CHAPTER 2

Relation between Real
and Complex Secondary Classes

A natural mapping ¢: BT, ;C — BI%, is obtained by forgetting transverse com-
plex structures. There is a natural homomorphism from H*(WOg,) to H*(WU,)

which corresponds to this mapping as follows.

THEOREM 2.1 ([64], [3, Theorem 3.1]). Let \ be the mapping from WO, to
WU, given by

Aew) = (V=D)F > (1) w05,

=0
(_1)k: 2k+1 4
A hogs1) = 5 V-1 Z (=1)7 2k —j+1(v; +;),
j=0

where vy and Ty are considered as 1. Then A induces a homomorphism from
H*(WOy,) to H*(WU,), denoted by [A]. The homomorphism [\] corresponds to
forgetting transverse complex structures, indeed, the following diagram commutes:

H*(WOs,) —2 m*(wu,)

gl e
H*(BIy) — H*(BI}).
Lp*
The Godbillon—Vey class and the imaginary part of the Bott class are related by the

formula

(29)!
[A[(GVay) = W §q - chf,
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where chy = Ul—;vl and it corresponds to the first Chern class of the complex

normal bundle of the foliation. The image of GVaq, under [A] is also called the
Godbillon—Vey class.

REMARK 2.2. Theorem 2.1 first appeared in [64] without proofs.

The kernel, image and cokernel of [\] have the following meanings:

ker [\] = classes in H*(WO3,) which are obstructions for foliations
| to admit transverse holomorphic structures ’

m [A] = {classes in H*(WU,) which are invariants as real foliations},

coker [A\] = {classes in H*(WU,) which cannot be induced from real classes}.

If H*(WU,) is explicitly described, then one can write down [A] and determine these
spaces. This is done for ¢ < 3 in [5]. The results are given in the last part of this
section (Theorems 2.6 and 2.7).

The image of GV, is non-trivial in H*(WU,). Indeed, we will construct trans-
versely holomorphic foliations with non-trivial Godbillon-Vey classes. On the other
hand, we have the following

COROLLARY 2.3. The image of GV, is trivial in H*(WS).

Ul + Up

Proor. The equality ch; = d( ) holds in Wg. Therefore GV, is
trivial by Theorem 2.1. O

This corollary implies that the Godbillon-Vey classes of transversely holo-
morphic foliations is trivial if the first Chern class of the complex normal bundle is
trivial.

There is a version of Theorem 2.1 for foliations with trivialized normal bundles.

THEOREM 2.4 ([3]). Let A Wy, — VV(C be an extension of A defined by

X(hgk) = ( ) \/_Z u2k j’UJ +U]Q}2k j)
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where vg and Ty are regarded as 2, and ug and Uy are regarded as 0. Then X induces

on the cohomology a homomorphism, denoted by [\], which corresponds to forgetting

transverse complex structures.

Let p: BF_(;C — BF_2q be the mapping obtained by forgetting transverse complex
structures. The induced homomorphisms commute as follows:

A

H*(Waq) H*(Wg)
/ . /
H*(WOy,) H*(WU,)
/ /
H*(BI,) - H*(BF(;C)

The mapping in which we are most interested in the first half of this monograph is

X“ o [Al: H*(WOq,) — H*(BIy).

REMARK 2.5 (cf. Remark 1.3.13). The above diagram can be explained in terms
of the Schubert varieties. Let X, x X, — X5, be the mapping induced by taking the
direct sum. This mapping also induces a mapping from )?; = (X, x Xq)/U(q) to
X24/0(2q). Then the top square in the above diagram corresponds to the following
commutative diagram:

Xog +— X, x X,

| |

X24/0(2¢) +— X,

The following is a table of bases for ker[A], im[\] and coker[)\] for ¢ = 2,3. The
image of a class @ € H*(WOg,) under [A] is denoted by [a]».



24 2. RELATION BETWEEN REAL AND COMPLEX SECONDARY CLASSES

THEOREM 2.6 ([5, Theorem 1.8]).

1) As a basis for the image of H*(WOy4) in H*(WUsz), we can take the fol-
lowing classes:

[ealx, [Pac3]a,  [haciealn,  [haciln.

2) The classes in Table 2.1 form a basis for the kernel of [A].

3) The image is equal to ([01]* — 2[va]) & H?(WUs), where ([v1]? — 2[05]) de-
notes the linear subspace spanned by [01]* —2[U2]. In particular, the subspace
spanned by the classes [hici], [hicica] and [hic3] in H?(WOy) is mapped
isomorphically to H?(WUy,).

4) The cokernel consists of the secondary classes of H*(WUsz) which are not
of degree 9 and the subspace spanned by the classes [v1], [01]* + 2[v2].

THEOREM 2.7 ([5, Theorem 1.9]).

1) A basis for the image of H*(WQg) in H*(WUs) is given by Table 2.2.
2) A basis for the kernel of [A] is given by Table 2.35.
3) The image is described as follows:

i) The only Chern class in the image is [01]* — 2[0s].

ii) The image of the secondary classes is contained in the subspace

H3¥(WU3) @ H(WU3) @ H'®(WUsz), more precisely,
o the subspace of H®(WOg) spanned by the classes

[ ef], [haciea], [hcies], [hicieacs], [hacd), [hicicd]
is mapped to the subspace of H®(WUsz) spanned by the classes
[ﬂlvi’ﬁ’], [ﬂlvlvgﬁi’], [t v1V201T3], [U1v1v2T3], [ﬂlvgﬁ],
[t v3D3].
The class [hsc3] is mapped to the class [tigv1voTs] — [UzvoT3] Mmod-

ulo the above subspace.

o The class [hsc3], of degree 17, is mapped to the class [tisvsTs)].
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4| [ea]?, [ea],

1
[h302] - 5 [h10103],

1 1 1
[haca] = 53] + 5 [mell, [neres] = [hcieo] + S [macl]
[hscy], where |J| > 3

[h1hscy], where |J| > 4

TABLE 2.1. A basis for the kernel of [\]: H*(WO,) — H*(WUs,).

4 | [e2]

13 | [1c3)x, [hrcrcacs]a, [icies]a, [hacicalx, [hcic), [hacfly, [hac3)a

17 | [hsc3]a

18 | [hihsci]y, [hihacicacs]a, [Rihscies]a, [hihscicaly, [hihscica]y, [hihact]a

TABLE 2.2. A basis for the image of [A]: H*(WOg) — H*(WUs).

e The subspace spanned by the classes
[hihacl], [hihscicacs), [hihscies], [hihac3), [hihscics],
[ hsctes),

which are of degree 18, is mapped to the subspace spanned by the

classes
(U1 u303T3], [t s (v1v9T3 + v30102)], [trUs(viT3 + v3T3)],
[U1Ti3v3T3), [U1U3v10205), [t Usv1v2T1T2).
4) The following classes form a basis for the cokernel, namely,

i) the classes of degree not equal to 4, 13, 17, 18,

ii) the class [ugv1v202] + [ugv2Us] (of degree 13),

iii) the classes [t1t3(viT3 — v30%)], [U1tis(v1v2T3 — V30102)], [talizviv2T2),

[Uatizv2Ts3] and [ugtizvsTs] (of degree 18), and

iv) the class [01)* + 2[U2] (of degree 4).
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the Pontrjagin classes other than [co]

1] — ] + Slcles] - 5 mcidd),

4
1 1 4
[h16264] - E[hlcl] [h1016263] 4[h10102] g[hchCQ],
[hictea] — Z[hlc?] + [hiciea] = [hacies] — [h10102
1
13 [h10105] — [h1010203] — %[hlcl] [hchCQ]
1
[haco] + o5 —[hef] - S [hlc‘ch] 4[h10162] [hlcg],
1
[haca] — Z[hlc“i’%] + [hicrcaes] — [hies] - §[h303],
1
[hsca] — 5[7’&10105]
15 [h365], [h30203]
1
17 | (sl = 5hscs],
[hscal, [hsc3), [hsc3), [hscacd]
3 1 6 3 4 3 2 2
[h1h362] — g[hlh?rcl] + Z[hlhgclcz] — i[hlhgclcz],
1 6 1 2 2 1 4
[h1h36264] — 1—6[h1h301] — [h1h3010203] + Z[hlhgclcz] + g[hlhgclcg],
1 1
18 [hlhgc%&l] — Z[h1h30613] + [h1h3041162] — [h1h30?63] — E[hlhgc%cg],
1 1
[h1h36105] — [h1h30102C3] — %[hlhgcg] + i[hlhgc%cg],
1 6 1 4 1 2.2 1 2
[h1h366] + %[hlhgcl] - g[hlhgclcg] + Z[h1h30102] - §[h1h303]
19 [h5C5]

the secondary classes of degree greater than 20

TABLE 2.3. A basis for the kernel of [A]: H*(WOg¢) — H*(WUs).






