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Embedding of the rank 1 DAHA into Mat(2,T,)
and its automorphisms
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Abstract.

In this paper we show how the Cherednik algebra of type C,Cy ap-
pears naturally as quantisation of the group algebra of the monodromy
group associated to the sixth Painlevé equation. This fact naturally
leads to an embedding of the Cherednik algebra of type C1C) into
Mat(2,T,), i.e. 2 x 2 matrices with entries in the quantum torus. For
q = 1 this result is equivalent to say that the Cherednik algebra of type
C,C is Azumaya of degree 2 [31]. By quantising the action of the braid
group and of the Okamoto transformations on the monodromy group
associated to the sixth Painlevé equation we study the automorphisms
of the Cherednik algebra of type C;C and conjecture the existence
of a new automorphism. Inspired by the confluences of the Painlevé
equations, we produce similar embeddings for the confluent Cherednik
algebras Hyv, Hyv, Hrrr, Hir and Hy, defined in [27].

§1. Introduction

The Painlevé sixth equation [16, 33, 17] describes the monodromy
preserving deformations of a rank 2 Fuchsian system with four simple
poles a1, a2, a3 and oco. The solution of this Fuchsian system is in gen-
eral a multi-valued analytic vector—function in the punctured Riemann
sphere P'\ {a1, az, a3, oo} and its multivaluedness is described by the so-
called monodromy group, i.e. a subgroup of SLy(C) generated by the
images My, My, M3 of the generators of the fundamental group under
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the anti-homomorphism:
p T (Pl\{al, az, as, OO}7 )\0) — SLQ(C)

In this paper, we introduce flat coordinates on a large open sub-set
of the set of all possible monodromy groups obtained in this way (see
Theorem 3). We then obtain a quantisation of the group algebra of
the monodromy group by introducing a canonical quantisation for these
flat coordinates. This quantum algebra is isomorphic to the Cherednik
algebra of type C1C1, i.e. the algebra H generated by four elements
Vo, Vi, Vo, Vi which satisfy the following relations [7, 32, 30, 34]:

1)
2)
3)
4)
5)

o~ o~ o~ o~ o~

where ko, k1, ug,u1,q € C*, such that ¢" # 1, m € Z~g.

As a consequence we obtain an embedding of the Cherednik algebra
of type C1C} into Mat(2,T,), i.e. 2 x 2 matrices with entries in the
quantum torus:

Theorem 1. The map:

ko — kgt — ie™ —je %
—ko+ie 3 4ieS e 5

(© Voo o

by — kit —ie® ky—kyt—ie% —ieS
(7) Vi— < ieS? ieS?

. 0 — e
(8) Vi— ( ie ST uy — ufl )
~ Uuo 0
) oo (0 ).
uo

where S, 52,53 satisfy the following commutation relations:

(10) [51752] = [52753] = [53751] = Z"]Th, ug = —1 6_51_S2_53,
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for g =e " and

s = Eoe_sl_sg+E16_51+S3+ﬂ1652+s3+i 6—51—524—53_;'_7: e—Sl+52+53_u0
gives and embedding of H into Mat(2,T,). In particular, the images of
Vo, Vo, Vi, Vi in GL(2,T,) satisfy the relations (1,...,4) and (5), in the
quantum ordering is dictated by the matriz product ordering'.

Note that this result was already proved in [27] (using a different
presentation for H). The purpose of the current paper is to explain this
result in the Painlevé context and to draw parallels between the theory
of the Painlevé equations and the theory of the Cherednik algebra of
type C1C}.

In particular, we prove that all the known automorphisms of the
Cherednik algebra of type C1C) are a quantisation of the action of the
braid group on monodromy matrices proposed in [9, 26] to describe the
analytic continuation of the solutions to the sixth Painlevé equation.

Next we deal with the Okamoto transformations of the sixth Painlevé
equation and their action on the monodromy group. By quantisation we
conjecture the existence of an automorphism of the Cherednik algebra
of type C1C, which acts as follows on the parameters:

Ul Ug kl kO >
Vuruokiko Vuruokiko vuiuokiko vuiuokiko

We postpone the computation of the action this automorphism on Vj, V7,
Vo, Vi to a subsequent publication.

Finally, in [27], the author introduced confluent versions of the
Cherednik algebra of type C;1C; by using a concatenation of Whittaker-
type limits similar to those introduced in [8]. In this paper we explain the
origin of these confluent Cherednik algebras from the point of view of the
Painlevé theory. In [6] the confluence scheme of the Painlevé differential
equations was explained in terms of certain geometric operations giving
rise to specific asymptotic limits in the classical coordinates si, ss, S3
and parameters. Here, we quantise these asymptotic limits to obtain
asymptotic limits for the quantum coordinates S1, Sa, S5 and of the pa-
rameters ko, k1, uo, u; (see Fig. 1). By taking these limits in the matrices
(6), ..., (9), we produce new matrices which turn out to provide em-
beddings for the confluent Cherednik algebras Hy, Hyv, Hrrr, Hir and
Hr in Mat(2,Ty).

(Ul,“O,kl,kO) — (

1By this we mean that the product AB of two matrices A, B whose entries
are in T, is computed by keeping the entries of A on the left matrix of the entries
of B.
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ko — €, k1 — €, Uy —> €,
PVI PV PIV PII Pl
e %65'3 e %652 St — %esl e — %633
e — %633
k1 — €, up — euq U] — €,
PIIT . PIIIP7 . PIIIPs
St — %, %2 - ee52 St — %, %2 — eeS2

Fig. 1. The [6] confluence scheme for the Painlevé equations
denoted here by PVI, PV, PIV, PIII, PIIIP7,
PIIIPs, PII, PI and the corresponding rescaling
of the quantum shifted shear coordinates Si,Ss,S3
such that limp,_,0 S; = s; + &, =1,2,3.

§2. Flat coordinates for the monodromy group of the sixth
Painlevé equation

2.1. Sixth Painlevé equation as isomonodromic deforma-
tion equation
We start by recalling without proof some very well known facts
about the sixth Painlevé equation and its relation to the monodromy
preserving deformations equations [22, 29].
The sixth Painlevé equation [16, 33, 17],

S T I S DD (RN I S DA
Yur = o\y Ty—1 " y—t Yi -1yt Yt
yly—1)(y —t) t -1 t(t—1)
CACARAC A - 5

t2(t — 1) OMLﬁy"’jw(y—l)fr (y—t)2]’

(11) +

describes the monodromy preserving deformations of a rank 2 meromor-
phic connection over P! with four simple poles ay,as,az and oo (for
example we may choose a3 =0, az =t, ag = 1):

D S At
12 — = (0]
(12) dA A—ap
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where?

(13) eigen(4;) = :I:%7 fori=1,2,3, Ay :=—-A; — Ay — A;
Ooo

2

and the parameters 60;, i = 1,2, 3, 00 are related to the PVI parameters
by

QZM7 3:_ﬁ7 Vzg, 5 = 1_95'
2 2 2
The precise dependence of the matrices Ay, As, A3 on the PVI solution
y(t) and its first derivative y;(¢) can be found in [29].

The solution ®(A) of the system (12) is a multi-valued analytic
function in the punctured Riemann sphere P!\ {a,as,as,c0} and its
multivaluedness is described by the so-called monodromy matrices, i.e.
the images of the generators of the fundamental group under the anti-
homomorphism

p:mi (P'\{a1,az2, a3, 00}, \g) = SL2(C).

In this paper we fix the base point Ay at infinity and the generators of
the fundamental group to be Iy, [s, l3, where each [;, ¢ = 1,2, 3, encircles
only the pole a; once and Iy, 15,3 are oriented in such a way that

(15) MiMyMsMy, = 1,
where Mo, = exp(2miAs).

2.2. Riemann-Hilbert correspondence and PVI monodromy
manifold
Let us denote by F (61,02, 03,0) the moduli space of rank 2 mero-
morphic connection over P! with four simple poles a1, as,as, 0o of the
form (12). Let M(G1,G2,G3,G) denote the moduli of monodromy
representations p up to Jordan equivalence, with the local monodromy
data of G;’s prescribed by

G; = Tr(M;) = 2cos(wl;), i=1,2,3,00.

2For simplicity sake, we are recalling here the main facts about the isomon-
odromic approach in the case when the parameters 6;,605,03 and 0., are not
integers. This is just a technical restriction, all the results proved in the paper
are actually valid also when we lift such restriction.
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Then the Riemann-Hilbert correspondence
]:(91, 92, 93, GOC)/F — M(Gl, Gg, G3, Goo)/GLQ((C),

where T is the gauge group [2], is defined by associating to each Fuchsian
system its monodromy representation class. The representation space
M(G1,G2,G5,G ) /GLy(C) is realised as an affine cubic surface (see

[21])
(16) GRo+Ga3+G3) +G12G23G31 —w3Gra — w1 Gag —waGa1 +wee = 0,
where G2, Go3z, G31 defined as:
Gij = Tr (M;M;) , i, =1,2,3,
and

wij = GZGJ + GkGooa k 7é ivja
Woo = G + G} + G + G% + GoG1G1G o — 4.

This cubic surface is called monodromy manifold of the sixth Painlevé
equation and it is equipped with the following Poisson bracket:

{G12,Ga3} = G12Ga3 + 2G31 — wo
(17) {Ga23,Gs1} = Ga3G31 + 2G12 — w3
{G31,G12} = G31G12 + 2G23 — wy

In [20], Iwasaki proved that the triple (G2, Ga3, G31) satisfying the cubic
relation (16) provides a set of coordinates on a large open subset S C
M(G1,G2,G3,Gs). In the following sub-section, we restrict to such
open set.

2.3. Teichmiiller theory of the 4-holed Riemann sphere

The real slice of moduli space F(61,0s,03,0) of rank 2 meromor-
phic connections over P! with four simple poles ai,as,as,co can be
obtained as a quotient of the Teichmiiller space of the 4-holed Riemann
sphere by the mapping class group. This fact allowed us to use the com-
binatorial description of the Teichmiiller space of the 4-holed Riemann
sphere in terms of fat-graphs to produce a good parameterisation of the
monodromy manifold of PVI [4]. In this sub-section we recall the main
ingredients of this construction.

We recall that according to Fock [13] [14], the fat graph associated
to a Riemann surface ¥, , of genus g and with n holes is a connected
three-valent graph drawn without self-intersections on ¥, , with a pre-
scribed cyclic ordering of labelled edges entering each vertex; it must be
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Fig. 2. The fat graph of the 4 holed Riemann sphere. The
dashed geodesic corresponds to Gys.

a maximal graph in the sense that its complement on the Riemann sur-
face is a set of disjoint polygons (faces), each polygon containing exactly
one hole (and becoming simply connected after gluing this hole). In the
case of a Riemann sphere £ 4 with 4 holes, the fat—graph is represented
in Fig.2 (the fourth hole is the outside of the graph).

The geodesic length functions, which are traces of hyperbolic ele-
ments in the Fuchsian group A, ,, such that in Poincaré uniformisation:

Ygn ~H/Agr,

are obtained by decomposing each hyperbolic matrix v € Ay, into a
product of the so—called right, left and edge matrices: [13] [14]

e () (5 )
0L, ),

Let us consider the closed geodesics ;; encircling the i-th and j-th holes
without self intersections (for example 715 is drawn in Fig.1), then their
geodesic length functions can be obtained as:

Gs3 = —Tr (RE,,RE,,RE,,RE,,RE,,RE,,R) ,

(19) Gs1 = —Tr (LE,,RE,,RE,,RE,, RE, RE,,),
Gy = —Tr (E,, RE,, RE,, RE,,RE,,RE,,L),
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which leads to:®

G23 — _eS2FS3 _ p782—Ss _ o—S2tS3 _ Goe®? — G36_82
(20) G31 — _eS3FS1 _ pms3—s1 _ o—Ssts1 G3651 _ Glefss,
G12 — _651+52 e S1Ts2 6—314—52 _ Gles2 _ G2€—51
where
Pi _Pi .
Gi=e2 +e 2, 1=1,2,3,
and

Goo = eS1Ts2+ss 4 eTS1T5278s

Due to the classical result that each conjugacy class in the fundamental
group P\ {a1, az, a3, oo} can be represented by a unique closed geodesic,
we can make the following identification:

(21) Gij = TI‘ (MZM]) s

and indeed it is a straightforward computation to show that G2, Gas, G31
defined as in (20) indeed lie on the cubic (16).

Moreover, the Poisson algebra structure (17) is induced by the Poisson
algebras of geodesic length functions constructed in [3] by postulating
the Poisson relations on the level of the shear coordinates s, of the
Teichmiiller space. In our case these are:

{s1,82} = {s2,83} = {s3,51} = 1,

while the perimeters pi, p2, ps are assumed to be Casimirs.

Since the parameterisation (20) is analytic in s, $2, $3, we can com-
plexify s1, 92,83 and G1, G2, G3, G to claim that sq, s2,s3 € C provide
a system of flat coordinates on the Friecke cubic (16).

2.4. Parameterisation of the monodromy group

In the case of monodromy matrices, Korotkin and Samtleben in [25]
proposed an r-matrix structure of the Fock—Rosly type [15] which did not
however satisfy Jacobi relations on monodromy matrices themselves but
became consistent on the level of adjoint invariant elements. Therefore
the problem of quantising the monodromy group remained open.

3Note that for simplicity we have actually shifted the shear coordinates
S; %81‘4—%,7;:1,2,3
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In this section we show that thanks to the identification (21), we
can impose

M, = E, RE, RE,,
(22) M, = —-RE, RE, RE.,L,
Ms = —LE.RE, RE,R,

so that s1,s9,s3 € C provide a system of flat coordinates on the mon-
odromy group, rather than only the monodromy manifold. This will
allow as to quantise as we shall see in subsection 3.

Theorem 2. Given any quadruple of diagonalisable matrices My, Mo,
M3, Mo, € SLy(C), such that My MasMsMy. =1, the group (My, My, M)
1s irreducible and none of the matrices My, My, M3, My, is a multiple of
the identity, we can find s1, S2, S3,p1,P2,P3 € C such that the following
relations hold true (up to global conjugation and cyclic permutation):

M,y

Il
7N
ChI

» &
=

|

4
M‘El
(LS
o =
|
l\/‘,_,
~_

My = (
—eF —e T — e —e %
M3 = P3 _P3 )

M —eS1—52—53 0
oo - Soo _esl+52+53 )

where

p3  _p3\ _g _ P2 _p2\ _ P _p1
soo:(e2+e 2)6 S1 52+(e2+e 2)6 81+53+(62 +e 2)€S2+83

+eTS1TS2 TS 6_51_82+53 + 6—81+82+83

Note that in this parameterisation

Pj

eigen(M;)=—e*7 | j=1,2,3,50 that Tr(Mi):Gi:e%—i—e_%, 1=1,2,3,

and Mo, = (M; My Ms) ™" is not diagonal but has eigenvalues e+(s1+s24s3)

83. Quantisation

In [5] the proper quantum ordering for a special class of geodesic
functions corresponding to geodesics going around exactly two holes was
constructed and it was proved that for each such geodesic, the matrix
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entries of the corresponding element in the Fuchsian group satisfy a
deformed version of the quantum universal enveloping algebra U, (sls)
relations.

In this section we use the same quantum ordering for quantising
matrix elements of the monodromy group.

In [4], the quantum Painlevé cubic can be obtained by introducing
the Hermitian operators St, .52, 53 subject to the commutation inherited
from the Poisson bracket of s;:

[Si,Si+1] :iﬂﬁ{si,5i+1}:i7rh, 1=1,2,3, 1+ 3 =1,

while the central elements, i.e. perimeters pi,ps,ps and S; + Ss + S3
remain non-deformed, so that the constants wgd) remain non-deformed
[4].

The Hermitian operators Gbs, G, G, corresponding to Gas, G,
(12 are introduced as follows: consider the classical expressions for Gag,
(31, G129 is terms of sq, s9, s3 and p1, p2, p3. Write each product of expo-
nential terms as the exponential of the sum of the exponents and replace
those exponents by their quantum version, for example the classical Gag
is

Gos = _eS2tSs _ o828 _ o—s2tss _ Goe® — G36_52,

and its quantum version is defined as

ng _ _652+53 _ 6—52_53 _ 6_52+SS _ GQ@SS — G3€_SQ.

Then GB;, GE,, G}, satisfy the following quantum algebra [4]:

g PGLGE — ¢! GG, = (= )Gl + (P = ¢ P ws
(23)712GLGly — ¢ PGGE = (7 = )Gl + (7 = ¢ )ws
g PGYG, — ! PGLG = (7 = )G+ (7 = ¢ P

and satisfy the following quantum cubic relations:
_ _ 2 2 2
ch = q 1/2G71:L2G33G?3 —q 1(G?2) - Q(Ggs) —q 1(G?3)
(24) *q71/2W3G¥2 - q1/2W1G72ig - 471/2W2G?3a

where C" is a central element is the quantum algebra (23).
We now quantise the monodromy matrices in the same way:
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Theorem 3. The following matrices

h 0 —eSl
Ml = -5 Pl _p1 5
e —e2 —e 2
P2 _r2 P2 _r2 _
ME o= —eF —e7 7 —e¥ T —e7F —eP e
2 - 652 632 ’
P3 _P3 — —
ME = —e2 —e" 7 —e 5 —e™58
- P
3 e? fe T fe e S g% )7
ML = ( _6_51;52_53 s OS s >
co T +S2+S: ’
Soo —e 1 2 3
where

p3  _ps\ _g _ p2 _p2\ R
sZoz(e?—l—e 2)6 51 Sz—l—(ez—ke 2)6 SI+SS+(62+6 2>es2+s3

—S51—52-5 —S1—S2+S. —S1+S52+S,
e I R e R

are elements of SL(2,Ty) and satisfy the following relations:

H

(M} +eFI)(M] +e2'T) =0,

(M} + e ZT)(MP + e2°T) = 0,

(MF + eZT)(MP 4 e2T) = 0,

(Mh +651+52+S3H)(M7i +675’1 So— S’gH) O7

(25) M MPMYM = g2,

where I is the 2 x 2 identity matrix.

This theorem shows that we can interpret the Cherednik algebra
as quantisation of the group algebra of the monodromy group of the
sixth Painlevé equation, in fact the matrices defined by (6), (7), (8), (9)
are simply obtained as iM;?, iMJy, iM]' and iM" respectively so that
Theorem 1 can be stated as follows:

Theorem 4. The map:
(26) Vo —iMy, Vi —iMy, Vi —iM}, Vo —iME,

where MJ', MY MI MD are defined as in (25), gives and embedding of
H into Mat(2,T,). In other words, the matrices iML, iM%}, iM! and
iMI in GL(2,T,) satisfy the relations (1,2,3) and (4), in which the
quantum ordering is dictated by the matrix product ordering and

N‘S

uy = —ie 2, ko=—ie 2, kyi=—ie %, wug=-—

N‘S

je 51— 52—5s
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Proof of Theorem 1. To prove this theorem, we use the fact that the
algebras H is the algebra generated by five elements T+, X+1 Y+ with
the following relations:

(27) XW=WX =1,
(28) YZ=7Y =1,
(29) XT+abT™'W+a+b=0,
qd -1 q
30 ZT+ =T Y+1+—=0
(30) +cd + +cd ’
(31) (T+ab)(T+1)=0,
q 9 1 1 cd
32) YX=—=T*XY —q| -4+ |TY - (1+— | TX + (c+d)T,
ab a b q
where
k
a=—"1 b=whk, c=-ya2,  d=/quko,
k1 uo
and

X = /qgVo Vo, Y = koui Vi Vo, T=uVi,

and viceversa

. 1 1 - k 1

Vi=—T, Vo=—T7%Y, Vi=—V'TX, Vi=—TX"
Uy ko Va Uy

We then use Theorem 5.2 from [27] to prove formulae (6,7,8,9). O

Q.E.D.
84. Classical limit of the automorphisms of the Cherednik
algebra

In [9] the following action of the braid group on monodromy matrices
was proposed to describe the analytic continuation of solutions to the
sixth Painlevé equation:

B1(My, My, M3, Myo) = (My My MY, My, My, M),
(33) Bo(My, My, M3, Myoo) = (My, MoMs My, Mo, M,).

In [26], this action was expended by adding the following involution:
(34) r(My, My, My, Moo) = (M3, My ' M, M.

In this section we prove that this extended braid group action gives rise
to the automorphisms of the Cherednik algebra of type C'yC; which were
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studied in [30, 34]. Here we list them as they appear in [31]:

) o(Vi, Vi, Vo, Vo) = (Vo, Vi, Vi 'V, Vo Vo Vg ),
36) T(Vi, Vi, Vo, Vo) = (Vi, Vi, VoVo V1, Vo)

) (Vi Vi, Vo, Vo) = (Vi 'V VL Vi Ve Vg v,

) T(Vi, V1, Vo, Vo) = (Vo, Vi, Vi, Vo).

Indeed by quantising (33) and (34) we obtain

- . - -1 .~ .
B?(‘/lyvlv‘/(L‘/O) = (Vlvl‘/l 7‘/1a‘/0)V0)7
Bg’(vla Vlv‘/()7‘7()) = (V17%V0V1_17‘/1a%))
~ ~ _ _ v -1 ~ _
TE(V17V17W)a%) = (VO 17V1 17V1 7V0 1)'

It is not hard to check that o = BEpPpE, 7 = 7272 and n =
rPBEBRBE. so that we can claim that the automorphisms of the Chered-
nik algebra of type C,C} are indeed the quantisation of the extended
modular group action described in [9, 26].

The Painlevé sixth equation admits also an affine group of bi-rational
transformations as described in table 1:

L6 [ 6 [ 6 [ 6 [ vy [ ¢ |
w1y —0; 02 03 0o Yy t
wa 01 —03 03 0o y t
ws 01 92 —93 000 y t
Woo 01 92 93 2 — GOC Yy t
wy || O1+p | Ootp | Os+p [ Octp|y+L | 1
71 O — 1 03 ) 01 +1 t/y t
T2 03 900 -1 01 92 + 1 t(;j:tl) t
T3 92 91 900 —1 03 +1 Z:i t
13 03 92 01 000 1-— Yy 1—1¢
T1oo || O — 1 02 03 01 +1 1/y l/t
T2 02 01 03 Ooo -

Table 1: Bi-rational transformations for Painlevé VI,
p= 2=01—02—05—0
= > .

We note that wy, we, w3, ws have no effect on the monodromy ma-
trices and therefore on the generators of H, while 71,72, 73 act as com-
binations of cyclic permutations and the transformation r, while the
permutations 713, T1s0, T12 correspond to a combination of braids. The
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only transformation which does not have a simple explanation in terms
of monodromy matrices M, Mo, M3, M, is w,, which was explained in
terms of isomonodromic deformations of a 3 x 3 linear system with one
irregular singularity and one simple pole in [28]. On the parameters
(u1, up, k1, ko) this transformation acts as follows:

(5% U ky kO )
Vuruokiko  Vuruokiko” Vuiuokiko vuiuokiko
We postpone the computation of the action this automorphism on Vg, V7,

Vi, Vi to a subsequent publication, this will involve a quantum version
of the middle convolution operation discussed in [12].

(ulaUOakhkO) - <

5. Embedding of the confluent Cherednik algebras into
Mat(2,T,)

The confluent limits of the Cherednik algebra of type C1C; were
introduced in [27], in terms of a different presentation which is equivalent
to the following (see Theorem 3.2 in [27]):

Definition 5.1. Let ky,ug,u1,q € C*, such that ¢™ # 1, m €
Z~q. The confluent Cherednik algebras Hy ,Hiv, Hirr, Hir, Hy are the
algebras generated by four elements Vi, Vi, Vo, Vi satisfying the following
relations respectively:

o Hy:
(39) VE+Vy =0,
(40) (Vi = k)(Vi+ k1t =0,
(41) Vo +ug'Vy =0,
(42) (Vi —u1)(Vi +upt) =0,
(43) ¢PVVIVY = Vo +ug
(44) q"PVoWiVi = Vo + L.
o Hrv
45 Vi + Vo =0,
46 VE+ V=0,
47 %2 + iVO =0,
o

Vi —u) (Vi +ut) =0,

~~ N/~~~
oo
—_— — N N D T

49 qPViViVo = Vo +ug
50 VoViVh = 0,
51 VoVo = 0.
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) 7‘[111.‘
(52) V02 = 07
(53) (Vi = k) (Vi + k1) =0,
) 1 -
(55) (Vi —u)(Vi +ugt) =0,
. § 1
56 PV = Vo + —
( ) 1v1ivo 0 \/a
(57) 7PV = V.
[ ] 7‘[11.'
(58) VZ+ Vo =0,
(59) Vi=0,
(60) Vol + Vo =0,
(61) (Vi —u1)(Vi +uyt) =0,
(62) ¢"PViViVy = Vo + 1,
(63) VoVaVi = 0,
(64) VoV = 0.
° 7‘[[.'
(65) V02 + Vo =0,
(66) ‘/12 = 07
(67) Vol 4+ Vo =0,
(68) ViV, =0,
(69) q"PViViVy = Vo + 1,
(70) VoVh = 0,
(71) VoVo = 0.

All these algebras Hy,Hiv,Hrrr, Hir, Hr admit embeddings in
Mat(2,T,) (see Theorems 5.2, 5.3, 5.4, 5.5 and 5.5 in [27]). Here we re-
port these embeddings for the generators Vi, V4, Vi, Vo in order to clarify
the confluence scheme in accordance with Figure 1. Note that in Figure
1, we also have the algebras 'H?f[ and H?fl for which we don’t have a
Noumi Stokman [30] representation and for which we can’t prove the
embedding into Mat(2,T,), so that the geometric explanation behind
these algebras remains conjectural.
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Theorem 5. The map:

(72) VO‘)(l_i_ZeSg 0)

ky — k7l —ieS? ky — kTl —ieS2 —jeSe
(73) Vi ( ok VA e

J 0 — e
(74) Vi— ( ie=S wy —upt )
“ 0 0

(75) %%<ﬁ5—$)
where
e <l€1 - kl) eI 4 <u1 - u1> 5215 4 =515 t5s

! 1

+ie 1t 5tSs

gives and embedding of Hy into Mat(2,T,). The images of Vy, Vo, Vi,
in Mat(2,T,) satisfy the relations (39), (40), (41), (42), (43), (44) in
which the quantum ordering is dictated by the matrixz product ordering.

Theorem 6. The map:

i Yo < 1 +_z'1€s3 8 )

(77) Vi ( —1i_e ;fsz _12-_8 SZ-QGSQ )
" i (ol )
" %%<£s—%)’
where

_ 1 o
s=e S1+Ss + (— — Uy 652+53 +ie S1+82+855
U1
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gives and embedding of Hyv into Mat(2,T,). The images of Vg, Vo, Vi, Vi
in Mat(2,T,) satisfy the relations (45), (46), (47), (48), (49), (51) in
which the quantum ordering is dictated by the matriz product ordering.

Theorem 7. The map:

0 0
(80) Vo — ( ieSs 0 >

ie ieS?

S =1l =S _ ;.S
(81) V1—><k1 klsz ie”? ki — kg e 2 Z62)

5 0 — e
(82) Vi— < ie S —ul_l )
< 0
(83) Vo — ( gis —1 >7
where
s = 6—51—52 4 (ki _ k1> e—S1+53 4 (i _ U1> 652+Sg +i€_sl_52+53
1 Uy

i, e~ S1 5245

gives and embedding of Hrrr into Mat(2,T,). The images of Vy, Vo, Vi, V4
in Mat(2,T,) satisfy the relations (52), (53), (54), (55), (56), (57), in
which the quantum ordering is dictated by the matriz product ordering.

Theorem 8. The map:

-1 0
(84) V0_>(1+ies3 0)
—iedr —jed
(85) Vl —> < Z‘eSQ Z‘eSQ )
5 0 —ie™

. 0 0
(87) Vo = ( iy/ge Sre%2e — | /g (u1 - u%) ed2es 1 ) ’
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gives and embedding of Hyy into Mat(2,T,). The images of Vy, Vo, Vi, Vi
in Mat(2,T,) satisfy the relations (58), (59), (60), (62), (63), (64), in
which the quantum ordering is dictated by the matriz product ordering.

Theorem 9. The map:

(88) Vo = ( 1+_iles3 8 )
o Y G
(90) Vi — <8 —1'6151 >

(91) Vo — ( qéeg%sg (1J>

gives and embedding of Hr into Mat(2,T,). The images of Vp, Vo, Vi,
in Mat(2,T,) satisfy the relations (65), (66), (67), (68), (69), (71), in
which the quantum ordering is dictated by the matrixz product ordering.

Proof. The proof of this Theorem is very similar to the proof if
Theorem 8, and is therefore omitted. Q.E.D.
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