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Splitting in orbit equivalence, treeable groups, and
the Haagerup property

Yoshikata Kida

Abstract.

Let G be a discrete countable group and C' its central subgroup
with G/C treeable. We show that for any treeable action of G/C on a
standard probability space X, the groupoid G x X is isomorphic to the
direct product of C' and (G/C') x X, through cohomology of groupoids.
We apply this to show that any group in the minimal class of groups
containing treeable groups and closed under taking direct products,
commensurable groups and central extensions has the Haagerup prop-
erty.

§1. Introduction

It is an elementary fact that any group extension of a free group
splits. In the framework of measured groupoids, Series [25] observed
that any extension of the equivalence relation associated with a free ac-
tion of a free group splits analogously. The same splitting therefore holds
for any extension of an ergodic treeable equivalence relation of type Iy,
thanks to Gaboriau [14] and Hjorth [17]. A discrete measured equiva-
lence relation is called treeable, roughly speaking, if it has a measurable
bundle structure whose fiber is a simplicial tree. Treeability was intro-
duced by Adams [1], and is widely regarded as an analogue of freeness
of groups. In the first half of the paper, we show that the same splitting
holds for any central extension of a treeable equivalence relation of type
IT; which is not necessarily ergodic. In the second half of the paper, we
apply this to show the Haagerup property of certain central extensions
of discrete countable groups.

In this introduction, we avoid to precisely define a central extension
of an equivalence relation. We instead state the splitting theorem for the
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case where the central extension arises from a p.m.p. action of a discrete
countable group G such that a central subgroup of G acts trivially. We
mean by a p.m.p. action of a discrete countable group G a measurable
action of G on a standard probability space preserving the measure,
where “p.m.p.” stands for “probability-measure-preserving”.

Theorem 1.1. Let 1 - C — G — I' — 1 be an exact sequence
of discrete countable groups such that C is central in G. We denote
by q: G — T the quotient map. Let T' ~ (X, u) be a free and p.m.p.
action such that the associated equivalence relation is treeable. Let G
act on (X, p) through q. Then there exists an isomorphism of discrete
measured groupoids,

I:Cx (I'x (X,pn) = Gx (X, p),

such that for any ¢ € C and a.e. x € X, we have I(c,(e,x)) = (¢, x),
where e is the neutral element of I'; and for any g € G and a.e. v € X,
the coordinate of I=*(g,z) in T x (X, p) is (q(g), ).

We refer to Theorem 3.2 for a general version of Theorem 1.1. Using
this splitting, we show that there exists an ergodic, free and p.m.p. action
of G which is orbit equivalent to the direct product of such actions of C'
and of I' (see Theorem 3.4).

Theorem 1.1 for the case where the action I' ~ (X, ) is orbit equiv-
alent to a free p.m.p. action of a free group F' is derived from Series’ ob-
servation based on cohomology of discrete measured groupoids ([25, §4,
(C)]). The proof is outlined as follows: Let R be the discrete measured
equivalence relation associated with the action I' ~ (X, ). Analogously
to the theory of group extensions, there is one-to-one correspondence be-
tween a central extension of R with a central subgroup C and an element
of the cohomology group H?(R,C), such that the splitting of the exten-
sion corresponds to 0. The group H?(R,C) is isomorphic to the second
cohomology group of F' with coefficient in some module, thanks to West-
man [28]. The latter vanishes because F' is a free group. The splitting
then follows.

Remark 1.2. For any p.m.p. treeable equivalence relation R and any
abelian Polish group C, regarding C' as an R-module on which R acts
trivially, we indeed show that H™(R, ) = 0 for any integer n with n > 2
(Corollary 2.8).

Treeability was extended for discrete measured groupoids by
Anantharaman-Delaroche [3], [4] and Ueda [26], where several features of
treeable equivalence relations are extended. It is natural to ask whether
the above vanishing of cohomology also holds for any treeable groupoid.
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This question remains unsolved because we do not know whether any
ergodic treeable groupoid arises from an action of a free group, up to
stable isomorphism.

In [11, §7.3.3], the following question on the Haagerup property
(HAP) of groups ([16]) is asked: For a central extension 1 — C — G —
I' — 1 of locally compact groups, is it true that G has the HAP if and
only if I' has the HAP? We give new examples of a discrete countable
group G and its central subgroup C such that G and G/C have the
HAP. They are obtained as an application of the splitting theorem.

A discrete countable group is called treeable if it has an ergodic,
free and p.m.p. action such that the associated equivalence relation is
treeable. We refer to [2], [8] and [15] for examples of treeable groups.
If a discrete countable group G has a central subgroup C with G/C
treeable, then G has the HAP because G is measure equivalent to the
direct product C x (G/C) by Theorem 1.1 (or Theorem 3.4) and the
HAP is invariant under measure equivalence ([18, Proposition 1.3], [19,
Remark in p.172] and [23, Proposition 3.1]). Using Theorem 1.1 and
its general version, we further obtain a much broader class of central
extensions having the HAP.

Notation 1.3. Let C denote the smallest subclass of the class of
discrete countable groups that satisfies the following conditions (1)—(4):
(1) Any treeable group belongs to C.
(2) The direct product of two groups in € belongs to C.
(3) For a discrete countable group G and its finite index subgroup
H, we have G € C if and only if H € C.
(4) Any central extension of a group in € belongs to C.

Theorem 1.4. Any group in C has the HAP. More generally, for
any discrete countable group G and its central subgroup C' with G/C € €,
the pair (G, C) has the gHAP.

The generalized Haagerup property (gHAP) is defined for the pair
(G, C) of alocally compact group G and its closed central subgroup C
([11, Definition 4.2.1]). This is used to discuss the HAP of a connected
Lie group and its central extension. It is shown that for any two pairs
(A4,C), (B,C) of discrete countable groups with the gHAP, the amal-
gamated free product A xc B has the gHAP with respect to C, and
thus has the HAP ([11, Proposition 6.2.3 (2)]). We should mention the
following fundamental facts on the gHAP: Let G be a locally compact
group and C' its closed central subgroup.
e If (G, () has the gHAP, then G/C has the HAP.
o The pair (G, {e}) has the gHAP if and only if G has the HAP.
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e If G is second countable and (G,C) has the gHAP, then G
has the HAP.
e If G is amenable, then (G, C') has the gHAP.

We refer to Lemma 4.2.8, Lemma 4.2.10, Lemma 4.2.11 and Proposition
4.2.12 in [11] for these assertions, respectively. It follows that if A and B
are discrete countable amenable groups with a common central subgroup
C, then Axc B has the HAP ([11, Corollary 6.2.5]). Theorem 1.4 covers
this result.

Our initial motivation of this work is to find groups having an er-
godic, free, p.m.p. and stable action. We say that an ergodic p.m.p.
action is stable if the associated groupoid is isomorphic to its direct
product with the ergodic hyperfinite equivalence relation of type II;.
The author shows that for a discrete countable group G' with a central
subgroup C, if (G,C) does not have property (T), then G has such a
stable action ([21, Theorem 1.1]). The following corollary follows from
Theorem 1.4 because any group with the HAP does not have property
(T) relative to any infinite subgroup.

Corollary 1.5. Any group in C with the infinite center has an er-
godic, free, p.m.p. and stable action, and is therefore measure equivalent
to its direct product with 7.

The paper is organized as follows: In Section 2, we prepare termi-
nology and notation on discrete measured groupoids. We review coho-
mology of discrete measured groupoids and its basic properties, due to
Westman [27], [28]. The relationship with cohomology of their ergodic
components are also discussed. In Section 3, we prove the splitting the-
orem 3.2 for a central extension of a treeable equivalence relation.

In Section 4, we discuss the HAP and gHAP of discrete measured
groupoids. The former was originally introduced by Anantharaman-
Delaroche [4]. For a technical requirement, changing her definition
slightly, we introduce another property and call it the HAP in this paper.
We review a Hilbert bundle and a representation of a discrete measured
groupoid on it, following [3], [24] and [29]. We discuss induced represen-
tations, the co-property of a representation, and the weak containment
of the trivial representation. One of the aim of Section 4 is to show
that our HAP of a discrete measured groupoid is preserved under taking
an extension whose quotient is an abelian group (Proposition 4.18). In
Section 5, applying it, we prove Theorem 1.4.

In Appendix A, we compare the HAPs of Jolissaint, Anantharaman-
Delaroche, and ours. Jolissaint [19] introduced the HAP for p.m.p. dis-
crete measured equivalence relations. His definition can naturally be
extended for discrete measured groupoids. We show that this extension
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of the HAP of Jolissaint, the HAP of Anantharaman-Delaroche, and our
HAP are all equivalent.

Throughout the paper, for a set S, we denote by |S| its cardinality.
Let N denote the set of positive integers. Unless otherwise mentioned,
we mean by a discrete group a discrete and countable group.

Acknowledgements. We thank Yoshimichi Ueda for informing us of Se-
ries” work [25]. We also thank the referee for valuable comments that
improved the presentation of the paper.

82. Discrete measured groupoids and their cohomology

We mean by a standard probability space (X, u) a standard Borel
space X endowed with a probability measure pu. We refer to [6] and
[20] for its fundamentals. Throughout this section, we fix a standard
probability space (X, p).

2.1. Terminology

Recall that a subset A of X is called p-measurable if there exist
Borel subsets By, By of X such that By C A C By and u(Bs \ By) = 0.
When g is understood from the context, let us simply call it a measurable
subset of X. We also call u-measurable functions, maps, etc. measurable
ones. All relations among measurable sets and maps that appear in this
paper are understood to hold up to sets of measure zero, unless otherwise
mentioned.

We follow the terminology employed in [3] and [4] on discrete mea-
sured groupoids. Let G be a groupoid on X with r,s: G — X the range
and source maps, respectively. We set

G ={(g,h) € G xG|s(g) =r(h)}.

For z,y € X, we set GY = r~1(y) and G, = s '(x). We say that G
is Borel if it is endowed with a standard Borel structure such that the
range, source, inverse and product maps are Borel, where G(?) is endowed
with the standard Borel structure induced by G x G. We say that G is
discrete if for any y € X, the set GY is countable.

Suppose that G is Borel and discrete. Let i be the o-finite measure
on G defined so that for any Borel subset F of G, we have

A(E) = /X |E N G| du(z).

Let i~! be the image of i under the inverse map of G. We say that u

is quasi-invariant under G if fi and i~ ! are equivalent. We say that p is

invariant under G if i = g1,
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We say that G is a discrete measured groupoid on (X, p) if G is
Borel and discrete and the measure p is quasi-invariant under G. If u is
invariant under G, then G is called p.m.p. Unless otherwise mentioned,
we mean by a subgroupoid of G a measurable subgroupoid of G whose
unit space is equal to X.

For a measurable subset A of X, we define the saturation of A by G
as

GA={r(g) € X | s(g) € A},

which is a measurable subset of X. We say that G is ergodic if for any
measurable subset A of X, we have ;1(GA) = 0 or 1. For a measurable
subset A of X with positive measure, we define the restriction of G to
A as

Gla={g9€Glr(g)slg) € A},

which is a discrete measured groupoid on (A, p|a).

Let H be a discrete measured groupoid on a standard probability
space (Y,v). We mean by a homomorphism from G into H a measurable
map «: G — H such that the measure a1 on H is absolutely continuous
with respect to #, and for a.e. (g1,g2) € G, we have (a(g1),a(gs)) €
H® and a(g1g2) = a(g1)a(ge). If there exists a homomorphism 3: H —
G such that § o « is the identity on G and a o 3 is the identity on H,
then « is called an isomorphism. We say that G and H are isomorphic
if there exists an isomorphism between them. We say that G and H are
stably isomorphic if there exist measurable subsets A C X and B C Y
such that GA = X, HB =Y, and G|4 and H|p are isomorphic.

Let G be a discrete group. Suppose that we have a non-singular
action G ~ (X, ), i.e., a Borel action of G on X preserving the class
of p. The product set G x X is then endowed with a structure of a
discrete measured groupoid on (X, i) as follows: The range and source
maps are defined by r(v,z) = vz and s(y,z) =z for vy € G and x € X.
The product is defined by (v, dz)(d,z) = (v0,z) for 7,6 € G and = € X.
The unit at @ € X is (e, x), where e is the neutral element of G. The
inverse of (y,z) € G x X is (y~!,vx). The measure p is quasi-invariant
because the action G ~ (X, p1) is non-singular. This discrete measured
groupoid is denoted by G x (X, 1), and is called the groupoid associated
with the action G ~ (X, u). We note that the groupoid G x (X, ) is
p.m.p. if and only if the action G ~ (X, p) is p.m.p.

For a non-singular action G ~ (X, ), we define the equivalence
relation associated with the action as the discrete measured groupoid on
(X, ),

R={(yz,z) e Xx X |v€G, z€ X},
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where the range and source maps are defined by r(yz,z) = vz and
s(yr,x) = x for v € G and = € X; the product is defined by
(z,9)(y,2) = (z,2) for (z,y),(y,2) € R; the unit at z € X is (z,x);
and the inverse of (z,y) € R is (y,z). We have the quotient homomor-
phism ¢: G x (X,u) — R defined by q(v,z) = (yx,z) for v € G and
reX.

2.2. Cohomology

Throughout this subsection, we fix a discrete measured groupoid G
on (X,u), and fix an abelian Polish group C. We review cohomology
of G with coefficient in the G-module C' on which G acts trivially, due
to Westman [27], [28]. We refer to Feldman-Moore [12] and Series [25]
for cohomology of discrete measured equivalence relations with more
general coefficients.

Let r,s: G — X be the range and source maps of G, respectively.
We set G(©) = X, and for a positive integer n, we set

g(n) ={(91,---,90) €G" [ s(g:) =7(gi41) fori=1,...,n -1}

We define a map s,: 6™ — X by su(g1,...,9n) = s(gn) for
(g1,---,9n) € G, For any = € X, the fiber s;(z) at 2 is count-
able. We define a measure p,, on G (n) by

in(E) = /X BN s @) dye)

for a measurable subset E of G(™. Note that we have u¥) = i on
G =g.

The product of two elements of the abelian group C' are denoted
by addition. For any non-negative integer n, we define C™(G, C) as the
module of measurable maps from G into C', where two maps equal
almost everywhere are identified, and the module structure is endowed
by pointwise addition. We define a homomorphism

§": C™(G,C) — C"TH(G,0)
as follows: For ¢ € C°(G,C), we define 6% € C1(G,C) by
(6°9)(9) = ¢(s(9)) — 6(r(9))
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for g € G. If n > 1, then for ¢ € C™(G,C), we define 6"¢ € C" (G, O)
by

(6n¢)(g()7gl7 oo 7gn)
= ¢(g1:---+9n)

n
+ Z(_l)k(b(g()a v 9k—259k—-19k, 9k +1,5 - - - 7gn>
k=1

+(71)n+1¢(907 ... 7977.—1)

for (go, g1,---,9n) € GV, By direct computation, we have 6" 0d" ! =
0 for any positive integer n. It follows that (C*(G,(C),d°®) is a cochain
complex.

Let n be a non-negative integer. We set Z™(G,C) = kero™. We
set BY(G,C) = 0, and set B"(G,C) = §"~1H(C"~1(G,C)) if n > 1. We
define H"(G,C') as the quotient module Z"(G,C)/B"(G, (), and call it
the n-th cohomology group of G with coefficient in C'.

Let H be a discrete measured groupoid on a standard probability
space (Y,v). Let n be a non-negative integer. Any homomorphism
a: G — H induces a homomorphism from C™(#H, C') into C"(G, C) com-
patible with the coboundary map 0. We therefore have the induced
homomorphism o*: H"(H,C) — H"(G,C).

Let a,8: G — H be homomorphisms. Let ag,85: X — Y denote
the maps induced by « and (3, respectively. We say that a and 3 are
similar if there exists a measurable map ¢: X — H such that for a.e.
x € X, the range and source of ¢(x) are By(x) and ap(z), respectively,
and for a.e. g € G, we have ¢(r(g))a(g) = B(9)¢(s(g)). The following
lemma is proved by constructing a cochain homotopy (see the proof of
[27, Theorem 2.3]).

Lemma 2.1 ([27, Theorems 2.3 and 3.55]). Leta, 8: G — H be sim-
tlar homomorphisms. Then for any non-negative integer n, the induced
homomorphisms o*, 8*: H"(H,C) — H"(G,C) are equal.

As an application of Lemma 2.1, we obtain the following:

Lemma 2.2. Let A be a measurable subset of X with GA = X. Let
i: Gla — G be the homomorphism defined as the inclusion. Then for
any non-negative integer n, the induced homomorphism i*: H"(G,C) —
H™(G|a,C) is an isomorphism.

Proof. By the assumption GA = X, there exists a measurable map
f+ X — G such that for any z € X, we have s(f(z)) =z and r(f(x)) €
A; and for any = € A, the element f(z) is the unit of G at . We define
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a homomorphism j: G — G|a by j(g) = f(r(g9))gf(s(g))~* for g € G.
The composition joi is the identity on G| 4, and the composition i o j is
the homomorphism from G into itself similar to the identity on G. The
lemma follows from Lemma 2.1. Q.E.D.

Let G ~ (X,u) be a non-singular action of a discrete group G.
Let F(X,C) denote the module of measurable maps from X into C,
where two maps equal almost everywhere are identified, and the module
structure is endowed by pointwise addition. We endow F(X,C) with a
G-module structure by (vf)(z) = f(ylz) for v € G, f € F(X,C) and
z € X. Let (C*(G,F(X, C)), 6°) denote the usual cochain complex of the
group G with coefficient in the G-module F(X, C'). For any non-negative
integer n, the natural isomorphism

mn: C"(G x (X, pun),C) = C"(G,F(X,(C))
is defined by

(ﬂ_n(b)(’yl, . 7771)(1.)
= (v, 71 @), (V2,72 ) (s Rt )

for p € C"(G x (X, 1),C), ¥1,...,7 € G and z € X. The map m, is
compatible with the coboundary map. We therefore obtain the following
theorem that relates cohomology of G x (X, i) to that of G.

Theorem 2.3 ([28, Theorem 1.0]). Let G ~ (X,u) be a non-
singular action of a discrete group G. For any non-negative integer n,

the homomorphism m,, induces the isomorphism from H™(G x (X, u),C)
onto H"(G,F(X,C)).

The following is a generalization of [28, Corollary 1.1].

Corollary 2.4. Let R be a discrete measured equivalence rela-
tion which is ergodic, p.m.p. and treeable. Let C be an abelian Polish
group, and regard it as an R-module on which R acts trivially. Then
H™(R,C) =0 for any integer n with n > 2.

Proof. Thanks to Gaboriau [14, Proposition I1.6] and Hjorth [17,
Corollary 1.2], we have a free group F' and its ergodic, free and p.m.p.
action ' ~ (Y,v) such that R is stably isomorphic to the groupoid
F x (Y,v). For any non-negative integer n, the group H"(R,C) is
isomorphic to H"(F x (Y,v),C) by Lemma 2.2, and to H"(F,F(Y,C))
by Theorem 2.3. If n > 2, then the last cohomology group is zero
because F' is a free group. Q.E.D.
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2.3. Restrictions to ergodic components

Let R be a discrete measured equivalence relation on (X, u). Let
C be an abelian Polish group, and regard it as an R-module on which
R acts trivially. In this subsection, we show that if two cocycles on R
into C' are cohomologous on almost every ergodic component of R, then
they are indeed cohomologous as cocycles on R. The proof relies on
Fisher-Morris-Whyte [13]. We do not deal with the same problem for a
general groupoid here.

Let 0: (X,p) — (Z,€) be the ergodic decomposition for R. Let
p= [, pz dé(2) be the disintegration of y with respect to . For z € Z,
we define R, as the discrete measured equivalence relation R on (X, p.),
which is ergodic and is also regarded as a groupoid on §~1(2). It is known
that there exists a measurable action of a discrete group G on (X, u)
whose orbit equivalence relation is R ([12, Theorem 1]). The ergodic
decomposition for R is identified with that for the action of G.

For a non-negative integer n, a measurable map ¢: R — C and
z € Z, we denote by ¢.: (R.)™ — C the restriction of ¢.

Proposition 2.5. We keep the above notation. Fix a non-negative
integer n, and pick a measurable map ¢: R™ — C. If ¢. € B"(R.,C)
for a.e. z € Z, then ¢ € B"(R,C).

To prove this proposition, we prepare notation and a lemma. Let
(S,n) be a standard probability space and (M,d) a separable metric
space. As in Subsection 2.2, we define F(S, M) as the space of mea-
surable maps from S into M, where two maps are identified if they are
equal almost everywhere. If (M, d) is complete, then F(S, M) is a Pol-
ish space, under the topology of convergence in measure ([13, Notation
2.4]).

Lemma 2.6. Let (S,n) be a standard probability space, (M,d) a
separable metric space, and L a standard Borel space. Then the following
two assertions hold:

(i)  For any Borel map ¢: L x S — M, the induced map ¢: L —
F(S, M) is defined by (p(x))(s) = p(x,s) forx € L ands € S,
and is Borel.

(ii)  Conwversely, for any Borel map ®: L — F(S, M), there ewists

a Borel map ¢: L x S — M such that for any x € L, we have
o(x,s) = ((x))(s) for a.e. s€S.

We refer to [13, Lemmas 2.6 and 2.7] for these assertions (i) and (ii),
respectively.
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Proof of Proposition 2.5. As already mentioned, by [12, Theorem
1], we have a Borel action of a discrete group G on X such that

R={(gz,z) e X xX|geG, x€ X}

Applying the Rohlin decomposition theorem ([13, Proposition 2.21]) and
reducing the proof of the proposition to the restriction of R to an R-
invariant measurable subset of X if necessary, we may assume that there
exist a standard probability space (S,7), a Borel action of G on Z x S
and a Borel isomorphism ©: X — Z x S such that
e O,u and £ X i are equivalent; and
e the actions of G on X and on Z x S are equivariant under ©;
and
e for any z € Z, the measure on {z} x S induced by 7 is quasi-
invariant and ergodic under the action of G.
We identify X with Z x S under ©. There exists a Borel map pg: G x
Z x S — S such that for any g € G and any z € Z, we have g(z,s) =
(z,ps(g,2,5)) for a.e. s € S. For any z € Z, there exists a Borel map
pz: G xS — S such that p.(g,s) = ps(g,z,s) for any g € G and any
ses.

For any z € Z, we have the action p, of G on a conull Borel subset
of S. The measure 7 is quasi-invariant under this action. We denote by
G. the discrete measured groupoid associated with the action p,.

Let m be a non-negative integer. We denote by G™ the direct prod-
uct of m copies of G if m > 1, and the trivial group if m = 0. For any
z € Z, the space C™(G,,C) is identified with F(G™ x S, ') under the

measurable isomorphism from G™ x S onto ng) defined by

((917 v 7gm)’s)
— ((glapz(QQ o 'g’ﬂus))v (927pz(g3 o 'gmvs))’ SRR (gmvs))

for g1,...,9m € G and s € S. For any z € Z, we have the map
Ip,.: C(R,,C) = F(G™ x S,C)

induced by the quotient map from G. onto R.,. We set Q,, .
I, . (C™(R,,C)). To prove Proposition 2.5, we need the following:

Lemma 2.7. Let m be a non-negative integer. Then the set
D ={(zf)eZxFG"xS,C)| feQn:}
is Borel in Z x F(G™ x S,C).
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Proof. For any z € Z, we have Qg , = F(S,C), and therefore have
Qo = Z x F(S,C). The lemma follows when m = 0.

We assume m > 1. We claim that for any v € G and any i =
1,...,m, there exists a Borel map

70: Z x F(G™ x S,C) = F(G™ x S,0)

such that for any z € Z and any f € F(G™ x5, C), the following equation
holds: For any g = (g1,...,9m) € G™ and a.e. s € S, we have

(2, )(9: %)
f((gh < 9i-1,79i5 Git15 - - - 7gm)7 S)
if p2 (7, 02(gi - gm 8)) = p=(9i *+* Gms 9)
f(g,s) otherwise.
If the claim is shown, then the lemma follows because we have
Q=) (=) €ZxFG"xS,C)| 7z, f)=f}.
~eG i=1

Fixy € Gandi=1,...,m. Applying Lemma 2.6 (ii) to the identity
on F(G™ x S,C), we obtain a Borel map

u: F(G™ x S,C)xG™ xS —=C

such that for any f € F(G™ x S,C), we have u(f,t) = f(t) for a.e.
t € G™ x S. Similarly, we obtain a Borel map

v: F(GM x S,C)x G"™ xS —C
such that for any f € F(G™ x S, (), we have
v(f,(g,8) = f((91,-- -, 9i-1,7Gis Git1s- -+ Gm), 5)
for any g = (g1,...,9m) € G™ and a.e. s € S. We define a map
w: ZxFG" xS,C)xG" xS —C
by
w(z 1, (6,9))

_Jolfi(g:9) i p=(v,02(9i - G, 8)) = p=(9i -~ Gm) 8)
u(f,(g,s)) otherwise.
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for z € Z, f e F(G™ x S,C), g = (91,---,9m) € G™ and s € S. The
map w is Borel, and induces the Borel map w by Lemma 2.6 (i). We set
T,é = w. The claim then follows. Q.E.D.

We return to the proof of Proposition 2.5. We set G = G x (X, p).
For a non-negative integer m, the space C™(G,(C) is identified with
F(G™ x X,C) under the Borel isomorphism from G™ x X onto g(m
defined by

((gl,~--,gm)7x) — ((91592"'gm1')7(927g3"’gmx)a'-'v(gnwx))
for g1,...,9m € G and x € X. We have the map
I,: C™"(R,C) = F(G™ x X,C)

induced by the quotient map from G onto R. For each ¢ € C™(R,C),
we identify it with I,,,(¢) if there is no confusion. We then have the
induced map (E: Z — F(G™ x S,C).

The rest of the proof relies on the proof of [13, Theorem 3.4 and
Corollary 3.6]. Fix a non-negative integer n, and pick a measurable map
¢: R™ — (€. Suppose that for a.e. z € Z, the map ¢, belongs to
B™(R,,C). To prove the proposition, we may assume n > 1 because
BY = 0. We define a map

d: Z xF(G" x 8,0) x F(G"™' x 8,C) = F(G" x S,C)

by

d(Zﬂ%f)(gvS) = w(gas) - (5?_1f)(g78)
for z € Z, ¢ € F(G" x S,C), f € F(G" 1 x 5,C), g € G" and s € S,
where

st cm(G.,C0) —» C™(G., C)

is the coboundary map. Following the proof of [13, Theorem 3.4], we
see that the map d is Borel. We define a map

p: ZxF(G" 1 x85,C) = ZxF(G"xS,0C)

by N
p(z, f) = (2,d(z,¢(2), f))
for z € Z and f € F(G"™! x S,C). The map p is Borel.

We define ¥ as the Borel subset Z x {0} of Z x F(G™ x S,C). The
assumption that ¢, belongs to B"(R.,C) for a.e. z € Z implies that
the projection of p~!(X) N Q,_1 into Z contains a conull Borel subset
of Z. By the von Neumann selection theorem ([6, Theorem 3.4.3], [13,
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Theorem 2.3]), there exists a Borel map F': Z — F(G"~! x S,C) such
that
(2, F(2) ep ' (X)NQ,_1 forae. z€Z

By Lemma 2.6 (ii), there exists a Borel map f: G"~! x X — C such
that for any z € Z and any g € G"!, we have

F(z)(g,s) = f(g,(2z,5)) forae. seSb.

The map f belongs to I,,_1(C" (R, C)) because (z, F(z)) belongs to
Q,_; fora.e. z € Z. Fora.e. z € Z, we have d(z, ¢(z), F(2)) = 0 because
(2, F(z)) belongs to p~(¥). For a.e. z = (2,5) € Zx S and any g € G,
we therefore have

8(9,7) = 3(2)(g,5) = (67" F(2))(g,5) = (6" ) (g, ).
It follows that ¢ € B*(R,C). Q.E.D.

It follows from the definition of treeability that for any treeable
equivalence relation, its almost every ergodic component is also treeable.
Combining this with Corollary 2.4 and Proposition 2.5, we obtain the
following:

Corollary 2.8. Let R be a discrete measured equivalence relation
which is p.m.p. and treeable (but not necessarily ergodic). Let C' be an
abelian Polish group, and regard it as an R-module on which R acts
trivially. Then H™(R,C) = 0 for any integer n with n > 2.

§3. Splitting of groupoids

Let G be a discrete group with a central subgroup C. Let G ~
(X, p) be a non-singular action such that C' acts trivially. For any v € G,
c € C and x € X, we have the equation of elements of G x (X, u):

(v, z)(e; 2) = (e, 2) = (e, %) = (¢, 2) (7, @)

Motivated by this equation, we introduce a central subgroupoid of a
discrete measured groupoid in the following:

Definition 3.1. Let G be a discrete measured groupoid on a stan-
dard probability space (X, ). We mean by a central subgroupoid of G
the pair (C,t) of a discrete group C' and an injective homomorphism
t: C — G, where C is the discrete measured groupoid associated with
the trivial action of C' on X, such that

e the map from the unit space of C into that of G induced by ¢
is the identity on X; and
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e for any ¢ € C and a.e. g € G, the equation gi(c, s(g)) =
t(c,7(g))g holds.

For ¢ € C and = € X, we write i(c,z) as ¢ simply if its range
or source is understood from the context. We then have the equation
gc = cg for any ¢ € C and a.e. ¢ € G. This notation satisfies the
following associative law: For any ¢ € C' and a.e. (g,h) € G, we have
c(gh) = (eg)h = g(he) = (gh)e. This element can thus be denoted by
cgh = gch = ghc without ambiguity. Let G/C denote the quotient space
for right (or left) multiplication of C' on G. The space G/C naturally
admits a structure of a discrete measured groupoid on (X, ). We then
say that G is a central extension of G/C with a central subgroup C.

Let G be a discrete group with a central subgroup C. Let G ~
(X, 1) be a non-singular action such that C' acts trivially. We define ¢ as
the identity on C' x (X, ). The pair (C,¢) is then a central subgroupoid
of G x (X, u). Theorem 1.1 is therefore a special case of the following:

Theorem 3.2. Let G be a p.m.p. discrete measured groupoid on a
standard probability space (X, ) and (C,i) a central subgroupoid of G.
Suppose that G/C is isomorphic to a treeable equivalence relation. Let
0: G — G/C denote the quotient map. Then the following two assertions
hold:

(i)  The homomorphism 0 splits, that is, there exists a subgroupoid
G1 of G such that the restriction of 6 to Gy is an isomorphism
onto G/C.

(ii)  The product set C x Gy admits the structure of a discrete
measured groupoid on (X, u) with respect to the coordinate-
wise product operation. The map I: C' x G — G defined by
I(c,g9) = cq for c € C and g € Gy is then an isomorphism of
discrete measured groupoids.

Proof. We set Q = G/C, and pick a measurable section u: Q@ — G
of §. We define a map o: Q®) — C so that

o(g, h)u(gh) = u(g)u(h) for a.e. (g,h) € Q2.

The map o belongs to Z2(Q,C). By Corollary 2.8, there exists a mea-
surable map ¢: Q@ — C such that

a(g,h) = d(h)p(gh) "' ¢(g) for ae. (9,h) € Q).

We set
G ={o(9) 'ulg) €GlgecQ}.
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We show that Gy is a subgroupoid of G. For a.e. (g,h) € Q®), the
equation

(3.1) (0(9) ™ ulg))(¢(h) ™ u(h)) = ¢(g) " d(h) " ulg)u(h)
(h)

holds. The subset G; is thus closed under multiplication. For x € X,
let e, € Q denote the unit at z. By equation (3.1), for a.e. z € X, the
element ¢(e,) " tu(e,) is the unit of G at z. It also follows from equation
(3.1) that for a.e. g € Q, the element ¢(g=1) tu(g™?) is the inverse of
#(9) " tu(g). The subset G; is therefore a subgroupoid of G.

By the definition of Gy, the restriction of 6 to G; is an isomorphism
onto Q. Assertion (i) follows. We have cg = gc for any ¢ € C' and g € G.
The map I: C x Gy — G in assertion (ii) therefore preserves products,
and is an isomorphism. Assertion (ii) follows. Q.E.D.

Remark 3.3. Series [25] constructs cohomology theory of a discrete
measured equivalence relation R with coefficient in a measured field
A ={A,}rex of abelian, locally compact and second countable groups.
She studies a groupoid extension of R by A and its connection with co-
homology, following the theory of group extensions. A central extension
in Definition 3.1 is an extension in [25] such that the field of groups is
constant and further admits centrality. Among other things, Series aims
to reconstruct a groupoid from given R and A. The reconstruction is
described through cohomology of R ([25, Theorem 3.5]). Using this, she
also discusses when an extension splits ([25, §4, (B)]).

Let G ~ (X, ) and H ~ (Y,v) be ergodic and p.m.p. actions of
discrete groups. These two actions are called orbit equivalent (OE) if the
equivalence relations associated to them are isomorphic. The following
is a consequence of Theorem 3.2, and asserts splitting of a free action of
a central extension of a treeable group.

Theorem 3.4. Let 1 — C — G — I' — 1 be an exact sequence of
discrete groups such that C is central in G. Let C ~ (Y,v) and T' ~
(Z,€) be ergodic, free and p.m.p. actions. Suppose that the equivalence
relation associated with the action T' ~ (Z,€) is treeable. Let C x T act
on the product space (Y x Z,v x §) coordinatewise.

Then there exist an ergodic, free and p.m.p. action G ~ (X, u) and
an isomorphism of measure spaces, f: (X, ) — (Y X Z,vx§), such that

e the two actions G ~ (X, 1) and C xT ~ (Y X Z,v x &) are
OF through f;
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e foranyc € C and a.e. x € X, we have f(cx) = (c,e)f(x),
where e is the neutral element of T';

e forany g€ G and a.e. v € X, we have f(gx) = (¢,q(g))f(x)
for some ¢ € C, where q: G — T is the quotient map.

Proof. Let G act on (Z,€) through the map q. Weset G = Gx(Z,§)
and Q@ =T x (Z,€). By Theorem 3.2, we have a subgroupoid G; of G
and an isomorphism I: C' x G; — G such that I(c, g) = cg for any c € C
and a.e. g € G;. Let 01: G — Q be the restriction of the quotient map
from G onto Q. The map 6, is an isomorphism.

We also define the p.m.p. action C' x I' ~ (Z,€) through the pro-
jection from C' x T onto I', and set H = (C' x I') x (Z, ). We then have
the isomorphism J: H — G defined by

J((¢,7),2) = I(c,07 (v,2)) forceC, yeT and 2z € Z.

We construct a measure space (X, m) as follows: Weset ¥ =Y X Z x
G, and define m as the product measure of v, £ and the counting measure
on G. Let a: H — G be the homomorphism defined as the composition
of J with the projection from G onto GG. We define a measure-preserving
action (C' xT') x G ~ (X, m) by

((¢;7),9)(y, 2, h) = (cy,vz, a((c,7), 2)hg ™)

force C,vyeTl,ghe G yeY and z € Z. We denote by loxr
and 1g the neutral elements of C' x I' and G, respectively. The subset
Y x Z x {1g} of ¥ is a fundamental domain for both the actions of
(CxT) x{lg} and {lexr} x G on (X, m). It follows that (3, m) is a
measure-equivalence coupling of C' x I and G.

We set X =Y x Z x {1g}. We have the natural p.m.p. action of G
on X because X is identified with the quotient space X/((C'xT') x{1g}).
We also have the p.m.p. action of C' x I' on X because X is identified
with the quotient space X/({lcxr} x G). This action is isomorphic to
the coordinatewise action C' x I' ~ Y x Z under the projection from X
onto Y x Z. The two actions G ~ X and C' xI' ~ X are OE under the
identity map on X. Since the latter action is ergodic and free, so is the
former action. For any ¢ € C', the automorphism of X induced by c as an
element of G and that induced by (¢, e) are equal. The second condition
in Theorem 3.4 holds. The third condition holds because for any ¢ € C,
any v € I' and a.e. z € Z, we have go a((c,7),z) = 7. Q.E.D.

84. The Haagerup property of discrete measured groupoids

Throughout this section, we fix a standard probability space (X, u).
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4.1. Hilbert bundles and representations

We review a Hilbert bundle over X and a representation of a
groupoid on it, following [3, Sections 2 and 3], [24, Section 2] and [29,
Appendix FJ.

Let H = {H, }.ex be a family of separable Hilbert spaces indexed
by elements of X. We define X * H as the set of pairs (z,v) of x € X
and v € H,, and define p: X * H — X as the projection sending each
(z,v) € X 3 to z. We often identify the fiber p~1(x) = {z} x I, with
H, if there is no confusion. A map o: X — X % H with p(o,) = = for
any z € X is called a section of X «H. A section o is called normalized
if |lo,|| =1 for any = € X.

Definition 4.1 ([3, Definition 2.2], [24, p.264], [29, Definition F.1]).
Let H = {H,}.ex be a family of separable Hilbert spaces with p: X x
H — X the projection defined above. We mean by a Hilbert bundle
over X is such a set X x H equipped with a standard Borel structure
satisfying the following conditions (1) and (2):
(1) A subset E of X is Borel if and only if p~1(E) is Borel in
X xH.
(2) There exists a sequence (¢™),, of Borel sections of X * H such
that
(a) for any n, the function 6™ on X *JH defined by 6" (z,v) =
(o, v) for (x,v) € X * H is Borel, where (-,-) is inner
product of H,;
(b) for any n and m, the function x — (o¥,01") on X is
Borel; and
(¢) the family of the functions " for n and the map p sepa-
rates points of X x JH.

The sequence (™), is called a fundamental sequence for X x .

It is known that a section o: X — X x H is Borel if and only if for
any n, the function z — (o,,02) on X is Borel ([29, Remark F.3]). For
a Hilbert bundle, we use the symbol X * H or simply H if there is no
confusion. Unless otherwise mentioned, a section of a Hilbert bundle is
assumed to be Borel. For a given family H = {H,}.cx, to equip the
set X * H with a standard Borel structure, we use the following:

Proposition 4.2 ([29, Proposition F.8]). Suppose that we have a
family H = {H,}rex of separable Hilbert spaces indexed by elements of
X and have a sequence (c™),, of sections of X * H such that conditions
(b) and (c) in Definition 4.1 hold. Then there exists a unique standard
Borel structure on X = H such that X « H is a Hilbert bundle over X
and (™), is its fundamental sequence.
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Indeed, in view of the proof of loc. cit., the standard Borel structure
on X * H is defined as the weakest measurable structure such that the
functions ™ for n and the projection p: X x* H — X are measurable,
where " is defined similarly to that in condition (a) in Definition 4.1.

Remark 4.3. By Proposition 4.2, given a countable family (H™),, of
Hilbert bundles over X, we naturally obtain their direct sum @, 3", the
Hilbert bundle over X whose fiber at # € X is the direct sum @, H7.

For a Hilbert bundle H over X, we denote by Iso(H) the groupoid
on X whose elements are triples (z,V,y) with z,y € X and V a
Hilbert space isomorphism from I}, onto 3., and whose product is
defined by (z,V,y)(y, W, 2) = (x,V o W, 2). We equip Iso(H) with the
weakest measurable structure such that for any n and m, the function
(z,V,y) = (Voy, o) on Iso(3) is measurable, where (¢"), is a funda-
mental sequence for K.

Let G be a discrete measured groupoid on (X, ). We mean by a
representation of G on a Hilbert bundle H over X a measurable homo-
morphism 7: G — Iso(H) inducing the identity on X. For an element
g € G whose range and source are y and x, respectively, the element
m(g) € Iso(H) is written as (y,7(g),x), where 7(g) is a Hilbert space
isomorphism from H, onto 3(,. To lighten the symbols, we identify m(g)
with 7(g). We then have 7(gh) = w(g)n(h) for a.e. (g,h) € G, and
have (g~!) = w(g)~! for a.e. g € G.

In the rest of this subsection, we discuss the following two properties
of representations of G, the cg-property and the weak containment of the
trivial representation.

Definition 4.4. Let G be a discrete measured groupoid on (X, i)
and 7 a representation of G on a Hilbert bundle H over X. We say that
7 is ¢o (or is a co-representation) if for any normalized sections u, v of
JH, any 6 > 0 and any ¢ > 0, there exists a measurable subset Y of X
such that (X \'Y) < ¢ and for a.e. z € Y, we have

{9 € (@Gly)e | [{T(9)ta; vr(g)] > e} < o0.

Lemma 4.5. Let G be a discrete measured groupoid on (X, p) and
7 a representation of G on a Hilbert bundle H over X. Then 7 is ¢
if there exists a countable family (€™)nen of sections of H satisfying the
following conditions (1) and (2):
(1) For a.e. x € X, the subset (€)en s total in H,.
(2) For anyn,m € N, any § > 0 and any € > 0, there exists a
measurable subset Y of X such that p(X \'Y) < 0 and for a.e.
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x €Y, we have

{g € @Glv)e | (m(g)er, ety > e} < oo.

Proof. We first prove that 7 is ¢o if (e™),en further satisfies the
following conditions (a) and (b):
(a) For a.e. z € X and any n € N, we have either ||| = 1 or
er =0.
(b) For a.e. € X, the unit vectors in the set (el )nen form an
orthonormal basis of H,,.

Pick normalized sections u, v of H and numbers § > 0 and £ > 0. By
conditions (a) and (b), there exist a measurable subset Y7 of X and
N € N such that u(X \ Y1) < /2 and for a.e. x € Y7, we have

N

Ugp — Z<U’E7 62>62

n=1

N

Uz — Z<vra 62)‘52

n=1

£
-

<% and

By condition (2), there exists a measurable subset Y5 of X such that
w(X\Y3) < §/2and for any n,m =1,2,..., N and a.e. x € Y, we have

{9 € (@va)e | [{m(g)er, gy > €/(2N?) }| < co.

We set Y = Y1 NY;. We have u(X \Y) < §. For a.e. g € G|y, we have

N
9
‘<7T(g)us(g)7vr(g)>| < 5 + Z \(W(g)e?(gye:’%g)ﬂ.

n,m=1

For a.e. x € Y, we also have

{9 € (GIv)a [ [(m(9)ua, vrg))| > €}

N
c U g€ @) [ (nl9)er. ey))l > £/ (2N?) ).

n,m=1

It follows that the set in the left hand side is finite.

We proved that 7 is ¢ if (™),en satisfies conditions (a) and (b).
Suppose that (e"),en satisfies only conditions (1) and (2). Let (f™)nen
be the sequence of sections of H obtained by applying the Gram-Schmidt
process to the sequence (€"),en. The sequence (f™)nen then satisfies
conditions (a) and (b).

We check that (f™),en satisfies condition (2). Fix n,m € N. Pick
§ > 0 and ¢ > 0. There exist measurable functions o*,8': X — C
indexed by £k = 1,...,n and [ = 1,...,m such that for a.e. z € X,
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we have f = Y} aFek and fm =Y, Blel. By condition (2) for

r-xT
(e")nen, there exist a measurable subset Y of X and a number M > 0

such that (X \Y) < d and for any k =1,...,n,any l = 1,...,m and
a.e. z €Y, we have |af| < M, |BL] < M and

{9 € (Gly)e | (m(g)es, egq))] > &/ (nmM?) }] < oo.

For a.e. z € Y, we then have

{9€(@GIv)e [ [(m(9)fs, [ig) > €}

€ (¢

U U € (Glv)a | |afBl ) (m(9)eh, ey > &/ (nm) }
k=11=1

U U € (Gly)a | [(m(9)er, erg))| > e/ (nmM?) }.

It follows that the set in the left hand side is finite. Condition (2) for

(f™)nen is proved.
The sequence (f")nen satisfies conditions (a), (b) and (2). The

lemma is thus reduced to the case discussed in the first paragraph of the
proof. Q.E.D.

Lemma 4.6. Let G be a discrete measured groupoid on (X, ) and
7w a representation of G on a Hilbert bundle H over X. Then 7 is ¢
if there exists a countable family (€™)nen of sections of H satisfying the
following conditions (I) and (II):

(I)  For a.e. x € X, the subset {m(g)ef,) € Ha| g €G®, n €N}
is total in H,.

(IT)  For any n,m € N, any § > 0 and any € > 0, there exists a
measurable subset Y of X such that n(X\Y) < 6 and for a.e.
r €Y, we have

{g€ Gly)a | [{m(g)es, erip)| > e}l < oo

Proof. Pick a countable family (¢x)ren of sections ¢p: X — G of
the range map 7 such that the equation G = (J,cy #x(X) holds and
for any k € N, the map s o ¢;: X — X is an automorphism. For any
k,l € N, we have the measurable isomorphism U} : G — G defined by

Uklg) = ¢u(r(9) ' g¢r(s(g)) forgeg.
For n,k € N, we define a section e™*: X — H of H by

= 7T(¢k($))€go¢k(l.) for r € X.
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We show that the family (e"*), s satisfies conditions (1) and (2) in
Lemma 4.5. Condition (1) follows from condition (T).

To prove that condition (2) holds, we fix n,m,k,l € N and pick
0 > 0 and € > 0. By condition (IT), there exists a measurable subset Z
of X such that u(X \Y) < ¢, where we set

Y={zeX|so¢p(x)eZ sop(x) e Z};
and for a.e. x € Z, we have
(4.1) {g€(Glz)a | (m(g)er efy)) > e} < oo

For a.e. g € G, putting y = r(g) and = = s(g), we have

n,k _m,l

(m(g)er™, ey') = (m(Uk(9))€lap, (a): Covpnw))-

It follows that for a.e. x € Y, we have

{g€ @lv)e | [{m(glel™, el ] > e}
={g9€(Gly)s | \(W(Ullc(g))egom(x),egé@(r(g))ﬂ >et

For any element g in the right hand side, we have Ul(g) € G|z. By
(4.1), the right hand side is therefore finite. Condition (2) for (e™*),, x
follows. By Lemma 4.5, 7 is ¢g. Q.E.D.

We next recall the weak containment of the trivial representation.
This is used to define amenability and property (T) of a discrete mea-
sured groupoid ([3], [5]).

Definition 4.7. Let G be a discrete measured groupoid on (X, i)
and 7 a representation of G on a Hilbert bundle HH over X. A sequence
(v™),, of normalized sections of H is called almost invariant under 7(G)
if for a.e. g € G, we have

||7"(9)U?(g) — U;L(g)H —0 asn— oo.

We say that m contains the trivial representation weakly, denoted by
1 < m, if there exists a sequence of normalized sections of H almost
invariant under m(G).

4.2. Induced representations

Let G be a discrete measured groupoid on (X, u) with r,s: G — X
the range and source maps, respectively. Let S be a subgroupoid of G
and 7 a representation of S on a Hilbert bundle H = {H,},cx over
X. In this subsection, we construct a representation 7 of G on another
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Hilbert bundle H = {ﬂtfy}ye x over X canonically, as a generalization of
usual induced representations of groups, and discuss its co-property and
weak containment of the trivial representation.

For subsets D, E of G and an element y € X, we set

DE={gheG|geD, heE, s(g)=r(h)} and
DY=DnNngv.

For g € G, we denote {g}S by ¢S simply.

We fix a measurable fundamental domain D for right multiplication
of S on G. That is, we fix a measurable subset D of G such that DS =G
and for any y € X and any distinct g, h € DY, the sets ¢S and hS are
disjoint. For y € X, we define J:Cy as the set of maps £: GY — H such
that

e for any g € GY, we have {(g) € Hy(y);

e forany g € GY and any h € S*9) we have £(gh) = n(h=)&(g);

and

o we have 30, p, [I€(9)]* < 0.
By the second condition, any map & € Ujfy is determined by its restriction
to DY. The space f]N-Cy is a vector space by pointwise addition and scalar
multiple, and is a separable Hilbert space by inner product (£,n) =
> gepv(§(9),n(g)) for §,n € F(,. We note that the space I, does not
depend on the choice of the fundamental domain D.

Lemma 4.8. The family H = {fﬁfy}yex admits a structure of a
Hilbert bundle over X.

Proof. Let (6™)nen be a fundamental sequence for H. Pick a
countable family (¢, )men of measurable sections ¢.,: X, — G of
the range map r, defined on a measurable subset X,, of X, such that
D = |],,crr @m(Xin) and for any m € M, the map s 0 ¢, 1 Xy — X is
injective.

For n € N and m € M, we define a section 7™ of H. Pick y € X.
We first define a map 7,/ : DY — H so that 7,7 (g) € H(, for any
g € DY. The definition depends on whether y € X,,, or not. If y € X,,,
then let 7™ send ¢ (y) to O b (y)’ and send any other point of DY
to 0. If y & Xy, then let 7,7 send any point of DY to 0. Extend 7™
to the map from GY to H equivariant under right multiplication of S.
We get the element of ﬁy, denoted by the same symbol 7,

The family (77™),, ., satisfies conditions (b) and (c) in Definition
4 1. By Proposition 4.2, we have a unique standard Borel structure on

X « ¥ such that X = ¥ is a Hilbert bundle over X and (T™"™)pm 18 its
fundamental sequence. Q.E.D.
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A section of H is naturally regarded as a map from G to H. More
precisely, if £: X — H is a section of H, then we have the map {: G — H
defined by £(g) = &,(g)(9) for g € G. This map ¢ satisfies that

e for any g € G, we have £(g) € Ha(g)s
e for any g € G and any h € S*9), we have £(gh) = n(h™)&(g);
and

o for any y € X, we have Y1, [€(9)|?

< Q0.

Conversely, any map &: G — H satisfying these three conditions arises
from a section of 5. The section & is measurable if and only if £ is
measurable. This holds true because, with the notation in the proof of
Lemma 4.8, for any n, m and any y € X, we have

<§y7717’m> = Z <fy(9)a7'g:l’m(g)>

geDv
_ <g(¢m(y))7 020¢m(y)> ifye X,
0 otherwise.

We often identify & with this map &, denoting it by the same symbol &.

We define a homomorphism 7: G — Iso(H) so that for g € G, the
Hilbert space isomorphism 7 (g): H,(g) — H,(y) is given by

(7(9)€)(h) = &(g*h) for & € Hy(,) and h € G"9).

We got the representation 7 of G on the Hilbert bundle J:C, and call it
the representation of G induced from .

Proposition 4.9. Let G be a discrete measured groupoid on (X, )
and S a subgroupoid of G. Let m be a co-representation of S on a Hilbert
bundle H over X. Then the representation 7 of G induced from w is also
Co-

Proof. Let H = {H,},ex be the Hilbert bundle on which 7(G)
acts. Pick a fundamental sequence (0"),en for H. For n € N, we
define a section 6" of H so that as a map from G into H, we have
a"(g) = W(g_l)af(g) for g € S and 6" (g) = 0 otherwise.

We check that the family (6™),cy satisfies conditions (I) and (II) in
Lemma 4.6. If it is shown, then 7 is ¢y by that lemma. Let D C G be a
measurable fundamental domain for right multiplication of S on G. For
any y € X, the space fltfy is identified with the space of a map £: DY — H
such that £(g) € Hy(y) for any g € DY; and >° . p, €(9)|]? < oc. Fix

n

y € X. For any g € DY, the element ﬁ'(g)&s(q) of H, is supported on
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the single point set {g} if it is regarded as a map from DY. We have
(T(9)55))(9) = T3y (€s(g)) = 05,), Where for z € X, we denote by e,
the unit of G at x. For any y € X, the set {ﬁ(g)&?(q) |lge DY, ne N}

is thus total in . The family (6"),ey satisfies condition (I) in Lemma
4.6.

To check condition (II), we fix n,m € N. For any g € G\ S, we have
(7(9)0(4),01y)) = 0 because 6" and 6™ are supported on S. For any

g € S, denoting by h the single element of D"(9) NS, we have
(7(9)55), Orig)) = (6" (97 1), 6™ (h)) = (m(9) 0% 4): T7ig))-
For any € > 0, the equation
{9 € GII(R(9)55g): 07 (o)) > e} ={g € S| m(9)og(y), 07| > €}

therefore holds. Condition (IT) for (6™),ey follows from that 7 is co.
Q.E.D.

Proposition 4.10. Let G be a discrete measured groupoid on (X, )
and S a subgroupoid of G. Suppose that there exist an amenable discrete
group A and a homomorphism «: G — A such that kera = S and
either A is cyclic or « is class-surjective, i.e., for a.e. x € X, we have
a(Gy) = A. Let 7 be a representation of S on a Hilbert bundle H over
X with 1 < w. We denote by 7 the representation of G induced from .
Then 1 < .

To prove this proposition, we need an elementary fact on a Fglner
sequence. Let G be a discrete group. Recall that a sequence (F},), of
non-empty finite subsets of G is called a Falner sequence of G if for any
g € G, we have |gF,, A F,|/|F.| — 0 as n — co.

Lemma 4.11. Let A be a cyclic group. Then there exists a Folner
sequence (F,), of A such that for any n, the set F,, contains the neutral
element of A; and for any non-empty subset S of A and for any g € A,
we have

(G AF)OS] o (gFa A F) 0 S

—0 asn — oo.
|anS| |anﬂS|

Proof. If A is finite, then it is enough to set F,, = A for any n.
We assume A = Z. For n € N, let F,, be the set of integers whose
absolute values are at most n. Pick m € Z. For any n € N, we have
|[(m+F,) A F,| =2|m|. Let S be a non-empty subset of Z. If S is finite,
then the set ((m + F,) A F,) NS is empty for any sufficiently large n.
If S is infinite, then |F, N S| — oo and |(m + F,,) N S| — oo as n — oc.
The lemma follows. Q.E.D.
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Proof of Proposition 4.10. Let 5 = {¥,},ex denote the Hilbert
bundle on which 7(G) acts. We first assume that A is cyclic. By Lemma
4.11, we have a Fglner sequence (F),),en of A such that for any n € N,
the set F), contains the neutral element of A; and for any non-empty
subset S and any g € A, we have

F,AF F.AF
|(9Fn n)FWSI_>()aml |(gFn A Fp)N S|

— 0 asn — oo.
|anS| ‘anmsl

By the assumption 1 < 7, there exists a sequence (v™),,en of normalized
sections of J such that for a.e. h € S, we have [[w(h)v{p,) — vt | =0
as m — 00.

Let D C G be a measurable fundamental domain for right multipli-
cation of § on G. For n,m € N, we define a map ™" : D — H so that
for g € D, the element £™™(g) € Hy(, is given by

gngy _ [P 10T NEI2 i alg) € Fy
0 otherwise.

We extend this map to the map ™™ : G — H so that for any g € D and
any h € §°19)| the equation £€"™(gh) = n(h=1)£™™(g) holds. For a.e.
y € X, we have deDy |€m™(g)]|? = 1. Tt follows that £™™ is regarded
as a normalized section of K.

Pick an increasing sequence (Ej);en of measurable subsets of G such
that fi(E;) < oo for any I € N and G = |,y Ei-

Fix [ € N. By the Lebesgue convergence theorem, there exists n € N
with

[(a(g)Fa A F) Na(G"9)]
(4.2) /E 1 a(Gr)
/ [(a(g)Fu A F) Na(G"9)]
£

- 1
dii(g) < 5 and

i 1
di(g) < 45

IN

(43) (@) Fn N a(G7®)

For any (g,9') € G®), there exists a unique h € $*¢) with g¢'h € D.
This element h is denoted by h(g,g’). By the Lebesgue convergence
theorem, there exists m € N with

an [ ey ) ~ 1)
B g’ eDT DN a—1(F,)

Sl

- 212
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We denote by ' the normalized section £ of H with n and m chosen

above.
Fix g € E; and put y = r(g) and = s(g). For any ¢’ € DY, putting
h=h(g~t,g'), we have
(7)) (g') = ni(9™'g") = n(h)ng (9~ g'h)

_ [0 /0G5 N2 i alg~l) € B
0 otherwise,

and have

L7 U;V(Lg')”a(gy) N Fn|1/2 if a(g') € Fy
ny(g') = : .
0 otherwise.

We set 41 = a(GY) Na(g)F, = a(g)(a(G¥)NF,) and As = a(GY) N F,.
We also set
Dy={g €DV ]|alg)ealg)F,NF,}.

Setting h(g') = h(g~',¢’) for ¢’ € DY, we have

Fnbonl) = Y (Fgmb)(g')nl(g)
g’'eDy
1

— / m m
= a2 TO@)hgy ).

9'€Do

and also have

45) K7 (g)ngmy) — 1]

| Do
<f1- 1ol
- ’ |A1[1/2] Ap|1/2
+ R A T oY
|A1|1/2|A2|1/2

g9’'€Dg
<1<A1AA2| . |A1AA2|>
— 4 |Aq] | Az

+ Z |<W(h(9/))”;?h(g/)),Ug(lg/)> - 1],
g’€Dg
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where the last inequality holds because we have |Dg| = |4; N Ay] and
have

B |A1 N Al 1 |A1] + |As| — |A1 A As
- |A1|1/2|A2|1/2 2|A1|1/2|A2|1/2
|A1 A Ay - 1 <A1 A As| n |A1AA2|>

T A2 A 2 T A\ A |As|

by the inequality of arithmetic and geometric means. Take integration
of inequality (4.5) with respect to g € E;. By inequalities (4.2), (4.3)
and (4.4), we obtain

1

(4.6) (#(9)sg) i) — U diil9) < 75+

|
E;
We therefore obtained the sequence (n');en of normalized sections
of H such that for any k € N, we have

- - 1
[ 1@ i) - 1dio) < 55
Ey

for any [ € N with [ > k. It follows that for a.e. ¢ € Ej, we have
<7~T(g)ni(q), n£(9)> — 1 as | — oo because the sum ;= {72 is convergent.
This pointwise convergence thus holds for a.e. g € G.

We proved the proposition when A is cyclic. The proof of the case
where A is amenable and « is class-surjective is almost the same. In fact,
although we cannot use Lemma 4.11, for any Fglner sequence (F,)nen
of A, we can find n € N satisfying inequalities (4.2) and (4.3) because «
is class-surjective, i.e., we have a(G"9)) = A for a.e. g € G. Q.E.D.

4.3. The Haagerup property and its generalization

The Haagerup property (HAP) of groups was initially discovered by
Haagerup [16]. On the basis of this work, the HAP was introduced for
p.m.p. discrete measured equivalence relations by Jolissaint [19], and was
introduced for discrete measured groupoids by Anantharaman-Delaroche
[4]. For our purpose, we introduce a property of discrete measured
groupoids similar to the HAPs in [19] and [4], and call it the HAP in the
present paper. Comparison among these HAPs is discussed in Appendix
A.

Let G be a discrete measured groupoid on (X, u). A measurable
function ¢: G — C is called positive definite if for a.e. x € X, any
g1,---,9n € gz and any )\1, ceey >\n € (C, we have ZZj:l )\Z)\J(;S(gl_lgj) Z
0. A positive definite function ¢ on G is called normalized if ¢(e;) = 1
for a.e. x € X, where e, is the unit of G at x. A measurable function ¢



Splitting in orbit equivalence 195

on G is called ¢y (or a ¢g-function) if for any § > 0 and any £ > 0, there
exists a measurable subset Y of X such that u(X \Y) < § and for a.e.
r €Y, we have

{g€@Gly)e|l6(g)] > e} < oo

Let 7 be a representation of G on a Hilbert bundle H over X and v
a section of J(. The function g — (7(g)vs(g), Ur(g)) On G is then positive
definite. If v is normalized, then the function is normalized. If 7 is cg,
then the function is ¢g.

Remark 4.12. Let ¢: G — C be a positive definite function. Then
(i) for a.e. x € X, we have ¢(e,) > 0; and
(i) for a.e. ¢ € G, we have ¢(g7') = ¢(g) and |p(g)]> <
¢(e7'(g))¢(es(g))'
In fact, assertion (i) follows by definition. Assertion (ii) holds because
for a.e. g € G, the matrix

((;5(67. g)) ¢(g) )
¢(971) d)(es(g))

is non-negative.
The following is a basic property of positive definite functions:

Lemma 4.13 ([4, Lemma 13]). Let G be a discrete measured
groupoid on (X, 1) and S a subgroupoid of G. Let ¢ be a positive definite
function on S. Then the function ¢: G — C defined by ¢» = ¢ on S and
=0 onG\S is positive definite on G.

Definition 4.14. We say that a discrete measured groupoid G on
(X, ) has the Haagerup property (HAP) if there exists a sequence (¢, )rn
of normalized positive definite cg-functions on G such that for a.e. g € G,
we have ¢,(g9) — 1 as n — oo.

Remark 4.15. The HAP in Definition 4.14 is apparently quite sim-
ilar, but different from the HAPs of Jolissaint [19] and Anantharaman-
Delaroche [4] (see Appendix A). The difference is the co-property of
positive definite functions. Our definition motivates from Proposition
4.18, whose proof is based on Lemmas 4.5 and 4.6. These two lem-
mas provide a sufficient condition for a representation to be ¢y. It does
not seem obvious whether the same criterion is available for the c¢g-
property in the definitions of their HAPs (see Definitions A.1 and A.2).
Nevertheless, in Corollary A.6, we show that all of Jolissaint’s HAP,
Anantharaman-Delaroche’s HAP and our HAP are equivalent.
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Remark 4.16. A measurable function ¢: G — C is ¢y if and only
if for any d > 0, there exists a measurable subset Y of X such that
w(X\Y) <4 and for any € > 0, we have

{gedly [1o(g)l >e}) < oo,

that is, the restriction of ¢ to G|y satisfies the co-property in Definitions
A.1 and A.2 of the HAPs of Jolissaint and Anantharaman-Delaroche.

To a normalized positive definite function ¢ on G, the GNS rep-
resentation 7% of G is associated as follows: For z € X, we have in-
ner product (-,-) on the vector space whose basis is G, defined by
(g,h) = ¢(h~1g) for g,h € G*. Tts completion is denoted by H?. The
family H? = {H$},ex admits a structure of a Hilbert bundle over X.
In fact, if (0y,), is a sequence of measurable sections of the range map
of G with G = J,, 0,,(X), then it is a fundamental sequence of H?. We
have the homomorphism 7?: G — Iso(H?) defined by 7%(g)h = gh for
g € Gand h € G519, The representation 7% is called the GNS repre-
sentation of G associated to ¢. Let v? be the section of H? defined so
that for z € X, v? is the unit of G at z. For any g € G, we then have
o(g) = <7r¢(g)vf(g), vf(g)). By Lemma 4.6, if ¢ is cg, then ¢ is ¢.

The following lemma is deduced from the relationship, observed
above, between positive definite functions on G and matrix coefficients
of a representation of G.

Lemma 4.17. Let G be a discrete measured groupoid on (X, p).
Suppose that G has the HAP, that is, there exists a sequence (¢ )nen Of
normalized positive definite co-functions on G such that for a.e. g € G,
we have ¢,(g) — 1 as n — oo. Let w denote the direct sum of the GNS
representations 7® with n € N. Then 7 is ¢y and 1 < .

Conversely, if there exists a co-representation 7 of G on a Hilbert
bundle over X with 1 < 7, then G has the HAP.

Proposition 4.18. Let G be a discrete measured groupoid on (X, i)
and S a subgroupoid of G. Suppose that there exist an amenable discrete
group A and a homomorphism a: G — A such that ker o = S and either
A is abelian or « is class-surjective. If S has the HAP, then so does G.

Proof. Since S has the HAP, by Lemma 4.17, there exists a c¢o-
representation m of S on a Hilbert bundle over X with 1 < 7. Let 7
denote the representation of G induced from 7. If either A is cyclic or
« is class-surjective, then by Propositions 4.9 and 4.10, 7 is ¢y, and we
have 1 < 7. It follows from Lemma 4.17 that G has the HAP. If A is not
necessarily cyclic and is abelian, then by inductive argument, for any
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finitely generated subgroup B of A, the subgroupoid a~*(B) of G has
the HAP. By Lemma 4.13, this implies that G has the HAP. Q.E.D.

The following generalizes [19, Corollary 2.8]:

Proposition 4.19. Let G be a discrete measured groupoid on a
standard probability space (X, ). Let A be a measurable subset of X
with GA = X. Then G|a has the HAP if and only if so does G.

Proof. The “if” part follows by definition. We prove the “only if”
part. Suppose that G|4 has the HAP. There exists a sequence (¢, )nen
of normalized positive definite cp-functions on G|4 such that for a.e.
g € Gla, we have ¢,,(9) — 1 as n — 0.

Put Yo = A. We define a map fo: Yy — G by fo(x) = e, for 2 € Y.
By the assumption GA = X, there exists a family (fx)gen of countably
many measurable sections fi: Yy — G of the source map s, defined on
a measurable subset Y of X \ Yy, such that | |, .yY: = X \ Y and
for any k € N, the map r o fj is an injection from Y} into Y. For
n € N, we define a function 1,,: G — C so that for a.e. g € G, choosing
k,l € {0} UN with r(g) € Y and s(g) € Y7, we have

Unl9) = du(fr(r(9)gfi(s(9) ™)

The function ), is positive definite and normalized. For a.e. g € G, we
have 1, (g) — 1 as n — oc.

We fix n € N and keep the notation in the last paragraph. We claim
that 1, is ¢g. To prove it, we pick § > 0 and € > 0. We have to find a
measurable subset Z of X such that u(X \ Z) < § and for a.e. z € Z,
we have

{9 €(Glz) | ltbn(g)] > e} < oo

There exists K € N with u(X \ (Ur_, Y)) < 6/2. Since ¢, is a co-
function on Gly,, there exists a measurable subset W of Y; such that
for any integer k with 0 < k < K, putting Zi = (r o f.) "1 (W), we have
w(Yi \ Zi) < 6/(2(K +1)); and for a.e. y € W, we have

{he(Glw)y | lon(h)] >} < oo

We set Z = Uf:o Zy,. We have u(X \ Z) < 4.
Fix x € Z. There exists a unique integer k£ with 0 < £ < K and
x € Z;. We have

K
{9€(G12)s | 1tnlg) >} = | Gis

=0
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where for an integer [ with 0 <[ < K, we set

Gl = {g c (g|Z)z ‘ T(g) € Zl» |¢n(g)| > 5}'

The map sending an element g of G; to the element f;(r(g))gfr(z)~! is
an injection from G into the set

{h € (Glw)rosi(a) | |on(h)] >}

The last set is finite for a.e. x € Zj. The claim follows.
We proved that the sequence (v,,), satisfies the condition in Defi-
nition 4.14. It follows that G has the HAP. Q.E.D.

We now introduce the generalized Haagerup property for a discrete
measured groupoid, following [11, Definition 4.2.1]. For an abelian dis-
crete group C, we denote by C the group of characters on C. Let 1¢
denote the trivial character on C. We mean by a compact neighborhood
of 1¢ in C the compact subset of C containing 1¢ in its interior.

Definition 4.20. Let G be a discrete measured groupoid on (X, )
and (C,¢) a central subgroupoid of G. We say that the pair (G, (C,t))
has the generalized Haagerup property (¢HAP) if there exist a sequence
(Vi )nen of compact neighborhoods of 1¢ in C' and a family {oyIne
N, x € V;, } of normalized positive definite functions on G satisfying the
following conditions (1)—(4):

(1) For a.e. g € G and any € > 0, there exists N € N such that

for any n > N and any x € V,,, we have |¢}(g) — 1] <e.

(2) Foranyn €N, any x € V,,, a.e. g € G and any ¢ € C, we have

Py (gc) = ¢ (9)x(c).

(3) For any n € N and a.e. g € G, the function x — ¢} (g) on V,

is continuous.

(4) For any n € N and any x € V,,, the function on G/C induced

by |(]§;| is Co.

Let us refer to condition (1) as the condition that the family {¢7 },,
approaches 1 on G as n — oco. For any n € N, taking a countable dense
subset of V,, and using condition (3), we see that the function g —
sup, ey, |95 (g) — 1| on G is measurable. Condition (1) is then equivalent
to that this function converges to 0 pointwise almost everywhere as
n — 00.

If X consists of a single point and G is a discrete group, then the
gHAP in Definition 4.20 is equivalent to that in [11, Definition 4.2.1].

The following is similar to Proposition 4.18.
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Proposition 4.21. Let G be a discrete measured groupoid on (X, )
and S a subgroupoid of G. Let (C,i) be a central subgroupoid of G
such that the image of v is contained in S. Suppose that there exist
an amenable discrete group A and a homomorphism o: G — A such
that kerav = S and either A is abelian or « is class-surjective. If the
pair (S, (C, 1)) has the gHAP, then so does the pair (G, (C,¢)).

Proof. By assumption, there exist a sequence (V},)nen and a family
{¢% I n €N, x €V, } satisfying conditions (1)-(4) in Definition 4.20 for
S in place of G. We first assume that A is abelian. We show the following
assertion: For any cyclic subgroup B of A, there exist a subsequence
(Vo )i of (Vo) and a family {¢! | I € N, x € V,, } of normalized
positive definite functions on G such that the family {Qpi}l,x approaches
1 on a '(B) as I — oo and satisfies conditions (2)—(4) for G. If the
assertion is shown, then by inductive argument, the same assertion holds
true for any finitely generated subgroup of A in place of B. This implies
the proposition by the diagonal argument.

Let B be a cyclic subgroup of A. We put & = a~!(B). To lighten
symbols, for m € N, we set Z,,, = {m} x V,,, and set Z = |J,,cy Zm-
For each z = (m,x) € Z, let 7% denote the GNS representation of S
associated to ¢}" and H* denote the Hilbert bundle over X on which
7°(S) acts. We have the normalized section v* of H* with ¢J'(g) =
(m*(9)viy) Vi(y) for a.e. g € S. Let @* denote the representation of G

induced from 7% and H* denote the Hilbert bundle over X on which
7*(G) acts.

Recall the construction of an almost invariant sequence in the proof
of Proposition 4.10. Let D C G be a measurable fundamental domain
for right multiplication of S on G. By Lemma 4.11, there exists a Fglner
sequence (F,)nen of B such that for any n € N, the set F), contains the
neutral element of B; and for any non-empty subset S of B and any
g € B, we have

F,\F, F, \F,
(P ARSI o l(gFa A Fa) (18]

— 0 asn — oo.
|F, N S| 19 N S| asm oo

For n € N and z € Z, we define a map £™*: D — H?* so that for g € D,
the element £™*(g) of J—Cj(g) is given by

£ns(g) = Ui/ |G N F, V2 i alg) € F
0 otherwise.
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We extend this map to the map £™*: G — H?* so that for any g € D
and any h € S*9) | the equation £™%(gh) = 7*(h~)¢™*(g) holds. The
map ™7 is then regarded as a normalized section of H=.

Pick an increasing sequence (Ej);en of measurable subsets of £ such
that fi(E;) < oo for any I € N and € = J,o Ei-

Fix [ € N. By the Lebesgue convergence theorem, there exists n € N
with

l(a(g)Fy A Fy)Na(Gr@)| 1

(4.7) /E | o a(Gr@), dfi(g) < 7 and
[(a(g)Fn A Fy) Na(GT9)| 1

N B ey A O

For any (g,¢') € G®), there exists a unique h € 8§59 with g¢'h € D.
This element h is denoted by h(g,¢’). For any m € N, the function
g = sup, ey, |97 (9) —1| on S is measurable. This function converges to
0 pointwise almost everywhere as m — oo because the family {7},
approaches 1 on § as m — oo. There thus exists m € N such that

/E > (sup |¢Q(h(g‘1,g’))—1l)dﬂ(g)§%.

LgeDr@na-1(F,) XY™

We set U = Vi, and W, = {I} x U;. For w = (I,x) € W, we set
z(w) = (m, x) € Zn and denote by 7" the normalized section grz(w) of
F*()_ Following the computation in the proof of Proposition 4.10 to
deduce inequality (4.6), we have
@) [ (s (E Gt ) - 1) dite) <
B \weW, l

We set W = ey Wi For w = (I,x) € W, we define a function

w;: G — C by

U (g) = (7 (g, m,) for g €G.

By inequality (4.9), the family {wi}hx approaches 1 on £ as | — oo.
We check conditions (2)—(4) in Definition 4.20 for this family and the
sequence (U);.

Fix Il e Nand g € G. Put y = r(g) and = = s(g). For any x € Uj,
putting w = (1, x), z = z(w) = (m,x) and h(g’) = h(g~*,¢') for g’ € DY,
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we have
(4.10)  Yhlg) = F (@2, ¥y = > ¥ (g ). n¥(d))
g’'eDy
= > (T (g (g~ g'hg)). 0y (g)
g’'eDY
= [a(G") N Fu| 7 2a(GY) N Fu |72 ) ¢ (h(g))

9’'€Do
where n is the number chosen in inequalities (4.7) and (4.8) for [ and
Do ={g € D"|a(d) € alg)Fn N Fy }.

For any ¢ € C and any ¢’ € DY, we have h((gc)~%,¢') = h(g™',¢')c by
the definition of the symbol h(-,-). Equation (4.10) implies that for a.e.
g € G, we have w;(gc) = X(C)lp;(g). Equation (4.10) also implies that
for a.e. g € G, the function y — 1/); (g) on U is continuous.

We have checked conditions (2) and (3) for the families (U;); and
{t! }1x- Condition (4) for them is checked by following the proof of
Proposition 4.9. Since ¢} is not necessarily ¢y as a function on S, we
have to modify the proof and have to show a lemma corresponding to
Lemma 4.6. This process is established almost verbatim. We thus omit
it.

As in the proof of Proposition 4.10, the proof of the case where « is
class-surjective is obtained similarly. Q.E.D.

Along the proof of Proposition 4.19, we can show the following:

Proposition 4.22. Let G be a discrete measured groupoid on a
standard probability space (X, u), and (C,t) a central subgroupoid of G.
Let A be a measurable subset of X with GA = X. We use the same
symbol ¢ to denote the restriction of v to (C' x (X, u))|a Then the pair
(Gla, (C,1)) has the gHAP if and only if so does the pair (G, (C,¢)).

4.4. Comparison with the gHAP of groups

When a discrete measured groupoid G is associated with a p.m.p.
action G ~ (X, pu), it is natural to ask the relationship between the
HAPs of G and G. Jolissaint [19, Remark in p.172] shows that under
the assumption that the action is free, G has his HAP if and only if G has
the HAP, through [23, Proposition 3.1]. We establish this equivalence
for our HAP and gHAP in the following:

Proposition 4.23. Let G be a discrete group having a central sub-
group C. Suppose that G/C has a p.m.p. action on (X, ), and let



202 Y. Kida

G act on (X, p) through the quotient map from G onto G/C. We set
G=Gx (X,p) and C = C x (X, u), and define ¢ as the identity on C.
Then the pair (G, (C, 1)) has the gHAP if and only if the pair (G,C) has
the gHAP.

Assuming that C' is trivial, we see that G has the HAP if and only
if G has the HAP.

Proof of Proposition 4.23.  For a function ¢: G — C, we define a
function ¢: G — C by ¢(v,2) = ¢(y) for v € G and z € X. If ¢ is
positive definite, then so is ©. The “if’ part of the proposition follows
from this construction.

We prove the “only if” part of the proposition. For a measurable
function ¢: G — (C with \¢>( )| < 1 for a.e. g € G, we define a function
¢: G — Chby ¢(v) = [y o (z). For any 7,8 € G, we have

By 18) = /X 6(y~16,67 L) dpu(x)
- /X O((7, 7 12) (6,67 1) dp),

where the first equation holds because the action G ~ (X, u) is p.m.p.
It follows that if ¢ is positive definite and normalized, then so is ¢.

Suppose that we have a sequence (V},),en of compact neighborhoods
of 1¢ in C and a family {¢% | n €N, x €V, } of normalized positive
definite functions on G satisfying conditions (1)—(4) in Definition 4.20.
We check those conditions (1)—(4) for the pair (G, C) and the families
(Va)n and {@7 },y. Conditions (2) and (3) hold by the definition of ¢7'.

As mentioned right after Definition 4.20, for any n € N, the function
on G defined by g — sup, cy, [#}(g) — 1| is measurable. Condition (1)
for {d’;}n,x implies that this function converges to 0 pointwise almost
everywhere as n — oo. The Lebesgue convergence theorem implies
condition (1) for {¢7 }n .

To check condition (4), we fix n € N and x € V,, and put ¢ = ¢.
Pick ¢ > 0. We have to show that the set {v € G/C | |¢(7)| > €} is
finite. Since |¢| is ¢y on G/C, there exist a measurable subset Y of X
and a finite subset F' of G/C such that u(X \'Y) < ¢/3; and for a.e.
x €Y and any v € (G/C) \ F with yx € Y, we have |p(y,z)| <&/3. Tt
follows that for any v € (G/C) \ F', we have

B [l dua) + X\ Y)+ (X \ 1Y) <
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where in the last inequality, we use the assumption that the action
G/C ~ (X, p) is pm.p. Condition (4) follows. The pair (G,C) thus
has the gHAP. Q.E.D.

§5. The Haagerup property of groups in class C

Recall that € denotes the smallest subclass of the class of discrete
groups that satisfies the following conditions (1)—(4):
(1) Any treeable group belongs to C.
(2) The direct product of two groups in € belongs to C.
(3) For a discrete group G and its finite index subgroup H, we
have G € C if and only if H € C.
(4) Any central extension of a group in € belongs to C.
To show that any group in € has the HAP, we introduce subclasses of C.
We define D as the smallest subclass of € satisfying conditions (1), (2)
and (4). We inductively define subclasses of D, D,, and D/, for n € N, as
follows: Let D be the class of direct products of finitely many treeable
groups, and D] the class of central extensions of a group in D;. Let D,
be the class of direct products of finitely many groups in D/, _;. Let D/,
be the class of central extensions of a group in D,,. We have the inclusion
Dy € Dy € Dy € Dy C ---. The union |J,, D, satisfies conditions (1),
(2) and (4), and is therefore equal to D.

Lemma 5.1. Pickn € N and a group G in D!,. Let H be a finite
index subgroup of G. Then there exists a finite index subgroup Hy of H
with Hy € @;L

Proof. We prove the lemma by induction on n. The case of n =1
follows from that any finite index subgroup of a treeable group is treeable
([14, Théoreme IV.4]). Suppose that G is in D], and H is a finite index
subgroup of G. There exists a central subgroup C of G with G/C € D,,.
Set ' = G/C. We have I'y,..., T, € D, _; with ' =T x -+ x ['y,.
Let g: G — T be the quotient map. By the hypothesis of the induction,

for any i = 1,...,m, there exists a finite index subgroup A; of I'; such
that A; € D!, _;, and setting A = Ay x -+ x A, we have A < ¢(H).

We set Hy = ¢~ Y(A)N H. The group H; is of finite index in H and is a
central extension of A. Since A € D,,, we have Hy € D! . The induction
is completed. Q.E.D.

Let & denote the class of discrete groups having a finite index sub-
group belonging to D. This class & satisfies conditions (1)—(4). In fact,
conditions (1), (2) and (4) are easily checked, and condition (3) follows
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from Lemma 5.1. The inclusion € C & therefore holds. We have shown
the following:

Lemma 5.2. Any group in C has a finite index subgroup belonging
to D.

By the inclusion D C € and condition (3), we have & C € and
therefore € = €. We do not however use this equality in the sequel.

For any group in €, we construct its certain p.m.p. action and show
that the associated groupoid has the HAP. We prepare the following
terminology:

Definition 5.3. Let G be a discrete measured groupoid on a stan-
dard probability space (X, ) and S a subgroupoid of G.
(i) We say that S is co-abelian in G if there exist an abelian
discrete group A and a homomorphism «: G — A with ker aw =
S.
(i) We say that S is weakly co-abelian in G if there exists an
increasing sequence of subgroupoids of G of finite length, § =
So <8 <+ <8, =G, such that for any [ =0,1,...,L —1,
the subgroupoid &; is co-abelian in S;1.

Theorem 5.4. Let G be a discrete group in C. Then there exists
an ergodic p.m.p. action G ~ (X, ) satisfying the following: We set
G=Gx (X,pn), and define p: G — G as the projection. There exist

a measurable subset Y of X with GY = X;
a weakly co-abelian subgroupoid R of G|y ;
a treeable equivalence relation R; on (X, u;) indexed by i =

1,....n;
e an isomorphism f: R1 X -+ X R, = R; and
e a homomorphism p;: R; — G indexed by i =1,....n
such that for any i =1,...,n, the following diagram commutes:
11X"'XIi,1XRiXIi+1X"'XI,,L$R P G
Pii
R;
where I; is the trivial subrelation of R; for j = 1,...,n, and p; is the

projection.

Proof. Let B denote the class of discrete groups G having an er-
godic p.m.p. action G ~ (X, p) satisfying the condition in the theorem.
To prove € C B, it is enough to show the following assertions (i)—(iv):
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(i) Any treeable group belongs to B.
(ii) The direct product of two groups in B belongs to B.
(iii) Any central extension of a group in B belongs to B.
(iv) Any group having a finite index subgroup in B belongs to B.
In fact, assertions (i)—(iii) imply D C B, and assertion (iv) and Lemma
5.2 imply € C B.

Assertions (i) and (ii) hold by the definition of B.

We prove assertion (iv). Let G be a discrete group and H a finite
index subgroup of G with H € B. There exists an ergodic p.m.p. action
H ~ (X,u) satisfying the condition in the theorem. We can check
that the action of G induced from the action H ~ (X, p1) satisfies the
condition in the theorem. Assertion (iv) follows.

We prove assertion (iii). Let 1 - C — G — I" — 1 be an exact
sequence of discrete groups such that C' is central in G and I' € B. We
have to show G € B. Since I' belongs to B, there exists an ergodic p.m.p.
action I' ~ (X, ) satisfying the following: We set Q@ =T x (X, i), and
define p: Q@ — I' as the projection. There exist

e a measurable subset Y of X with GY = X;
a weakly co-abelian subgroupoid R of Q|y;
a treeable equivalence relation R; on (Xj, u;) indexed by i =

1,...,m;
e an isomorphism f: Ry X --- X R,, = R; and
e a homomorphism p;: R; — ' indexed by i = 1,....n
such that for any ¢ = 1,...,n, the following diagram commutes:

(51) Tix- XL XRix T XX Ty >R "

.

Ri

where Z; is the trivial subrelation of R; for j = 1,...,n, and p; is the
projection. Let G act on (X, ) through the quotient map from G onto
I'. We set G = G x (X, ), and denote by 0: G — Q the quotient map.
We get the exact sequence of discrete measured groupoids,

1HC%QE>Q—>1,

where C is the subgroupoid of G associated with the trivial action of C
on (X, u). Let 7: G — G be the projection.
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An outline of the rest of the proof. We will show that G satisfies
the desired condition in the theorem. For i = 1,...,n, we set

Ri:Lx-nxL,l XRiXIiJrlX--'XIn.

The subgroupoid f(R;) of Q|y is liftable to a subgroupoid of G|y because
R; is treeable. The subgroupoid R = f(Ry X -+ X R,) is however
not necessarily liftable. We will show that there exists a co-abelian
subrelation S; of R; for i = 1,...,n such that f(S; x---x S,,) is liftable
to a subgroupoid of G|y, denoted by H. Let K denote the subgroupoid
of G|y generated by C|ly and H. It follows that H is co-abelian in K,
that K is co-abelian in #71(R), that 6~(R) is weakly co-abelian in G|y
by assumption, and therefore that H is weakly co-abelian in G|y. We
also have that H is isomorphic to & X -+ X §,,. The relation S; is a
subrelation of the treeable relation R;, and is thus treeable thanks to
Gaboriau [14, Théoreme IV .4].

We now follow this outline. Pick a section u: I' — G of the quotient
map from G onto I'. Let o: I' x I' — C be the 2-cocycle associated with
u. It is defined by

o(y,0)u(y0) = u(y)u(d) for v,0 €T
For i =1,...,n, we define the 2-cocycle o;: REQ) — C by
oi(g,h) = o(pi(9). pi(h) for (g9,h) € R,
By Corollary 2.8, there exists a measurable map ¢;: R; — C such that
oilg.h) = igh)ei(9) " ei(h)™" for ae. (g.h) € R},
We then have the homomorphism 7;: R; — G defined by

7i(9) = wi(g)u(pi(g)) for g € R;.

For j =1,...,nand z; € X, we set e,, = (zj,7;) € Z;. Let fo: Xy x
- X X, — Y be the isomorphism induced by f. We define a map
F;:R;, — g|y by

(5.2) Fi(exys o vu 1s9s€aiprs-osex,) = (Ti(9), folx1, ..., 2n))

forxz; € Xjforj=1,...,nand g € R; with its source x;. By commuta-
tivity of diagram (5.1), the range of the right hand side in equation (5.2)
is fo(@1,. .., Ti—1,Yis Tit1,- - -, ), where y; is the range of g. The map
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F; is thus a homomorphism. Let §; denote the image of F;. We have
0o F; = f on R;, and also have the following commutative diagram:

Pil -z
Ri

The groupoid G; is a lift of f(R;), i.e., the restriction of # to G; is an
isomorphism onto f(R;). The map 6 is however not necessarily injective
on the subgroupoid of G|y generated by Gi,...,G,. We will find a co-
abelian subgroupoid H; of G; for ¢ = 1,...,n such that 6 is injective on
the subgroupoid of G|y generated by them.

Fix integers i, j with 1 < i < j < n. We define a homomorphism
W R — Hl(Rj,C) b,

wi(g;) = 75(g;) " 7igi) "' 7i(g5)mi(gi)  for gi € Ri and g; € R;.

The element w/ (g;) in fact belongs to C' because the product of elements

of G,
(54) (Tj (gj)ilv *)(Ti(gi)ilv *)(Tj (gj)v *)(Ti(gi)v 13)7

belongs to C = ker 6, where x is any element of Y such that the coordi-
nates of f; Yz) in X; and X ; are the sources of g; and g;, respectively,

Wy

and the elements of Y put in “x” is uniquely determined so that the
product is well defined.
For a.e. g; € R;, the map wé{ : R; — C'is a homomorphism. In fact,

for a.e. (g;,h;) € R;Q), we have
wf;{(gjh')

ih; ) TZ(gz) Tj(gjh )7i(9:)

)" 1(7'](9]) t1i(90) " i (95)mi(90)7i(gi) i (hy)Ti(gi)
)i (hy)-

7;(9;
7i(h;
wg (g



208 Y. Kida

The map w”: R; — H'(R;,C) is a homomorphism. In fact, for a.e.
(9i,h;) € RZ(»Z) and a.e. g; € R;, we have

W;Zhi (95)
=7;(95) " "7ilgihi) " 75 (g5)7i(gihi)
=7j(g;) " i(hi) " i(95) (75 (95) " mil9a) " i (g5)miga)) i (Ra)
= W (g5)wr (95)-

We obtained a homomorphism w%: R; — H*(R;,C). The image of
this homomorphism depends only on 7;(g;) € G. More precisely, for a.e.
gi, hi € R; with 7;(g;) = 7 (h;), we have wé{ = w}i It follows that the
image w% (R;) is countable.

We are ready to show that the action G ~ (X, u) is desirable, i.e.,
there exist a weakly co-abelian subgroupoid of G|y, a treeable equiva-
lence relation, etc. in the theorem. We set S, = R,,. Fori=1,...,n—1,
we set S; = ﬂ;;l .1 kerw”. The subrelation S; is co-abelian in R; be-
cause w/(R;) is countable and abelian. By [14, Théoréme IV.4], the
relation S; is treeable. For i = 1,...,n, we set

HiZFi(IlX-~-><Ii,1><8i><1'i+1><--~><In).

Let H be the subgroupoid of G|y generated by Hi,...,H,. We have the
homomorphism F': & x --- x S, — H that extends the isomorphisms
Fy,...,F, because the product in (5.4) is the unit of G at z for a.e.
gi € S; and g; € §;. The map F' is surjective by the definition of H,
and is injective because f o F' = f on §; X - -+ X S,,. It follows that F' is
an isomorphism. For any ¢ = 1,...,n, commutativity of diagram (5.3)
implies commutativity of the following diagram:

IlX-“X_'Z,-Z‘,lXSiXIiJrlX--'XInLH i G

The remaining task is to prove that H is weakly co-abelian in G|y
We denote by K the subgroupoid of G|y generated by H and Cly. We
have the isomorphism from C' x H onto K sending (¢, h) to ch for ¢ €
C and h € H. The subgroupoid H is therefore co-abelian in K with
C the quotient. The subgroupoid K is co-abelian in §~!(R) because
Si X --- x 8, is co-abelian in Ry x -+ x R,,. The subgroupoid §~1(R)
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is weakly co-abelian in G|y because R is weakly co-abelian in Q|y. Tt
follows that H is weakly co-abelian in Gly.
We proved that G belongs to B. Assertion (iii) follows. Q.E.D.

Proof of Theorem 1.4. Let G be a group in €. We show that G
has the HAP. By Theorem 5.4, there exists an ergodic p.m.p. action
G ~ (X, p) such that, setting G = G x (X, 1), we have a measurable
subset Y of X with GY = X and a weakly co-abelian subgroupoid
R of G|y isomorphic to the direct product of finitely many treeable
equivalence relations. By [4, Theorem 3] or [26, Proposition 6], any
treeable equivalence relation has the HAP. It follows that R has the
HAP, and so do G|y and G by Propositions 4.18 and 4.19. The group G
therefore has the HAP by Proposition 4.23.

We next suppose that G is a discrete group and C is a central
subgroup of G such that G/C belongs to €. We show that the pair
(G, C) has the gHAP. In the end of the proof of Theorem 5.4, letting I"
be G/C, we obtained an ergodic p.m.p. action G ~ (X, u) such that,
setting G = G x (X, pu) and C = C' x (X, 1), we have the following three
conditions:

e The group C acts on (X, ) trivially.

e There exist a measurable subset Y of X with GY = X, a
weakly co-abelian subgroupoid K of G|y, and a subgroupoid
H of K such that K is generated by C|y and H; and the map
from C' x H into K sending (¢, h) to ch for c € C and h € H
is an isomorphism.

e The groupoid H is isomorphic to the direct product of finitely
many treeable equivalence relations, and therefore has the
HAP.

Let ¢: C — G denote the inclusion. These three conditions imply that the
pair (I, (C,¢)) has the gHAP. Applying Propositions 4.21, 4.22 and 4.23
in this order, we see that the pairs (Gly, (C,¢)), (G,(C,¢)) and (G,C)
have the gHAP. Q.E.D.

SAppendix A. Comparison with the HAPs of Jolissaint and
Anantharaman-Delaroche

The HAP of a p.m.p. discrete measured equivalence relation was
introduced by Jolissaint [19], who proved that it has his HAP if and
only if the associated von Neumann algebra has property H relative
to the Cartan subalgebra, in the sense of Popa [23]. The HAP of a
discrete measured groupoid was introduced by Anantharaman-Delaroche
[4], who proved that it has her HAP if and only if the associated von
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Neumann algebra has the Haagerup property relative to the Cartan
subalgebra, in the sense of Boca [7]. In this appendix, we compare their
HAPs and our HAP in Definition 4.14. We refer to [23, Proposition 2.2]
for comparison between the above properties of Popa and Boca. We
also refer to [9], [10], [18] and [22] and references therein for historical
background on the HAP of von Neumann algebras and recent approaches
to introduce the HAP for arbitrary von Neumann algebras.

Jolissaint’s HAP ([19, Definition 1.2]) can naturally be extended for
a discrete measured groupoid as follows:

Definition A.1. Let G be a discrete measured groupoid on a
standard probability space (X,u). We say that G has the Jolissaint
Haagerup-property (JHAP) if there exists a sequence (¢y,), of positive
definite functions on G such that

e for any n and a.e. z € X, we have ¢, (e,) < 1, where e, is the
unit of G at x;

e for any n and any € > 0, we have i({g € G | |pn(9)| > €}) <
oo; and

e forae. g€, wehave ¢,(g) = 1 as n — oo.

The following is due to Anantharaman-Delaroche ([4, Definition 8]):

Definition A.2. Let G be a discrete measured groupoid on a stan-
dard probability space (X, u). We say that G has the Anantharaman-
Delaroche Haagerup-property (ADHAP) if there exists a sequence (¢, ),
of positive definite functions on G such that

e for any n and a.e. x € X, we have ¢, (e,) = 1;

e for any n and any € > 0, we have i({g € G | |pn(9)| > ¢}) <
oo; and

e forae. g€ G, wehave ¢,(g) = 1 as n — oo.

The difference between the JHAP and the ADHAP is only the nor-
malized condition for positive definite functions. The difference between
the ADHAP and our HAP in Definition 4.14 is only the cg-property of
positive definite functions. It is obvious from definition that the ADHAP
implies the JHAP, and that the ADHAP implies our HAP.

Remark A.3. Tt does not seem obvious from the above definitions
that the JHAP and the ADHAP depend only on the class of the measure
p. Through his characterization of the JHAP in terms of von Neumann
algebras, Jolissaint observed that the JHAP for p.m.p. discrete mea-
sured equivalence relations depends only on the class of 1 ([19, Corollary
2.7]). Similarly, through her characterization of the ADHAP in terms
of von Neumann algebras, Anantharaman-Delaroche observed that the
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ADHAP depends only on the class of u (see the paragraph right after
[4, Definition 8]).

In contrast, it follows from definition that our HAP in Definition
4.14 depends only on the class of u. Applying Corollary A.6 below, we
can also deduce that the JHAP and the ADHAP for discrete measured
groupoids depends only on the class of pu.

Lemma A.4. Let G be a discrete measured groupoid on a standard
probability space (X, p). Then G has the ADHAP if and only if G has
the HAP in Definition 4.14.

Proof. We have already mentioned that the “only if” part follows
by definition. We prove the “if” part. Suppose that G has the HAP in
Definition 4.14. There exists a sequence (¢, )nen of normalized positive
definite co-functions on G such that for a.e. g € G, we have ¢,(g) — 1
as n — oo.

Fix n € N. There exists a measurable subset X,, of X such that
w(X \ X)) < 1/n?; and for any € > 0, there exists a number M,, . € N
such that

Hg€(Glx,)ellPnlg) > e} < M, forae ze X,

We define a function ¢,,: G — C by ¢,,(9) = ¢n(g) if g € G|x,,; ¥n(g) =
1if g = e, for some z € X \ X,,; and v,,(¢g) = 0 otherwise. The function
1y, is positive definite on G by Lemma 4.13, and is normalized. For a.e.
g € G, we have 1,,(9) — 1 as n — oo because 1, = ¢, on G|x, and

ZZL X\ Xp) < o0.
We fix n € N again. Pick a number ¢ with 0 < ¢ < 1. We have
i({g€G|lnlg)l >e})
= (X \ Xn) + ({9 € Glx, | [¥n(g)| > c})

and

({9 € Glx, | [ba@) > £})
- / {9 € Clx.)e | 10n(g)] > € Y dua) < My cp(Xo).

We thus have i({g € G | |Yn(g)] > }) < oc.
We proved that the sequence (v,,),, satisfies the condition in Defi-
nition A.2. It follows that G has the ADHAP. Q.E.D.

Lemma A.5. Let G be a discrete measured groupoid on a standard
probability space (X, ). Then G has the JHAP if and only if G has the
HAP in Definition 4.14.
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Proof. Suppose that G has the JHAP. There exists a sequence
(¢n)nen of positive definite functions on G satisfying the condition in
Definition A.1. Fix n € N. We set

Xpn={2€X | dnles) >0}

and define a function v¢,,: G — C by

"/)n(g) =
Pn(g) .
if g € g Xn
Pn(€r(g)!*Pnles(g))/? |
1 if g =e, for some z € X \ X,
0 otherwise.

The function v, is positive definite by Lemma 4.13, and is normalized
by definition.

We claim that 1, is ¢g. To prove it, pick § > 0 and € > 0. There
exist a measurable subset Y of X, and ¢ > 0 such that u(X, \Y) <§
and for a.e. x € Y, we have ¢,(e;) >c. Weset Z=Y U (X \ X,,). We
have p(X \ Z) < §. For a.e. g € G|z with [,(g)| > €, we have either
g =e, for some x € X \ X, or g € G|y and

|¢n(g)| = ¢n(er(g)>1/2¢n(es(g))1/2|wn(g>| > ce.
We thus have

i({g€Glz|ln(g)l >c})
< X\ Xn) + ({9 €Gly | [¢n(g)] > ce })
< 0.

The claim follows.

For a.e. g € G, we have ¢,,(¢g) — 1 as n — oo by the definition of
1y, It follows that G has the HAP in Definition 4.14.

We proved that the “only if” part of the lemma. The “if” part follows
because the HAP in Definition 4.14 implies the ADHAP by Lemma A .4,
and the ADHAP implies the JHAP by definition. Q.E.D.

Combining Lemmas A.4 and A.5, we obtain the following;:

Corollary A.6. For any discrete measured groupoid, all of the
JHAP, the ADHAP and the HAP in Definition 4.14 are equivalent.
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