Chapter 7

Frequencies around
multiplicities

Finally, let us turn to finding estimates for the first term of (6.2.3), which we
may write in the form

L

e (X emenate o) d.
k=1
where the characteristic roots 71(§),...,7.(€) coincide in a set M C Q of

codimension ¢ (in the sense of Section 2.1), @ C R™ is a bounded open set
and x € C5°(92).

As before, we must consider the cases where the image of the phase
function(s) either lie on the real axis, are separated from the real axis or meet
the real axis. One additional thing to note in this case is that in principle the
order of contact at points of multiplicity may be infinite as the roots are not
necessarily analytic at such points; we have no examples of such a situation
occurring, so it is not worth studying too deeply unless such an example
can be found—for now, we can use the same technique as if the point(s)
were points where the roots lie entirely on the real axis, and the results in
these two situations are given together in Theorem 2.4.1. We study this very
briefly nevertheless to ensure the completeness of the obtained results.

Unlike in the case away from multiplicities of characteristic roots, we have
no explicit representation for the coefficients A? (t,€) (as we have in Lemma
6.1.1 away from the multiplicities), which in turn means we cannot split this
into L separate integrals. To overcome this, we first show, in Section 7.1,
that a useful representation for the above integral does exist that allows us
to use techniques from earlier. Using this alternative representation, it is a
simple matter to find estimates in the case where the image of the set M
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108 CHAPTER 7. FREQUENCIES AROUND MULTIPLICITIES

mapped by the characteristic roots is separated from the real axis (this is
Theorem 2.1.2) and when it arises on the real axis as a result of all the roots
meeting the axis with finite order, and these are done in Sections 7.2 and 7.3,
respectively.

The situations where the roots meet on the real axis and at least one
has a zero of infinite order there (either because it fully lies on the axis, or
because it meets the axis with infinite order) is slightly more complicated,;
this is discussed in Section 7.4.

7.1 Resolution of multiple roots

In this section, we find estimates for

L

> e @At €,

k=1

corresponding to (2.1.4), where 71(),...,7(§) coincide in a set M of codi-
mension ¢. For simplicity, first consider the simplest case of two roots inter-
secting at a single point, so that we have L = 2 and M = {£°}; the general
case works in a similar way, and we shall show how it differs below. So,
assume

71(£%) = 7 (€°) and 7 (€°) # (%) for k=3,...,m;
by continuity, there exists a ball of radius € > 0 about £°, B.(£%), in which
the only root which coincides with 71(&) is 75(£). Then:

Lemma 7.1.1. For allt > 0 and ¢ € B.(£°), we have

2
e @Akt )| < O(1+ e mrImn©Im©N (7.1.1)
k=1

where the minimum is taken over £ € B.(£°).

Proof. First, note that in the set

S={eR" (&) # (&) VE=2,...,mand 7 (£) #7(§) VI=3,...,m}

the formula (6.1.3) is valid for A}(£) and A3(£). Now, recall that the sum
E;(t,€) = >, €™ ARt €) is the solution to the Cauchy problem (6.1.1a),

(6.1.1c), and thus is continuous; therefore, for all n € R™ such that 7 (n) #
Tr(n) and 72(n) # 1(n) for k = 3,...,m (but allow 71(n) = 72(n)), we have

§—=n

2
Zeifk(n)tA;;(t,n) — lim (ein(f)tA]l (5) + eiTZ(g)tA?(f)) ,
k=1
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provided ¢ varies in the set S (thus, ensuring e™©!AL(E) + e™©A(¢) is
well-defined). Hence, to obtain (7.1.1) for all £ € B.(£°), it suffices to show

}eiTl(E)tA;(g) + ez“rz({)tA?(g)‘ < C(l + t)e_ min(Im 71 (£),Im 12 (§))t

for all t > 0, £ € BL(£°) = B.(¢%) \ {£°}.
Now, note the following trivial equality:

Kleiyur ngiw _ Kleiy2ei(y1—y2) + KQGiyle—i(yryz)

_ etv1—y2) _ o—i(y1—y2) Kleiw N etv1—y2) 4 e~ (y1—y2) Kleiy2
2 2
N el(y1y2)2_ ei(y1—y2) Ky 4 ez(ylyz);_ ety1—y2) Ky

= sinh(y; — yo)[K1€¥2 — Ke™'] + cosh(y; — y2)[K1e™? + Kye™'].
Using this, we have, for all £ € B.(£%),t >0,
Al () + O e
= sinh((r; (€) — 7(€))) (O A5 () — ™ A%(€))
+ cosh[(71 () — ma(€))t] (€A (€) + € A2(¢)) . (7.1.2)
We estimate each of these terms:

(a) “sinh” term: The first term is simple to estimate: since

sinh[(71(§) — 72(§))t] _r
n©-ne) ' mOmREO=0

or, equivalently, as & — £° through S, and A?(f)(ﬁ (&) — 12(€)) is con-
tinuous in B.(£°) for k = 1,2, it follows that, for all £ € BL(£°), t > 0,
we have

[sinh[(71(€) — m2(€))t](A4j(€)e™ " — A (€)™ "))
< CtHeiTz(Ot’ + |6i71(§)t|] < Cte” min(Im 71 (€),Im72(£))t (7.1.3)

(b) “cosh” term: Estimating the second term is slightly more complicated.
First, recall the explicit representation (6.1.3) for the A%(¢) at points
away from multiplicities of 74(€)

m—j—1

] ©
1<s1<<8m—j—1<m  g=1

H (1(§) — m(§))

1=1,l#k
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So, we can write

cosh[(m(§) — T2($))t](A;(5)em(£)t 1 A?(g)eiﬁ@)t)

_ cosh[(n(€) —m())t] e OFIA() — MO (E)
[T s (&) — 71(6)) (7(€) — 7(€)) 11(€) — 1 (€) ’
where
= Y TIm©] T 06 - i),
1<s1 < <8m—i<m g=1 k=1,k#p,0

Now, (cosh[(r(§) — 72(€))t]) / (TTils(ma(€) — Ta(€))(mk(§) — 7(€))) is

continuous in S, hence it is bounded there, and, thus, absolutely con-
verges to a constant, C' > 0 say, as £ — £° through S. This leaves the

(O FE (€) — emOELL 9]/ (11(€) = 72(€)) term

For this, write
m—1

FPoE) =Y Q&9

where the Q)7 (£) are polynomials in the 7(¢) for & # p,o (which

depend on 4); also, note Q77 (§) = Q77 (£). Then, we have

Kyl

e O FL (&) — MO (€)
71(5) —7'2(5)
e (R (O) (€)™ O — 7y (£)rem (O]
B 71(6) — (8 ‘

Let us show that this is continuous in B.(£°) and is bounded absolutely
by Cte~™ir{AA2}: for 4y £ yo, and for all ,s € N, t > 0, we have

(7.1.4)

ysyie™' — yiyse!
Y1 — Y2 B
ysui (V2! — eit) N yse (yi — y5) N Mys(ys — i)
Y1 — Y2 Y1 — Y2 Y1 — Y2

Furthermore, for all y;,y2 € C, t € [0,00), s € N,

eiygt _ eiylt (. I
—_— S C()te_ min(Im y1,Im y2)¢ and

Y1 — Y2
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for some constants Cy, Cs. Using these with y; = 71(§), y2 = m(&),

r = Kk, and s chosen appropriately for Qi? +1(§), the continuity and

upper bound follow immediately. Thus, for all £ € B.(£%), t > 0,

|cosh[(1(&) — 72(§))t](AJ1(€)€iTz(£)t i A?(ﬁ)e”l(f)tﬂ
< Cte~ min(mmni(©mn(E)t = (71 5)

Combining (7.1.2), (7.1.3) and (7.1.5) we have (7.1.1), which completes the

proof of the lemma. ]

Now we show that a similar result holds in the general case: suppose the
characteristic roots 71(£),...,7.(§), 2 < L < m, coincide in a set M, and
that 71(§) # () for all £ € M when k = L+ 1,...,m. By continuity, we
may take € > 0 so that the set M® = {£ € R" : dist(¢, M) < €} contains no
points n at which 7 (n),...,7.(n) = m(n) for k = L+ 1,...,m. With this
notation, we have:

Lemma 7.1.2. For allt > 0 and £ € M?, we have the estimate

L
> EHOAL(L,€)| < C(1L4 et e (7.1.6)
k=1

where the minimum is taken over £ € M-,

Note that this estimate does not depend on the codimension of M.

Proof. First note that, just as in the previous proof, for all n € R™ such that
m(n)...,7.(n) # m(n) when k = L+ 1,...,m (but allowing any or all of
71(n),...,7L(n) to be equal),
L
Z e“’k(n)tA;?(t, 77) — %im (elTl(@tA} (5) R elTL(é)tAf(é“)) ,

k=1 1
provided £ to varies the set S := U1L:1 S, where

Si:={¢ eR": (&) # ™(§) VK # 1},

to ensure that each term of the sum on the right-hand side is well-defined.
Note that Lemma 6.2.1 ensures every point in M is the limit of a sequence
of points in S in the case of differential operators. Thus, we must simply

show, for all t > 0, £ € (M°®)" = M*®\ M, that we have the estimate

’em(f)tA]l. (5) et e“’L(&ﬁAJL(é‘)} < C’(l + t)L_le_tminkzl ,,,,, L Im7(§)
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Now, we claim that we can write >1_, e Ot AR(E €), for € € (MF) and

t > 0, as a sum of terms involving products of @ sinh and cosh terms of

differences of coinciding roots; to clarify, (7.1.2) is this kind of representation
for L = 2, while for L = 3, we want sums of terms such as

sinh[a; (71(€) — 72(£))t] cosh[an(71(§) — 75(£))¢] sinh[as(2(§) — 73(€))1]

where the «a; are appropriately chosen constants; incidentally, a comparison
to the L = 2 case suggests that the term above is multiplied by

(A} (e — AT()em )

in the full representation.

To show this, we do induction on L; Lemma 7.1.1 gives us the case L = 2
(note that the proof holds with £° and B.(£°) replaced throughout by M and
M respectively). Assume there is such a representation for L = K < m—1.
Observe,

K+1 1 K 1 K+1
Z i ( tAk(f) E Zesz(f)tAéc(é-) + ? Z ”’k tAk(é-)
k=1 k=1 k=1k£K
1 K+1
. - i ()t pk .
+ +K;e WO gk (g)

by the induction hypothesis, there is a representation for each of these terms
by means of products of (K_Ql)K

sinh[oy; (1:(€) — 7(€))t] and cosh|By(7(§) — 7 (§))t] terms,

where 1 < k,l < K + 1 and the ay, Bk, are some non-zero constants. Next,

note that we can write (71(§) — 72(&)) (or, indeed, the difference of any pair
K+1
dif-

of roots from 71(§),...,7k+1(£)) as a linear combination of the
ferences 71,(§) — 7(§) such that 1 <k <[ < K + 1; that is

sinhfo2(71(€) ~ ()] =sinh | >, (7(6) - n()e]

1<k<I<K+1

for some non-zero constants «; ;; similarly, there is such a representation for
cosh[f12(11(§) — 12(€))t]. Lastly, repeated application of the double angle
formulae

sinh(a + b) = sinh a cosh b + coshasinhb,
cosh(a + b) = cosh acosh b £ sinhasinhb,
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yields products of K+1) terms, which completes the induction step.

Now, as in the prev1ous proof, each of these terms must be estimated.
The key fact to observe is that

L
A5 T (&) =)
1=1,lk
is continuous in M for all kK =1,..., L. Then, using the same arguments as

for each of the terms in the earlier proof, and observing that the exponent
of t is determined by the products involving either

(a) (sinhfon,(T(§) = n(€)1)])/ (74(§) — m(€)) terms, or

(b) (e — &) /(7i(§) — 7(€)) terms (see (7.1.4)),
the estimate (7.1.6) is immediately obtained. O

7.2 Phase separated from the real axis: The-
orem 2.1.2

We now turn back to finding LP — L9 estimates for

L

[ e (S emerasw o) fie) de.

Q k=1

when 71(§),...,7.(€) coincide in a set M of codimension ¢; choose € > 0 so
that these roots do not intersect with any of the roots 741(§),...,7m(§) in

M. The set €2 is bounded, and we may take x € C§°(M°).

In this section (under assumptions of Theorem 2.1.2), we assume that
there exists ¢ > 0 such that Im 74,(£) > ¢ for all £ € M*—so, miny Im 7 (§) >
o > 0. For this, we use the same approach as in Section 6.10, but using
Lemma 7.1.2 to estimate the sum. Firstly, the L' — L estimate:

| pros( / emf(i e AN, €) ) x(€) F(€) do) HLW)
k=1 ®

L
— H/Q it € ( Z e”’“(g)tA?(t, f)Tk(f)T>€ax(§) dﬁH

Lo (R7)

< max sup|7'k
k

AL )| 16 F(€)  da

<C(L+8)" le—5t||f||Loo(ME) <CA+ ) e fll
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Similarly, the L? — L? estimate:

HD{D;’;(/Qeix’g(ieiT’“(g)tA?(t,ﬁ))X(f)ﬂﬁ) dx)‘

— L2(R7)
—[[(Semerasis omier e
k=1

< CA+ ) eIz < CA+ ) e || fll1e -

L2(Q)

Then, Theorem 6.2.3 yields

La(Rg)

[prpe ([ (3 emoratie o) e)ie) ir)
Q k=1
<CA+)5 e fllzw,

where 1—1) + % = 1,1 < p < 2. Once again, we have exponential decay. This,
together with (6.10.1) gives the statement when there are multiplicities away
from the axis and completes the proof of Theorem 2.1.2.

7.3 Phase meeting the real axis: Theorem
2.3.1

We next look at the case where the characteristic roots (), ..., 7.(€) that
coincide in the C' set M of codimension ¢ meet the real axis in M with
finite orders. If there are more points in M at which the above roots meet
the axis with finite order (or even with infinite order/lying on the axis), they
may be considered separately in the same way (or using the method below
where necessary), while away from such points, the roots are separated from
the axis, and the previous arguments and results of Section 2.1 may be used.

Since the characteristic roots are not necessarily analytic (or even differ-
entiable) in M, we must look at each branch of the roots as they approach
the real axis; set si to be the maximal order of the contact with the real axis
for 71,(€), that is, the maximal value for which there exist constant ¢y > 0
such that

co dist(&, Zy)™* < Im (&),

for all ¢ sufficiently near Zj, where Z;, = {£ € R" : Im74(§) = 0}. By as-
sumptions of Theorem 2.3.1, we have the estimate

co dist(€, M)* < Tm 7 (€),
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for some ¢y > 0 and s > max(sy,...,sy), for £ close to M. We will need the
following extension of Proposition 6.11.1. Its proof is similar to the proof of
Proposition 6.11.1 if we consider the C! coordinate system associated to M.

As usual M = {£ € R" : dist(§, M) < €}.

Proposition 7.3.1. Let U C R™ be open and let ¢ : U — R be a continuous
function. Suppose M C U is a C! set of codimension ¢ such that

co dist(§, M)* < ¢(€),

for some ¢y > 0, and all £ € M° for sufficiently small € > 0. Then, for

any function a(§) that is bounded and compactly supported in U, and for all
t>0, feCPR"), and r € R, we have

/ e dist(§, MY |a(©)IF()]dg < CL+ D™ £l

and

|e=¢® dist(&, M) a (&) f <CA+)7%flLe -

Ol 2 aae) <

The proof of this proposition is similar to the proof of Proposition 6.11.1
and is omitted. Theorem 2.3.1 states that we must have the estimate (2.3.1),
which is

|pros( /ME e ( g A0 )OF© )|

<0+ G .

By Lemma 7.1.2 and Proposition 7.3.1, to estimate the sum in the am-
plitude, for all ¢ > 0, we have

ooz ([ M(Zew(@w( s>)x<5>7s>d§)”mg)

<c|[ e ”k“)tA?(t,f)m(é)r)g ey |

L>>(R7)

<O+t f
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Also, using the Plancherel’s theorem, we have

HDZD?(/ EewE(ie”k(g)tAf(t’5))9((5)]?(5) d{)’

L2(Ry)

— H/ g eixf(ieim(&)tA;t(t’ f)Tk(f)r)fo‘x(f)f(f) df‘

L2(Rg)

- (S et gmier)exo e

L2(Me)

<C+8) M fllze -

Therefore, interpolation Theorem 6.2.3 yields, for all ¢ > 0,

ooz e i e A (1, €) ) x(©) Fl&) de)

<o+ Gy,

where %+% = 1,1 < p < 2; this, together with (6.11.3) proves Theorem 2.3.1
for roots meeting the axis with finite order.

7.4 Phase on the real axis for bounded fre-
quencies

Recall that in the division of the integral in Section 6.2, we have

m

/BQM(O) e (D A (1,6 ) Fle) de.

k=1

which we then subdivide around and away from multiplicities. The cases
where the root or roots are either separated from the real axis or meet it
with finite order have already been discussed; here we shall complete the
analysis by proving estimates for the situation where a root or roots lie on
the real axis. These results can be also applied to the case of multiple roots.

We note that in the case of nonhomogeneous symbols this analysis is es-
sential since time genuinely interacts with frequencies. Unlike in the case of
homogeneous symbols in Section 1.2, where one could eliminate time com-
pletely from estimates by rescaling, here it is present in phases and amplitude
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and causes them to blow up even for low frequencies. Thus, we must carry
out a detailed investigation of the structure of solutions for low frequencies,
and it will be done in this section.

A number of estimates can be already obtained using our results on mul-
tiple roots from Section 7.1. To have any possibility of obtaining better
estimates, we must impose additional conditions on the characteristic roots
at low frequencies—for large |¢|, these properties were obtained by using per-
turbation results, but naturally such results are no longer valid for || < M.
Also, we can impose the convexity condition on the roots to obtain a better
result than the general case. We will give different formulation of possible
results in this section.

Again, throughout we assume that either 7(£) > 0 for all € or 7(§) < 0 for
all £. The key point is to use a carefully chosen cut-off function to isolate the
multiplicities and then use Theorem 4.3.1 or Theorem 5.1.2 to estimate the
integrals where there are no multiplicities (and hence the coefficients A¥(t,¢)
are independent of ¢) and use suitable adjustments around the singularities.
For these purposes, let us first assume that the only multiplicity is at a point
€% € Byy(0) and 71(£°) = 75(&°) are the only coinciding roots, and let x be a
cut-off function around ¢°. Then, we must consider the sum of the first two
roots, where we have a multiplicity at £°,

~

2
I = /BZM(O) PR3 ( ; esz(f)tA?(t, f))x(ﬁ) (5) d€, (741>

and terms involving the remaining roots, which are all distinct,
m

_ i(a-6+m,(€)t gk £ -
=y /B e E( E)X(€)F€) de

k=3

Case of no multiplicities: Theorem 2.2.6

For the second of these integrals 17, we wish to apply Theorem 4.3.1 if 7 ()
satisfies the convexity condition, and Theorem 5.1.2 otherwise.

In order to ensure the hypotheses of these theorems are satisfied, however,
we need to impose an additional regularity condition on the behaviour of the
characteristic roots for the relevant frequencies (i.e. £ € By (0)) to avoid
pathological situations:

Assume |0, 7, (A\w)| > C for all w € S*71, 2M > X\ > 0. (7.4.2)

Since this is satisfied for large |£| (see Proposition 3.2.4) and always satisfied
for roots of operators with homogeneous symbols, it is quite a natural extra
assumption.
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The other hypotheses of these theorems hold: hypothesis (i) is satisfied
because |9g7(£)| < C, for all £ since the characteristic roots are smooth
in R™; hypothesis (ii) only requires information about high frequencies; and
hypotheses (iv) holds by the same argument as for large |£|, where only
Part II of Proposition 3.2.1 is needed, and that holds for all £ € R™. Also,
the coefficients Ai(f ) are smooth away from multiplicities, so the symbolic
behaviour (i.e. decay, or bounded for small frequencies) holds.

Now L' — L* and L? — L? estimates can be found as in the case for
large |£|, and the interpolation theorem used to give the desired results.
Thus, with condition (7.4.2), we have proved the on axis, no multiplicities
case of Theorem 2.2.6.

Multiplicities: shrinking neighborhoods

Now we can turn to the other integral given by (7.4.1). Here we will analyse
what happens in certain shrinking neighborhoods of multiplicities. First we
will assume that only two roots intersect at an isolated point, and then we
will indicate what happens in the general situation.

To continue the analysis of an isolated point of multiplicity as in (7.4.1),
we introduce a cut-off function ¢ € C§°([0,00)), 0 < 9(s) < 1, which is
identically 0 for s > 1 and 1 for s < 2; then (7.4.1) can be rewritten as the
sum of two integrals I = I; + I, Where

h=(em [ etute - ) ZA”& )€ Fle) de
L= (n)" [ 41— u)e - € ZA’% O ) de.

We study L! — L™ estimates for I; and L? — L? estimates for both I; and I,
in this section.

L' — L™ estimates: For this, we use the resolution of multiplicities tech-
nique of Section 7.1. By Lemma 7.1.1, we have, in particular,

2
‘Z Ab(t, £ < C(1+t),
k=1

for |€ — €% < t71. Now, we may estimate the integral using the compactness
of the support of ¥(s): for 0 <t < 1, I is clearly bounded; for t > 1, we
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have

Ll<Ct | [oitle = €DIFE)Ide

= Ct"|| fl poe | Wil dn < CL+ )" £l

This argument can be extended to the case when L roots meet on a set of
codimension /. In the following proposition we will change the notation for
the cut-off function to avoid any confusion with point multiplicities in the
case above.

Proposition 7.4.1. Suppose that L roots intersect in a set M of codimension
0. Let M = {£ € R" : dist(&{, M) < €}, and let § € C°(MF) for sufficiently

small € > 0. Then we have the estimate

L
/ et dist(€, M) D Aj(t, )e™ (€ dg| < C1+1)P 1 (7.43)
" k=1

Proof. By using Lemma 7.1.2 in the (bounded) neighborhood M¢ of M, we
obtain

L
‘Z em“(g)tA?(t,g)‘ < C(l + t)Lil.

k=1
The size of the support of §(¢ dist(£, M)) can be bounded by (1+t)~¢, which
implies estimate (7.4.3). O

L? — I? estimates: Let us now analyse the L2-estimate. This analysis
will apply not only in a shrinking, but in a fixed neighborhood of the set
of multiplicities. We will discuss first the case of two roots intersecting at a
point in more detail, thus analysing mainly integral I in (7.4.1). We can have
several versions of L?-estimates dependent on conditions on multiplicities and
on the Cauchy data that we can impose. For example, by Lemma 7.1.1 and
Plancherel’s theorem we get

Mllze < CQL+ 0)]1 22 (7.4.4)
On the other hand we can improve the time behaviour of the L2-estimate

(7.4.4) if we make additional regularity assumptions for the data. For ex-
ample, we can eliminate time from estimate (7.4.4) if we work in suitable
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Sobolev type spaces taking the singularity into account. Let us rewrite

I=(m [ e > Al e O (e dg
k=1

= (2m)™" / () [(ﬁ(é) — (€)Y Ak(t,£)e™O" | x
x (11(§) — 72(6))_1A(£) d€.

Using the representation from Lemma 6.1.1 we see that the expression in the
square brackets is bounded. Hence by the Plancherel’s theorem we get that

]2z <

1(71(€) = 72() X F©)llz2 = [[(71(D) = 72(D)) " X(D) f 112 (7:4.5)

An example of this is the appearance of homogeneous Sobolev spaces for small
frequencies in the analysis of the wave equations, or more general equations
with homogeneous symbols. For example, in the case of the wave equation
we have 71(§) = [£| and 12(§) = —[¢[, so that (7.4.5) means that we have the
low frequency estimate for the solution of the form

122 < [1f 1l

with the homogeneous Sobolev space H™'.
In the case of several roots intersecting in a set M, we have similarly:

Proposition 7.4.2. Suppose that L roots intersect in a set M. Let M =
{€ e R™ : dist(§, M) < €}, and let 0 € C§°(M°) for sufficiently small € > 0.
Let J denote the part of solution corresponding to these roots microlocalised
near the set M of multiplicities:

L

J(t,x) = / €O D A (1) () d.

k=1
Then we have the estimate
171 L2y < CA+ )Y Fll2 @) (7.4.6)

Moreover, let us assume without loss of generality that intersecting L roots
are labeled by Ty,--- , 7. Then we also have

II @D)-nD)"s

1<I<k<L

< O fllz2wn)- (7.4.7)
L2(Rg)
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Estimate (7.4.6) follows from Lemma 7.1.2 and Plancherel’s theorem. Es-
timate (7.4.7) follows from Plancherel’s theorem and formula (6.1.3).

Interpolating between Propositions 7.4.3 and 7.4.6, we can obtain dif-
ferent versions of the dispersive estimate in a region shrinking around M,
depending on whether we use (7.4.6) or (7.4.7).

Multiplicities: fixed neighborhoods

Here, for simplicity, we will concentrate on the case of two roots 7, and 7,
intersecting at an isolated point £°. We will discuss both L' —L® and L?— L?
estimates under additional assumptions on the roots 7 and 7.

L' — > estimates: For I, we are away from the singularity, so we can use
that

2
ZA;?(t,é‘)eiTk(Ot _ A}(g)ein(é)t —|—A§(§)e”2(§)t.
k=1

Now, we would like to apply Theorem 4.3.1 (for the case where the root
satisfies the convexity condition) and Theorem 5.1.2 (for the general case),
as in the case of simple roots; however, the proximity of the multiplicity
brings the additional cut-off function, (1 — v)(t|¢ — £°]), into play, and this
depends on t. Therefore, the aforementioned results cannot be used directly.
However, a similar result does hold, provided we impose some additional
conditions, producing analogues of Theorems 4.3.1 and 5.1.2 in this case.

Proposition 7.4.3. Let x € C°(R™). Suppose 1:(§), k = 1,2, satisfy the
following assumptions on supp x:

(i) for each multi-index o there exists a constant C, > 0 such that, for
some § > 0,

|8$‘[(V§Tk)(§0 +sn)]| < Co(1+ ]n\)““' , for small s >0 and |n| > 0;

(ii) there exists a constant Cy > 0 such that |0,7(£° + Mw)| > C > 0 for
all w € St and X > 0; in particular, each of the level sets

A\ =Sy={neR": (& +n) = A}
1s non-degenerate;

(iii) there exists a constant Ry > 0 such that, for all A > 0,

1
Zl)\ = XEA(Tk) C BRl(O).
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Furthermore, assume that A;“({) satisfies the following condition: for each
multi-index o there exists a constant Cy, > 0 such that

(iv) we have the estimate

|8;;‘[A§(§O+sn)]| < Cos I (1+n))727 1 for small s >0 and |n| > 6.

Finally, assume that ¢ € C§°((—6,0)) is such that ¥(o) =1 for |o| < §/2.
Then, the following estimate holds for all x € R, t > 0:

3 [ e s q—u)e - QD) de| < i, (1as)
k=1

forj >n— ”T_l, where vy 1= supy-o V(XA (%)), if 7(§) satisfies the convexity
condition; and for j > n — %, where Yy := supyso Yo(Xr(7%)), if it does not.

Remark 7.4.4. Conditions (i), (ii) and (iv) appear and are satisfied natu-
rally when roots T, (&) are homogeneous functions of order one—for example,
the wave equation, or for homogeneous equations.

Remark 7.4.5. Assumption (iv) is needed because A¥(€) has a singularity
at €2, so we must ensure we are away from that—this is the role of the cut-off
function (1 —)(|n|) in this proposition;

Remark 7.4.6. As usual, for example in the convex case, taking j = n—”T_l,
we get the time decay estimate

| Left hand side of (7.4.8) | < C(1+ t)_nT_1

Proof. As before, cut-off near the wave front: let £ € C§°(R") be a cut-off
function supported in B(0,r). Then, consider

2

h(t,) =Y [ O A€ (1 - )t ~ €D(En(t e+ Tn(©) de,

k=1
and

2

B(t.a)i= Y [ e as(6) 1 - vt~ Due)

k=1

(1— k) (t 'z + VT(€)) de.
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Away from the wave front set: First, we estimate I(¢,z); we claim
that
|L(t, )| < Cr.(1+1)™ forallt >0,z € R™. (7.4.9)

In order to show this, we consider each term of the sum separately,
Ly(t,x) = / O AR(E) (1 — ) (t]¢ — DX () (1 = 5) (% + VTi(£)) dE,

and imitate the proof of Lemma 4.3.3 (in which the corresponding term was
estimated in Theorem 4.3.1), but noting that in place of gr(§) € C5°(R™) we
have (1 — ¢)(t(¢ — £°)), which depends also on ¢; in particular, this means
that care must be taken when carrying out the integration by parts when
derivatives fall on (1 — v)(t|¢ — £°|). To take this into account, use the
change of variables £ = £+t~ 1n:

Ig(t, :C) _ eimgO /n ei(t’lw”ﬁ‘%(§°+t*177)t)A;?(50 + tiln)(l . w)(’n’)
X(E+ ) (1 = r) (e + (Vemi) (€0 4 ¢71n))t " dn.

Integrating by parts, with respect to n gives

15t ) = e / el et €I pr [ AR (€0 1 71y (1 — ) (In)

n

X(E" + ) (1= k) (7 2 + (Vem) (€0 + 17 'n)) ] dn,

t a4 (Vem) (€04t~ M) -
it~ 1z+(Vere) (E0+t1n)2 . Vn, this

integration by parts is valid as [t7'z 4+ (Ve7) (€2 + t7 )| > r > 0, in the
support of (1—k) (t_1:E+V7'k(§0+t_177)). For suitable functions f = f(n; z,t),
and & = €% + t71n, we have

where P* is the adjoint operator to P =

* 4 (Ver) (©)
P =Va [ut R
) (Ter)(©) Cla o+ (V) o
=i 1m+<vgm><s>|2 1o+ (Ver) ©OF "
2t + (Ver)(€)) - [Val(Ver) ()] - (¢ + (Ver) (©))]

- iz + (Ver) () J

Comparing this to (4.3.5), observe that the first and third terms have one
power of t fewer in the denominator due to the transformation; this is critical
in this case where we are approaching a singularity in A;?({O + t~'n) when
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t — oco. By hypothesis (i), for n in the support of the integrand of I}(¢,z),
we get

Vi [(Vere) (€% + )]

[t e+ (Veme) (€0 +t71n)

E <G (1+ )7

thus, we have
[P < Co[(L+ )7 F + [V f1]-

In Lemma 4.3.3, we carried out this integration by parts repeatedly in
order to estimate the integral. Here, however, note that differentiating (1 —
¥)(|n|) once is sufficient: by definition of v (s),

8y, [(1 =) (In))] = —%(asw(mn

is supported in 2 < || <1, so
[0n; (1 =) (D] < Clazpgzs/a(n)

where 11>,>3 /4(77) denotes the characteristic function of the set
{neR":1>|n[>3/4};

hence, by hypothesis (iv), for large ¢ we have

tz 4+ (Vem) (€ + 71

/. )

|

) 14560 4+ 1
e (Voo ] A€+ 010 = ) aD)
X(E + 7|1 = k) (¢t e + V(€ + 7)) [t dn
<C, [AS(E® + )|t dn
<1

3|

. 1 .
< C’Tt”/ —tT"dn < C,t'7", 7.4.10
3<pl<1 (1 + |nl)? 7 ( )

which is the desired estimate (7.4.9).

On the other hand, if, when integrating by parts, the derivative does not
fall on v (|n|), we use a similar argument to that in the earlier proof; let us
look at the effect of differentiating each of the other terms: in the support of
¥(|n|), for each multi-index v and t > 0,

o [02[AR(E +t71n)]| < Cot? (1 + |n]) 771! by hypothesis (iv);

o [02[x(E" +t7'n)]| < Ca(l+ In|)7lol: for o = 0, take Cy = 1; for |af > 1,
note that
Oy Ix(€* +t7'n)] = 79 x) (" + ¢ Mm),
and that (9gx)(£° + t~'n) is supported in N < [€° + 7'y < 2N, so
t=1 < COneolnl ™
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o |02](1—r) (t Tz + (Vem) (€0 +t7n))]| < Ca(1+In|) 71l obvious for a = 0;
for |a| > 1, note

Op[(1 = K)(t 2 + (Vem) (€0 + t7'n))]
= — (0 k)t " + Veru(€)0, [(Ver) (€ + ¢ 'n)],
which yields the desired estimate by hypothesis (i).
Summarising, this means
|(X =) (In))ag [AF (€2 + ¢ m)x (€2 + 7 ) (L= k) (1 2+ (Vem) (€0 +1 1)) ]|
< G (1 ) 71,08 ().

So, repeatedly integrating by parts we find that either a derivative falls on
(1—%)(|n|) (in which case a similar argument to that in (7.4.10) above works)
or we eventually get the integrable function C/(1+ |n|) " 11, >3/4(n) as an
upper bound; in either case, we have (7.4.9).

On the wave front set: Next, we look at the term supported around
the wave front set, I;(¢,x). As in the case away from the wave front, set
€ = €%+t 1n: consider, for k =1,2,
ix-€0 it ety (04t~ -
It a) = e [T AL 4 (1 ) ()
X(E + )k (¢ + (Ver) (€0 + ¢ 1))t dnp.

As in the proof of Theorems 4.3.1 and 5.1.2, let {\Ifg(n)}f:1 be a conic par-
tition of unity, where the support of W,(n) is a cone K, and each cone can
be mapped by rotation onto K;, which contains e, = (0,...,0,1). Then, it
suffices to estimate

o [ et 446 )1 - ) )
Uy (m)x (& +t st e+ (Vem) (€0 +t'n)) dn,

for k=1,2.
Let us parameterise the cone K;: it follows from hypothesis (ii) that each
of the level sets

Yo = {77 ER": (0 +t71n) = t_l)\}
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is non-degenerate; so, for some U C R"! and smooth function hg(t, A, -) :

U — R,

Ky = {( Ay, \hg(t, A\ y)) : A >0,y € U} .
If 7;,(&) satisfies the convexity condition, then hy is also a concave function
in y. Now, we change variables n — (Ay, Ahg(t, A, y)) and will often omit

t from the notation of hj since the dependence on ¢ will be uniform. We
obtain:

1 /Ooo/Uez’)\(t—1m/.y+t—1znhk(A,y)+1)A§?(60 + t—l)\(% hk()\,y)))
(1 — ) (A[(y, (N ) D)WL (A, b (A, 9))X (€0 + ¢ Ay, b (A, 1))

k(T e+ (Vere) (€0 + ¢ A (y, hu(N, y))))% d\dy, (7.4.11)

where we have used 74(£° + ¢t 71 (Ay, A (N, 9))) = t7'A. As in the earlier
proofs, we ensure x,, is away from zero in the cone—this requires hypothe-
ses (i) and (iii)). So, in the general case, we can write this as, with ¥ =t 'z,

X =27, = M 1o,

/ / Pt s O A€ 17 Ay, ha(A,9))
) h X ) DA, b D)X E + A, hi(X,9)))

k(e 4+ (Veme) (€0 + ¢ My, (M, 1)) % d\dy .

If the convexity condition holds, then, as in the proof of Theorem 4.3.1,
we have the Gauss map

Ve[m@+t0]  (Ver) (€ +17'¢)

B KNS 87 000 = G @m0 T (Wen) @ o0

and, as before, can define z;(\) € U so that
0 (2x(A), he(A, 2(N))) = —/[z].

Then,
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So, in this case, (7.4.11) becomes:

/ / Nt [t 1V (A 2(N) Y+t i (Ay)+35 )

Ak(ﬁ“ + Ay, PN ) (1= ) Ay, b\ ) DT (Ay, (X, )

M+ M he0 ) (F + (Ten) (€ + A, () s AN

Let us estimate this integral in the case where the convexity condition holds.
We have:

e The same argument as in the earlier proof (which uses hypothesis (ii)),
shows

< oML

d(X,y)
The constant C' here is independent of ;

e Now, with E?C(I/) Al (v)x(v )&(Z + (Ver) ) U1 (A(y, (A, y))), where
v=~& +t\y, hi(\, y)), we have

(1FY| < #n /oo‘/61’)&”[—(y—z(/\))~Vyhk(/\,z(/\))-&-hk()\,y)—i-hk()\,z()\))}

EINAS(E + 17 Ay, (0, ) (L = B) (g, b (A, 9))]) dy| A" .

e Now, applying Theorem 4.1.1— this may be used due to the properties of
A¥(€) and 7 (€) stated in hypotheses (iv) and (i)—we find that

‘ / Tl = (5= 2(0)Vy i (2 () )+ (A2 (V)]

EINAF(E+ 7 Ay, b (A 1) (L= ) (Al (g, he(A, 9))]) dy| < CNT"X(N)

where X(\) is a compactly supported smooth function that is zero in a
neighbourhood of the origin.

e Hence,
(1)) < tj"/ XOOATdy < o,
0

Finally, the general case without convexity can be estimated in a similar way,
with the necessary changes used in the proof of Theorem 5.1.2 to account
for the change in the phase function—in particular, the use of the Van der
Corput Lemma, Lemma 5.0.5, in place of Theorem 4.1.1. This completes the
proof of (7.4.8). O
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Using Proposition 7.4.3, it is clear that

| [ e=sa—weie - ZA’”S )" ie) e

<O+ | fllu

Loo(Rm)

if the roots satisfy the convexity condition, and

| 0w enxo 3 so.oeion],

<SCA+t) o fe

otherwise. In comparison to (6.6.6), here we have L'-norms on the right
hand sides, since y is a cut-off function to bounded frequencies.

Finally, we must consider the case where L roots intersect; the above
proof can easily be adapted for such a case, giving corresponding results.

L? — L? estimates: For the L2-estimates on the support of (1 — )(¢|€ —
£°)x (&) we only need assumption (iv) of Proposition 7.4.3 with o = 0 for
the amplitude, namely that

|Ak(§0 +5n)| < Cos™ (14 |n)77, for small s >0 and |n| >0. (7.4.12)
Then, for the left hand side of (7.4.8), we have

Z [ a0 - o - DOT

L2(Ry)
2

S e O AR ) (1 - )(tle — ) () FLE)

k=1

< [[#(L+ ) FE° + ) 2qga),

where we used Plancherel’s theorem, (7.4.12), and the notation s = ¢!,
E=E"+1t"1n, so that n = (£ — £Y). Then we can easily estimate

L2(RE)

[1#7(1+ n)) 7 FE° + 7 ) oy = 71+ t€ — €))7 F(E) | z2ep)
= (I + 1€ = DT O 2ep)
< |11E = €17 (Ol
= |[ 1D — Do|™ fllz2(n),
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where D — Dy is a Fourier multiplier with symbol £ —£°. So, we finally obtain
the estimate

2
E:/’a@&m@mq@xy_wak—€%x@ﬁ@ﬁﬁ
2 Jon L2(Rz)

< CI[D = Dol fll z2(rs)-

In the case of equations with homogeneous symbols (like for the wave equa-
tion), when roots are homogeneous, we have £ = 0, so that the right hand
side becomes just the norm in the corresponding homogeneous Sobolev space.

Due to the earlier bound near the multiplicity, we can combine the results
with the interpolation Theorem 6.2.3.





