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Small data scattering for the Klein-Gordon equation
with a cubic convolution

Hironobu Sasaki !

Abstract.

We consider the scattering problem for the Klein-Gordon equa-
tion with cubic convolution nonlinearity. We present the method to
prove the existence of the scattering operator on a neighborhood of 0
in the weighted Sobolev space H*? = (1 — A)~%/2 (2)™7 L,(R"). The
method is based on the complex interpolation method of the weighted
Sobolev spaces and the Strichartz estimates for the inhomogeneous
Klein-Gordon equation.

§1. Introduction

This paper is concerned with the scattering problem for the nonlin-
ear Klein-Gordon equation of the form

(1.1) Otu — Au+u = F, (u)

in space-time R x R™, where u is a real-valued or a complex-valued
unknown function of (¢,z) € R x R™, §; = 8/0¢ and A is the Laplacian
in R™. The nonlinearity F,(u) is a cubic convolution term Fy({u) =
— (V5 * ju|?)u with

[V3(@)] < Clz| ™.

Here, 0 < v < n and * denotes the convolution in the space variables.
The term F,(u) is an approximative expression of the nonlocal inter-
action of specific elementary particles. Menzala and Strauss started to
study this equation in [1].
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In order to treat the scattering problem, we define the scattering
operator for (1.1). First, we list some notation to give the definition.
Let H*® be the usual Sobolev space (1 — A)™%/2Ly(R™) and let H®°
be the weighted Sobolev space (1 — A)~%/2(z)™% Ly(R"?). A Hilbert
space X*° is denoted by H*° @ H*~ 1.9, For a positive number § and
a Banach space A, we denote the set {a € A;|a|A| < &} by B(6; A).
Then the scattering operator is defined as the mapping S : B(4; X*9) 3
(f=,9-) = (f+,9+) € X*° if the following condition holds for some
6>0:

For any (f—,9-) € B(6; X*7), there uniquely exist a time-global
solution u € C(R; H®) of (1.1), and data (fy,g+) € X*° such that u(t)
approaches uy (t) in H® ast tends to oo, where us(t) are solutions of
linear Klein-Gordon equations whose initial data are (fi,g+), respec-
tively.

We call that “(S, X*9) is well-defined” if we can define the scattering
operator S : B(d; X*°) — X0 for some § > 0. '

By Mochizuki [2], it is shown that if n > 3, s > 1, v < n and
2 <y < 25+ 2, then (S, X*°) is well-defined. By using the methods of
Mochizuki and Motai [3] and Strauss [7], we see that if n > 2, s > 1,
4/3 <y < 2 and o > 1/3, then (S, X*7) is well-defined. In view of the
condition of o, there is a gap between the two cases v > 2 and v < 2 if
we use only the methods of [2, 3, 7].
In [6], it is proved that (S, X*9) is well-defined if 4/3 < v < 2 and
> (2 — v)/2. The proof is based on the Strichartz estimate for pre-
admissible pair, and the complex interpolation method for the weighted
Sobolev spaces. Accordingly, we can fill the gap in some sense.

In this paper, we shall introduce the method of [6]. For this purpose,
we first give notation.

For s € R and (1/p,1/q) € [0,1] x [0, 1], let H} be the Sobolev space
(1 — A)=s/2L,(R™). For s € R, we set E*[u](t) = | (u(t), Byu(t))| X>°|.
For s9p € R and Q@ = (1/q,1/r) € [0,1] x [0,1], L(s0,Q)
denotes L, (R; H*(R™)). Put w = v/1—A and U(t) = exp(+itw).
For a Banach space A, B°(R;A) is the set of all A-valued, continu-
ous and bounded functions on R. Moreover, if f in B°(R; A) has its
derivative, and if 8;f € B°(R; A), then we write f € BY(R;A). For
s € R, H® denotes B°(R; H*) N BY(R; H*~1) with the norm ||u|H®| =
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lJlu|L(s, (0, 1/2)]| + ||Osu] L(s — 1,(0,1/2))||. Furthermore, we set

H° = {u € H®; there exist f,g € S'(R™) such that
u(t) = costwf +w ! sintwg, w™1dul(t) € 'Hs}.

We call u = u(t,z) a free solution if u € H® for some s € R. For a free
solution ug, u € S(R™) is said to be a ug-solution if

t .
u(t) = uo(t) +/ MF(u(T))dr.
0 w
For 5,50 € Rand Q = (1/q,1/r) € [0,1] x [0, 1], we denote L(s¢, Q) NH?
and L(sp,Q) N HS by Z(so,s,Q) and Z(so,s,R), respectively. Define
1/q- =1/3—€and 1/rg = 1/2 — (1 + 6)/3n. Assume that 4/3 < v < 2.
Then there exist sufficiently small e(y) > 0 and () € (0,1) such that

1 < n, 1 1 < 1 - 1 1
L.t (L ,
6 722 7o) Ge(y) 2 Togy)
2 1 1
7:2—2{ —n(s - )}_
e () 2 Togy
For Q = (1/gc(4),1/To(v)), We set
n+ 2 3 2—7
s(Q.) = max{ 1— , }
(@) 202 20

We are now ready to state the results in [6].

Theorem 1.1. Assume thatn > 2, 4/3 < v < 2, s > 1, and put
$v=8(Qy), Z=2Z(sy+5—-1,5,Q+), Z=Z(sy+5—1,5Q,). Then
there exist some positive numbers 8y, 64, d_ satisfying the following
properties:

(i) Ifug € B(do; Z), then there uniquely exist u € Z and us,u_ € Z
such that u is a ug-solution and we have
(1.2) lim E°[u— ug](t) = 0.

t—too

Moreover, the operators f/; : B(60;Z) 2 ug — ux € Z are well
defined, injective and continuous.

(i) Ifuy € B(81;Z), then there uniquely exist u € Z and ug € Z
such that u is a ug — solution and (1.2) holds.
Moreover, the operators Wy : B(61;2Z) 3 uy — ug € Z are well
defined, injective and continuous.
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(iti)  The numbers 64 satisfy B(0_;Z) C B(do; Z), W_(B(6_;2)) C
B(60; Z) and B(64;2Z) C Vio W_(B(6_;Z)). In particular, the
operator S = IZ oW_ : B(0_;Z) — Z is well defined, injective
and continuous.

The following result follows from Theorem 1.1.

Theorem 1.2. Assume thatn > 2, 4/3 < v <2, 0 > (2 —7)/2,
s> 1 and put sy, = 5(Q), Z=2Z(sy+5—1,8,Q,), *( ) = costwfi+
w™lsintwf,, where x denotes either 0,4+ or —. Then there exist some
positive numbers ng and n— satisfying the following properties:

(i) If (fo,90) € B(no; X*?), then there uniquely exrist uw € Z and
(f+,94+), (f=,g-) € X*0 such that u is a ug — solution and (1.2)
holds.

Moreover, the operators Vi : B(no; X*°) 3 (fo,90) — (f+,9+) €
X0 are well defined, injective and continuous.

(i) If(f-,9-) € B(n—;X*7), there uniquely existu € Z and (f1,g+)

€ X9 such that v satisfies

w

u(t) = u_(t) + /t Gk TR

and (1.2) holds.
Moreover, the scattering operator S : B(n_; X*°) > (f-,g9-) —
(f+.9+) € X*0 is well defined, injective and continuous.

§2. Outline of the proof

Let us give a sketch of the proof of the theorems. We need the
Strichartz estimates proved by Nakamura and Ozawa [5] (see also [4]).

Proposition 2.1. Put J = (0,t) or (—oo,t) or (t,0).
(i) If2/q; =n(1/2=1/r;), 2p; = (n+2)(1/2=1/r;), 2 < qj,1; < 00,
(gj,75) # (2,00), 7 = 1,2, then we have
I [ Ut = oinryariLo ) < LG HE.

i) If
(2.1) 1/ 4+ 2/ngy = 1/r3 + 2/ngs + 2/n,
max(0,1/2 — 1/n) < 1/r; < 1/2, 0 < 1/¢; < n(1/2 — 1/r;),
1/q3 < 1/da, p3s + pa = (n+2)(1/7y — 1/r3)/2, then we have

|| / (t — T)A(r)d7| Loy HP' || < 1h1 L, HE .
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A pair (gq,r) satisfying 2/q = n(1/2 — 1/r) is called an admissi-
ble pair. We immediately see that admissible pairs (g3,73) and (g4, 74)
satisfy (2.1).

We next state the estimate of the nonlinearity.

Lemma 2.2. Assume that 0 < p < 5, 0 < 1/f <1/2<1/r <1,
0 <7 < mn. If there exist some 8; € [0,1], j = 1,2, satisfying

1 1 e 1 .5
14+-=2 4 -0222) 1202 -6,
n T n T n
1 A —
L _gp=r

I
y ~ 922 > 07
T n
then we have
(2.2) IF(W)|H?| < (|ulHE).

Proof. By the Holder inequality, the Hardy-Littlewood-Sobolev in-
equality and the Sobolev embedding theorem, we obtain (2.2). Q.E.D.

We state the lemma which is useful to prove Theorem 1.1.

Lemma 2.3. Assume thatn > 2, 4/3 < v < 2, s > 1 and put
L = L{sy + s —1,Q4). Then there exists some 6 > 0 satisfying as
follows: If ug € B(6;L), then there uniquely exists u € L such that we
have

w

ult) = uo(t) + /J S =) oy (r))ar,

4
lulZl < 5ol L1l

(2.3) I /J U(t = 7)F(u(r))dr|L(s = 1,(0,1/2))] < %lluOILH-

Proof. (Step L) In order to show the existence of a time-global
solution, we define the contraction mapping on the suitable complete
metric space. Put Y = B($|luo|L|; L) and d(u,v) = [lu — v|L|.. Then
(Y,d) is a nonempty complete metric space. We define a mapping ® by

cI)ZIU_WLO_‘_./sm(t—T)o.)

J W

F(u(r))dr.
By Proposition 2.1,(ii), we have
3

i /J S_i.rl.(ia;){"JF(u(T))dﬂLH SIF@IL(sy +5 =2+ 7, (-, %))II-
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Here (g, 0) denotes

f\

e(vy),8(7)) and (79, p) satisfies
1 6 1 2 2
+ — +

Since p < 1, we have

3

1 ()| Esy 45 =245, (- 1))ll SIF@IL(sy +s = 1,(

2 -
e To

It follows from Lemma 2.2 that

3 1

I1F(w)|L(sy + s = 1, (R =l LI

since 1 + 1/7 =v/n+ 3/re.
(Step I1.) We estimate the left hand side of (2.3). By Proposition 2.1,(2),

|| / U(t — 7)F(u(r)dr|L(s — 1,(0,1/2))]

S IP@IEG -1+ 4 (),

where

Put

1 1 n,1 1
s wal PR 10 Rl

Then we have 0 < p <s,,0 <9 <1,

1 1 1 s—1+s
14— =24 — 4= -9l Ty
Te n To To n
1 _gszldsg,

T n

Thus, by Lemma 2.2, we have

.31
IF)L(s ~ 1+ p,(—, =) < llul L],
ge To
(Step IIL.) If |jug|L| is sufficient small, we see from Steps I and II that
® is a contraction mapping from (Y, d) into itself, and that (2.3) holds.
Q.E.D.
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Using Lemma 2.3, we easily show Theorem 1.1.

For the Theorem 1.2, we state the following lemma which is shown
by the complex interpolation method for the weighted Sobolev spaces
(see, e.g., [8]), and the Strichartz estimate for the free Klein-Gordon
equation.

Lemma 2.4. Assume that n > 2, max(0,1/2 - 1/n) < 1/r < 1/2
and (n/2—n/r)/2 <1/q < (n/2 —n/r). Then we have

(2.4) NUC)fILgLr || S N FIH)
if
n+21 1 n+2,2 1 1
> G g
and
2
a>——n(1—1).
q 2 r

By substituting ¢ = q.(,) and r = rg(,) for (2.4), we obtain Theorem
1.2.
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