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Partial regularity and its application to the blow-up
asymptotics of parabolic systems modelling
chemotaxis with porous medium diffusion

Yoshie Sugiyama

§1. Introduction

We consider the following reaction-diffusion equation:

Osu = Ay™-V- (uq_IVU), zeRY, t>0,
(KS),, 0 = Av—1yv+u, zeRY, t>0,
u(z,0) = wuo(x), e RV,

Throughout this article, we assume that N > 3, and that m,¢q, and
are the constants satisfying

m>1,q¢q>2 v>0.
The initial data ug is a non-negative function satisfying
ug € L' NL®(RY) with v € H(RY).

This equation is often called the Keller—Segel model describing the mo-
tion of the chemotaxis molds, where u(z, t) and v(z, t) denote the density
of amoebae and the concentration of the chemo-attractant, respectively.
(we refer to Keller—Segel [6], Horstman [4], Suzuki [17].)
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In this article, we summarize our results in [22], [23] and give the
outline of the proof. In [25], we have already obtained an extension
criterion such that if the solution satisfies

(1.1) sup [[u(t)| peomry < 00,
0<t<T

then u can be continued to the solution on R™ x [0, 7") for some T > 7.
The aim of this article is to relax the condition (1.1} by means of the
assumption on the local behavior of u in the space variable, i.e., that
to establish the so-called e-regularity theorem for the weak solutions of
(KS). Indeed, for the critical case of ¢ = m + %, we show that there
is a positive constant €9 = £o(IN,m) depending only on N and m such
that if

(1.2) sup/ u(z,t) dr < &g
0<t<T B(zo,2p)

for some zo € RY and p > 0, then it holds

sup u(z,t) < oo,
(z,£)€B(z0,0) X (0,T)

where B(z, p) is the ball in RY centered at & with the radius p. This kind
of result is called a partial regularity theorem, which has been studied for
many other equations, e.g., the Navier—Stokes equations by Caffarelli—
Kohn-Nirenberg [1], the harmonic maps by Schoen—Uhlenbeck [14], the
heat flow of an H-surface by Struwe [16], and the weak flows of har-
monic maps by Chen—Struwe [2]. Our result corresponds to that for the
Keller—Segel system (KS),, in the critical case of ¢ =m + %

As an application of our e-regularity theorem, we observe that the
number of blow-up points is finite, which can be controlled in terms of
the mass of initial data and £¢ in (1.2). In addition, the mass concentra-
tion of solution to (KS)., enables us to prove that the blow-up solution
behaves like the delta function at the blow-up points. See Definition 3,
below.

In the 2-D semi-linear case i.e., m = 1, and N = 2, it was shown
in Nagai-Senba—Suzuki [12], Senba—Suzuki [15] that the solution u(z,t)
of (KS); before the blow-up time T is so regular that

u(-,t) € C? (]R2\ O{xi}), 0<t<T
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with
/u(w,t)go(ﬂc)dx c wh(0,T)
B

for all ¢ € C§°(B) and for all balls B in R?, where {z;}*_, are k-blow-
up points of u. To obtain this property, they made use of the regularity
such as O;u € C(B x (0,T)) and the fact that u satisfies (KS); on [0,7")
in the classical sense. On the other hand, in our quasi-linear case i.e.,
m > 1, we do not have any information on the time derivative of u in
the classical sense. Hence we need to treat the weak solution but not the
classical solution, which is an essential difference between the semi-linear
and quasi-linear cases. Without the regularity on Jiu in the classical
sense, assuming some additional integrability conditions such as (2.5)—
(2.7) below, we can show that our weak solution u(-, ) becomes weakly
continuous in L} _(R™Y) on [0, T], which yields the finiteness of blow-up
points of u. Our assumptions (2.5)—(2.7) are not so restrictive because
it is a larger class than that of solutions with the scaling invariance
associated with (KS),, (See Remarks 1 and 2, below.). In addition, we
can construct the blow-up solution of (KS),, which satisfies integrability
condition such as (2.5). (See Sugiyama—Veldzquez [26].)

Furthermore, for investigation of asymptotic profile at the blow-up time
T, it is necessary to determine the regular part f(z) of u(z,t) ast — T.
To this end, instead of u itself, we deal with 4™ and show that

O™ € L2(0, T WhA(Q,)%),” Q= B\ | B(=i,r)

for sufficiently large ball B, which states that u™(-,¢) is a continuous
function on [0, 7] with values in L?(€,.). This continuity of u™(-,t) at
t = T together with the L'-conservation law yields the limiting function
f € LY(B) such that u(x,t) converges to f(z) for almost all z € B as
t — T. This procedure includes an essential difference between ours
and the 2-D semi-linear case (KS);, because such higher regularity as
ue C2L R\ UL, B(xi,7) x [0,T]) can be obtained from the standard
argument in the latter case.

Throughout this article, we impose the following assumption:
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Assumption. The space dimension N > 3 and the coefficient v >
0. Moreover, m > 1 and q > 2 satisfy

—m+2
q = N

The initial data ug is a non-negative function satisfying
up € L' NL®(RY)  with u* € H'(R"N).
Our definition of a weak solution now reads:

Definition 1. Let the Assumption hold. A pair (u,v) of non-negative
functions defined in RY x [0,T) is called a weak solution of (KS)m on
[0,7) if

(i) weL*(0,T;LNRMY)) N L>(0, T, L¥(RY)),
(i) Vu™ e L2(0,T"; L2(RN)),
(iii) v e L®°0,T; HY(RY)) for all T' with0 < T' < T;

(iv) (u,v) satisfies the following identities:

T

/ / (Vu™ Vo —ui™'Vo - Vo —u-8,p) dudt

o JrV

= [, w(@)(@,0) da,

RN
and / (Vvo-Vy+ov-¢p—u-¢)de = 0 a.a.t€[0,T)

RN

for all ¢ € HY(0,T; L2(RN)) N L2(0, T; HY(R™)) satisfying ¢(-,t) =0
for all t € [T', T] with some 0 < T'" < T, and all v € H*(R").

Concerning the time local existence of weak solutions to (KS),, the
following result can be shown by a slight modification of the argument
developed by the author [19, Theorem 1.1].

Proposition 1.1. (Local existence of weak solution and its uni-
form L*°-bound).
Let the Assumption hold. Then there exist Ty and a weak solution (u,v)
of (KS)m on [0,Ty) in Definition 1 with the following additional proper-
ties:

(13) “u(t)”Ll(RN) = “’Ll.()“Ll(RN) ‘ fOT’ all 0 S t< T(),

(1.4) 8,(u™) € L*0,Tp; L2 (RV)).
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Such an interval T, of local existence can be taken as

—q
Ty = (Jluoll sy +2)
and the weak solution u(t) above satisfies the following estimate:

”u(t)”Loo(RN) < ”u[)”Loo(RN) +2 for all t € [O,To)

§2. Main results

Let us state the main theorem on the e-regularity for the weak
solutions of (KS)y,. '

Theorem 2.1. ([22], e-regularity theorem) Let the Assumption
hold. Then there exists a positive number €9 depending only on N and
m with the following property:

Suppose that (u,v) is an arbitrary weak solution of (KS)m on [0,T) in
Definition 1 with the additional properties (1.3)—(1.4) with T = Ty. If
u satisfies

(2.1) Sllp/ u(z,t) dr < o
o<t<T B(10’2p0)

for some xg € RY and po > 0, then it holds that

sup u(z,t) < C,
(z,t)€B(z0,52)x(0,T)

where C = C(N,m,", ||uollz1inre, T, po) is a constant independent of
Zo.
Remark 1. It should be noted that the quantity

su u(t (g—m)
O<t<poo lu( )”LN T (RY)
is invariant under the change of scaling associated with (KS),, with
~ = 0. In fact, if (u,v) solves (KS),, with v =0, then (ux,v,) is also a
solution for all A > 0, where

59 ux(z,t) = /\2u(>\q—mx, >\2(q~1)t)’
) oz, 1) = )\2(m_q+1)v()\q‘m:c, Az(q—l)t>.
The scaling invariance in L™ (R™) means that, for all A > 0,

(2.3) sup Jlua(®)ll ~eg=m = sup [u(®)|l N@-m
0<t<oo Lz 0<t<oo L2

(RN) ®RN)’
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In particular, for ¢ = m + %, the above (2.3) is equivalent to

sup [[ux(D)ll gy = sup |Ju(®)|| Ly forall A >0
0<t<oo 0<t<oo

since ﬂilz;’ll)_ = 1. Therefore, we may say that (2.1) is a reasonable
condition concerning the theorem on the e-regularity of weak solutions
to (KS)m.

As an application of the e-regularity theorem as Theorem 2.1, we
characterize the asymptotic behavior of blow-up solutions to (KS),,. For
that purpose, let us introduce definitions for the blow-up time and the
blow-up point.

Definition 2. Let (u,v) be the weak solution of (KS)m on {0,T) in
Definition 1.
(i) (blow-up time) We say that u blows up at the time T < oo if

lim sup ||u(t)|| oo (mrvy = 00-
t—T—0

Such a T is called a blow-up time of u.

(i) (blow-up point) Let T be a blow-up time of u. We call zo € RN a
blow-up point of u at the time T if there exists {(2n,t,)}5, C RY x
(0,T) such that

Tn —Zo, tn— T, and u(zTp,t,) > 00 asn— oco.

We denote by S, the set of all blow-up points of u at the time T.

An immediate consequence of Theorem 2.1 is the following charac-
terization of both the blow-up point z¢ and the time T'.

Corollary 2.2. ([22]) Let the Assumption hold. Suppose that (u,v)
is the weak solution of (KS)m on [0,T) with the additional properties
(1.8)-(1.4) with T = Ty. Let T be the blow-up time of the weak solution
u of (KS)m. Then, for any xg € Sy, it holds that

sup / u(xz,t) de > eg for all p >0,
o<t<T B(x(),p)

where g¢ is the same constant given by Theorem 2.1.
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Furthermore, under some additional assumptions on u, we can show
the finiteness of the blow-up points of u. To this end, we introduce the
Lyapunov function W (¢t) of u as

WO = T Jan MO

—/RN u(z, t)v(z,t) dx

1 2 2
+5 (199 ey, + 00122y )-

By Corollary 2.2, we establish the finiteness of the number of blow-
up points. Irideed, it holds

Theorem 2.3. ([23], Finiteness of the blow-up points) Let the
Assumption hold. Suppose that (u,v) is the weak solution of (KS)m on
[0,T) with the additional properties (1.8)-(1.4) with T = Ty. Let T be
the blow-up time of the weak solution u of (KS)y,. Suppose that S, is
the set of blow-up points of u at the time T in Definition 2.

We define the positive integer kg by
o [luollx
(2.4) ko = | - | +1,

where [-] denotes the Gauss symbol and where g is the same constant
as in (2.1).

(1) We have the following alternative (i) or (i):
() ¥Su < ko —1;

(i) 1S, = oo and S, does not have more than ko — 1 isolated points,
or generally S, does not have more than ko — 1 isolated cluster points.

(2) We consider the following three conditions (i), (i) and (iii) on q
and u:

(i) ¢g=m+ —sz = 2 and u has the property that
(2.5) ue L™RY x (0,T));
(i) g =m+ % >2-+ % and u has the property that

(2.6) we L™ (0,7;L™(RY)) with m' = ——’?—1;
p—
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(iii) g = m + ‘127 > 2 and u has the property that
(2.7) we L™ ¥ YBx(0,T) for all balls B in RN

and that

inf W(t) > —oo;
0<t<T
If one of these three conditions (i), (#) and (i) is satisfied, then we
have 'S, < ko —1.

Remark 2. As we stated in the Introduction, our assumptions (i)-
(iii) in Theorem 2.3 are not so restrictive because the blow-up solution
of (KS),, with the integrability condition in (2.5) can be constructed for
an arbitrary initial data uo in the Assumption. (See [26].) Moreover,
each of (2.5)—(2.7) gives a larger class than that of solutions with the
scaling invariance associated with (KS),,. Indeed, it follows from a direct
calculation of (2.2) that

_(lpe=1 .

lurllze@emzmey = X205 full oo acatocamy

forall A > 0 and for all 1 < p, s < co. Hence, the space L*(0, co; LP(IRY))

is called the scaling invariant class associated with (KS),, provided

s+ &1 = 1. In (i), (ii) and (iii), the pair (p,s) of exponent for

u € L5(0,T; LP(R™)) are taken as (p, s) = (m,m), (p,s) = (m,m+ =)
and (p,s) = (¢ — 1,q — 1), respectively. In all of these cases, we have

1 ¢g-—1

—+— > 1
D s

Next, we give a definition that u(z,t) forms the -function singularity.

Definition 3. Let T be a blow-up time of the weak solution u of
(KS)m. Let {z;}r_, C S,. We say that u forms the §-function singular-
ity at {z;}%_, and at the time T with the mass {M;}%_, if the following
property holds:

There exist a function f in L*(R") and a sequence {t,}2>, C (0,T)
with nlg{)lo tn =T such that, in the sense of distributions in R,

k
u(tn) — > Mibe,()+ f(-) as n— oo

i=1
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i.e., that, for all ¥ € C°(RY),

n—odo

k
lim Nu(x,tn)¢(m) dx = ZMﬂ/)(xz) + /RN f(@)¢(z) dz.

As an application of Corollary 2.2, the structure of asymptotics of
blow-up solution is clarified. Indeed, we show that u(z,t) forms the §-
function singularity at {z;}¥_; and at the time T with the mass {M;}%_;.

Theorem 2.4. ([22], é-function singularity) Let the Assumption
hold. - Suppose that (u,v) is the weak solution of (KS)m on [0,T) with
the additional properties (1.3)-(1.4) with T' = Ty. Let T be the blow-
up time of a weak solution u of (KS)m. Suppose that 1S, < oo, say,
S, = k. Let {z;}k | = S.. Suppose that ¢ is the constant given by
Theorem 2.1. Then, there exist k constants M; > o (1 <1 < k) such
that u forms the §-function singularity at {z;}*_, and at the time T with
the mass {M;}F_,.

We next investigate the size of the set of blow-up points. To this
end, we recall the definition of Hausdorff dimension and we estimate the
Hausdorff dimension of the set of blow-up points of weak solutions wu.

Definition 4. For any X C RY and s > 0, we define the Hausdorff
measure H*(X) as

H(X) = Jim Hi(X),
o0

inf { 3" pf; X By, pi <},
i=1 i

where B, is an arbitrary closed subset of RN of diameter at most p;.
We define the Hausdorff dimension Dg(X) as

Hi(X)

Dp(X) = inf{s; H*(X) =0}

Theorem 2.5. ([23], Hausdorff dimension) Let the Assumption
hold. Suppose that (u,v) is the weak solution of (KS)m on [0,T) with
the additional properties (1.8)-(1.4) with T = Ty. Let T be a blow-up
time of the weak solution u of (KS)m. If u satisfies

(2.8) . / u(z, t)Y(x) dz is a continuous function on [0,T)

for every ¢ € C(RY) such that y(x) = ¢(|z — zo|) for some zy €
RYN, then the Hausdorff dimension Dy (S,) is zero. In particular, if u
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satisfies
(2.9) u € Co ([0, T]; L' (RY)),

then the Hausdorff dimension Dg(S,) is zero.

Remark 3. For the estimate of Dg(S,), the assumption (2.9) is
too strong. In fact, we need only to assume the weaker continuity such
as (2.8). In Lemma 4.1 below, we will see that if « satisfies one of the
assumptions among (2.5), (2.6) and (2.7), then we have (2.8).

For the spherically symmetric solution u of (KS),,, we can pinpoint
the location of blow-up points. Indeed, it holds

Corollary 2.6. ([23], Blow-up points for spherically symmetric
solution) Let the Assumption hold. Suppose that (u,v) is the weak
solution of (KS)m on [0,T) with the additional properties (1.3)—(1.4)
with T = Ty. If u is a spherically symmetric with the property (2.8) in
Theorem 2.5, then it holds that S, = ¢, or S, = {0}.

Remark 4. It seems to be an interesting question whether the so-
lution (u,v) is spherically symmetric for such an intimal data as ug(z) =
uo([z|).

As we have seen in Theorem 2.5, the continuity of the weak solution
in L! (]RN ) plays an important role for the estimate of the size of blow-up
set S,. If we impose strong continuity in L'(IR") on u(t) as t — T — 0,
then u can be continued beyond t = T'. Indeed, we have the following
extension criterion.

Theorem 2.7. ([23], Extension criterion) Let the Assumption hold.
Suppose that (u,v) is an arbitrary weak solution of (KS)m, on [0,T) in
Definition 1 with the additional properties (1.3)-(1.4) with T = Ty. If
it holds that

(2.10) u € C([0, T); L*(RY)),

then there exists T' > T such that (u,v) is a weak solution of (KS)m, on
[0,77).

Remark 5. It seems to be an interesting question that under what
class of the initial data ug, one can construct the weak solution satis-
fying (2.9) or (2.10). On the other hand, in [26], we have succeeded to
construct the weak solution having the property (2.8). Such a delicate
difference is seen only in the L!-space since C§° is not dense in L*, the
dual space of L*.
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In contrast with (2.1), for weak solutions u on [0, 7)) with S, < oo,
we may take a larger constant an,m as in (2.11) below which guarantees
the e-regularity theorem.

Theorem 2.8. ([23], e-regularity theorem) Let the Assumption
hold. Suppose that (u,v) is an arbitrary weak solution of (KS)m on [0,T)
in Definition 1 with the additional properties (1.8)—(1.4) with T = Tp.
Suppose that }S,, < co. If u satisfies

m7rN3> T r(v/2) ,
=! ON,m

2.11) su / u(z,t) dr < (
( )0<th B(wo,p0) (=1) N-1 (N)

for some zo € RN and po > 0, then it holds that

(2.12) sup u(z,t) < C, -
(z,t)€B(%0,52 )% (0,T)

where C = C(N,m,, ||uollLinr~,T,po0) 18 a constant independent of
Zo-

In particular, for {x1,z2, - , 25} =: Su (k < ko — 1), we have

limsup/ w(z,t) dz > anm, 1=1,2,---,k
t—T JB(zi,p)

for all p > 0.

Remark 6. The balance of strength m of diffusion and the effect ¢
of non-linearity plays an important role for existence of global solutions
to (KS).,. Indeed,

(i) For the case of 2 < ¢ < m + %, (KS)m is globally solvable without
any restriction on the size of the initial data wuyg;
(ii) For the case of ¢ > m + 2, (KS)m is globally solvable for the small

initial data ug in L™ (R™). As for the large initial data, the solution

of (KS)m with ¢ > m + £ may have some singularities in a finite time
even if the initial data is smooth. (See [18]-[21].)

From this point of view, in [24] we treated more general cases of
qg>m+ % and proved the corresponding e-regularity theorem to the
critical case of ¢ = m + % Indeed, we showed that if the solution u of
(KS), satisfies that

(2.13) sup / P 0 ) de < e
0<t<T J B(x0,2p)
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for some 29 € RY and p > 0, then it holds that

sup u(z,t) < C,
(.’l:,t)EB(zmp) X (OvT)

where C depends only on N,m, q,7, p, [|uoll L2 e~y and |lug|| peomny but

not on zo. In our generalized case, the space L™ (0, co; e (RY))
is also a scaling invariant class associated with (KS),.

§3. Proof of Theorem 2.1 and Corollary 2.2
In what follows, we abbreviate simply as
I-llr=1-llzr@ryy, 1<r<oo

and C denotes the constant which may change from line to line. In
particular, C = C(x,--- ,*) denotes a constant depending only on the
variables appearing in the parenthesis.

We give the sketch of the proof for our e-regularity theorem. See
[22], [23] for the complete proof.
First of all, we derive local bounds in L™ of u for all 1 < r < co.

Lemma 3.1. Let the Assumption hold. For every 1 <r < oo, there
is a positive constant g depending only on N,m and r such that if (u,v)
is a weak solution of (KS)m on [0,T) with (1.3)—(1.4) with T =Ty and
if u satisfies

(3.1) sup/ u(z,t)y de < &g
o<t<T B(:Bo,po—l—(s)

for some zg € RN, po >0 and & > 0, then it holds that

/ u(z,t)de < Cp(T+1) forall0<t<T,
B(xo,p0)

where Cr = Cr(r, N,m, 7,6, ||uo|l1, || ¢ollco)-

We may put z¢ = 0 without loss of generality. Once the L"-bound
is established for all 1 < r < oo in Lemma 3.1, it follows from the
representation v = (—A + )~ !u that

(3.2) sup [[v(t)ll=(B0,po+s)) < C,
o<t<T
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and

(3.3) sup [[Vu(t)llz=(B©.p0+6) < C,
o<t<T

where 0 < § < £ and C = C(N,m,", po, ||[uo||1, |uo|loo, T). It should
be noted that the constant C in (3.3) can be taken independently of 4.
Indeed, we shall show (3.3) according to the similar argument in [12].
From the assumption (2.1) in Theorem 2.1, it follows that

sup/ u(z,t) dz < e,
0<t<T J B(0,5 po+5) :

where 0 < § < p3—° Hence we obtain from Lemma 3.1 withr =N +1
and (po, 8) replaced by (3po + 0, 2po) that

OiltlgTHU(-,t)xB(o,g,JWs)IINH < Co,

where Cy = Co(N, m, 7, po, ||uoll1, [|4olleo, T'). We here consider
(3.4) —Avy + V1 = UXp(0,4pots) 1D RY.

Then, the function v; given by
w@t) = [ G- 1)uso gm0 dy
RN

is the strong solution of (3.4), where G(z) is the kernel of the Bessel
N41

potential. Since G € LWN—'T(]RN ) and VG € L™~ (R"), we see that

sup_||v1(t)]loo

0<t<T
(3.5) < UGl - s [uxa g0 re Bl < C
and

sup ||V (t)[loo
0<t<T

(3.6) < VGl xga LS lux B0, 4 po+8)DlInve1 < C,
where C = C(N7 m,7, Po, ”u()”la ||u0l|OO>T)

Next, we consider

3.7 ~Avz + V2 = U — UXp(0,4pts) D RYN.
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Then, the function vs given by
(3.8)  w(z,t) = /RN G(z —y) - (u— uxp(0,4po+5)) (¥ 1) dy

is the strong solution of (3.7). Since G(z) satisfies the estimates |G(z)| <
Clz>~N and |[VG(z)| < Clz|'~V for all z € RY, we have

lvz(t) |l Lo (B(0,p0+5))

’ / Gz —y) x
:I:GB(O,po+5) RN\B(0,%p0+6)

(u = uxB(0,4po+5)) (¥ ) dY
(3.9) < c@-"]?w uolly € ¢ forallo<t<T,
Vo2 ()| oo (B(0,p0-+8))
VG(z —y) x

= sup
z€B(0,p0+9)

/RN\B(O,%;O0+5)
(u - uXB(O,%po+5))(y7 t) dy
(3.10) < C|%3|1_N Nuolly € € forallo<t<T,

where C = C(N,~, po, ||uoll1)-

By (3.4) and (3.7), obviously, v := vy + v, gives the unique strong
solution of the equation:

~Av+yv=u inRY.
Thus from (3.5), (3.6), (3.9), (3.10), we obtain (3.3).

Let us introduce a cut-off function n with several properties.

Lemma 3.2, Let pg > 0 and § > 0 as in (8.8). Let n(z) = n(|z|)
be as

1 for 0<|z| < po,
n(z) ;=< exp(l— To?—kél—m) for po < |z| < po+39,
0 for |z| > po+9.
Then, it holds that
Vn(a)| < 5 n(z)'
|An(z)] < a452 -n(z)' 7,
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for all z € RY and all 0 < a < 1, where ¢ is an absolute positive
constant.

In what follows, we take po and ¢ so that (3.3) holds. We now
proceed to give the proof of Theorem 2.1. For every weak solution with
(2.1), it holds that

1

—/ u"(z,t)n(z) dz

T nN
t 1

(3.11) - / (I + L)(s) ds + ~ / (utn)(z) da,
0 T JRrN

where I; and I3 are defined by

L = — Vu™ -V (u"t ) d,
RN

and
I ::/ uq”1Vfu-V(u’"_1-n) dz
RN

and where 7 is the cut-off function which is centered at zg and deter-
mined by pp and § as in Lemma 3.2.

Applying a variant of the Sobolev inequality together with the
Young inequality, we may take r, depending only on N, m such that

2m(r — 1 rtm—1

1
‘12 C r+m-—1 1 < -
(12)  + 0+ )llhﬂwmmﬂn S )

for all r, < r < 0o, where C' = C(N,m,, ||uoll1, l|uolloo)-

Furthermore, from (3.3) and the Young inequality, we obtain that

3m(r —1) rim=o1 o
L < — V 2
s < 50 1)2 / [Vu |“n dx

1 ( ) r+2g—m—3 T+q—2 1),
(3.13) + C(r + (” ”L4(B(zo,po+5)) + u “L4(B(:vo po+6)) +

for0 <t<T, forallO<a§§(Tvlq—_T5andforallr* <1 < 0o. See [22
Sections 3 and 4] for proof of (3.12) and (3.13).
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From (3.11)-(3.13), it follows that

/ u"(z,t)n(z) dz
RN
mr r— 1
< e dxd
- 2(r+m—1 //RNNU 77 ras

+C<r+ 5) /(“ ||TLETB(10,pO+5))+

2l )
L% (B(x0,p0+8)) L% (B(zo,po+5))

(3.14) +7C(r+ i&)c + /R (@) dr,  0<a<

1
3(N+1)

where C = C(N7 m, 7, pPo, ”u0”17 ”uOHOO?T)

Since

r+m-—1>r+q—2 > r+2¢g—m-—-3

implied by m —¢+1=1— —]%— > 0 and since we may take a as an

arbitrary number in (0, sw], by setting § = — in (3.14), we have
T

1
» 3N I

sup w2+ (B(z0.p0))
o<t<

(3.15) < (Cr%)

1
T

smax{ sup lull |uollr, T+ 1}

L4(B(w p0+22))’

for all r, < r < co. Now we take py such as 4P° > r, and define o, as
ap = max { sup [l (5 (on -7, 2 ol [olloor T},

for p > po. Taking r = 4% in (3.15), we have

oy < Cl/4p4Cp/4p

m~1
4P

xmax{ Sup (0] o oz 20y, Nl ol r+1}”
CL/47 4Cp/ 47 1+1—p—
P

< Cropg for all pg < p < o0,
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which yields

Oiltlg ||u||L4p(B($07P0 -y g

<Cap01

c
(316): C'max sSup “uHL‘lpﬂ(B(:co,po b0, £0y, “U(}|l1,I|UO”oo,T+1 .
o<t<T 2

i=1 4

See [Proof of Lemma 5.1, 27] for detail. Under the hypothesis of (2.1},
the assumption (3.1) in Lemma 3.1 is fulfilled with ¢ = which makes
it possible to take r = 4P° with the estimate

4po s

OSIf:lp ||u”L4PO(B(IQ,p0 S C’
where C' = C(N,m,7,po, po, [uolls, [uolloc, T). Since YT, 2% < £
for all 1 < p < oo, by letting p — oo in (3.16), we see that u €
L2°(0,T; L*°(B(zo, 2£%))) with

oi?ET”u(t)”L""(B(woﬁg‘l)) < CT+1),

where C' = C(N,m, ", Po,, o, |[woll1, ||tol|co, T'). Thus we complete the
proof of Theorem 2.1.

Obviously, Corollary 2.2 is an immediate consequence of Theorem
2.1.

§4. Proof of Theorems 2.3 and 2.4

In our quasi-linear case i.e., m > 1, we do not have any information
on the time derivative of w in the classical sense. Hence we need to
treat the weak solution but not the classical solution, which is an essen-
tial difference between the semi-linear and quasi-linear cases. Without
the regularity on d;u in the classical sense, assuming some additional
integrability conditions such as (i)—(iii) in Theorem 2.3, we can show
that our weak solution u(-,t) becomes weakly continuous in L}, (R")
on [0,7] in the following lemma. See [23, Section 5] for the proof.

Lemma 4.1. Let the Assumption hold. Suppose that (u,v) is the
weak solution of (KS)m on [0,T) with the additional properties (1.3)-

(1.4).

(1) Suppose that zg € Sy, has the property that

S,n{zcRY;d < |z — x| < 2d} =
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for some d > 0. Then, for the cut-off function n € C§°(Bz2d(zo)) cen-
tered at o with pp = d and § = % as in Lemma 3.2, it holds that

/ u(z, t)yn(z) dz is continuous on [0,T].
RN

(2) If u satisfies one of three conditions (i), (it) and (i) in Theorem

2.8, then, it holds that / uw(z, t)p(z) dz is continuous on [0,T] for
RN

each ¢ € C(RY).

Once we establish Lemma 4.1, we can prove Theorem 2.3 by the
similar argument to that in [12, Theorem 3] as follows.

Proof of Theorem 2.3 (1).  In both cases (i) and (ii). we may prove
that S, never has more than ky — 1 isolated points, or more generally,
more than kg —1 isolated cluster points. We shall show by contradiction.
Assume that {x1,z2, - , %k, } are ko isolated points of S,. Then, there
exists d > 0 such that S, N {z € R";d < |z — ;] < 2d} = ¢ for all
1=1,2,--- , ko and

(4.1)B(z;,2d) N B(z;,2d) = ¢ for all 4,5 =1,2,-- , ko with i # J.

By Lemma 4.1 (1), we see that the function / u(z, t)n;(z) dz is contin-
N

R
uous on [0,T7], where 1; € C§°(Baa(;)) is the cut-off function centered
at z; with pp = d and § = % as in Lemma 3.2 forv=1,2,--- ,kg. Since
T; € Sy, it follows from Corollary 2.2 that

(4.2) Iimsup/ u(z,t) de > o foralli=1,2,--ko.
t—T B(:ci,d)

Then, we have by (4.2) and Lemma, 4.1 that

ko
kogo < lim sup / u(z,t) dz
i—1 t—T B(mi,d)
ko
< limsup/ u(z, t)n;(z) dx
>otimew [ e 0n@)
ko
(4.3) = lim inf/ u(z, t)n;(z) dz,
-1 T JB@, %)

where 7; is the cut-off function as in Lemma 3.2, which is centered at
z; and with pg =d and § = %. On the other hand, for arbitrary € > 0,
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there exists p; = p;(e) such that, for all T — p; < s < T,

lim inf/ u(z, T)ni(z) dz — e

7T
(4.4) < )il o, ay < 1uls)ysa,,2))-
Now let us define p := min ;. Since [Ju(s)|ly = |lug|ly for all
1<i<ko

0< s <T, it follows from (4.1) and (4.4) that

ko

Z (ligr_l)iqrﬂlf /B(mi’%i u(z, t)n;(x) do — 5)

i=1

ko
p 7
< Z||U(T“§)”L1(B(xi,32—d)) < M@= = lluolls-
=1

Since € > 0 is arbitrarily taken, we see that
ko
(4.5) lim.inf/ w(z, t)ni(z) dz < uoll:.
B(x;, %

“ t—T
i=1

Combining (4.3) with (4.5), we have by (2.4) that
ko
(4.6)  kogo < Zliﬂijr}f o058 w(z, t)ni(z) de < ||uolls
i=1 Tisy
< koeo,
which causes a contradiction.

Proof of Theorem 2.3 (2). Assume that u satisfies one of three
conditions (i), (ii) and (iii). Suppose that #S,, > ko. Then, we can select
ko points x1,x2,- - , Tk, in S, so that (4.1) holds for some d > 0. By

Lemma 4.1 (2), it holds that / u(x, t)ni(z) dz is continuous on [0, T,
Ry

where 7; € C§°(Bag(z;)) is the same cut-off function as in (1). Now it
is easy to see that a similar argument as above yields a contradiction.
This completes the proof of Theorem 2.3.

85. Proof of Theorem 2.4

Let us define M; ., 1 <i <k by

(65.1) M;, = lim w(z,tyn(z) dz = forr >0,
t—T B((L‘i,’l‘)
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where 7); is the same cut-off function as in Lemma 3.2 such that supp 7; C
B(z;,7) with pgp = £ and § = 5. It should be noted that the limit in

2 2
(5.1) exists on account of Lemma 4.1. Since M; . is monotone decreasing
in 7 and bounded from below by ¢g for all ¢ = 1,2, .-, k, there exists

the limit of M, . as r — 0, ¢.e., that

(5.2) M; = liII(l) M, < foralli=1,2,--- k.

We determine the regular part f(z) of u(z,t) as t — T in the following
lemma without the regularity of d;u in the classical sense.

Lemma 5.1. Let all assumptions in Theorem 2.4 hold. Then, there
exist a function f € L*(RY) and a sequence {t,}, with t, — T as
n — oo such that

flx) = lim u(z,t,) a.a. z € RV,

To establish. Lemma 5.1, we deal with u™ instead of u itself, and
show that

o™ € L*(0,T; H'(Q,)*), Vu™ e L*(0,T; L*(9,)),

where Q, := RV\ Ule B(z;,r). Hence by the well-known interpolation
argument, (see Lions—Magenus [9]), we conclude that

u™ € C([0,T); L3(Q)).

This continuity of u™(-,t) at T together with the L'-conservation law
yields Lemma 5.1. This process exhibits a remarkable difference between
ours and the 2-D semi-linear case (KS)i, because higher regularity as
u € CHHR*\ Ule B(z;,r) x [0,T]) can be obtained from the standard
argument in the latter case.

Using Lemma 5.1, we shall now show that

k
lim [ u(w,tn)p(n) dz = ZMM(@) + /R f@)(z) do

n—00 R

for all ¢ € C$P(RY). Let us take the cut-off functions 7;(z), i = 1,-- , k
as in (5.1). Since 1 — n;(x) = 0 for all z € B(x;, §), we have by a direct
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calculation that
Awu@JWQOMw—g;MM@»——Awf@mm>m
- [ (u(a, 1) - £(z))¥(z) da
RN\ Uk, B(zs,r) .
—EjL@ﬂ (e)() da
k
u(x, t)n; () dzr - Y(x;) — M;y(x;
*Zﬁwﬁtm) W) = 3 Miv(e)
- u(x i dx - Y¥(x;
Zé@ﬂ(tn) b(ai)
+Z/B( ) u(z, t)(z) do
:/ (u(z,t) — f(2))¥(z) dz
RN\UL, B(zi,r)
- Z/B(w ) f ? ¢ x
+ Z /

k

u(x,t) — flx z) - (1 —n;(x)) dx
2 3 BN CCUEY IR )

u(z, t)n;(z) do — Mz)1/1(951)
B(zi,r)

(313 ]

i==]

z)p(z) - (1 —ni(x)) dx
+ZLMWZﬂWU(nU)

NH

(5.3) + Z/( u(z, t)ni(z) - (Y(z) — ¥(z;)) de.
We have by the definition of the function f that

‘/RN\U;C Blzsr) (u(z,tn) = f(2))Y(z )dml —O>00

t,) — flx z) (1 —n(x)) dx| — 0.
Zjé@ﬂwwy )~ F@)b(a) - (1~ m()) de| —
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Substituting t = ¢, in (5.3) and then letting n — oo, we obtain from
(5.1) that

n—o0

limsupl/RN w(®, tn)¢(x) dz — izk:Mi"/’(wi) - /RN f(@)d(x) dx

ZAWQ “me!+ZMTMwm|

i=1

+Z/ 1@ o ma (@)

B(wzi,r)

+Z||uo||1' pax (@) — (@)

(5.4)=: F(r).
Since ¢ € C3°(R") and f € L*(R"), we have, by (5.2), that
lirr(l) F(r) =0.

Since the left-hand side of (5.4) is independent of r, we conclude that

lim | /R et (2) dx—iMi@b(xi) - /R f@wl@)da] =0,

n—00

which completes the proof of Theorem 2.4.
We refer to [23, Sections 4—7] for the proof of Theorem 2.5, of Corol-
lary 2.6, and of Theorems 2.7 and 2.8.

References

[1] L. A. Caffarelli, R. Kohn and L. Nirenberg, Partial regularity of suitable
weak solutions of the Navier—Stokes equations, Comm. Pure Appl. Math.,
35 (1982), 771-831.

[2] Y. Chen and M. Struwe, Existence and partial regularity results for the
heat flow for harmonic maps, Math. Z., 201 (1989), 83-103.

[3] M. A. Herrero and J. J. L. Veldzquez, Singularity patterns in a chemotaxis
model, Math. Ann., 306 (1996), 583-623.

[4] D. Horstmann, From 1970 until present: the Keller-Segel model in chemo-
taxis and its consequences. I, Jahresber. Deutsch. Math.-Verein., 105
(2003), 103-165.



Partial regularity and applications to blow-up asymptotics 159

[5] W. Jager and S. Luckhaus, On explosions of solutions to a system of partial
differential equations modelling chemotaxis, Trans. Amer. Math. Soc.,
329 (1992), 819-824.

[6] E. F. Keller and L. A. Segel, Initiation of slime mold aggregation viewed as
an instability, J. Theor. Biol., 26 (1970), 399-415.

[7] H. Kozono and Y. Sugiyama, Strong solutions to the Keller—Segel system
with the weak L% initial data and its application to the blow-up rate,
Math. Nach., to appear.

[8] H. Kozono and Y. Sugiyama, Local existence and finite time blow-up in the
2-D Keller—Segel system, J. Evol. Equ., to appear.

[9] J. L. Lions and E. Magenus, Non-Homogeneous Boundary Value Problems
and Applications I, II, Springer-Verlag, 1972.

[10] S. Luckhaus and Y. Sugiyama, Asymptotic profile with the optimal conver-
gence rate for a parabolic equation of chemotaxis in super-critical cases,
Indiana Univ. Math. J., 56 (2007), 1279-1298.

[11] M. Mimura and T. Nagai, Asymptotic behavior for a nonlinear degenerate
diffusion equation in population dynamics, SIAM J. Appl. Math., 43
(1983), 449-464. ‘

[12] T. Nagai, T. Senba and T. Suzuki, Chemotactic collapse in a parabolic
system of mathematical biology, Hiroshima Math. J., 30 (2000), 463-
497.

[13] M. Otani and Y. Sugiyama, A method of energy estimates in L™ and its
application to porous medium equations, J. Math. Soc. Japan, 53 (2001),
745-789.

[14] R. Schoen and K. Uhlenbeck, Regularity of minimizing harmonic maps into
the sphere, Invent. Math., 78 (1984), 89-100.

[15] T. Senba and T. Suzuki, Chemotactic collapse in a parabolic-elliptic system
of mathematical biology, Adv. Differential Equations, 6 (2001), 21-50.

[16] M. Struwe, The existence of surfaces of constant mean curvature with free
boundaries, Acta Math., 160 (1988), 19-64.

[17] T. Suzuki, Free eriergy and self-interacting particles, Progr. Nonlinear Dif-
ferential Equations Appl., 62, Birkhduser Boston, Boston, 2005.

[18] Y. Sugiyama, Global existence and decay properties of solutions for some
degenerate quasilinear parabolic systems modelling chemotaxis, Nonlin-
ear Anal., 63 (2005), 1051-1062.

[19] Y. Sugiyama, Global existence in the sub-critical cases and finite time blow-
up in the super-critical cases to degenerate Keller—Segel systems, Differ-
ential Integral Equations, 9 (2006), 841-876.

[20] Y. Sugiyama, Time global existence and asymptotic behavior of solutions
to degenerate quasi-linear parabolic systems of chemotaxis, Differential
Integral Equations, 20 (2007), 133-180. '

[21] Y. Sugiyama, Application of the best constant of the Sobolev inequality to
degenerate Keller-Segel models, Adv. Differential Equations, 12 (2007),
124-144.



160 Y. Sugiyama

[22] Y. Sugiyama, Partial regularity and blow-up asymptotics of weak solutions
to degenerate parabolic systems of porous medium type, submitted.

[23] Y. Sugiyama, On e-regularity theorem and asymptotic behaviors of solu-
tions for Keller—Segel systems, submitted.

[24] Y. Sugiyama, e-regularity theorem and its application to the blow-up solu-
tions of Keller-Segel systems in higher dimensions, submitted.

[25] Y. Sugiyama and H. Kunii, Global existence and decay properties for a
degenerate Keller-Segel model with a power factor in drift term, J. Dif-
ferential Equations, 227 (2006), 333-364.

[26] Y. Sugiyama and J. J. L. Veldzquez, Self similar blow up with different
values of the masses for the Keller Segel system with nonlinear diffusion
in the critical case, submitted.

[27] Y. Sugiyama, Y. Yahagi and N. Shinoduka, Extinction, decay and blow-up
for Keller—Segel systems of fast diffusion type, submitted.

Department of Mathematics
Tsuda College

2-1-1, Tsuda-chou, Kodaira-shi
Tokyo, 187-8577

Japan

E-mail address: sugiyama@tsuda.ac.jp



