dy) = Z ap,z'j (l‘, y)dxldmj + 2 Z ap,z'n (.CU, y)dl’zdy + ap,nn (.’IJ, y) (dy)27

ij=1 i=1
where hy(x,dx) = sz;ll hyij(x)dz'dz? is a positive definite metric on M,, and
apij(z,y),1 <1,j <mn, satisfies the following condition
(38) D7D a(w,y)l < Cap(l+ [logy|) (2D va, 5

for some € > 0. Here D, = y0,, D, = 9(y)0z, gly) € C((0,00)) such that
gy)=y fory>2and gly) =1 for0 <y < 1.

Following Example 1.3, we call M, = M, x (0,1) a regular end and M, =
M, x (1,00) a cusp.

Let us note that the above model in particular contains H™. In fact, we take
K = B3(0,1), and M; = H" \ Big2(0,1), where B,.(0,1) is the geodesic ball of
radius r centered at (0,1). Using geodesic polar coordinates, M; is isometric to
571 % (log2,00) equipped with the metric (dr)? + sinh? 7(df)?. Taking e” = 2/,



104 3. MANIFOLDS WITH HYPERBOLIC ENDS

we see that M; = M,., = S"! x (0,1) equiped with the metric y~2 ((dy)2 +

(d6)? + (y' /16 — y?/2)(d6)? ).
The 2nd important remark is that, if M, is equal to M,..4, one can assume
that the above metric (3.7) takes the form

n—1
(3.9) ds* =y~ ((dy)2 + hy(x,dx) + Z ap7ij(x,y)dxidxj)

ij=1
and each ay;;(z,y) satisfies the condition (3.8). This can be proved in the same
way as in Theorem 4.1.6 to be given in Chap. 4. Therefore in the following we
consider the metric of the form (3.9) for such ends.

Let Ay be the Laplace-Beltrami operator on M. As has been discussed in

Chap. 2, §2, we pass to the gauge transformation

—1 2 -1 2
(310) _Ag — % — H =: —pl/4Agpil/4 — ¥,
where p € C°°(M) is a positive function such that on each end M,
— (p) ()
(3.11) p = det g/ det gy,

g;ﬁ)ee and ¢ being the unperturbed and perturbed metrics

(3.12) 90 =72 ((d9)* + hy(w, o)
(3.13) 9% =y ((dy)* + hy(x, dz) + Ay (2, y; dw, dy))
satisfying the above assumptions. Then H is written as
—1)2
(3.14) H= —AﬁLr%,

Ly being a 2nd order differential operator on M, and satisfies the following condi-
tions.

(A-5) H is formally self-adjoint. Namely,
(Ho,¥) = (p, HY), Vo,v € Cg°(M),
where ( , ) is the inner product of L*(M), ie,

<%w>:[;¢wmm

dM being the measure which coincides with the unperturbed metric on each M,y,.
(A-6) Ly is short-range on each M, (1 <p < N). Namely, if Ly is represented as

Ly = Z aa(ﬂﬁjy)Da; D= (Dszy) = (yaxvyay)a
|| <2
there exists a constant € > 0 such that
DS Dhan(w,y)| < Cpr(1+ [logy|) I+ =17< Vg, Vk.
We use the following partition of unity. Fix xg € K arbitrarily, and pick
Xo € C§°(M), such that

(2) = 1, dist(x,z9) < R,
XOWEI=0 0, dist (x,20) > R+ 1,
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where dist(z,x¢) is the distance between z and zy. Taking R large enough, we
define x; € C*°(M)j=1,...,N, such that

1—xo0(z), x€M;,
Xj(x):{ 0, xgé./\/lj
Then we have
N
Zj:o xj =1,

(3.15) suppx; C M;, 1<j<N,
Xo=1 on K.

For 1 < j < N, we construct y; € C°°(M) such that
suppx; C M;, X;=1 on suppy;.
Theorem 3.2. (1) H‘CgC(M) is essentially self-adjoint.
(2) oe(H) = [0, 00).

Proof. To prove assertion (1), we first observe that Theorem 2.1.3(4) and (6)
remain valid for H, if we substitute the spaces X'® with

L ={U e L},: /M (14 log® (d(x,20)))" [u(@)[* < oc}.

Using this analog of Theorem 2.1.3 (4), assertion (1) is proven in the same way as
in Theorem 2.1.4.

To show (2), we derive a formula for the resolvent by using the partition of
unity (3.15). Recall that M; is diffeomorphic to M; x (0,1) or M; x (1,00). Let
Hypee(jy be defined by (2.4) with M replaced by M, and put

(3.16) R(z)=(H = 2)"Y  Rpree()(2) = (Hpreetyy — 2) %

Note that we are using the suffix free(j) to specify unperturbed operators with
respect to the model space M; x (0,00). Since

(H_Z)Xijree(j)(z)%j = Xj +Xj (H_Hfree(j))Rfree(j) (Z)%j+[H7 Xj]RfTee(j) (Z)%ja

we have
XjRpree() (2)X; = R(2)x; + R(2)A4;(2)X;,
Aj(2) = [H, Xj]Ryree(;)(2) + X5 (H = Hree())Xj Rpree(j)(2)-
Letting
N
(3.17) Al2) =) A2,
j=1

we then have

N
R(z) = ZXijree(j)(Z)j(vj + R(2)(xo — A(2)).
j=1
By the assumption (A-4), R(z)(xo — A(z)) is compact. Indeed, for z ¢ R, A;(z)
is bounded from W22(M) to L?® with 0 < s < 1+ €. Since R(2) is locally
smoothening, this implies the desired compactness if one considers the adjoint

(A(2)" = xo)R(2)".
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To prove (2), we first show (—00,0) C o4(H). It is sufficient to prove that f(H)
is compact for any f € C§°((—o0,0)). Let F' be an almost analytic extension of f.
Then, by Lemma 3.1, we have

N
f(H> = Z 'f(Hfree(j))%j - Ka

K= / 0.F(z (xo — A(2)) dzdz.
2mi

Note that K is compact, since |0=F(z)] < Ci(1 + |2|)7%, for all [ > 0, and so is
R(z)(xo — A(2)). Since o(Hfpee(j)) = [0,00), we have f(Hfree(j)) = 0. Therefore
f(H) is compact, which proves o.(H) C [0,00). The converse inclusion relation is
proven by Weyl’s method of singular sequence as in Lemma 1.3.12. O

3.3. Limiting absorption principle.
Lemma 3.3. Let f(x) € L(0,00;dz) and put

0=/ 5w
Then for s > 1/2
/0 2267 |y (z) Pda < (23—1)2/0 25| f(2) P de.

Proof. We use the following inequality of Hardy : For p > 1, g(x) € L'(0, c0),
we put

F(x) = /00 g(t)dt.

/ F(z)Pdz < p? / j2g(x)Pde
0 0

([46], p. 244). Letting e =25 —1 > 0, y = z° for u(z) in the Lemma, we have

(25— 1) / 26Dy () 2 = / " Juy) Py,

1/6 _ / f l/e l/e ldz

By Hardy’s inequality, with g(z) = 1 f(2/€)2(1 —€)/e and p = 2,

Then we have

> € 4 > € €
| utra < 5 [ irarorsay
4 oo
= [ re)ratds
€Jo
which implies the Lemma. O

On each end M of M, the spaces L?#® B, B* are defined in the same way as
before with h = L?(M;). Using the above partition of unity y;, we put

N
lulls = lIxoullze + > Ixsulls,

j=1
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N
lulls = Ixoullz2 +_ lIx;julls,
=1

N
lulls= = lIxoullzz + D Ixjulls-,
j=1

where ||x;ul/s is defined by

oo dy 1/2
2s 2
el = ( [0+ o e, )
and ||x;ulB, ||x;u|s- are defined similarly.

Let us note that many a-priori estimates and preliminary results which are
proven in Chapter 2 for H” may be straightforwardly generalized for M. For
example, Theorem 2.1.3 remains valid if we use L% instead of X'*. Similarly,
Theorem 2.2.10 can be extended to the case in which (H — A)u = 0 in one of the
regular ends M, x (0,y0) (0 < yo < 1). Analogous extensions are true for Lemmas
2.2.4 ~ 2.2.8 and so on.

Lemma 3.4. Suppose all M; (1 < j < N) have a cusp. If u € B* satisfies
(H — Nu=0 for some A >0 and, on each M,

: 1 f 2 dy
then w € L*>*, ¥s > 0. Moreover, for any s > 0 and any compact interval I C

(0,00), there exists a constant Cs > 0 such that

(3.18) lulls < Csllullze, VA€ I

Proof. For simplicity’s sake, we assume that N = 1. Letting U = xiu and

M = M, we have for € > 0 given in the assumption (A-4)
n—1)2
( — yQ(QZ + An) + (n—2)yoy — %

UeB*, FelL>1t9/2

(3.19) _A>U:F’

In fact, F' consists of U and its 1st and 2nd order derivatives, which, by Theorem
2.1.3, are in L>»~(+9)/2 multiplied by functions decaying like (1 + |logy|)~'=¢, e >
0. Therefore, F is in L>(1+€)/2,

We apply the boot-strap arguments. In view of Lemma 2.2.6, letting h =
L?(M) and Aj; the Laplace-Beltrami operator on M, we have

(3.20) | AIV=aaURS < e (v
Let Py be the projection associated with the 0 eigenvalue of Ay, and put

Up=PRU, U =U-RU.

5 +IFIE)-

Then we have by (3.20)
1U"[|s < Cs((IU]
Since U’ satisfies the equation

(Ho — NU' = F' € L>(1+9/2,

B*—I—HFHB), Vs > 0.
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we have, by Theorem 2.1.3 (6), that
(3.21) U', D;U', D;D;U’ € L>01+9/2,
Letting
t=logy, uo(t)=e ""VPU(e"),  folt) = e "TIEER(),
we see that ug(t) satisfies

(=07 = Nuo = fo,

1 R
(3.22) lim / ug(t)|?dt = 0,
AR |uo(t)]
(141972 fo(t) € L*((2, 00); dt).

Recall that the Green function of the 1-dimensional Helmholtz equation

(—ﬁ—z)uzf, Imz>0

L (- .
is given by We“/g‘t sl Hence ug is represented as
z

i X i jt—s| iVt NV
uo(t) = e s)ds +Cie +C_e
ot 2\5\/0 ole) i

. t - oo
_ ¢ iVA(t—s) s / iVA(s—t)
= e s)ds + e s)ds
= o) + 2 | ol
4 C+ei\/xt 4 C,G_iﬁt.

Since fo(t) € L*((0,00));dt), we have

uo(t) ~ (C+ + / e*iﬁsfo(s)ds) VM 4 O_em VMt o0,
0

2VA
O VAL N RNV —i/At _
ug(t) ~ Cye + (C, + 2\&/0 e fo(s)ds>e , t— —oo.

They imply, by (3.22),

i oofiﬁs
C,=0=-— e s)ds,
+ 2\5\/0 fo(s)

i Ooi\/Xs
C_=0=-— ds.

2\5\/0 € fo(s)s

We then have

ot —iv/At = ivAs _eiﬁt x —iv s
uo(t) = o (e /t eV fo(s)ds /t e fo(s)ds).

Using Lemma 3.3, we then have

d
(3.23) (14 1) 2y, (1 —l—t)(_“”)/zauo € L2((0, 00); dt).
Then by (3.22), we also have
d2
(3.24) (1+ t)(*1+6)/2ﬁu0 € L?((0,00); dt).

By (3.21), (3.23) and (3.24), we have U, D;U, D;D,;U € L*(=1%9/2_ Hence we have
Fec L2,(1+26)/2‘
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We return to the equation (3.19), and apply the same arguments as above.
Then we have U, D;U, D;D;U € L*(=1429/2 hence F € L2(1+39)/2 We repeat
these procedures to obtain U € L*(=1+N€)/2 YN > (0 and the inequality (3.18). O

Theorem 3.5. (1) If one of M, has a regular infinity, o,(H) N (0, 00) = 0.
(2) If all of M have a cusp, then o,(H)N (0, 00) is discrete with finite multiplicities,
whose possible accumulation points are 0 and oco.

Proof. We shall prove (1). Let u be the eigenvector of H with eigenvalue
A € (0,00). Applying Theorem 2.2.10 on M; having a regular infinity, we see
that u vanishes in a neighborhood of infinity of M;. By the unique continuation
theorem, v vanishes identically on M.

To prove (2) assume that there exist an infinite number of eigenvlaues (counting
multiplicities) in a compact interval I C (0,00). Let u,,n = 1,2,---, be the
associated orthonormal system of eigenvectors. Choose g € K arbitrarily, and
let xgr be such that x(z) = 1 for dist (z,z9) < R, x(x) = 0 for dist (z,z0) >
R. By (3.18), for any € > 0, there exists R > 0 independent of n such that
(1 — xr)un|2 < € and ||xrUn||r2 > 1 — 2y/e. Using Rellich’s theorem, one can
choose a subsequence of {Xgun},>1 Which converges in L?,

XRUn = U, |Jufg2 > 1-2Ve
Thus, for sufficiently large n,m,
(Un, um) = (XRUn, XRUm) + ((1 = XR)Un, XRUM)
+ (XRUn, (1= XR)Um) + (1 = XR)tUn, (1 = XR)Um)
>(1-2Ve)?=3¢>0, ife< %.
This is a contradiction to (u,,, u;,) = 0. O

Theorem 3.6. Suppose A > 0, and u € B* satisfies (H—\)u = 0. Furthermore,
assume that, when M; has a regular infinity,

1 1/2 dy
lim / u(-,y 2y — =0,
g | Ol

and when M; has a cusp,

) 1 B 2 dy

Then:
(1) If one of M; has a regular infinity, then u = 0.
(2) If all of M; have a cusp, then u € L**, Vs > 0.

Proof. Applying Theorem 2.2.10 to M; with regular infinity, we see that u
vanishes on an open set of M;, hence v = 0 by the unique continuation theorem.
The assertion (2) follows from Lemma 3.4. O

As in Chap. 2, §2, we put
—1
o1 (\) = ”T iV

We say that a solution v € B* of the equation
(H-XNu=feB
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satisfies the outgoing radiation condition, when M has a regular infinity , if

) 1 1/2 ) dy
329 g [ D, e Q)0 sy =0

and when M; has a cusp

R ) p
/2 1(Dy — U—(/\))u(-,y)HLz(Mj)y—g -

The incoming radiation condition is defined similarly by exchanging o, (A) and
o_(N).

Let us remark that, compared to the case of H" (see Chap. 2, (2.20)), the
condition (3.26) seems to be confusing. Due to the presence of 0-eigenvalue of Ay,

2 li
(3.26) Jre log R

there exist generalized eigenfunctions for H .. which behave like y(m—1/2£iVX 4
y — oo. To distinguish these two functions, we need (3.26).

Theorem 3.7. Let A > 0 and suppose u € B* satisfies (H — X\)u = 0 and the
outgoing or incoming radiation condition. Then:
(1) If one of M; has a regular infinity, then u = 0.
(2) If all M; have a cusp, then u € L**, Vs > 0.

Proof. We assume that the ends M;, ---, M, have regular infinities, and
Mg, -+, My have cusps. Recall that for 1 < j < pu, M; is diffeomorphic to
M;x(0,1), and for p+1 < j < N, M; is diffeomorphic to M; x (1,00). Let {x;}7L,

be a smooth partition of unity such that E;V:O X; = 1 on M, and suppx; C M;
for 1 < 7 < N. We shall assume that for 1 < j < p,

L, (y<1/2),
xi(y) = 0, (y>3/4),
and for p+1<j5 < N,

0, (y<3/2),
xj(y)z{L > 2)
We take p(t) € C§°(R) such that p(t) = p(—t) and
e, |t <1,
plt) = {0, 1] > 2,

where ¢ is a positive constant such that

We put .
o0 = [ ooris, vl = [ pls)as
" et = o (122, wnl) = (12%).

Then we have
xi(Wer(y) € CP(M;) for 1<j<p,
Xi(W)Ur(y) € CF(M,) for p+1<j<N.



3. MANIFOLDS WITH HYPERBOLIC ENDS 111

Moreover,
(3.27) Jim or(y) =¢(0) =1, lim ¢r(y) =¢(0) =1.
Since (H — A)u = 0, we have

0= ((H — Nu,xjoru) = (u, [H, Xjpr]u).
Therefore, we have

(u, [H, Xjlpru) + (u, x;[H, ¢rlu) = 0,
(u, [H, X;]Yru) + (u, X; [ Yrlu) =0,
(u, [H, xou) =
We add them, and let R — oo. Then by (3.27 )

1% N N
> (w, [H, x;)eru) + Y (u, [H, x5)vru) + (u, [H, xolu) = > (u, [H, x;]u) = 0.
j=1 j=p+1 j=0

Therefore, as R — oo,
% N
(3.28) Z(u,xj [H, prlu) + Z (u, x;[H,Yrlu) — 0.
j=1 j=p+1

We put

n—1)>2
Vj:H—<—D§+(n—1)Dy—y2AMj—%).
Then we have, for 1 < j < p,

(3.29) 2 logy n—1 1
=— D,— —— ——L;g.
log R” (logR> (Dy =)+ log BT
Here L; g is a 1st order differential operator
(330) Lj,R = aj,R(xv y)Dy + bj,R(x7y)D$ + C4,R;
whose coefficients satisfy, due to (3.8),
(3.31) |aj.r(z, )| + [bj.r(z, )| + e r(z,y)| < C(1+ |logy|) ™!
where the constant C'is independent of R > 1. Similarly, we have, for u+1 < j < N,
[H,¢r] = [~ D + (n = 1)Dy, ¢r] + [V}, &
(3.32) 2 logy n—1 1
log R” (logR) (Dy = =)+ log B

where L; r is a 1st order differential operator having the same property as above.
In view of (3.28), we then have

2 logy n—1
. [ o -
(3:33) * Z logR(ij <logR> (Dy 2 Ju.u)
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We consider the case when u satisfies the outgoing radiation condition. Then we
have, by (3.33),

Qz\f logy
.34
(3:34) ZlogR lo R)u,u)—>0,

since one can replace (D, — (n — 1)/2) by —iv/X for 1 < j < p, by iv/A for
p+1<j<N,and (x;Ljru,u)/log R — 0. This shows that, for 1 < j <N,

I logy 2 dy
i) PG e 0) ) S =0

Thus, u satisfies conditions of Theorem 3.6, providing the desired result.
The case in which w satisfies the incoming radiation condition is proved simi-
larly. O

These preparations are sufficient to prove the limiting absortion principle for
H as in Chap. 2, §2.

Theorem 3.8. For A € 0.(H) \ 0,(H), there exists a limit
liir(l) R(\ +i€) = R(A +i0) € B(B; B)
in the weak * sense. Moreover, for any compact interval I C o.(H) \ o,(H), there
exists a constant C > 0 such that
[R(A£40)fllz- < C|fllz, A€l

For f € B, we put w = R(A\£140)f. Then u is a unique solution to the equation
(H — XNu = f satisfying the outgoing (for the case +) or incoming (for the case
— ) radiation condition. For f,g € B, (R(A £10)f,g) is continuous with respect to
A€ o.(H)\ op(H).

In order to prove Theorem 3.8, recall that Lemmas 2.2.4 ~ 2.2.9 also hold for
M; x (0,00) with h replaced by L2( ;). Let x; be the partition of unity (3.15),
and put u = R(A+ie)f, u; = xju. Then with € defined by (3.8),

(3.35) lujllg < Cs (Il + llull-s),  1/2<s<(1+€)/2,
where Cj is independent of A € I. Indeed, we first observe that
(H - A= iE)Uj = Xjf + [H, Xj]u.

By Theorem 2.1.3 (6),
[1Diujll—s, [ DiDrujl| -« < Cs (£l + llusll-s)
and as [H, x;], [Hfree(j), Xj] are compactly supported, we also have
ILH, x5l ulls, | [Hpree)s x5] ulls < Cs (£ 115 + [lugll-s) -
At last, rewriting the equation for u; as
(Hyree() = A —i€)uj = X;f + [Hree(s), Xslu+ x5V,
and using (3.8), we obtain (3.35) by Lemma 2.2.9. Summing up (3.35), we obtain
ullg- < Cs ([ fll5 + lull-s),  1/2<s<(1+¢€)/2,

Once we have derived this estimate, the remaining arguments are essentially the
same as those in Chap. 2. Namely, arguing in the same way as in Lemma 2.2.13,
we can prove the following lemma.
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Lemma 3.9. Take s > 1/2 sufficiently close to 1/2. Let I be any compact
interval in (0,00) \ op(H), and put J ={A L i A€ 1,0 <e<1}.
(1) There exists a constant Cs > 0 such that

sup || R(2) fl|-s < Cs||f]]5-
zedJ

(2) For any f € B and X € (0,00) \ 0,(H), the strong limit lim._.o R(A£10) f exists
in LS.
(3) R(A£10)f is an L*~*-valued continuous function of A € (0,00) \ o, (H).

Since L?* (s > 1/2) is dense in B, Theorem 3.8 follows from Lemma 3.9 and
(3.35). O

3.4. Fourier transform associated with H. One can apply the abstract
theory in Chap. 2, §4 to H after suitable modifications. However, we shall give
here a direct approach to the spectral representation for H.

Let Hy,cc(j) be as above and x; as in (3.15). We put

(336) VYJ =H — Hfree(j) on ./Vlj.

This is symmetric, since so are H and H fy.c.(;) on Cg°(M;). Using

(3:37)  (Hfree(j) = Mxi RO £10) = x; + ([Hfree(j)vxy'] - Xj‘7j> R(A +£10),
we have
R()‘ + 20) = Rfree(j)()‘ + iO)XJ

(3.38) | _ |
+ Ryree(s) (A £ 10) ([Hfree(j)’ X5] — XjVj) R(\ £0).

This formula suggests how the generalized Fourier transform is constructed by the
perturbation method.

3.4.1. Definition of fj(cfe)e(])( ). Let 0= Xj0 < Aj1 < Aj2 <--- be the eigen-
values of the Laplace-Beltrami operator on M; and |[M,;|™Y/2 = ¢, 0,01, ¢j2, -

the associated orthonormal eigenvectors, where |M;| is the volume of M;. We
define, for ¢ € L*(M;),

(339) P],M¢ = (¢7 @j,m)L2(Mj)§0j,’m’

(3.40) Ijmd = (&, 05.m) 12 (ar,) -

Assume that for 1 < j < pu, M, has a regular infinity, and for p+1 < j < N,
M has a cusp.

(i) For 1 < j < pu (the case of regular infinity), we define

(i) A (+)
(341) free(]) Z O P]’m ® Ffree(j)’m(k%
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where FfY) . is defined by (2.6), (2.10), (2.14) with M replaced by M;, and

C’J(jfn) (k) is the constant in (2.15) with A, replaced by A; ., i.e.

Fik
vV Aj m
() (;) ’ ()‘],m % 0)7
(3.42) Cim(k) = ..
i s
—— = im=0).
For(i 20 P =0)
. . + +
Thus, in this case, F}re)e(j)(k) = F:eg)’free(j)(k), see (2.13).
(ii) For p+ 1 < j < N (the case of cusp), we define
(£) _ (+)

(343) ‘/T,free(j) (k) - Pj,O ® Efree(j),()(k)'

Thus, in this case, F{2) (k) = &) (k), see (2.16).

free(j) c,free(j)
3.4.2. Definition of F*) (k). For 1 < j < N, we define
+ + .
(3.44) Fi (k) = Fp ) (0)Q5 (K % i0),

(345)  Qj(2) =x; + ([Hfree(j)>Xj] - XjVj) R(z) = (Hyree(s) — 2)x; B(2):
Finally, we define the Fourier transform associated with H by
(3.46) FEk) = (F k), F (k).

3.4.3. Asymptotic expansion of the resolvent. For f,g € B* on M, by f ~ ¢
we mean that on each end the following expansion

R
d
| mw)l ) = 9 Eaqas S =0
1/R Yy

I
Ao log R
holds, where p;(y) =1 (y < 1), pj(y) =0 (y > 1) when M, has a regular infinity,

and p;(y) =0 (y <1), pj(y) =1 (y > 1) when M; has a cusp. Applying Theorem
2.6 on each end, we get the following theorem.

Theorem 3.10. Let f € B, k* € 0.(H) \ 0,(H), and x; the partition of unity
from (3.15). Then we have

m
R(k2 +1i0)f ~ w4 (k) Z ij(nfl)/Qq:zk]:J(i)(k)f
j=1

N
+wi? (k) D7 Xy VERES (k) £,
J=p+1

We put

(3.47) h, = (
J
As a matter of fact,
PjoL*(M;) = Cpjo={cpjoi c€C}Y, pj0=|M;|7"2
equipped with the inner product

2 N 2
L (Mj)) ® < ® PjoL (Mj)> :
1 j=p+1

I P=

(3.48) (c105,0, C299j,0)c; = C1Ca-
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For ¢, € h,, we define the inner product by

w N
(3.49) (6, V)nw = Y (65, 05) ey + Y (65, %5)c,
i=1 j=pt1
We then have the following lemma.
Lemma 3.11. For f,g € B and k* € 0.(H) \ 0,(H),
k
— ([R( +i0) = R(K* = i0)] f.9) = (FO (k) £, 7S ()g)
Proof. Take x € C§°(R) such that x(t) =1 (|t| < 1), x(t) =0 (]t| > 2). Let
Xr € C§°(M) be such that xg = 1 on a neighborhood of K, xgr = x(logy/log R)
on each M;, where R > 0 is a large parameter. Let x; be the partition of unity
from (3.15). Putting u = R(k? +1i0)f, v = R(k? 4+ i0)g, we have
N
(XRua HU) - (HU, XRU) = ([Ha XR]ua ’U) = Z(Xj [H7 XR]uv U)a
j=1

oo

since xr = 1 on a neighborhood of supp xo. Next we take x; € C*°(M;) such that
supp X; C M, and x; = 1 on supp x;. Then, by Theorems 3.8, 2.1.3 (5) and (3.8),
we have, as R — oo,

Mz

(xru, Hv) — (Hu, xrv) = > (X;[H, xr]X;ju:v)

<.
Il
—_

I
M=

(X] [Hfree(]) XR}XJU U) + 0(1)

<.
Il
—_

On each end, we have

202 _ 2 ,( logy n—1
[—y Oy + (n—2)y3y,xR} N _logRX <logR> (Dy B T)

_ 1 ? " ( logy )
log R X log R/’
Therefore,

~ 2 logy n—1
(X5 [H frees)> XRIX U, v) = “lg R (X X (logR> (D - 2>u,v> +o(1).

Since, by Theorem 3.8, u satisfies the outgoing radiation condition, for 1 < j < p,
one can replace (D, — (n — 1)/2)u by —iku. Hence,

~ 2ik logy
(G H pree(i), XRIXju,0) = log R <XjX/<10 R)%”) +o(1)

2ik gy o1+ (+)
. " EYRYE,F (K 4+ o(1
log R 2k?2 (X X (logR)y i (k) F(R)g o(1)

_ T () (+)
= TEYWLFE®) o),

where we have used Theorem 3.10 in the 2nd line, and

1 0 ] d
/ N ( ogy) v_q
logR J_ log R
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For u4+1<j <N, one replaces (Dy — (n—1)/2)u by iku, and uses

/°° logy dy
X =-1
0

log R logR
to obtain
. _ 2ik log y
OOl xalSu) = (0 ({80 + o)
= TEP®LFD ), +o1).
Using

(xru, Hv) — (Hu, xrv) — (u,g9)— (f,v)
= (R(K*+10)f,g) — (f, R(k* +i0)g),

we complete the proof of the lemma. O

We put
H = L?((0,00); hoo; dk).

Theorem 3.12. We define (F (i)f)( ) = FEE)f for f € B. Then F&)

is uniquely extended to a bounded operator from L*(M) to H with the following
properties.

(1) Ran F&*) = H.

(2) f| = 1FE I for f € Hae(H).

(3) FEf =0 for f € Hy(H).

(4) (FEHS) (k) =k (FE[f) (k) for f € D(H).

(5) FE (k)* € B(hoo; B*) and (H — k*)F®E) (k)* =0 for k? € (0,00) \ 0, (H).

(6) For f € Ha(H), the inversion formula holds:

f= (j:(i)) F&) f= Z/ ]:(i) f(i)f)( )dk

Remark The meaning of the integral in (6) is as follows. Let (0,00) \ 0,(H) =
U2, I, I; = (ai, b;) being non-overlapping connected open interval. For g(k) € H,
we have by (5)

bz‘ €

/ FH (k)*g(k)dk € B.
Vaite

As a matter of fact, it belongs to L?(M), and

Vbi—e
lim F (k) g(k)dk € L*(M)
e—0
Vai+e

in the sense of strong convergence in L?(M). Denoting this limit by

(£) 1.\ *
| FE0wrgwar,
VI
we define

/0 FF (k) g(k)dk = Z / F (k) g(k)dk
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Proof. Let E(\) be the spectral decomposition for H. Since the interval (a;, b;)
does not contain eigenvalues of H, we have by Lemma 3.11 and Stone’s formula

Vbi—e
o | (O i) - RO pax= [ FEw P,
T Jai+e Vaite

for f € B. When € — 0, the left-hand side converges to (E((a;, b;))f, f). Therefore,
so does the right-hand side and

(E(L)f, f) = /ﬁ | FE) (k) £1|2dk.

1 bi—e

Since the end points of (a;.b;) are eigenvalues, we have adding these formulas

(BU(0.50)\ Us,enn (0D f 1) = [ 17 @) P
Let P,.(H) be the projection onto the absolutely continuous subspace for H. Then
E((0,00) \ U, o, () {An}) = Pac(H).

Therefore, we have

(Pacli)fs) = [ T F k) 1P

0
which proves (2), (3).
Let f € C§°(M). By (3.44), (3.45) and Theorem 2.1 (2), we have

FERYH - k) f = FE  (1)Q; (K £ i0)(H — k) f

J free(s)
+
= fj(fre)e(j) (k)(Hfree(j) - kQ)Xjf =0.
To prove (4) for f € D(H), we have only to approximate it by a sequence in

C§e(M).

Theorem 3.8 and Lemma 3.11 imply that F®*) (k) € B(B;hy,). Therefore,
FE)(k)* € B(hoo; B*). This and (4) yield (5).

To prove (1). we have only to show that Ran F(*) is dense in H, since Ran F(*)
is closed by (2), (3). The idea is the same as the case of Lemma 1.3.19. For the sake
of notational simplicity, we assume that there are only 2 ends, M; with regular
infinity and My with cusp. Suppose

(p1(k), p2(k)p2,0) € hoo = L?((0, 00); L*(My); dk) x L*((0, 00); C; dk),
where 9o = |Ma|~'/2 is the eigenfunction of Ay, associated with zero eigenvalue,

is orthogonal to Ran F(). Let {e1,ea,-+-} be a complete orthnormal system of
L?(My), and put

(Pl,n(k) = ((Pl(k)> en)Lz(Ml)'

Let £(1) be the set of Lebesgue points of ¢ € L}, .((0,00)) introduced in the proof
of Lemma 1.3.19. We take

re (M £lprn) N (LUler®Z2n))) N (£62)) 0 (£e22).
Let {x; ?:0 be the partition of unity from (3.15). We fix m arbitrarily, and put

up = wi (O)x1 1)y V2 ae, + 0l (0x; (1) y ™D 2 Bpg o,
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a, 3 being arbitraily chosen constants. We further put
(H - KQ)Ug = gy-

Then, as can be checked easily, go € L>(119/2 and by Theorems 3.8 and 3.10, uy is
written as up = R(¢? +i0)ge. Moreover, etting F () (k)ge = (Cy1(k), C2(k)pa), we
see that (C1(k), C2(k)pa,) is an L?(M;) x C-valued continuous function of k > 0,
satisfying

(3.50) (C1(0), en) = dmna, Cy(l) = B.

By our assumption, (¢1(k), p2(k)pao) is orthogonal to F ) (k)Eg(I)gs, I being
any interval of (0,00). Hence,

/1 ((sol(k), C1(k)) L2,y + goz(k)cz(k)) dk =0

for any interval I C (0,00). By the same arguments as in the proof of Lemma
1.3.19, we then have

1 l+e
(,02(/6)02 (I{i)dk‘ — Y2 (5)6

2e l—e

The 1st term is computed as

1 Z+€ 1 l+6
% (p1(k), C1(k)) L2 (aay)ydb = — (p1(k), C1(k) — C1(€)) 2 (a1, dk

€ Jo—e 2e l—e

1 Z+E

+ ? (‘Pl(k% Cl(g))LQ(Ml)dk

€ Jo—e

By (3.50), (¢1(k), C1(£))2(my) = $1,m(k)@, hence

1 €+e

% /, (01(k), C1(0)) L2 (ary)dk — p1.m(0)a.

We also have

l+e
% /g_ (p1(k),Ci(k) — C1(€)) L2(ary)dE

1 e , 1/2 1 [le , 1/2
<5 [ M@l x50 [ 100 = OBk )

—€ —€

The right-hand side tends to 0, since ¢ is an Lebesgue point of ||g01(/<:)\|2L2(M1),
and C(k) is an L?(M;)-valued continuous function of k > 0. We have, therefore,
obtained that

o1.m(0)a + @a(0)3 = 0.

Since «, f and m are arbitrarily, we have @1 (¢) = 0, p2(¢) = 0, which completes
the proof of (1). The proof of (6) is the same as Theorem 1.3.13. O
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3.5. S matrix. Asin Chap. 2, we can prove the existence and completeness of
time-dependent wave operators and introduce the Radon transform associated with
H. We give a breif sketch of the proof later. Here, instead of this time-depedent
approach, we construct the S-matrix by using the generalized Fourier transform.

The following theorem is proved in the same way as Theorem 1.4.3 with féi) (k)
replaced by F(#)(k), and is a generalization of the modified Poisson-Herglotz for-
mula.

Theorem 3.13. If k* ¢ 0,(H), we have
FE(K)B = he,

{fueB*; (H-k)u=0}=FF(k)hy

We derive an asymptotic expansion of solutions to the Helmholtz equation. Let
V; be the differential operator defined by

Vi = [Hpree(j) X51 — x;V; (1< <N),
where \7j is defined by (3.36). We put

o " —2ik —A —2ik
(3.51) Jilk)=>" <2”"> Pjm = <2M> (I = Pjo),

m=1
where Ajy; is the Laplace-Beltami operator on M; and P; is the projection onto

the zero eigenspace for Ayy,. For 1 < j,1 < N, we define S;i(k) € B(L2(M;); L2(M;))
by

T * — * .
ot (k) + ?J‘-}H(k)(vl) (f](”'r‘e)e(l)(k)> , I=si=wn

T * —
?‘7:.](+) (k) (‘/l) (F}re)e(l)

(3.52)  Su(k) = .
(k:)) . u+1<j<N.

Theorem 3.14. For ¢ = (Y1, -+ ,¥n) € heo, the following asymptotic expan-
ston holds:

N
(FO®R) 0 =D (7
j=1
ik - ik N
~ ;W—(k)EXJy(" 1)/2+zk¢ + (c) (k) Z ij(n—l)/Q—zkd)j
J=1 j=pn+1
ik N
_;“4(]{)22)( (n—1)/2 ik § ( )w
j=11=1
zk NN N
(C)(k) Z Z Xi y(n—l)/2+zk Sjl(k)wl'
T Jj=p+11=1

Proof. First note that by (3.44)

(353 (FO®) =y (Fhlpy®) +RO2+i0)(V) (Fi Lo ®)
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By (3.41), for 1 < j < p,
(Fhrcy®)) 0 = Z L) (Ffly ) Pt

_ C;?(’“) L y(n—l)/2+ikpj,0¢

V2T
(2k sinh(km))Y/2
+ Z C( ) 71(' )) y( 1)/2Kik( V /\j,m y) Pj,md)a
and by (3.43), for p+1<j <N,
(=) * _ 1 (n—1)/2—ik
(3.54) (ffreE(j)(k)> 0= 7Y 2

Since F(7)(k)* € B(hy;B*), we have only to prove the theorem for ¢ =
(¢1,--+ ,¥n) € hy such that for 1 < j < p, Pj 1, = 0 except for a finite number
of m. By using Chap. 1, (3.6), (4.15) and (4.18), for 1 < j < u, one can show

_ * Zk' L i
(fj(‘re)e(j)<k)) 1/)]‘ =~ ?w, (k)y( 1)/2+ kl/)j
(3.55) .

—2ik
- —wi(k) Jyn RN ( ) Pjm;.

m>1

We apply (3.54) and (3.55) to the 1st term of the right-hand side of (3.53). To the
2nd term, we apply Theorem 3.10. We then have, for 1 < j < p,

IR ik e
(fj( )(k‘)) Y ;w—(k)ij(n R

—?er(k)Z xiy "I ETR S (k)
=1
ik al o
*;w(f)(k) > oy RS (k)
l=p+1

Similary, one can show, for p+1<j < N,
_ * ik c n— —1
(FOw) v = Tem) gy,
ik 1 o
—?er(k) Z xiy "I ETER S (k)

=1

N
——w k) Y oy TS, (k)Y

l=p+1

Summing up these two formulas, we obtain the theorem. O

We define an operator-valued N x N matrix S (k) by

(3.56) S(k) = (Suk)).

and call it S-matriz. This should be more properly called the geometric S-matrix
in the context of Chap. 2, §6. This is a bounded operator on h.,. Similarly to
Theorem 2.7.9, we have the following asymptotic expansion.
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Theorem 3.15. (1) For any u € B* satisfying (H — k*)u = 0, there exists a
unique &) = (1/J§i), cee 5\?)) € h, such that

L N
u~w_ (k) Z X; y(n—l)/2+zk w](—) + w(f) (k) Z X; y(n—l)/Q—zk w](—)

J=1 Jj=p+1
H . N .

—w (k) Do xy TR — WO (k) Y xR
Jj=1 Jj=p+1

(2) For any ¥(7) € hy, there exists a unique ¥*) € hy, and u € B* satisfying
(H — k*)u =0, for which the expansion (1) holds. Moreover

¢t = Sk,

Proof. By Theorem 3.13, u € F(-)(k)*h.. Using Theorem 3.14, we prove the
result. O

Theorem 3.16. S(k) is unitary on h.

Proof. Let u € B* such that (H — k®*)u = 0. By Theorem 3.13, u =
FH (k) () € hy,. By similar arguments as in Theorem 3.14, with F(+) (k)*
instead of F(=)(k)*, one can show that there exists 1)(~) € h., such that the ex-
pansion in Theorem 3.15 (1) holds. In particular, v(*) = S(k)y(=). This means
that S(k) is onto.

Thus, we have only to prove that S (k) is isometric. Take ¢(7) = (

s UN
h, such that for 1 < j < p, Pj,mlbj('_) = 0 except for a finite number of m. We put
for1<j<up

(=) (=)
1

Py, (m = 0)
’ (V = ) D1+ ik) Pyt ™), (m #0)

uf? = e (k) (37 R ag0+ 3 v 2L A ) )

m>1
Then, as y — 0,
uf ) o o (k) g (y) y D,
For p+1< 35 <N, we put
(3.57) uf ™ = Wl (k) Xy y IR,

and define
N
ul?) = Zugf), f=(H-E)u'") es,
j=1

u ) = RE2+i0)f, u=uP —u),
) = ]:(+)(]€)f.

) e
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Then, by Theorem 3.10, v and ¢(+) give the expansion in Theorem 3.15 (1). Lemma
3.11 implies

% (R(k* 4i0)f — R(k* —i0) f, f)

= o [ = @O, ).

Here we have used the fact that

R(k?* —i0)f = ul7),

1
lp(P)2 =
el

since u(~) is incoming. Now we do the same computation as in Lemma 3.11. Let
Xr be as in the lemma. Then,

(f.xru)) = (xru' ™, f) = ([H, xplu ), uH)

N
= Z(Xj[Hfree(]) XR]X] - )»u(i)) +0<1)
j=1

Recall that

2 logy n—1 _
Hireel =— "(—2)(D, — ——) + O(|log R|72).
[ free(g)s XR] IOgRX (lOgR)( Y 2 ) + (| 0og ‘ )
Then, for 1 < j < u, using the fact that u{~) has the form (3.57), we have
-~ (_ _ 2ik logy\ (=) (-
‘ . u) Yy = =) (=)
(X] [Hfree(j))XR]X] u , U ) - logR (X/(IOgR)u] 7uj > + 0(1)
2ik 1 logy (=)
= (k)|? 24
o 0F [ 3 (1) Lol 1 o)
m _
= I +o(1),
where, at the last step, we use equation (4.18) of Ch. 1.
Similarly, for p+1 <57 < N,
(G preeiy el w, ) = TP 4 o(1).
Taking R — oo, we obtain |[1)(F)|| = [|(7)]. O

Corollary 3.17. FM(k) = 5(k)F) (k).

Proof. The above f satisfies 1) = F&) (k) f. Since () = ( )9(=) and, by
(3.58), ¥(7) = FO)(k) f, the corollary is proved. O

3.6. Wave operators. We briefly look at the temporal asymptotics of e~ itVH f
for f € Hae(H). Let {x; é'\,:() be the partition of unity given in Subsection 3.2. We
can then show that

(3.58) Ixoe VEf|| -0, as t— Foo.

In fact, by approximating f, we have only to consider the case that f € D(H) N
Hae(H). In this case, we have yoe “VH f = yo(H + i) Le ®VH(H 4+ i)f. Since
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(H +14)f € Hae(H), we have xoe *H (H +4)f — 0 weakly as t — +o00. As also
Xo(H +i)~! is compact, this proves (3.58). It then implies

N
eV F = xge VI =0, as 1 oo
j=1
Consider the behavior of Xje”'t\/ﬁf on the end M. Suppose M is a regular end.

Then the argument in Chapter 2 Subsection 8.3 works well without any essential
change, and one can show that, as t — oo,

y(n—1/2

—it\/ﬁf .
- X
ovr o

Xje oik(—logy—t) (J:J(+)f) (k)dkH = 0.

Similarly, for g € LQ(Mj)a
(n—1)/2
‘ g /O ik tosr=t (D ) (k)dkH—>O.

Taking g = (‘7:](026(])) .7-";+) f, these two limits imply

Xje_it\/ﬁf ~ Xjeiit\/m(}—(ree@ ) f(+)f

We can prove similar formulae when M is a cusp. This means that, in the long-
run, the waves disappear from compact parts of the manifold, and, on each end,
they behave like free waves.

Similarly, we can prove

s — lim eV y eV Hrreeta) — (F)"F(H)

o Free(s)’

and, therefore, there exist the wave operators,

N
039 Wamg I I 3 () F L,
J:
Since f}je)e(]) are unitary, it follows from Theorem 3.12, that and W are complete:
Ran Wi = H..(H).

As in Chap. 2, §8, we construct Fy from F+), and define the Radon transform

by the formula

Raif) (s / ¢ (Fif) (k

( v ) (k)dk
Then Theorem 2.8.9 also holds on M.

4. Cusps and generalized eigenfunctions

In the following two sections, we consider the case in which M has only cusps
as infinity. We use the same notation as in the previous section, and for the sake
of simplicity assume that M has only one cusp and the manifold at infinity M
satisfies [M| = 1. In this section z denotes a point in M. Moreover, we assume:

(C-1) The end M is identified with M x (1,00) and the metric of M is
(dy)* + h(z, dx)

(4.1) ds® = Z gij(2)dz'dz? = My,
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where we typically use local coordinates z = (z,y), © = (x1,...,2,—1) being local
coordinates on M.

4.1. A remark on the S-matrix. In Theorem 3.15, we have proven that for
k > 0 such that k? € o,(H) and u € B* satisfying (H —k?)u = 0, there exist unique
constant functions 1*) € PyL?(M) such that
1T

(42) u~ w(_c) (k)y(nfl)/inkw(f) _ W$)<k>y(n71)/2+ik¢(+), ng) (k‘) _ :l:k 5

wgf)(k:) has natural extension to k < 0. Then taking u(k) = u(—k), we obtain, for
k < 0, a solution to (H — k?)u = 0 which also satisfies (4.2). With this in mind, we
change the notion of the S-matrix as follows. Let

N(k)—{ueB*; (—Ag—(”;l)z—k?)u—o}.

Then, for any 0 # k € R, such that k¥ ¢ 0,(H), dim A/ (k) = 1, and one can choose
a basis u(z, k) € N (k) satisfying

(43) w o~ y(nfl)/ink + Sv\(k)y(nfl)/2+ik7
S (k) being a complex number of modulus 1. Traditionally, we put
(4.4) S(s)=S(k), s=(n—1)/2—ik,

and call it the S-matrix.

4.2. Eisenstein series. We put
op(H) ={( € C; §2 € op(H)}.

Let x € C*°((0,00)) be such that x(y) =0 for y < 2, x(y) = 1 for y > 3. We define
for k> 0and e >0

. n—1
(4.5) p(z,k —ie) = x(y)y >
Due to (C-1), supp ([H, x]) € M x (2,3) and this function ¢ satisfies

(H — (k —ie)})p(z, k —ie) = 0.

+i(k—ie) _ R((k — 2.6)2) [H, X] y”;1+i(k7ie).

By the reasoning to be explained in the next section, this function is called
an Fisenstein series. As a function of k& — ie, this is meromorphic in the lower-
half plane and has poles at /o,(H) N C_. Note that in the standard notation,
we put s = (n — 1)/2 + i(k — ie) and regard ¢ as a meromorphic function on
{s € C; Res > (n —1)/2}. By the limiting absorption principle, letting ¢ — 0,
©(z, k — ie) is continuously extended to R\ \/o,(H).

Using the definitions (3.44), (2.16), (2.9), and (3.45) with V = 0, we have, for

k€ (0,00)\ \/op(H),

FO k) =

\/127( /M SR f(2) dM.

Hence, by Theorem 3.12 we have the following theorem.
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Theorem 4.1. F) maps Ha(H) onto L?((0,00); Po(L*(M)); dk). For any
f € L?(M), the inversion formula holds:

1 o0 ~
f6) = o= /O SLICTED DTS

o peners

where ; is a normalized eigenvector of H.

4.3. Theory of quadratic forms. Let us recall the theory of quadratic forms
associated with self-adjoint extensions of symmetric operators. For the details, see
e.g. [80] p. 322 or [62], p. 38. Let D be a dense subspace of a Hilbert space
‘H. A hermitian quadratic form a(-,-) with domain D is a mapping : D x D — C
satisfying

a(Au + pv,w) = Aa(u, w) + pa(v,w), Ap€C, wu,v,weD
a(u,v) = a(v,u), wu,v € D.
A hermitian quadratic form a(-,-) is said to be positive definite if there exists a
constant C' > 0, such that
a(u,u) > Clull?, ue€ D.

In this case a(-,-) defines an inner product on D. If D is complete with respect to
the norm ||ull, = v/a(u, uw), a(-,-) is said to be a closed form. We say that a(-,-) is
closable if, for any sequence u,, € D such that ||u,| — 0, ||ty — wm|le — 0, we have

|tn|la — 0. For a closable form a(-,-), we define a subspace D by
we D<= Ju, €D s.tffuy, —ul — 0, ||ty — Uml|la — 0.

For u,v € 15, there exist u,,v, € D such that u, — u, v, — v, ||ty — Um|le — 0,
lvn, — vmlle — 0. Then, the quadratic form, defined by

a(u,v) = lim  a(tm,,v,)
can be shown to be positive defnite and closed and is called the closed extension of

a(-,-). Then the following theorem holds.

Theorem 4.2. Let a(-,-) be a positive definite closed form with domain D.
Then there exists a unique self-adjoint operator A such that D(A) C D and

a(u,v) = (Au,v), we D(A), veD.

Moreover D = D(A'/?).

A quadratic form a(-,-) with domain D is said to be bounded from below if
there exists a constant Cy > 0 such that

a(u,u) > —Collul|®>, Vu € D.
In this case the quadratic form b(-,-) defined by
b(u,v) = a(u,v) + (Co + 1)(u,v)

is positive definite. a(:,-) is said to be closable if so is b(-, ). Let g(, -) be the closed

extension of b(+,-) . By Theorem 4.2, there exists a unique self-adjoint operator B
such that D(B) C D and

b(u,v) = (Bu,v), wue€ D(B), veD.
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Letting
a(“ﬁ U) = b(ua ’U) - (CO + 1)(“7 U)a
A=B—(Cy+1),
we have D(A) = D(B) C l~?, and
A>—Co, a(u,v) = (Au,v), we D(A), veD.

We call A the self-adjoint operator associated with a(:,-).

4.4. 0-mode boundary value problem. We show that the Eisenstein se-
ries ¢(z, k) is meromorphically extended to C with respect to k. Following the

arguments of [26], we consider the boundary value problem as below.
Recall that M is assumed to be

(4.6) M=KUM;, M;=Mx(1,0), |M|=1,
where K is compact. We can assume that

KN (M x(2,00)) =0.

Take a > 3, and put
er=KU(Mx(1,a)), M, =M x(a,00), I'*“=M x{a}.
Using the projections Py and P’ on L?(M),

(Pt (z / $()dMy, P'=1- P,
we define the following Hilbert space:
H L2( znt) D (P/ ® IG)LQ( ert) C LQ(M)v

with 7 : L2(M) — 'H being the associated orthogonal projection. Here, for any b >
0, Ig is the cut-off projector, in the y-coordinate, onto y > b. To define the Sobolev
spaces H™ (M), we use representation (4.6) of M. Namely, if U;, I =1,...,L,is a
coordinate covering of M, we use, as a coordinate covering of M,

L+P
M= U U,

where Uy = U; x (1,00), 1 = 1,..., L; {th} 4 L+1 being a coordinate covering of

M? .. Using the corresponding decomposMon of unity,

Lt+P
1= (z), supp(¥;)CU,

where we assume, for y > 2, U;(z,y) = ¥(z), supp(¢y) C Uy, 1 = 1,...,L, we

define
L+P

Iz a) = Z”\PlfHHm(ul)

Here H™(U;),l=L+1,...,L + P, are usual Sobolev spaces, while

o dy
||\Illf||Hm(ul) Z / ”D \Illf) ||L2(M) n’ I = 17"-3L7

|| <m

where D; = y0;,i=1,...,n
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Note that, if m = 1, || f|| g is equivalent to the classical invariant definition of
H' on a Riemannian manifold,

47) A F oy ~ 117200 + /M |df [2dM = || f1|72 a0 + /M 97 0if 0;f Vg dz.
Next we define
H™ :=7H™(M), m>1.

Note that, with I, being identity on M and b > 1, (IM ® Izl/)) feH™Mx(byoo))
iff

> [ [+ oy wP] Y < .
J

Here f(z,y) = >, fi()¢;(x), for y > b. Thus,
(P'@ I)YH™ — H™(M x (b,00)), b>1.

Also, if u € H™, then 8§(P’ ® I;j)u, 0 < j < m— 1, is continuous across
re a>bo.
We define a quadratic form [(-,-) with domain H! by

l(u,u) = (du, du) 2 pme

in

o T ||U||%2(Mgm)
+ (du, du) 2o, + ullZe (e

see (4.7). Then I(-,-) is a positive definite closed form on H*, and \/I(-,-) is equiv-
alent to the H'-norm. Hence, by Theorem 4.2, there exists a unique self-adjoint
operator L such that L > 1, D(Ll/Q) = H! and

I(u,v) = (Lu,v), Yu € D(L), YovecH.
We introduce the set Dy, by
(4.8) Dy, = {u € H?*; (0y(Po ® I)u) (a — 0) = 0}.
Here, for w € HY(M x (a,a+1)) or w € HY(M x (a—1,a)), w(a£0) is defined by
w(a £0) = liH(l)’U)(', azte).
Lemma 4.3. (1) L has compact resolvent.
(2) D(L) = Dy.
(8) If ¢ € o(L), for any f € H and X € C, there exists a unique solution v € Dy,
of the following boundary value problem
—1)2
(—Ag—uﬁ-l—g’)u:f in Mg,

Y
(—a, - g eyu=1 i M,

(0y(Po ® Iy)u)(a —0) = A.

The solution u = u(z,(, ) is analytic with respect to A\ and meromorphic on C
with respect to ¢ with possible poles at o(L).

(4.9)

Proof. By (4.1), if y > 1, the inverse to g;; is, For y > 1, the metric takes the

o (9i5) = ( haj (:8)/ v . /Oy2 ) .
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Therefore, its inverse is
(o) (V1@ 0
0 y?: )
To show the compactness of the resolvent, we have only to show that if {u;} is
a bounded sequence in H!, it contains a subsequence convergent in H. Since P,

is the projection onto the the eigenspace corresponding to m-th eigenvalue \,, of
—Ayy, we have, for u € H*(M) and R > a,

. _ - — . dMd
/ g7 dudjudM = / y? (|8yu\2 + h”ﬁxiuﬁxju) — Y
M X (R,00) M x (R,00) Y

WZMAH%MMW>
m=0

> >\1R2/ |(P' @ I,)ul*dM.
M x(R,0)

dy
yn

v

Y

By the above inequality, for any € > 0 there exists R > 1 such that

sup/ [(P' @ I,)uj[?dM < .
J M x(R,00)
On M\ M x (R, c0) we apply Rellich’s theorem to extract a convergent subsequence.
This proves (1).

Any u € D(L) is written as u = L1 f for some f € H. It satisfies

(4.10) I(u,v) = (Lu,v) = (f,v), YoveH.
Taking v from C§°(M¢,,) and (P’ ® I,,)C5°(MZ,,), we see that
(n — 1)2 : a a
(—Ay ———+4+1-Qu=f weakly in Mj,, and M{,.

4
Therefore, u € HE ,(M2,,), (P'®@I,)u € HE (M2,,). Take v = @, (z)x(y) (m > 1),
where x € C§°((2,00)) and ¢, is the eigenfunction associated with A,,. Then
from (4.10), we see that (u(-,y), vm) satisfies a 2nd order differential equation on
(2,00). Therefore, we have that (P’ ® I,)u € HE (M x (2,00)). We then have

loc

u € H?*(M$,) and, by Theorem 2.1.3, u = (P’ ® I,)u € H*(M¢Y,,). By taking
v e (Py® I,)0®(M x (2,a]) such that v = 0 for y < 3 in (4.10), and integrating
by parts, we have
n—2
(("20,(Po @ I)u) (a — 0),v) poemy =0

Therefore, (0,(Py ® I)u) (a —0) = 0. These facts prove D(L) C Dy.

Take u € Dy and put h = (A, — (n — 1)2/4 + 1)u for y # a. Then by
integration by parts, we have

I(u,v) = (h,v)y, YoveH.
Since I(u,v) = (L'/?u, L'/?v), we then have
(L2, LV20)g| < Cllolles Vo € 11

with a constant C' independent of v € H' = D(L'/?). This shows that L'/?u €
D(L'/?), which proves Dy, C D(L). In particular, we have proven for y # a
(n—1)?

Lu:(ngf 1

+1)u, wue D(L).
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The uniqueness in (3) follows from ¢ ¢ o(L). Indeed, if uq,us be two different
solutions, then u; —us € Dy, would be an eigenfunction of L. To show the existence,
we take n(y) € C°(M¢,,) such that n(y) = 0 for y < 2, n(a—0) =0, (Iyn)(y—a) =
1, and n(y) = 0 in M?,,. Let

n—1)? , u
f= (‘Ag_< 4 ! +1-=Qn in Mg,
0 in MZ,,
and put
(4.11) w=u(zA) = @) + (L= = ML=,
This is analytic with respect to A and meromorphic with respect to C. O

For 0 < a < 8 < 00, we put
U ={¢eCia<Re(<f, 0<=+Imch

Lemma 4.4. On M x (0,00), we consider Hy = —y*(9; + Apr) + (n—2)yd, —
(n—1)2/4, and Ro(¢) = (Ho—¢) L. Suppose f € C5°(M) satisfies supp f C My =
M x (1,00). Let p(y) € C*((0,00)) be such that p(y) =0 fory <2, p(y) =1 for
y > 3. Then, for any 0 < a < 3 < oo, there exist € > 0, C > 0 such that

p) (P' & 1) Ro(Q)) ()| < Ce™, ¢ e U,
Proof. By (2.12),
u(e,y) = (P' @ I Ro(C +i0)f = Y ¢m(@) (Go(v/Ams ) fn ) (),

m>1
with v = —i\/(, where Go(¢,v) is defined by Definition 1.3.5. Then we have by
Chap. 1, (3.14)
luC ) F2an) = D [Go(V A ) fin () < Ce™V.

m>1

Note that supp fm(y) is away from 0, and the singularities of I,,(y), K, (y) at y = 0
do no harm. Since, for any ¢ > 0, [[A%u(-,y)||? is estimated in a similar manner,
by Sobolev’s inequality we have |u(z,y)|> < Ce™*V. O

4.5. Meromorphic continuation of the Eisenstein series. Here we pass
to the traditional parametrization. For a subset £ C R, we write

n_li\/j_{sec;é‘(n—l—s)—(n_l)z65}'

2 4

Let A=L—1— (n;1)27 and put

$(4) =2 5 Ly /o), s =" o) Ly /o,
n—1 n—1

SalH) = "= & v/ =ou(H), %,(H) =

Ez{sEC;Res:

£/ —op(H),

n—1

}, Ly = {seﬁ; :I:Ims>0}.

Note that ¥(H) = LUX4(H ), and that X(A) is a discrete set, since o(A) is discrete
by Lemma 4.3.
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In view of (4.5), we define for {Res > (n —1)/2} \ £, (H)

S -1 S
E(z,s) =x()y" = (—Ag—s(n—1-35))  [-Agx(¥)]y
= o(z, k — ie),
where s = (n — 1)/2 4 i(k — i€) (¢ > 0). By Theorem 3.8, E(z,s) is extended to
L\ (Zp(H)U{(n—1)/2}). We take s = (n—1)/2+ik € L\ (S,(H)U{(n—1)/2}).
Since (—Agy —s(n —1 — s))~! f satisfies outgoing radiation condition,
E(z,8) —y* ~ Cy" 175,
Comparing with (4.3),
F(z,8) ~y* +S(s)y" 1%, as y— oo.

By Lemma 4.3, for s ¢ X(A), there exists a unique solution v = v(z,s) € Dy,
of the following boundary value problem

(—Ag—s(n—1-15))v(z,8) =0 in M,
(4.12) (—Ag—s(n—1—3))(P'@I)v(z,s) =0 in M,
(y0y(Po ® I,)v)(a —0,5) = 1.
We define
(4.13) Aa(s) = ((PO ® I;)v) (a—0,s).
By Lemma 4.3 (3), Aq(s) is meromorphic on C with respect to s with poles in X(A).

Lemma 4.5. (1) Fors € L\ (S(A)US,(H)U{(n—1)/2}), we have
(4.14)

s n—1l—s
Ma(s) = a®*+a S(s)

sa® + (n—1—s)ar1-58(s)’
(2) Letting v(z, s) be the solution to (4.12), we have

v +S(s)y" T, on M,
0, on Mj,.

S(S) _ a23—n+1

1 —sAa(9)
)

(n—1-=98)Au(s)— 1

B(z,s) - (sals) = (n— 1 - 8)S(s)a™1=) v = {

(8) S(s) and E(z,s) are extended to meromorphic functions on C.

Proof. Lemma 4.4 implies
|(P/ ® I;)E(z,s)| <Ce ¥, €>0.
Hence, we have
a ~ S n—1—s
(Po®I))E(z,8) = y° + S(s)y .
On the other hand,for y > 3,
(—y23§ +(n—2)ydy —s(n—1-13)) (P ® IS)E(Z, s) =0.
Therefore, we have
(4.15) (Ph® IS)E(z, 8) =y* +S(s)y" 17,
since any solution of the equation (fy285 +(n—2)ydy —s(n—1—s)) u(y) =0 is
written uniquely by a linear combination of y* and y"~!~%. Let
E(z,s) in M§,,
U= / a : a
(P'®1,)E(z,s) in Mg,.
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Then u € Dy, and
(=Ayg—s(n—1-5)u=0 in M,
(—Ag—s(n—1-9))(PP@L)Ju=0 in MZ,,
(y0y(Po ® Iy)u)(a —0,s) = sa® + (n — 1 — 5)S(s)a" ' 7%
Comparing with (4.12), we obtain, by the uniqueness,

(4.16) u=(sa®+(n—1-2s)S(s)a"'"%)o.
Using (4.15), we obtain (1). The assertions (2) and (3) are direct consequences of
Lemma 4.3 (3), (4.16) and the meromorphy of A,(s). O

Lemma 4.6. A\,(s) € R for s € L\ X(A) and A\, (s) = A\a(5).

Proof. Note that if v € Dy, then ¥ € Dy, and also that s(n—1—s) € Rifs € L.
Then, if v(z, s) satisfies (4.12), so does v(z, s). By the uniqueness, v(z, s) is then
real-valued. This proves that A\,(s) € R. As,forse€ L, s(n—1—3s)=5n—1-235)
it follows from (4.12) that A, (s) = A\, (3). O

Theorem 4.7. S(s) is holomorphic on Res = (n —1)/2.

Proof. Take s1 = (n—1)/2+ik1, 0 # ki € R, and suppose A, (s) is holomorphic
at s1. It follows from Lemma 4.6 that A\, (s1) is real. Then (n—1—s1)Aa(s1)—1 # 0,
hence by Lemma 4.5 (1), S(s) is holomorphic at s;.

Suppose A, (s) has a pole at s; = (n —1)/2 +iky, 0 # k1 € R. Then k,(s) =
1/A4(s) is holomorphic at s1, and k4(s1) = 0. By the formula

(417) S(S) — a2$—n+1 K;a(s) — S

n—1—s—rKe(s)
S(s) is holomorphic at s;.

Suppose Ay ($) is holomorphic at sg = (n—1)/2. By Lemma 4.5 (1), if Ay(s0) #
2/(n — 1), 8(s) is holomorphic at sg, and S(sg) = —1. If A\4(s9) = 2/(n — 1), by
the Taylor expansion \, (s +w) = 2/(n — 1) + cw + O(w?). We then have

et =) Jerow

(= (G=7) o 0w

Since Ay(s) = Aa(5), we have ¢ = 0. Therefore, S(s) is holomorphic at sy and
S(So) =1.

Suppose A\, (s) has a pole at sp = (n — 1)/2. By (4.17), S(s) is holomorphic at
so and S(sg) = —1. O

Note, since by Theorem 3.16, §(k) is unitary for k > 0, k* & o,(H), we have
|S(s)] =1 a.e. on L. In particular, due to the proof of Theorem 4.7, S((n—1)/2) =
+1.

S(so+w) =

To prove the holomorphy of E(z,s), we prepare an identity. Let v(z,s) be a
solution to (4.12), and put

w(z,8) = (sa®+ (n —1—s)a" "' 758(s)) v(z, s),

and, for k € R,
n—1

w(z, k) = @(z, + zk)
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It satisfies the equation

n—1
2

(L—1—-s(n—1-5)w=0, s= + ik,

and the boundary condition

(e =y =i s grons( )
where we have used the definition of \,(s) and Lemma 4.5. It also satisfies

(y0y(Po ® I )w)(a — 0,k) :<nT—1 + Z’]{;)a(nfl)/2+ik

N (n;l —ik) (n—1)/2— sz< . —l—zk)
Lemma 4.8. For k,h € R, the following formula holds:
(w(:, k), w(-, h))n

(4.18) - k:iih <ai(hk)5(n;1 + Zk)s(n;—l’LZh) - “i(kh)>

Proof. Letting wo(y, k) = (P ® I;)w’Ml, we have, by integration by parts and
Lemma 4.4,

(Lw(k), w(h)) — (w(k), Lw(h))x

= s (w0l ) @30 1) = (0, 0) 0. 1)

y:a—O.
Using the equation and the boundary conditions, we have
(k* — h?)(w(k), w(h))
_ ith-kyo(n—1 . n—1 N ik—n)
z(h+k)<a S( 3 +zk)$( 5 +zh) a

1

+ilh—k) <ai<k+h>3(”; +ih) - —Z<k+h>5( > +zk)>

which proves the lemma. O
Theorem 4.9. Eisenstein series E(z,s) is holomorphic on Res = (n —1)/2.

Proof. In view of Lemma 4.5 (2), we have only to show that when k — ko €
Y(A), ||lw(k)|| is bounded. We prove this by first letting h — k # 0 and k& — ko
n (4.18). Since S(s) is holomorphic and, by the unitarity, |S(s)| = 1 on Res =
(n —1)/2, the 1st term of the right-hand side of (4.18) is bounded in this process.
The second term is bounded when kg # 0.

By the note after Theorem 4.7, S(sg) = 1 for sg = (n — 1)/2. Therefore, the
2nd term of the right-hand side of (4.18) is bounded when k, h — ko. O
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5. SL(2,Z)\H? as a Riemann surface

In this section we summarize the basic properties of the quotient manifold by
the action of modular group

SL(2,Z):{<Z Z) ca,bc,d € Z, ad—bc:l},

where the action SL(2,Z) x Cy 3 (v,2) — v- 2z € Cy is defined by (1.2). In the
following, I denotes the 2 x 2 unit matrix.

5.1. Fundamental domain. Let M = SL(2,Z)\H?. The fundamental do-
main M7 of M is the following set:

M ={zeCi;|z|>1,-1/2<Rez <1/2},
oM’ = omi uom,

1 3 1 3
8M{_{—+w;¢§y<uﬁU{+W?¢§y<w}
9 9 2 2

i T 27‘(
3M2f:{e‘p;§§s0§?}v

(see e.g. [5] p. 30, [128] p. 241). We put
1 1 0 -1
(T) — (I —
(o) =)

(1) | 1

z=——.
z

To get M from M7, we glue 8M1f by the action of 4T, i.e. —% +iy — % + 1y,

and 8M2f by the action of (1) ie. e — €/(™=%)_ We denote this identification by

II, i.e.

Their actions are

YD z=2+41, ~

M = M/

The resulting surface M has two singular points, p; = II(7) and py = II(e™/3) =
I1(e27%/3). The nature of these singularities is clarified by the following lemmas
(see e.g. [124] p. 15, [128], p. 247, p. 251). We denote by () the cyclic group
generated by .

Lemma 5.1. SL(2,Z) is generated by 7 and v1).
Lemma 5.2. For w € C4, we put
Gy ={y€SL(2,Z); v -w=w}.
That w € MF and G, # {+I5} occurs only for the following three cases.

(1) w=1i. In this case Gw:<< (1) _01 )>

(2) w=e™/3. In this case Gy, = << (1) :} >>
-1

(8) w = €*™/3. In this case Gw:<< 1 Bl >>
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Note that in the case w = 4, the order of the group G,, is 2, while in the case
w = e™/3 and e?™/3 (which are identified by 4T and v)), the order of the group
Gy is 3. As a result, the point p; has a vicinity U; C M, i = 1,2, which can be
represented as Uy = I'1\B(1/2), Uy = I'2\B(1/2), where I'1, I'y are the groups of
rotations corresponding to G; and G ~i/s, and B(r) is the ball of radius » > 0 in C
centered at 0. These introduce orbifold structure on M, however, in this note, we
do not issue these constructions further.

5.2. Analytic structure. To introduce local coordinates on M, we consider
3 different cases.
1. Let Vo = M7 \8./\/15, and Uy = II(V}). Define for p € Uy
Co(p) = wo(2) = ™7, p=TI(z).

Then, since two points —1/2+iy, 1/2 44y are identified by the action of 4(), ¢o(p)
defines analytic coordinates on Uy.

2. Let V4 = MF\ M/, and U; = II(V4) be a neighborhood of p; = T1(i). Define
for p € Uy

zZ41
Then, since two points ¢, e!("=%) where 7/3 < ¢ < 7/2, are identified by the
action of ¥(1)| ¢;(p) defines analytic coordinates on Uj.

3. Let Vo = M/ \ iR, and Uy = II(V2) be a neighborhood of py = I(e™/3) =
T1(e2™/3). Define for p € Uy

c1<p>=sol<z>:(z‘i)2, () = p.

y — e—Ti/3

_2mif3 N\ 2
(ze>7 p=11(z), Rez<0.

5 _ e—2mi/3

5 _ emi/3 3
<> , p=1I(z), Rez>0,
G(p) = p2(z) =

Since two points —1/2 4 4y, 1/2 + iy are identified by the action of 4(7), and two
points e*?, ¢/™=%) where /3 < ¢ < 7/2, are identified by the action of v(), this
C2(p) defines analytic local coordinates on Us,.

To check that 1, o satisfy the desired analytical property, it is convenient
to observe that ¢1, @2 map the corresponding sectors of the circle |z| = 1 onto an
interval of a ray emanating from 0.

Since (4 o Cﬂ_l on (3(Us NUg), o, B =0,1,2, are analytic, the local coordinate
system {(U,, Ca)}2_, makes M a Riemann surface.

5.3. Singularities as a Riemannian manifold. By the metric
(dx)® + (dy)*> _ 4dzdz

y? (z —2)?
M becomes a hyperbolic space. However, we must pay attention to the points

p1,p2. By the above local coordinate (,(p) = ¢a(2), p = II(2), a = 0,1,2, this
metric becomes

ds® = on M7,

dCadCa

ds? = —22 2%
(Im 2)2[¢r, (2)[?
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Therefore, on the zeros of ¢/ (2), i.e. at i, pa(2), i.e. €™/3, ¢2™/3  this Riemannian

metric has singularities. In these cases,

Ca = Wa(z) = T(Z)a_Hv T(Z) =

z—w

where w = i for & = 1, and w = e™/3 and w = €2™/3 for a = 2. In these cases,
_ w_mcl/n _ l/n
Therefore, dz/d¢ = n~'(w — w)¢'/"~! 4 ... hence
dz| 72 2
5.1 " == =0, A=2-=.
5. e =|E] = odem, 2

Note that 1 < A < 2. The volume element and the Laplace-Beltrami operator are
rewritten as

de Ndy i _ | z/d C|
(5.2) i Z—yzdz AdZ = 222 dc A dc,
0? 4(Im 2)? 02
(5.3) y* (02 4 0;) = 4(Im 2)* _ 4Im>)

020z |dz/d¢|? d¢AC
Both of them have singularities at the corresponding w. However, the singularity

of the volume element and that of the Laplace-Beltrami operator cancel, since we
have, for C*°-functions f, g supported near w,

252 2\ ¢ . dq:dy
(5.4) /M (2 + ) f g 8C8€

We take small open neighborhoods Ui of p;, © = 1,2 such that ~(71 N [72 = 0.
We construct a partition of unity {xa}2_o such that suppxa C U, a = 1,2,

supp xo C Uy, and Zi:o Xo = 1 on M. In addition to the hyperbolic volume
element, let

(5.5) AV = %dca A dCa,

and define a quadratic form a(u,v) by

3 3
(5.6) a(u,v) = Z/Xauv avi + Z/Xavu VT AV,
a=0 a=0

where
V =(0:,0s), ((=t+is).

We can show that the quadratic form a(u,v) with domain C§°(M) is closable in
L2(M,dvg). Let a(u,v) be its closed extension, and H' the set of u such that
a(u,u) < oo equipped with the inner product (5.6). This is the 1st order Sobolev
space on M. By Theorem 4.2, we have a self-adjoint operator A such that a(u,v) =
(Au,v)pm,q for v € D(A), v € H'. Then 1 — A is a self-adjoint realization of the
Laplace-Beltrami operator A,.

When we deal with the perturbation problem of A,, we should restrict our-
selves to the case that the coefficients of differential of more than one order of
the pertubation term vanish around i,e™/3, e27i/3. The precise assumption is as
follows.
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Let Hy = —Ay = —y*(92 4+ 02), and V a 2nd order differential operator on M
such that

(M-1) H = Hy+V is formally self-adjoint.

(M-2) Around i,e™/3 e2™/3 'V s an operator of multiplication by a bounded real
function.

(M-8) Except for the neighborhoods in (M-2), V is a differential operator of the
form :
V=3 ai(e,y)(0.) (40,
i+5<2
|D%aij(x,y)] < Ca(1+ [logy|)~mnlel=t=¢ va,
D = (Dszy) = (yax;yay)

We define a self-adjoint extension of H through the quadratic form discussed
in §4. This means that we perturb the hyperbolic metric on M except for neigh-
borhoods of singular points so that it is asymptotically equal to the original metric
at infinity.

Since the measure dzdy/y? has singularties at i, e™
is not obvious.

/3,e2mi/3 the following lemma

Lemma 5.3. For any R > 1, let xr be the characteristic function of MN{y <
R}. Then xr(H +1i)~1 is compact in L*(M;dxdy/y?).

Proof. Assume that f,,,n = 1,2,--- , are on the unit sphere of L?(M; dzdy/y?),
and let u,, = (H +i)~! f,,. By Rellich’s theorem, from {x gy, }n>1 one can extract a
subsequence which converges in L? outside small neighborhoods of singular points.

Around p; = ¢ and py = w, we take local coordinate ( = t+1is as above, and for

a suffiently small r > 0, let B, be a disc {t?> + s> < r2}. Then, if u € L?(M, dzgy)

has a support in B,., we have by (5.2)

(5.7) / |u|2dtds < c/ lul2dV ),
Br

r

with a constant C' > 0. By the Sobolev imbedding H*(R"™) C LP(R™), where
0<s<n/2, p=2n/(n—2s), we have
(5.8) H'(R?*) c LP(R?%), Vp>2,

with continuous inclusion.
We take a, 3 such that ! + 371 =1, 1 < a < 2/), where ) is defined by
(5.1). Then, by Holder’s inequality,

1/a 1/8
/ lu2dVY < C’/ M ul2dtds < C (/ r"\o‘dtds> (/ |u|25dtds> .
Bs Bs Bs Bs

Since Aa < 2, the 1st term of the most right-hand side tends to 0 when 6 — 0. To
the 2nd term of the most right-hand side we apply (5.8). Then, for any € > 0, there
exists § > 0 such that

/|u|2dv,§;">ge</ |u|2dv,§;*>+/ |Vu|2dV]§a)>, we H.
Bs Bs Bs

Given the bouded sequence {u,} in H', the integral of |u,|?> over Bs can be made
small uniformly in n. Outside Bs, we use the usual Rellich theorem. This proves
the lemma. O
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5.4. Spectrum. By the above Lemma 5.3, the results in §3 and §4 also hold
for H. Let R(z) = (H — z)~ 1.

Theorem 5.4. (1) o.(H) = [0,00).
(2) op(H)N(0,00) is of finite multiplicity, discrete as a subset in R, with possible
accumulation points 0 and oco.

(3) If A € (0,00) \ 0,(H), R(A £1i0) € B(B; B*).
5.5. Eisenstein series. We return to the case of Hy = —y*(92 + 92). Let

G = SL(2,7), G0:{<(1) ’f);nez},

i.e. Gg is the group of translations by n along the y—axis.

/ /
Lemma 5.5. (1)F07“g=<z Z),Q/Z(Zl Z/ ) €Gq,

dgleGo<=IneZ st. d —a=nec, ¥ —b=nd, ¢ =¢, d =d

(2) < (1) (1) ),( i :; ), (¢,d) = 1, are the complete representative of Go\G.

Here (c,d) =1 means that ¢ and d are mutually prime.
The proof is omitted.
Let us note that for z = x + iy
Y
(cx +d)? + ?y?
holds. The Eisenstein series is defined by

(5.9) E(zs)= Y (mg-2)"=y"+ (cx+d +czy2>

[9]€Go\G (e,d)=

Img-2z=

We show that it is absolutely convergent for Res > 1.

Lemma 5.6. For |z|<1/2, y>+/3/2, cd # 0,

Y <2
(cx +d)? +c2y? = /3|cd|

Proof. Letting r? = 2% + y2, we have

d
(cx+d)?+ Py =r <c—|— x) +Ld* > Ld? >

This together with the obvious inequality

(cx +d)* + Py? > Py?
proves
1 3 3

(cx + d)? + Fy* > 3 <62y2 + 4d2> > \gy|cd|. O

Lemma 5.6 implies the following lemma.

Lemma 5.7. For Res > 1, the series (5.9) is absolutely convergent and

|E(z,s) —y°| < Cs, Vze M.
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Since y* satisfies on H?,
—A(y") —s(1 —s)y” =0,
due to g € SL(2,Z) being an isometry on H?,
—A(Img-2)°)—s(1—s)(Img-2)° =0.

In addition, (Imgg-2)° = Imz = y for go € Go. Therefore, by Lemma 5.5 (2),
E(z, s) satisfies N _

—AFE(z,8) —s(1 —s)E(z,s) =0, on M.
By Lemma 5.7, E(z,s) — y* € L®(M) C L*(M), in view of M having finite
measure, L°>°(M) C L?(M). Therefore, for Res > 1

E(z.8) = x(4)y" — Ro(s(1 ~ %)) ([Ho. xy").
Here Ro(¢) = (Hop — ¢)™1, and x(y) € C*°((0,00)) such that x(y) = 0 for y < 2,
X(y) =1 for y > 3. This coincides with the Eisenstein series (4.5) introduced in

84. By using properties of number theoretic functions and Poisson’s summation
formula, the S-matrix is computed as follows (see e.g. [70], p. 61).

Theorem 5.8. For the case of Hy = —y?(0? + 92), we have

/(0
P(s—1/2)¢(2s - 1)
SO = VT T(5cs)

where ((s) is Riemann’s zeta function.
Remark 5.9. For 3-dimensions, one can define a similar surface by using the
Picard group
SL(2,Z +1iZ) = {( Z Z ) ja,bye,d € Z+141Z, ad — bc = 1},

where the action is defined by quarternios. The quotient space SL(2,Z + iZ)\H3
is also an orbifold. See [33].



