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PDE and differential geometry
in study of motion of elastic wires

Norihito Koiso

Abstract.

We study some PDE’s of motion of elastic wires. These PDE’s
naturally require differential geometry. We mainly treat closed curves.

§1. Equation of Caflish and Maddocks

There are several PDE’s of elastic wires. The most classic one was
given by Courant and Hilbert [1, p. 246]:

Yezzz + Ve = force.

When we consider more honest (nonlinear) ones, the most classic one
was given by Caflish and Maddocks. It is an equation of arc-length
parametrized curve vy(z,t) of length 1 in the euclidean plane R2 The
constrained condition |y;| = 1 means that the curve doesn’t expand nor
shrink.

We define the potential energy of the elastic wire y(z) by the elas-

1
tic energy, i.e., the square integral U = / |Yzz|> dz of the curvature
0
|7zz|. And, we define the kinetic energy of the motion of the wire by
1
E= / (|7¢|% + |v2t]?) dz. Here, the term |y;|? means the usual velocity
0

energy, and the term |v,¢|? comes from the thickness of the wire.

Following to Hamilton’s principle, the equation of motion of our
curve is given as critical points of the variational problem defined by the
functional

T T pr1
F:/ E—Udt://(|7t|2+|%t|2—|%x|2)d$dt-
0 0J0
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The Euler-Lagrange equation of this functional becomes:

(CM) { Yttzx — Vzzzz — Vit = (U%)m

|7x| =1,

where the function u(z,t) is a Lagrange’s unknown function, which is
determined by the constrained condition.
They solved this equation as follows. Integrate equation (CM) in z,

x
Ytz — Yrzz — / Yer AT — Y1£(0, 1) = Uy
0

and take the tangential parts to S!. It eliminates the unknown function
u. Introduce a new unknown function 6(z,t) by

Yz = (cos 8, sin h)
and roughly put
ett - erz ~ ¢

Then we get a coupled equation:

04t — Oy = ¢ + noulinear(,, 6),

1
6(a) + | K(@.4)é(y) dy = nonlinear(6s, 6,
0
k(z,y) := 1 — max{x, y}.
Both of the wave equation and the integral equation have good proper-

ties, and we can solve equation (CM).

Theorem 1.1 (Caflish and Maddocks [2]). The equation (CM) has
a unique global solution, under suitable boundary conditions.

Now, let’s generalize this result to 3 dimensional case. The problem
is that we don’t have good parameters as 6, since v, € S2. Putting
& := 7., calculate as above. We get:

(€4t — &22)T = ¢ + nonlinear,

1
o(z) + /0 k(z,y)é(y) dy = nonlinear,

where T denotes the tangential part to the sphere S2. The term (£,4)7
is called covariant derivative on the sphere, and denoted by V. &,. In
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local coordinates {y!,y%} of S?, it is expressed as

(Vo&e)' = €L, + T (6)€0¢EE,
(€t — &oa)T = Vel — Voo = (& — 5’1”:)8_2—1 + lower nonlinear,

where I';%; is Christoffel’s symbol.
Therefore, essentially we recover a wave equation. However, if we
use concrete local coordinates such as polar coordinates, the nonlinear
term would become very complicated. Moreover, the solution may go
beyond the coordinate neighbourhood at finite time. Using covariant
differentiation, the complication becomes milder.
We assume boundary point condition (B) and boundary direction
condition (E):
(B) the boundary point v(0) belongs to an affine subspace Py of
R™ and the vector (1) — v(0) belongs to an affine subspace
Py.

(E) the boundary direction v,(0) and v,(1) are free or fixed (4
types), or v5(1) = vz(0).

The equation we get is

Vtgt - vzéz = (bv
¢+ Lp(¢)" —vT
= ()T + (1 - 2{&O)F + [€]sF )T + L, (&1 - 1628,

1 n 1 L 1
([ odny™ ={ [ (&P - tePeazy™ — [e13".

where P is the sub vector space give by translating P; to the origin,

P is the orthogonal complement vector space to PiT, and *F (resp.

P z‘i) is the projection to P! (resp. P;'), and operator Lp, is defined by

1 1 .
Ley(f) = / k(e w)f () dy — { / (1 - 2)(1 —9)f () dy}™

The function v = v(t) is a Pj--valued unknown.
And, we can prove the existence of solutions.

Theorem 1.2 ([12]). Equation (CM) in the n-dimensional euclidean
space (more precisely, the above equation) has a unique global solution,
under suitable boundary conditions.



444 N. Koiso

The “suitable boundary conditions” include the free boundary con-
dition, the fixed boundary condition, and closed curve condition. More
precisely, we consider the following boundary conditions.

(a) Py =R and (P = R" or (v.(0) and 7,(1) are free)),
(b) v;(0) is free and (P, = R" or 7v,(1) is free),
() Po=RY and P; = {0} and ~,(0) = ~,(1).

We can prove the global existence under these boundary conditions.

§2. 1-dimensional plate equation

From now on, we treat only closed curves. In equation (CM), each
term corresponds to an energy in Hamilton’s principle.
Vet usual kinetic (velocity) energy  |v|?
Yezzz usual potential (elastic) energy |y..|?
kinetic energy caused by 2
Tttzz  the thickness of the wire Vel
When the wire is thick, changing its tangent line moves mass away
from the center of the wire. When we treat infinitely thin elastic wire,
we have to drop the term ~¢+,,. And get a 1-dimensional plate equation:

(PL) ~Yrzzz — Vit & (u')/z)z

The linear version of this equation is nothing but the equation proposed
by Courant and Hilbert.

The plate equation is unstable under perturbation of lower deriva-
tives. Therefore, we cannot see whether it has solutions, if we only look
it. In fact, from the condition |y,| = 1, u satisfies an ODE:

—Uge + |’Yrr‘2U = 2(|’Yrr|2)zr - |’Ya:zr|2 + "Ytz|2,

hence u is at least bad as v, and (uv,), is bad as vy4z.
As usual, we perturb (PL) to a parabolic type equation with prin-
cipal terms:

Vet — 28Vtzz + (1 + €2>’Yra:$x

0 a1 02 %) Vs 92
=iz~ (e + —1)@}{a ~ (- —1)5;2‘}7-
and we can solve this equation for each € > 0. But we cannot control
the solution when € — 0. The existence of 7,., disturbs us.

We have to use covariant differentiation. We introduce a new un-
known £ := v, € S2. The the “bad term” becomes &,,. We perturb
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(PL) to a parabolic type principal terms
Vi€ — 2eV26 + (1 +2)Vieg,.

Note that the term V3¢, still contains 3rd derivative I';*¢(£)é2¢E . in
local coordinates. However, it’s a kind of magic, we can compute as
though there were no such terms in integration by parts:

1 1
[ i pdo = - [(V2. V.0 do
0 0
Due to this fact, we can get e-uniform estimation of solutions of
perturbed equation.
Theorem 2.1 ([8]). Equation (PL) has a unique local solution.

The author doesn’t know whether the solution exists globally or
diverges at finite time. Note that equation (CM) has global solutions.

This result is generalized to the riemannian version. The equation
on riemannian manifold is given by

4v935’)/w - vt'Yt = vz(u")/x) - R(Vzv Va:'Yz)'Yra

where R is the curvature tensor of the riemannian metric. For example,
R(X,Y)Z =(Y,Z2)X — (X, Z)Y on the standard sphere S™.

Theorem 2.2 ({10]). The above equation has a unique local solu-
tion.
§3. Singular perturbation

Now we add a resistance to (PL):
(PL#) ~Yazzas — Vet = (WYz)z + UVt

When the resistance p is very large, the curve v moves very slowly.
Therefore, to study the behavior of solutions when u — oo, we have to
change time variable to 7 := p~!t. The equation becomes

(PLT) ~Yrzzz — /‘4277’7 = (UVI)I + V7,
and it converges to a parabolic equation
(PB) “MNzzzx = (Unz)z + -

This equation is nothing but “method of steepest decent” for seeking
elastica. The parabolic equation (PB) is not difficult to solve.
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Theorem 3.1 ([4]). Equation (PB) has a unique global solution,
and the solution converges to one of elastica.

Even if we replace the euclidean space to general riemannian mani-
fold, we have the following.

Theorem 3.2 ([7]). Let (M, g) be a compact real analytic riemann-
ian mantfold, and let yo(x) be a closed arc-length parametrized curve of
length 1. Suppose that there are no closed geodesics of length 1 on the
manifold M. Then riemannian version of equation (PB) has a unique
solution ~y(x,t) for all time, and the solution ~(x,t) converges to an
elastica when t — oo.

Note that there are no closed geodesic in the euclidean space. The
convergence when t tends to oo is rather delicate problem. There are
counter examples if we only assume that the riemannian manifold is
C°-class. However, even without real analyticity, the solution has a
convergent subsequence that converges to an elastica. So the purpose of
“method of steepest decent” is satisfied.

We ask main question here: Does the solution v*(x,7) of (PL")
converge to the solution n(z,7) of (PB)? Note that the initial velocity
with respect to 7 is v#(z,0) = pyi(x) and diverges when p — oco. The
answer is:

Theorem 3.3 ([8]). For any initial data yo(z), v1(z) for (PL¥*), and
for any positive time T, if we take sufficiently large ., then the solution
¥ (x,7) of (PL™) with initial data v*(z,0) = vo(z), v*(z,0) = pun(x)
exists on the time interval [0,T]. Moreover, v*(x,T) converges to the
solution n(z, ) of (PB) with initial data n(z,0) = vo(x) when p — oc.
The convergence is uniform in t, and the convergence of v* is uniform
in any compact set of (0,T7].

To see what happens, we consider a simple ODE:
—u~ 2" (1) = v'(7); v(0) = 0,v(0) = p.

" The solution is v(r) = p~1(1 — e“‘zf). The initial value v/(0) diverges
as prescribed, but v(7) converges to 0, and v/(r) = pe *’T converges to
0 where 7 is away from 0.

The author believes that this phenomena of singular perturbation is
very general. Let (M;x") and (N;yP) be compact riemannian manifolds
and consider a PDE of map ¢(z,t) from M to N:

(WP) H_QVT‘PT +or + 530 =0,
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where

r

0
— [P p 4 —_—
V#P-r T {(p‘r‘r + Fq T((p)ga‘r(pf ayp,

~ iy %P AP 0p? 0™ . 0
Ap = —g¥ L Dki(r) = + TP () =} —.
¥ g (I){alﬂ'aiﬂj J('I) 17k + q ((,0) Ot OxJ ayp
Its parabolic version (g = oo):
r +8p =0,

is called Eells-Sampson equation in differential geometry. (Note that
sign convention of Laplacian is opposite of analysis.)

Theorem 3.4 ([5]). For equation (WP), we have same type theorem
with the above (PL7)-(PB) singular perturbation.

Note that, however, the nonlinearity with respect to ¢, is expressed
as 1~ 1p?. When we artificially replace it by u= 17?2 (a > 0), we have a
counter example of convergence. The expression u~1¢? comes from the
fact that the nonlinearity of lower derivatives in 2nd covariant derivative
is a polynomial of degree 2. The author does not know the meaning of
this exponent 2 from view of analysis. At least we can say: “Differential
geometry is very well constructed.”

The author gave very few literature concerning dynamics of elas-
tica. Please consult reviews in WWW. For example, search “dynamic*”
and/or “elastic*” in MathSciNet.

§4. Generalization to Riemannian manifold

When we consider equations of motion of elastic wire v(z,t), we are
forced to consider a “curved space” S™ as a target manifold.

There is another situation when we consider riemannian manifold:
Given a simple PDE of R"™-valued function. We want to generalize the
PDE to a riemannian version.

If the original PDE is stable under perturbation of lower derivatives,
the local existence for riemannian version should be easy. And the main
work should be done on long time existence, singular perturbation, and
$0 on.

If the original PDE is unstable, then the local solution may not exist.
So the main work should be done on it, at least firstly.

In both cases, the author believes, if the original PDE is good, we
will get good results on riemannian version. If we are interested in
semilinear PDE, let’s try riemannian version.
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As the last equation, consider the vortex filament equation:

Y =Ye X Yoz (=] = 1),

where x means the cross product in 3-dimensional euclidean space R3.
Using € := v, € S?, this equation is written to

& =€ X & + & X &gy = T ((22)T),

where J means /2 rotation on the each tangent space of S2. It is

called almost complex structure of S2. In fact, it is nothing but the

multiplication of /=1 via the stereographic projection: $? — R? = C.
Therefore, this equation is converted to

é‘t = Jvzgz

on S2. Hence it can be viewed as a riemannian version of linear Schrédin-

ger equation:
U =V —1Uzpzp-

The author noticed this fact far after Hasimoto “solved” the vortex fila-
ment equation. But still it proves the “well construction” of riemannian
geometry. In fact, we can solve the equation & = JV &, if these two
structures: the riemannian structure g that defines the covariant differ-
entiation V, and the complex structure J, are well compatible (Kahler
manifold), then we have local existence theorem of solutions. Moreover,
if these two structures have good symmetry, then we have long time
existence theorem.

Theorem 4.1 ([6]). Semilinear Schrédinger equation: & = JV &,
on any Kdahler manifold has a local solution. On hermitian symmetric
spaces (e.g. complex projective spaces), it has global solutions.

To prove this theorem, we again use perturbation to parabolic equa-
tions:

& =eVgle + IV,

The local solution of this equation can be uniformly estimated with
respect to €, hence has a convergent subsequence, whose limit is the
solution we expected.

On the other hand, we can prove the existence of solutions of the
original vortex filament equation, in a sense via Hasimoto’s transforma-
tion, as follows. For a space arc-length parametrized curve v(z), we
choose a unit vector field E(xz) along v(x) so that E(z) is perpendicular
to T(z) := v/(x) and E'(z) is parallel to T'(x). This ODE of E(z) has a
unique solution when the initial value E(0) is given. Let F(x) be the unit
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vector field along y(z) defined by F(z) := T(z) x E(z). Then, it holds
that F’(x) is parallel to T'(z), and the frame field {T(z), E(z), F(z)}
becomes a orthogonal frame field along ~v(z).

Define a real valued function p(z), ¢(x) by E'(z) = p(«)T'(z), F'(x)
q(z)T(x), and a complex valued function z(z) := p(x)+q(x)v/~1. Then,
we can easily check that |z(z)| = k(z), the curvature, and (arg z(z)) =
7(z), the torsion of the curve. Therefore, we see that

I

z(z) = k(x) exp(ﬁ/T(x) dz).

This transformation is nothing but Hasimoto’s transformation. Note
that the right hand side of the equality is not defined beyond the point
where x(z) = 0, but the left hand side z(z) is well defined.

Using the frame {7, FE, F} and functions p, g, the vortex filament
equation is converted to the nonlinear Schrédinger equation:

1
zt = V- zzz + §|z2|z},

hence we can solve it.

Historically, Hasimoto [3] proved the existence using the function z
defined by the curvature and the torsion. Hence his proof had a gap
mathematically. Later, Nishiyama and Tani [13] proved the existence
using a perturbation to parabolic equation.

Using our method, we can generalize the existence theorem to 3-
dimensional space forms, i.e., on the standard sphere S3 and on the
standard hyperbolic space H3. Moreover, we can generalize the result
to any 3-dimensional riemannian manifolds.

Theorem 4.2 (]9, 11]). The vortezx filament equation v, = Yz X VY
in any 3-dimensional riemannian manifold (M, g) has local solutions. If
the sectional curvature of (M, g) is bounded, then the equation has global
solutions.
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