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Levi form of logarithmic distance to complex
submanifolds and its application to developability

Kazuko Matsumoto

§1. Introduction

Let M be a complex manifold of codimension ¢ defined in an open
subset U of C™ and let 637 (P) be the Euclidean distance from P € U to
M. Then it is well-known that the function ¢ := —logdas is, near M,
weakly g-convex i.e., the Levi form L(y) of v has n — ¢ + 1 nonnegative
eigenvalues. Moreover, L(p) is positive semi-definite in the tangential
direction of dimension n — g to M (cf. [M2]).

The purpose of the present article is to calculate the Levi form L{yp)
explicitly near M and to give a necessary and sufficient condition for
defining functions of M that L(¢) degenerates in the tangential direction
(82, Theorem 1). Such calculation was first done by Matsumoto-Ohsawa
[M-O] to study Levi flat hypersurfaces in complex tori of dimension two.
As its application, by combining it with the theorem of Fischer-Wu [F-
W], developability of a complex submanifold M (C C™) is characterized
by the Levi form of —logdys if dim M =1, 2 or n — 1 (§3, Theorem 2).

§2. Levi form of logarithmic distance

Let r, ¢ and n be integers with r + ¢ =n,r > 1 and ¢ > 1, and let
M be a complex submanifold of dimension r in C™ defined by

M={tf#) | t=(ts,....,t,) €V}

for open V C C" and holomorphic f = (fi,...,fy) : V — C9. Let
(z,w) = (214..., 2r;W1,...,Wq) be a (given) coordinate system of C" =
C" x C%. By a translation and a unitary transformation of (z,w) if
necessary we may assume that 0 = (0,...,0) € V and

ofy
ot;

1) fu(0) =0, (0)=0
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for1 <i<randl < pu <gq We denote by dp/(z,w) the Euclidean
distance from (z,w) € C™ to M and put ¢(z,w) := —log dn (2, w).
We define the (r,7)-matrices &(w) and F,(t), 1 < p < gq, by

Plw) = <8 ;0Z; (0w ))19,19’ Fult) 1= (%(t))lsi,m

and put

0)wy.

q
=> F,

p=1
F,(t) and F(w) are symmetric and ¢(w) is Hermitian.

Then we obtain the following (see [M-O], Lemma for ¢ = r = 1).

Theorem 1. There exists € > 0 such that

3 F(w)F(w)[E — F(w)F(w)] ™!

for 0 <||wl| < e, where ||lw||* := Y % _, |w,|* and E denotes the identity
matriz. In particular, two matrices $(w) and F(w) have the same rank
for each w with 0 < ||w|| < €.

Proof. 1f we put
(2) a(z,w,t) := Zm—t |2+Z|wu fu(®)?
i=1
for (z,w) €e C" x C? and t € V, then

da

) R RERD - S TAOT

for 1 < i < r. By the implicit function theorem we can find C*-functions
tr = tx(z,w), 1 <k <r, defined near (0,0) € C" x C? such that

Ja da
(4) Gtz w) =0, 2 (2 w,t(zw) =0

for 1 <i <7 (cf. [M1]). Then by (1) we have t(0,w) =0for 1 <k <r.
If we put B(z,w) := a(z,w,t(z,w)) then B(z,w) = dp(z,w)? near
(0,0) € C" x C%. By applying (4) and (2) we have

(5) 0p _ da _ —+ OB oL
8zi - 8Zi T v 8zi82j v 82]‘
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for 1 <4,j <r. By differentiating (4) we have
2 " 0%a ot 2 t)
O S (Lo O 0% Otk _
8t16zj 8t18tk sz 8tiatk 82:]'

0% - 8a %+ 0o Oty
8t_,’aZj at_,»(?tk 82’]' 8'Eza{k 82,']‘

(6)

0

and by differentiating (3) we have
o 0 o
8tiazj o 8t_zc‘9z] -

82(1 q 32f# - 3204 afﬂaf“
Bt 2 otk Unlt) —wady grge =0+ Z . 5%,

"'5ija

Now if (z,w) = (0,w) then ¢(0,w) = 0 and by (1) we have

q
M 2 (0,w,0) = -> I O)dy 2 (0,1,0) = 3y
u=1

ot;0t; ot;0t; ot;0t;
If we put
q 82 '“
(8) Flw)iy := ; Ot 0t (0w,

then F(w);; is the (4, j)-component of the symmetric matrix F(w). By
substituting (7) and (8) for (6) we have

Z]—' ’k(? 0 , W)
®) ot - o)
i k
—673(07 U)) 61] = Z]:(w)zka_zj((L ’UJ)
k=1
and hence
ot; g fe—— Ot
gz, (00) =y = 3 Flw)y Y Fw)yz-(0w)
k=1 =1

Since F(0) is the zero matrix, we thus obtain

(8t:/02;(0,w))1<4 j<r = [E — F(w)F(w)] ™
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for sufficiently small w and therefore by (5) we have
(826/02:07;(0,w))1<ij<r = B — [E = F(w) F(w)] ™
= ~F(w)F(w)[E - F(w)F(w)] ™.
On the other hand, 8 = §);” and

9*(~logdn) _ 1 (_1 23 108 8ﬁ)

82,0z; 2\ [0z0z; [?0z 0%

Moreover by (2) and (5) we have 3(0,w) = ||w||? and 83/82;(0,w) =0
for 1 < i <r. This proves the theorem. Q.E.D.

Remark. The complex Hessian matrix of ¢(z,w) := —log dp(z, w)
at (z,w) = (0,w), 0 < ||w|| < &, is written as

(0%p)02,0z;)  (0%p/02;0w,) (0,w) = d(w) O

(0%p/0w,0%;) (020w, 0w, ) 0 w(w) )
where @(w) is the (r,r)-matrix defined as above and ¥(w) is the (g, q)-
matrix defined by ¥(w) := (9%(— log ||w||)/0w,0W, )1<p,v<q-

§3. Developability of complex submanifolds

Let M = {(¢t,f(t)) | t € V} (C C") be as in §2. If we put J(t) :=
(F1(t),..., Fy(t)) then tJ(t) is the Jacobian matrix of the Gauss map

. df1 of1 0fq Ofq
—_ =, ..., ey ey .
oty ot, oty ot,

By Fischer-Wu [F-W] (cf. [F-P]), the complex submanifold M of di-
mension 7 is developable almost everywhere (i.e., at each point (¢, f(t))
where rank J(t) is maximal) if and only if rank J(t) < r for all £.

As an application of Theorem 1, we can obtain the following.

Theorem 2. In the case dimM =1, 2 orn—1, M is developable
almost everywhere if and only if the Levi form of —logdy; degenerates
in the tangential direction at each point near M.

For the proof we use the following.

Lemma. Let A;,..., A, be complex symmetric matrices of degree
rand let w = (wy,...,wy) € CI. Then

(i) maxyecs rank ZZZI Ayw, <rank(Ayg,...,Ag).

(ii) The equality holds if r = 1,2 or if g = 1.
(iif) The equality does not hold in general if r > 3 and q > 2.
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Proof. (i) is trivial and (ii) is also trivial if r = 1 or ¢ = 1. (In

these cases the matrices Ay, ..., A4 need not be symmetric.)
If (2, 2)-matrices Ay, ..., A4 are symmetric and det(ZZ=1 Ayw,) =

0 then det(A, wy, + A, w,,) = 0 for any pair (u1,u2) with 1 < gy <
p2 < g, and the coeflicients of the polynomial of degree 2 with respect to
(Wy, , wy, ) are all zero. From this it is easy to see that rank(A,,, A,,) <
1 for all (u41, p2) and hence rank(Ay,...,Ay) <1, which proves (ii).
(iii) follows from the next example. Q.E.D.

Example. Consider the real symmetric matrices
010 011

Aj=(1 0 0|, A,=[1 0 0

0 00 1 00

Then rank(A;, A2) = 3, although det(A;w; + Aswsy) = 0. Therefore, if
M C C® = C3 x C? is the complex submanifold defined by

M = {(z,w) € C® | wy = 2122, w2 = 2122 + 2123}

then —log das degenerates in the tangential direction at (0, w) for all w
near 0 € C?, but M is not developable at the origin (0,0) € M.
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