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On pluricanonical systems of algebraic varieties of
general type

Meng Chen

Abstract.

We extend Kollar’s technique to look for an explicit function h(n)
with ¢, birational onto its image for all integers m > h(n) and for all
n-dimensional nonsingular projective varieties of general type.

§1. Introduction

One of the fundamental problems in birational geometry is to find a
constant r, > 0 such that the r,-canonical map is an Iitaka fibration for
any n-dimensional projective variety with positive Kodaira dimension. It
is well-known that one may take ro = 5 (see Bombieri [2]) for surfaces of
general type. The existence of r,, for varieties of general type was proved
by Hacon-MC°kernan [10], Takayama [19] and Tsuji [20] and, recently,
r3 < 73 was proved by Chen—Chen [6, Theorem 1.1]. Some other relevant
results with regard to the existence of r,, have been already proved by
Chen-Hacon [3], Pacienza [15] and Viehweg-Zhang [23]. The following
problem, however, is still open:

Problem 1.1. To find an explicit constant y, (n > 4) such that
the m-canonical map ¢, is birational onto its image for all m > u, and
for all n-dimensional projective varieties of general type.

Let V be a n-dimensional nonsingular projective variety of general
type. Denote by Ky a canonical divisor on V. A reasonable strategy
for studying Problem 1.1 is composed of two steps:

[a] To find a positive integer mg such that h®(V,moKy) > 2;
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[b] To find an explicit function g(mg,n) such that the m-canonical
map ., is birational for all m > g(mg,n).

This strategy works well in dimension 3 (see, for instance, [5, 6]). In
fact, since Reid [17] has found the Riemann—Roch formula for minimal
3-folds, we [5, Theorem 1.1] managed to prove h%(V,moKy) > 2 by
utilizing that formula. On the other hand, Kolldr [14] and myself [8]
have an effective formula in dimension 3 for Step (b). Generally, for
Step [a], since the classification to 4-dimensional terminal singularities
is still incomplete, there is no known Riemann-Roch formula for x(mK)
on minimal varieties. Thus to compute P, := h%(V,moKy) is still
expected. Though Kolldr [14] has essentially solved Step [b], what we
are more concerned here is the stable birationality, to be worked out by
an improved and generalized technique, of linear systems |[mK + [Q]]
where @ is any nef Q-divisor. Hence this paper can be regarded as a
remark or complementary to Kollar’s method. We will build up some
new results about induced fibrations from pluricanonical systems.

Assume Py, (V) := h%(V, Oy (moKy)) > 2 for some positive integer
mo. Set Pmg = P|m,ky |, the mo-canonical map of V. We define the
mo-canonical dimension ¢ := dim @, (V). Clearly 1 < ¢ < n. In order
to formulate our statements, we introduce the following:

Definition 1.2. Define A(V) to be the smallest positive integer
such that Pyv)(V) > 2 for a given n-dimensional projective variety V
of general type. Define A, := sup{\(V)|dim(V') = n}.

Remark 1.3. According to Hacon—MC°kernan [10], Takayama [19]
and Tsuji [20], one knows A, < 4oo. Therefore an assumption like
Pno > 2 is reasonable and natural.

The main result of this paper is the following which, at least, induces
new results for the case n = 4:

Theorem 1.4. Let V be a n-dimensional (n > 3) nonsingular pro-
jective variety of general type. Let Q be a nef Q-divisor on V. As-
sume Pp,, > 2 for some positive integer mg. Then the linear system
ImKy + [Q]] defines a birational map onto its image for all integers
m > (1) where €(¢) s a function as follows:

(1) when ¢ > n—2, e(t) = min{dmo + 4,57} - 2mo + 1) 3 +

mo(n —2) +2;

(2) whent=n—3, (L) =75(2mqg + 1)"‘3 +mo(n—3) +2;

(3) whent<n—4,e(t) = (2mo+1)"twp_,+1+mo(t—1)+2 where

Wn_y41 CAT be obtained by the number sequence {we 32 4L+1 with
w; = N A+ wi— 1(2)\ +1), wy = 151y + 75, )\n 1 = My and,
for all other 1, )\- As-
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By taking Q =0, pn, is birational for all integers m > &(v).
In particular we have the following:

Corollary 1.5. Let V' be a nonsingular projective n-dimensional
(n > 4) variety of general type. Then pn, is birational for all integers
m > w, + 2 where wy, is obtained by the number sequence {w:}7_, with
w; = A\ + wi_1(2)\i -+ ].) and wg = 1514 + 75.

Corollary 1.6. (= Corollary 4.3) Let V' be a nonsingular projective
4-fold of general type with P, > 2 for some integer my > 0. Let Q
be any nef Q-divisor on V. Then @k, 4101 (in particular, om) is
birational for all m > 151mg + 77. »

Theorem 1.4 also implies the following;:

Corollary 1.7. An explicit constant i, mentioned in Problem 1.1
can be found by means of Theorem 1.4 if and only if explicit constants
pr for all k < n can be found such that the pluri-genus P, > 2 for all
k-dimensional projective varieties of general type.

From this point of view, a Riemann—Roch formula for x(O(mK)) is
of key importance just like what Reid has done in {17, last section] for
threefolds.

This paper is organized as follows. First we fix the notation for
the map ¢n,,. Then we systematically study the property, of the in-
duced fibration f: X' — B, which generalizes known inequalities in
3-dimensional case. In Section 3, we will improve known results on sur-
faces and 3-folds. Theorems in Section 4 are original. We will prove the
main theorem by induction in the last section.

We always use the symbol = to denote numerical equivalence while
~ means linear equivalence.

§2. Properties of canonically induced fibrations

In this paper, V is always a n-dimensional nonsingular projective
variety of general type. Let mg be a positive integer. Assume that
A C |mpKy| is a sub-linear system such that ®5(V) = 1 where @, is
the rational map defined by A. We call A a pencil contained in [mo Ky |.
Note that such a pencil always exists. For instance, a 2-dimensional sub-
space of H%(V, moKy) corresponds to a pencil. We will study properties
of the rational map ®, in this section.

2.1. Existence of minimal models. By recent works of Birkar—
Cascini-Hacon—M¢kernan [1}, Hacon-M¢kernan[12] and Siu [18], V has
a minimal model. Again by [12], any fibration f: ¥ — B, from a
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nonsingular variety Y of general type to a smooth curve B, has a relative
minimal model. According to the established Minimal Model Program
(MMP), one may always assume that a minimal model has at worst
Q-factorial terminal singularities.

From this point of view, it suffices to study ¢,, on minimal models.

(1) Throughout X always denotes a minimal model of V.

Because @5 can be defined on a Zariski open subset of X, we may
also regard A as a pencil on the minimal model X.

2.2. Set up for 5. Denote by p: V --» X the birational contrac-
tion map. Because Pp,,(X) = Py, (V) > 2, we may fix an effective Weil
divisor Kn,, ~ moKx on X and a divisor I?mo ~ moKy on V. Take
successive blow-ups 7: X’ — X along nonsingular centers, such that the
following conditions are satisfied:

(i) X’ is smooth;

(ii) there is a birational morphism 7y : X’ — V such that pory =
5

(iii) the movable part My of m{,(A) is base point free and so that
g := @A o7y is a non-constant morphism;

(iv) 7*(Kmo) U ml(Km,) has simple normal crossing supports;

(v) for certain purpose 7 even satisfies a couple of extra conditions
by further modifying X’. (This condition will be specified in
explicit whenever we need it.)

We have a morphism g: X’ — W' C PV, Let X' - B - W'
be the Stein factorization of g. We have the following commutative
diagram:

X’ B
g
Ty S
| /i - W
PA

Denote by r(X) the Cartier index of X. We can write r(X)Kx/ =
7 (r(X)Kx) + E, where E, is a sum of exceptional divisors. Recall

that )
m (KX) = KX/ - R‘)(—)Eﬂ-
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Clearly, whenever we take the round-up of mn*(Kx) for m > 0, we
always have [mn*(Kx)] < mKx.

Denote by My, x+ the movable part of |kK x| for any positive integer
k > 0. We may write moKx: =g 7*(moKx) + Erme = Mmo,x' + Zmes
where Z,,, is the fixed part of |m¢K x| and Ex ,, an effective Q-divisor
which is a Q-sum of distinct exceptional divisors with regard to .

Since My < My, x» < 7 (moKx), we can write 7*(moKx) = Mo+
E), where E) is an effective Q-divisor. By our assumption (A is a pencil),
B is a nonsingular complete curve. By Bertini’s theorem, a general fiber
F of the fibration f: X’ — B is a (n — 1)-dimensional nonsingular
projective variety of general type.

Once a fibration f: X’ — B is obtained, we may take the rela-
tive minimal model fo: X9 — B of f. Then we can remodify 7 and
7wy again such that a new birational model X” dominates X’ and Xj.
Namely assume 7': X" — X’ and 7": X" — X, are the birational
morphisms, set f” := fonx', then f' = foon".

Therefore we can make the following:

2.3. Assumption on X’. To avoid too complicated notations, we
may assume from the beginning that X’ = X" by further birational
modifications, i.e. there is a contraction morphism § : X’ — Xj such
that f = fo 00 and that fy is a relative minimal model of f.

With this assumption, we pick up a general fiber Fy of fp and set
o := 0|p, then o: FF — Fj is a birational morphism onto the minimal
model.

Set b := g(B). We will study the geometry of f according to the
value of b. In fact there are two cases:

p
(i) b> 0, My ~ Y F; = pF where the F;’s are different smooth
i=1
fibers of f for all ¢ and p > 2;
(if) =0, My ~ pF < morn*(Kx) with p > 1.

2.4. Reduction to problems on X’. As we have seen, there is a
birational morphism 7y : X’ — V. Let m be a positive integer and @
a nef Q-divisor on V. Since

v Ox/(mKx: + 73 ([Q])) = Ov (mKv + [Q])

and mKx: + 75 ([Q]) > mKx/ + [Q'] where Q' := 7}, (Q) is nef on X',
the birationality of @,k ,41q/1| implies that of @,k 1@y Further-
more the fact mKx, > mn*(Kx) allows us to consider a smaller linear
system on X’ like:

|Kx + [(m— 1)n*(Kx) + Q|-
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The 3-dimensional version of the next lemma has appeared as [9,
Lemma 3.4].

Lemma 2.5. Let fy:Y --+ By be a rational map onto a smooth
curve By where Y is a normal projective minimal variety (i.e. Ky nef)
with at worst terminal singularities. Let my:Y' — Y be any birational
modification from a nonsingular projective model Y' such that gy =
fyomy: Y’ — By is a proper morphism. Denote by F}, any irreducible
component in a general fiber of gy. Assume g(Bo) > 0. Then

Or, (73 (Ky)|r,) = Op, (0" (KB, ,))

where Fyo is a minimal model of Iy and there is a contradiction mor-
phism o': F, — Fy .

Proof. One has a morphism gy: Y’ — Bg. By theorems of
Shokurov [16] and Hacon-M¢kernan [11], each fiber of ny: Y’ — Y
is rationally chain connected. Therefore, gy (' (y)) is a point for all
y € Y. Considering the image G C (Y x By) of Y’ via the morphism
(my X gy) o Ays where Ay is the diagonal map Y’ — Y’ x Y, one
knows that G is a projective variety. Let g1: G — Y and g2: G — By
be two projection maps. Since g; is a projective morphism and even
a bijective map, ¢g; must be both a finite morphism of degree 1 and a
birational morphism. Since Y is normal, g; must be an isomorphism.
So gy factors as f; o my where f1 = ga 0 g7 L.y — By is a well-

defined morphism. Let Y Jo, pr LN By be the Stein factorization of
fi- Set f' := foomy. Then F is a general fiber of f'. Denote by
Fyo a general fiber of fy. Clearly Kp,, ~ Ky|r,, is nef and so Iy
is minimal. So it is clear that 73 (Ky)|r, ~ 0" (KF,,) where we set
0" = 7TY|F1,5 Fb e Fb70. QED

The above lemma clearly applies to our situation with b > 0.

Now we begin to study the case b = 0. According to our definition,
M, r denotes the movable part of |mKg| for any m > 0.
Since B = P, one has 0Op(1) — f*wg?f"", Then there is the inclu-
sion:
o fasgrem)
for all integers m > 0. Because f*w}e}f’; p is semi-positive (see Viehweg
[22]) and is thus a direct sum of line bundles of non-negative degree, so

it is generated by global sections. Therefore any local section of f*w;‘gz B

can be extended to a global one of f*w;e}f"(sz""l). This already means

m(2mo + D)m* (Kx)|Fr > Mp@me+1),x'|F 2 M F.



Pluricanonical systems of algebraic varieties 221

Whenever m is divisible by the Cartier index of Fp, the Base Point Free
Theorem says that M, p ~ mo*(KFr,). Thus we get

7 (Kx)|lr 2 o (Kr)- (1)

1

—_—M, P> —
m(2mg + 1) mEmoth)X lr2 2mg + 1

Lemma 2.6. Keep the same notation as in 2.2. Assume b =0 and
that a general fiber of f has a Gorenstein minimal model. Then there
exists a sequence of positive rational numbers {(3:}, with B; < H(% and

P
B t o Tt such that
7 (Kx)|r — Bro” (Kr,)

is Q-linearly equivalent to an effective Q-divisor for all integers t > 0.

Proof. When n = dim(V) = 3, this is nothing but Theorem [9,
Lemma 3.3]. Here we generalize it for any n. One has Og(p) — f.wi?
and therefore f,w®?? X / g = frwy fopt+2tomo gy any positive integer to.

Note that f,w%? X'/B is generated by global sections since it is semi-
positive according to Viehweg [22]. So any local section can be extended
to a global one. On the other hand, whenever #g is bigger, |topo™ (K g, )|
is free by Base Point Free Theorem and is exactly the movable part
of |topKFr| by the ordinary projection formula. Clearly one has the
following relation:

a0 (Kx)|F 2 Miopt2tome,x'|F = boo™ (Kr,)

where ag := top + 2tgmg and by := tgp. This means that there is an
effective Q-divisor E}. on F' such that

aoﬂ*(Kx)lp =Q bOU*(KFo) + E;—v

Thus ™ (Kx)|r =@ 575-0" (Kr,) + Er with Ep = -FEp.
Let us consider the case p > 2 first.
Assume we have defined a; and b; such that the following is satisfied
withl =t:
alﬂ'*(KX)IF’ > blO'*(KFO).

We will define a;4+1 and b,y inductively such that the above inequality
is satisfied with I = ¢+ 1. One may assume from the beginning (modulo
necessary blow-ups) that the fractional part of the support of a;m* (K x)
is of simple normal crossing. Then the Kawamata—Viehweg vanishing
theorem gives the surjective map

HY(Kx' + [an*(Kx)] + F) — H°(F, K + [a;7* (Kx)]|r).
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One has the relation

|Kx: + [a:m™ (Kx)] + Fllr = |Kr+ [a:7*(Kx)]|F|
D |KF +bo" (Kl
D> (b +1)0™(Kr,)l-

Denote by M, ., x: the movable part of |(a; + 1)Kx + F|. Applying
[7, Lemma 2.7], one has M ., x/|r > (b + 1)0*(KF,). Re-modifying
our original 7 such that |[M, ., x/| is base point free. In particular,
Mg, . x: is nef. Since X is of general type [mKx| gives a birational
map whenever m is big enough. Thus we see that M, ., . is big if we
fix a very big ty in advance.

Now the Kawamata—Viehweg vanishing theorem again gives

|Kx: + Mg, 1 x +Fllr = |Kr+ Mg, 1 x|Fl
D |Kp+ (b +1)0*(KF,)|
D (bt +2)0"(Kr,)|-

Repeat the above procedure and denote by M, ., x/ the movable

part of |Kx: +M;, ., x/+ F| for integers u > 2. For the same reason,

we may assume |M, ., x| is base point free and is thus nef and big.
Inductively, for any v > 0, one has:

;t+u,X’|F > (b + u’)o*(KFo)'
Applying the vanishing theorem once more, one has

|Kx: + Mg, o x +Fllr = |Kp+ M0 x|r|
|Kp + (b +u)o™ (Kr,)|
(b + v+ 1)o* (K, -

U u

Take u = p — 1. Noting that
|Kx' + Mg, 1 p1,x/ + F| C|(as +p+mo)Kx/|
and applying [7, Lemma 2.7] again, one has
a1 (Kx)|F 2 May4ptmo,x'|F 2 My, yp x/|F 2 bey10™ (KRy)

where a;41 = a; +p+mp and byyy = b +p. Set B = %‘;. Clearly
limgs o0 Bt = ;;fi,;-

The case p = 1 can be considered similarly with a simpler induction.
We leave it as an exercise. Q.E.D.
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Lemma 2.7. Let A C |L| be a pencil on V where L is a divisor on
V. Let R be a nef and big Q-divisor on V. Assume there is a birational
modification 75 : V! — V such that:

(1) the fractional part of w% (R) has simple normal crossing sup-
ports and the movable part of WK(A) is base point free;
(2)  |Kv + [n3(R)]] # 0.
Then |Kv + [R] + L| distinguishes different irreducible elements in the
movable part of A.

Proof. Noting that
75, Ov/(Kv: + mx ([R]) + nx (L)]) & Ov (Kv + [R] + L)

and that 7% ([R]) > [7%(R)], we only need to study the smaller linear
system | Ky + [7%(R)]) + Mg| where | Mj] is the movable part of wi(K)
By our assumption, |M3| is composed with a pencil and f; : V/ — Bjy
is an induced fibration of @y, |, where By is a smooth curve.

If g(Bg) = 0, then |Ky + [n%(R)] + M| distinguishes different
general fibers of fx because |[Ky- + [7%(R)]| # 0.

If g(Bz) > 0, we pick up two general fibers F/i\ and F[i( . Then
Mz — F/Lx - F/i\' is nef and the Kawamata—Viehweg vanishing theorem
[13, 21] gives

HY(V',Kvr + [n%(R)] + Mz — F{ — F{) = 0.
Thus follows the following surjective map:

HO(V/ Ky + [m i(R)] + MK)
—  HO(F;, (Kyr + [m3 (B)])|ry) & H°(Fg,, (Kv: + [75(B)])|F2)-

Again the assumption |Kv+[n% (R)]| # 0 implies that | Ky +[n% (R)]+
M5| (and thus |Ky + [R] + L|) distinguishes different irreducible ele-
ments in the movable part of A. We are done. Q.E.D.

The following lemma is tacitly used in our context.

Lemma 2.8. Let Q be any Q-divisor on a nonsingular projective
variety Z. Let T : Z — Z be any birational modification. Assume
that |K5 + [7*(Q)]| gives a birational map. Then |Kz + [Q]| gives a
birational map.
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Proof. This is clear due to the fact:
#.05(Kz +7(1Q1) % 0z(Kz +[Q))

and 7([Q]) 2 [7*(Q)1- QED.

83. (Q-divisors on surfaces and threefolds

We leave the proof for the next two results on surfaces as an exercise
which is really a standard Q-divisor argument.

Lemma 3.1. Let S be a nonsingular projective surface of general
type. Denote by o : S — Sy the birational contraction onto the minimal
model So. For any nef and big Q-divisor Q2 on S, one has

r°(S,Ks + mo*(Ks,) + [Q2]) > 1

under one of the following situations:
(1) m>2;
(2) m =1 and py(S) > 0.

Theorem 3.2. Keep the same notation as in Lemma 3.1. Then the
rational map P\ ks 1mo*(Ks,)+[Q2]| S birational in either of the following
cases:

(1) m>4;

(2) m > 3 and py(S) > 0.

Proposition 3.3. Assume dim(V) = 3 and P, (V) > 2 for some
positive integer mgy. Keep the same notation as in 2.2. Let Qs be
a nef Q-divisor on V' and Q% a nef Q-divisor on X'. Then Kx: +
[gs7*(Kx) + Q4] + F is effective for all rational numbers g3 > 2mg + 2.
Consequently mKy + [Q3] is effective for all integers m > 3mg + 4.

Proof. The last statement is a direct application of the first one
due to 2.4. We prove the first statement.
(£) Take further necessary modifications to X' such
that the supports of the fractional parts of Q5 and
73 (Q3) are of simple normal crossing. For simplicity
we still use X' to denote the final birational model
dominating V.
We have a fibration f : X’ — B induced from |mgK]| as in 2.2. We
consider the linear system

|Kx: + Tgsm™ (Kx) + Q3] + F| C |([gs] +mo + 1) Kx + [Q5]]-
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Because g3m* (K x ) + Q5 is nef and big and the fractional part of Q is of
simple normal crossing by our assumption, the vanishing theorem says

HY(X, Kx' + [gam*(Kx) + Q3]) = 0.
Thus one has the Surjective map:

HY(X,Kx + [g37*(Kx) + Q3] + F)

— H(F,Kr + [g37* (Kx) + Q3]|F)-

Note that in our case a general fiber of f is a surface of general type
which has a Gorenstein minimal model. Thus the conditions in both
Lemma 2.5 and Lemma, 2.6 are satisfied. If b > 0, Lemma 2.5 says that
™(Kx)|r ~ 0*(KF,) where 0 : F — Fj is the contraction map. If
g(B) = 0, Lemma 2.6 says that one can find a very big number s such
that

T (Kx)|r = Bs0™ (Kr,)

i i p 1 P
and G, is sufficiently near it 2 i and G < -
Let us put a; := —2— — 3,. Then a, — 0 whenever s — +oc0.

mo+p
Whenever g3 > 2mg + 2, one has

Q37T*(Kx)|p > QSIBSU*(KFO) = q3(m0p+p - as)a*(KFo)

q3p — 2moy — 2p N
= 24 (=== —g305))0*(KF,).
» (2+( mo+p 9305))0" (KF,)

When s is big enough, one sees @ET;%)'—:’F——H_% —gzas > 0. We may assume
that gsm*(Kx)|r — g3Bs0* (Kr,) is Q-linearly equivalent to an effective
divisor Ry, s on F. Then

—~—

Ryys = gsm (Kx)|F — Rgs,s — 20" (Kryo)
g3p — 2mo — 2p .
—_— s K
20 =W gra)o” (K)
is nef and big since %‘—22 > 0. Therefore

H(Kp+[asm"(Kx) + Q31IF) D H(Kr+20"(KF,)+[Roan + Q51) # 0

by Lemma 3.1. And in fact h®(Kr + 20*(Kp,) + [ﬁqg,n + Q5 > 1.
Q.ED.

Remark 3.4. In the proof of Proposition 3.3, if the general fiber
of f is a surface with p, > 0, then, according to Lemma 3.1, Kxs +
[gsm*(Kx) + Q3%)] + F is effective for all rational numbers gz > mo + 1.
And accordingly mKy + [Qs3] is effective for all integers m > 2mg + 3.
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Theorem 3.5. Assume dim(V) = 3 and Pp (V) > 2 for some
positive integer mo. Keep the same notation as in 2.2. Let Q3 be a nef
Q-divisor on V and Q% a nef Q-divisor on X'. Then

(1) @Ky 4Tgem* (Kx)+Q41+Mo]| 18 birational for all rational numbers
g3 > 4mo + 4. In particular @i, 41041 8 birational for all
integers m > bmg + 6;

(2) if the general fiber F' of f: X' — B has positive geometric
genus, Qg 4 [gam(Kx)+Q41+Mo| 18 birational for all rational
numbers gz > 3mo+3. In particular @,k 4[Q,]| 8 birational
for all integers m > 4mg + 5.

Proof. According to Proposition 3.3 and Remark 3.4,
Kxi + [gasm* (Kx) + Q3]

is always effective under each situation since mom*(Kx) > Mp. There-
fore Lemma 2.7 says that |Kx+ [gzn* (Kx) + Q4]+ Mo| can distinguish
different generic irreducible elements of |Mg|. Thus it suffices to prove
the birationality of @k, +[gsn* (K x)+Q4]+Mo||F for a general fiber F' of
f- The proofs for statements (1) and (2) are similar. We only consider
(1) while omitting the proof for (2).

Of course, the first step in utilizing the vanishing theorem is to make
the support of the fractional part of {Q%} to be simple normal crossing.
This can be done by re-modifying X’'. For simplicity we may assume,
from now on, that our X’ has the property stated in (£) (see the proof
of Proposition 3.3).

The Kawatama—Viehweg vanishing theorem implies, noticing F|p ~
0, that

|Ex + [qs7 (Kx) + Q3] + Mollr = |KF + [gs7"(Kx) + Q31| -

We study a smaller system [Kp + [gan* (Kx)|r + Q%|r]. We have al-
ready 7 (Kx)|lr > Bs0*(Kp,) and 0 < a5 = =—L— — B, a; — 0
whenever s — +00. When g3 > 4myg + 4,

B (Kx)|lr 2 ¢Bs0"(KF)
= 40'*(KF0)+tsU*(KF0)

mo+p

where ¢, := -‘@%ﬂ —qsas > 0 whenever s is big enough. Therefore,

by Theorem 3.2 and Lemma 2.8, |Ks+[40*(KF,) + ts0*(KF,) + Q51| F|
gives a birational map. Being a bigger linear system,

|Kp + [gam* (Kx) + Q5| F|

also gives a birational map. We are done. Q.E.D.
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3.6. Threefolds V with x(Oyv) > 1. Keep the same notation as
in 2.2. As seen in [6, Lemma 2.32], if x(Oy) > 1 and ¢(V) =0, then a
general fiber F of f: X' — B has the geometric genus py(F) > 0.

Lemma 3.7. Assume dim(V) = 3. Then

18 if x(Ov) > 1 and g(V) = 0;
10 otherwise.

]

Proof. The first statement A(V') < 18 is due to [6, Theorem 4.8].

When ¢(V) >0, A(V) < 3 by Chen—Hacon [4].

When x(Oy) =1, A(V) < 10 by [6, Corollary 3.13].

Finally when x(Ov) < 0, A(V) < 3 is a direct consequence of
Reid’s plurigenus formula by Reid [17] and by Chen—-Zuo [9, Lemma
4.1]. QED.

From now on, we classify a 3-fold V into two types:
() x(Ov) > 1 and q(V) = 0;
(I). either x(Ov) <1 or g(V) > 0.

§4. Point separation on 4-folds

Proposition 4.1. Assume n = dim(V) = 4 and Pp,(V) > 2 for
some positive integer mg. Keep the same notation as in 2.2. Let Q4 be
a nef Q-divisor on'V and Q) a nef Q-divisor on X'.- Then

(1) Kx + [ (Kx) + Q4] + F is an effective divisor for all ra-

tional numbers q4 > T4mg + 37;
(2) mKyv + [Q)] is effective for all integers m > Thmg + 39.

Proof. (2) is a direct result from (1) according to 2.4. We only
prove (1). Similar to assumption (£) in the proof of Proposition 3.3, we
may assume that X’ is good enough.

Because g4n*(Kx) + @} is nef and big, and its fractional part has
normal crossing supports by assumption, the Kawamata—Viehweg van-
ishing theorem gives the surjective map:

HY(X',Kx' + [qam*(Kx) + Q4] + F)
— H(F,Kr + [qa7* (Kx) + Q4]|F)-
By Lemma 2.5 and inequality (1), one has

[am™(Kx) + Q4llr = [(qam"(Kx) + Q4)IF]

qa *
> fmf’ (Kr,) + Qulr].
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If F is of type (I), then, by Remark 3.4, 3.6 and Lemma 3.7, we
need to set 52 > 37 > (MF) + 1) + A(F), i.e. ga > Tdmg + 37, so
that Kg + [2m +1U*(KFO) + Q4|F] is an effective divisor on F.

If F is of type (II), then by Proposition 3.3 and Lemma 3.7 we need
2m L > 322> (2M(F)+2) +A(F) so that Kp + [5:2450"(KF,) + Q4| F]
is effective.

In a word, when q4 > T4mg + 37 Kx' + [qam*(Kx) + Q)] + F is
effective. Q.E.D.

Theorem 4.2. Assume n = dim(V) = 4 and Pp, > 2 for some
positive integer mgy. Keep the same notation as in 2.2. Let Q4 be a nef
Q-divisor on V and Q) a nef Q-divisor on X'. Then

(1) |Kx + [qam* (Kx) + Q4] + Mo| gives a birational map for all

rational numbers g4 > 150mg + 75;
(2) @iy +[Q] s birational for all integers m > 151mg + 77.

Proof. Similar to assumption (£), we may assume that X’ is good
enough (after a necessary modification). Also (2) is a direct result of
(1). We only prove (1).

By Proposition 4.1, we see that Kx+[gsm*(Kx) + Q4] > 0. Lemma
2.7 tells us that we only need to verify the birationality of

DK 1+ Taam (K x)+ Q41+ Mo| | F

for a general fiber F' of f. The vanishing theorem gives
|Kx: + [aam™ (Kx) + Q4] + MollF = |KF + [qam™ (Kx) + Q4]|F|

noticing Mo|r ~ 0. Lemma 2.5 and inequality (1) imply

[aam™(Kx) + Qillr 2 [5———0"(KRr) + QilF]-

+ 17
Noting that F' is a threefold of general type, we still use a similar
argument to that in the proof of Proposition 4.1.
If F is of type (I), then, by Theorem 3.5(2), 3.6, Lemma 3.7 and
Lemma 2.8, |Kr+[ 5250 (KF,) + Q4| || gives a birational map when

qda

—_ >
om0 1 > 752> (BA(F) + 3) + A(F),

ie. g > 150mg + 75.
If F is of type (II), by Theorem 3.5(1) and Lemma 3.7,

Q| Kt [ iy 07 (K ) +Q4 1]
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is birational when 24— > 54 > (4A(F)+4)+A(F), i.e. g4 > 108mo+54.

2mo+1
To make a conclusion, |Kx/ + [qam* (K x) + Q] + Mpo| gives a bira-
tional map for all rational numbers g5 > 150mq + 75. Q.E.D.

A direct result of Theorem 4.2 is the following;:

Corollary 4.3. Assume dim(V) = 4 and Py, > 2 for some positive
integer mg. Then ., is birational onto its image for all integers m >
151mg + 77.

85. . Proof of the main theorem

We organize the proof according to the value of ¢.

First we consider the case ¢ > n — 2.

Proposition 5.1. Assume n = dim(V) > 3, P, (V) > 2 for some
positive integer mg and 1 > n—2. Keep the same notation as in 2.2. Let
Qr be any nef Q-divisor on V and Q), any nef Q-divisor on X'. Then

(1) Kx/ + [gnn*(Kx)+ Q)1 + (n — 3)My + F is effective for all
rational numbers g, > min{2mq + 2,22} - (2mo + 1)"73;

(2) mKvy+[Qn] is effective for all integers m > min{2mqo+2, 22} -
(2mo + 1)"3 + mo(n — 2) + 2.

Proof. Noting that (2) is a direct application of (1), we only prove
(1). We are going to do an induction on n.

When n = 3, Proposition 3.3 says that the statement is true when
g3 > 2mo+2 = (2mo+2)-(2mo+1)""3 +mo(n—3). On the other hand,
we may replace mg with A(V). In fact, Lemma 3.7 gives A(V) < 18 for
type (I) and A(V) < 10 for type (II). Thus, by Proposition 3.3 and
Remark 3.4, Kx: + [gsm* (K x) + Q%] + F is effective whenever g3 > 22.
Therefore statement (1) is true for g3 > min{2mo+2,22}-(2mo+1)" "3+
mo(n — 3).

Assume that statement (1) is correct for varieties of dimension <
n — 1. Starting with a good model X' satisfying 2.3, we can do the
induction. Noticing that F is of dimension n — 1, we hope to reduce the
problem onto F'. Since ¢ > n—2, we have dim @, (F) > dim @z, (F) >
n — 3 = dim(F') — 2 by the simple additivity property. Because Mp|r <
mQKX'|F ~ moKF, we know (I)ImoKFI(F) Z ¢|M0|F|(F) Z dlm(F) — 2.
Because ¢, 7*(Kx) + @), is nef and big and has simple normal crossing
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fractional parts, the vanishing theorem gives the surjective map:

HY(X',Kx' + [gnm™(Kx) + Qn]+ (n — 3)Mp + F)
—  HYF,Kr + [¢a7(Kx) + Q},]IF + (n — 3)Mo|F)
D> HF,Kr+ [gon*(Kx)|F + Qulr] + (n — 3)Mo|Fr)
D HYF,Kr+ [q;0"(Kr,) + Qulr] + (n —4)Mo|p + Molr) (4)

where ¢;, > 52125 > min{2mo + 2,22} - (2mo + 1)(»=D=3 by Lemma
2.5 and inequality (1). Because Mp|r < moKp and by taking those
pencil Ap C |Mol|F, the induction and Lemma 2.8 tell us that Kr +
[g,0*(KF,) + QLlIF] + ((n — 1) — 3)Mo|r + My|F is effective whenever
g, > min{2mg + 2,22} - (2mo + 1)(»~V=3. We are done. Q.E.D.

Theorem 5.2. Assume n = dim(V) > 3, Pno(V) > 2 for some
positive integer mgy and L > n — 2. Keep the same notation as in 2.2.
Let Q,, be any nef Q-divisor on V and Q!, any nef Q-divisor on X'.
Then

(1) |Kx/+ [gom*(Kx) + Q] + (n — 2)My| gives a birational map

for all rational numbers

qn > min{dmg + 4,57} - (2mo 4+ 1)"3;
(2) |mKv + [Qn]]| gives a birational map for all integers
m > min{dmq + 4,57} - (2mo + 1) + mo(n — 2) + 2.

Proof.  Again since (2) is a direct application of (1), we only prove
(1). We are going to do an induction on n.

Under the assumption g, > min{4mg + 4,57} - (2mo + 1)" 73, since
mom*(Kx) > My, we see

Kx: + [gnm*(Kx) + Q] + (n — 3)Mp
> Kx+ [gum*(Kx)+ Q] +(n—3)My+F >0

by Proposition 5.1 since g, := gn—mg > min{2mg+2,22}-(2me+1)""3.
According to Lemma 2.7, |[Kx/ + [gom*(Kx) + Q)] + (n — 2)Mp| can
distinguish different fibers of f. We are left to show the birationality of
the rational map given by |Kx/ + [¢g.m*(Kx) + QL] + (n — 2)Mo||r for
a general fiber F of f.

When n = 3 and g3 > 4mo +4 = (4mg + 4) - 2mo + 1)"3, the
statement is nothing but Theorem 3.5(1). On the other hand, we may
replace mg with A(V). In fact, Lemma 3.7 gives A(V) < 18 for type
(I) and A(V) < 10 for type (II). Then, by Theorem 3.5(1) and (2),
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|Kx: + [gnm*(Kx) + QL] + (n — 2)Mp| gives a birational map for all
rational numbers g3 > max{57,44} = 57. Therefore statement (1) is
true whenever gs > min{4mg + 4,57}.

Assume that statement (1) is correct for varieties of dimension <
n — 1. Starting with a good model X’ satisfying 2.3, we can do the
induction again. Still, we see @|moxp|(F) 2> as)x(F) > dim(F) — 2.
We hope to reduce to the problem on F. According to the relation (4),
we only need to study

[Jn-1] == |KF + [q,0"(KF,) + QnlF] + (n — 4)Mo|r + Mo|r|

where ¢}, > 7822 > min{4mq + 4,57} - (2mq + 1)("~D=3 by Lemma
2.5 and inequality (1). Because My|r < moKr and by taking those
pencil Ap C |Mp||F, the induction and Lemma 2.8 tell us that |Kr +
[g,0*(KF,) + Q,|r] + ((n— 1) — 2) M| | gives a birational map. Thus
|Kx + [g.m*(Kx) + Q)] + (n — 2)My||F gives a birational map. We
are done. Q.E.D.

Next we discuss the case 1 = n — 3.

Proposition 5.3. Assume n = dim(V) > 4, Py, (V) > 2 for some
positive integer mg and ¢t > n—3. Keep the same notation as in 2.2. Let
Qn be any nef Q-divisor on V and Q., any nef Q-divisor on X’. Then

(1) Kx/+ [gom*(Kx)+ Q] + (n —4) Mo + F is effective for all

rational numbers q, > 37(2mg + 1)"73;

(2) mKy+[Q,) is effective for all integers m > 37(2mo+1)""3+

mo(n —3) +2.

Proof. Statement (1) implies (2). So we only prove (1). Similar to
the assumption (£), we may assume that X' is good enough (modulo
blow-ups) for our purpose. We prove by an induction on 7.

When n = 4, (1) is exactly Proposition 4.1(1).

Assume that (1) is correct for all varieties of dimension n — 1. Pick
a general fiber F of f. Because My|r < moKx/|r ~ moKF, we know
Plmokr|(F) 2 Piaso)r|(F) = n— 4 = dim(F) — 3. As long as we take
those pencils Ap C |Mpl||r on F, the induction works on F. Thus we
restrict everything onto F'. By the vanishing theorem, we may get the
similar relation to (4):

|Kx/ + [gnm™(Kx) + @n] + (R — )Mo + Fllr
O |KF+ 60" (KR) + Qulrl + ((n = 1) = ) Mo|r + Mo|r)]

where ¢, > 522 > 37(2mg + 1)(»=1=3 by Lemma 2.5 and inequality

(1). The later linear system is non-empty by induction. Therefore Kx:+
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[gnm*(Kx) + Q] + (n — 4) My + F is effective for all rational numbers
an > 37(2mo + 173, QE.D.

Theorem 5.4. Assume n = dim(V) > 4, Py (V) > 2 for some
positive integer mg and ¢+ > n — 3. Keep the same notation as in 2.2.
Let Q, be any nef Q-divisor on V and Q', any nef Q-divisor on X'.
Then

(1) Kx/ + [gom*(Kx)+ Q)1 + (n — 4)My + F is effective for all

rational numbers g, > 75(2mq + 1)"3;
(2) mKy+[Qn] is effective for all integers m > 75(2mo+1)""3+
mo(n - 3) + 2.

Proof. The proof is parallel to that of Proposition 5.3. To avoid
unnecessary redundancy, we omit the details. Q.E.D.

Definition 5.5. The sequences {u;}7, and {w;}7_, are defined by
the following rules:

. X = mg and, forallz<n)\—)\1,
o Uy = 75)\4 + 37 and wy = 151)\4 + 75;
e for all 4, u,—)\ + Ui 1(2)\ +1) and wz—)\ +w,_1(2)\ +1).

Finally we study the case ¢« < n — 4. We begin with the case ¢ = 1.

Theorem 5.6. Assume n = dim(V) > 4 and P, > 2 for some
positive integer mg and ¢ > 1. Keep the same notation as in 2.2. Let
Qn be any nef Q-divisor on V and Q), any nef Q-divisor on X'. Then

(1) Kx/ + [gum*(Kx) + Q1] is effective for all rational numbers
Gn > Un.

(2) |Kx:+ [gon*(Kx)+ Q1| gives a birational map for all ratio-
nal numbers g, > wy.

(3) |mKv + [Qn]| gives a birational map for all integers m >
Wy, + 2.

Proof. Statement (3) is a direct result of (2). So we have to prove
(1) and (2).

When n = 4, the conditions in (1) and (2) read gy > uy4 := 75mo+37
and g4 > wy := 151mg + 75. Both the statements are nothing but
Proposition 4.1(1) and Theorem 4.2(1), noting that mem*(Kx) > My >
F. Besides if we take mo = A(V), the statements are true for gy > uy 1=
75X(V) + 37 and g4 > wyq := 151A(V) + 75.

Assume that the statements are correct for n — 1 dimensional vari-
eties. By definition, mg > A(V') and A, > A(V). Because ¢,7*(Kx) >
(qn —‘mg)ﬂ'* (KX)+M0, we will study ’KXI + f(an — m0)7r* (KX) + Q'In] +
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Mjy|. Now the vanishing theorem gives:

|Kx + [(@n — mo)m™(Kx) + @, + Mo||F
|Kp + [(Gn — mo)m™ (Kx) + Q1| F|
|Kr + f(an —mo)m* (Kx)|r + Q|F]

K+ [0 (K + QL]

>
2
Clearly dim(F) = n — 1, the induction hypothesis says

mo*

KF+|- +1

(Kr,) + QylF]

is effective when In= 7% > unp—1 and |[Kp + [%a (Kr,) + QLIF]l

gives a birational map when g’;n 71 > Wn—1. Both conditions can be

replaced by ¢, > u, = )\ + Uy 1(2)\ +1) and ¢, > w, = Xn +
Wn— 1(2)\ + 1), where )\ = myp. Note however it is enough to take
A = \; for all 4 < n. We are done. Q.E.D.

Theorem 5.7. Assume n = dim(V) > 5 and P, > 2 for some
positive integer mg and < n — 4. Keep the same notation as in 2.2.
Let Q, be any nef Q-divisor on V and Q), any nef Q-divisor on X'.
Then

(1) Kxr+[gnm*(Kx) + QL]+ (t—1) Mo is effective for all rational

numbers qn > (2mo + 1)*  up_,41.

(2) |Kx/+ [gnn*(Kx)+ Q] + (¢ — 1) M| gives a birational map

for all rational numbers q, > (2mg + 1) wp_,41.

(3) [mKv + [Qn]| gives a birational map for all integers m >

(2mo + 1) w1 +mo(e — 1) + 2.

Proof. Statement (3) is direct from (2). So we only need to prove
(1) and (2).

When n = 5, one necessarily has ¢ = 1 and the statements are
nothing but those in Theorem 5.6.

First We consider statement (1). We may restrict the problem to F
by the vanishing theorem. Then, since My|r < moo*(Kr,) < moKF,
we may study the linear system

IKF+[ o*(Kr,) + Qulr] + (¢ — 2)Mo|r|. (5)

+1

Note that dim @,k (F) > ®|ar,|(F) > ¢ — 1. Then we can do an in-
duction and repeat this program for finite times. Finally we are reduced
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to study the non-emptyness of the linear system on W of dimension
n—t+1:

K + [t (o) + @l (©)
where 7: W — W, is a contraction morphism to the minimal model.
Furthermore dim @,k (W) > dim @jpz (W) > 1. Now Theorem
5.6(1) says that @T‘ﬁ)ﬁ > Up—,+1 IS enough to secure the non-
emptyness of the linear system (6) where Up_ .41 is obtained by the
sequence {u;}; Howith u; = N i 12X + 1), ug = 75X + 37,
)\n —4+1 = myp and, for all other i, /\ = )\;. Therefore statement (1) is
correct.

Statement (1) and Lemma 2.7 allow us to reduce the problem onto
lower dimensional varieties. Thus what we are left to do is similar to that
for statement (1). So after one step restriction, we get the linear system
(5) on F. After successive restrictions and inductions, we may obtain
the linear system (6) on W of dimension n — ¢ + 1. Now we may apply
Theorem 5.6(2) to get the condition @—nfﬁﬁ > Wy—,+1 Where wy—,41

is obtained by the 'sequence {wt}f_j+1 with w; = Xz + wi_1(2Xi +1),
wy = 151)\4 + 75, )\n ++1 = mg and, for all other i, A\; = \;. We are
done. Q.E.D.

Finally we propose the following:

Problem 5.8. As we have seen, inequality (1) in Section 2 is the
key step to get optimal birationality. Can one find a better constant
Y > gmigg such that 7*(Kx)|r > v0*(Kp,)? When dim(V) = 3,
v = E;%Tp is nearly optimal by virtue of our previous work.
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