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Local Structure of an Elliptic Fibration

Noboru Nakayama

Abstract.

We classify all the projective elliptic fibrations defined over a
unit polydisc whose discriminant loci are contained in a union of co-
ordinate hyperplanes, up to the bimeromorphic equivalence relation.
If the monodromies are unipotent and if general singular fibers are
not of multiple type, then we can construct relative minimal models.
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§ Introduction

The aim of this paper is to describe the local structure of a projective
elliptic fibration over a complex analytic manifold which is a smooth
morphism outside a normal crossing divisor of the base manifold. An
elliptic fibration is a proper surjective morphism f: X — S of complex
analytic varieties whose general fibers are nonsingular elliptic curves. It
is not necessarily a flat morphism. We consider the case S is a unit
polydisc

d.= {(tl,tz, ... td) € c |1t:] < 1 for all 1}

and suppose further that f is smooth over S* = S\ D, where D is the
normal crossing divisor D := {t;ts---t; = 0} for some 1 <1 < d. We are
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interested in what kind of such elliptic fibrations exist, up to the bimero-
morphic equivalence relation over S. For the purpose, it is important to
understand the notion of period mappings and monodromies. A smooth
fiber is an elliptic curve isomorphic to a torus C/(Zw + Z), where the
period w € H := {w € Z| Imw > 0} is determined up to the action
of SL(2,Z). By considering the ambiguity, we have a period mapping
(function) w: U — H from the universal covering space U ~ H! x Ad~!
of S* into the upper half plane H, and a monodromy representation
p: m1(S*) — SL(2,Z) such that for v € 71(S*) and z € U,

ayw(2) + by ay by
w(vz) ()T d, where  p(7) e d

The period function and the monodromy representation define a polar-
ized variation of Hodge structures of rank two and weight one [G] (cf. §1).
Thus f induces a variation of Hodge structures H(f) on S*. We classify
all the variations of Hodge structures over S* in §2 and §3. After fixing
a variation of Hodge structures H, we shall classify elliptic fibrations
by determining the following set £7(S, D, H): Let (f: X — S,¢) be a
pair of a projective elliptic fibration f smooth over S* and an isomor-
phism ¢: H ~ H(f) as variations of Hodge structures. Two such pairs
(fi: X1 — S,¢1) and (f2: X2 — S, ¢2) are called bimeromorphically
equivalent over S, if there is a bimeromorphic mapping ¢: X; ---— X3
over S such that the induced isomorphism ¢*: H(f3) ~ H(f1) satisfies
¢1 = ¢* 0 ¢o. The set £T(S, D, H) is defined to be the set of bimero-
morphic equivalence classes of all such pairs. For any variation of Hodge
structures H on S*, we have a projective elliptic fibration p: B(H) — S
with H ~ H(p) which admits a section S — B(H). This is uniquely
determined up to the bimeromorphic equivalence relation over S and
is called the basic elliptic fibration associated with H. It determines
a distinguished element of £1(S, D, H), and thus it is also called the
basic member. For the study of other elements of £1(S, D, H), we first
consider a special case where the following two conditions are satisfied:

e The monodromy matrices p(y) are all unipotent;

e The fibration f admits a meromorphic section over a neighbor-
hood of any point of S\ Z for a Zariski closed subset Z of
codimension greater than one.

Under the situation, our Theorems 4.3.1 and 4.3.2 state that f is bimero-
morphically equivalent to a basic elliptic fibration. Further the basic
elliptic fibration is a smooth elliptic fibration or a toric model which
is constructed by the method of toroidal embedding theory ([KKMS]).
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These are minimal elliptic fibrations. Next, for a general elliptic fibration
f: X — S, we have a finite ramified covering of the form

rT=A"x A4t §=Alx Ad!

(91,92,...,91,t1+1,tl+2,...,td) — (0{"1,9;"2,...,Hl"Ll,tlH,tlJrz,...,td)

for some m; > 1 such that fr: X xgT — T satisfies the above two condi-
tions. Hence fr is bimeromorphically equivalent to pr: B(H)xsT — T.
Therefore the bimeromorphic equivalence class of f is determined by a
meromorphic action of the Galois group Gal(7) on pr. The basic elliptic
fibration p is a group object over S*. Hence the sheaf Gy, g of germs of
meromorphic sections of p is a sheaf of abelian groups. Since we always
fix a marking of variation of Hodge structures, the action of an element
of the Galois group is written as the translation by a meromorphic sec-
tion of pr. Therefore, £ (S, D, H) is identified with the inductive limit
of Galois cohomology groups

l_iLnHl(Ga'l(T)a HO(T: 6HT/T))a

where Hr is the pullback of H on T* := 771(S*) and the limit is taken
over all such coverings 7 described as above. We shall describe the limits
and the actions of Galois groups on basic elliptic fibrations in §§5-7.

Background

The study of elliptic fibration was developed by Kodaira’s work on
elliptic surfaces, i.e., elliptic fibrations over curves, in [Kd1] and [Kd2].

In the work, first the classification of singular fibers of minimal el-
liptic fibrations is obtained by a calculation of intersection numbers of
irreducible components. The following types of singular fibers are listed
(cf. Figure 3 and Figure 4): ,,I,, I*, I, I*, III, III*, IV, IV*, where
a>0and m > 1.

Next, the basic elliptic fibration is constructed from the data of pe-
riod function and monodromy representation defined on a Zariski-open
subset of the base curve, which were essentially called functional and
homological invariants, respectively. The construction is natural over
the Zariski-open subset. To obtain an extension of the basic fibration
to the whole base curve, we may assume that the curve is a unit disc A
and the Zariski-open subset is the punctured disc A* = A\ {0}. If the
monodromy matrix is trivial, then the period mapping is single-valued
and thus the smooth basic fibration is naturally extended. In the case
the monodromy is unipotent of infinite order, i.e., I,, (a > 0), Kodaira
made a technical construction of the basic fibration. But now it can be
replaced by the method of toroidal embedding theory ([KKMS]). For
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other cases of monodromy matrices, a branched covering A — A reduces
to the study of actions of the Galois group on the above basic fibrations.
The quotient spaces, their desingularizations and further their (rela-
tive) minimal models are obtained by careful calculations. The result
corresponds to the classification of non-multiple singular fibers. Kodaira
proved that every elliptic surface without multiple fibers is a twist of the
basic member by the translation by local sections. Thus the set of such
fibrations is essentially identified with the cohomology group H'(S, &),
where S is the base curve and & is the sheaf of germs of sections of the
basic fibration.

For general elliptic fibrations, Kodaira showed in [Kd2] that every
multiple fibers are obtained from an elliptic surface without multiple
fibers by logarithmic transformations.

His theory contained not only local but also global properties of
elliptic fibrations. This was generalized to the study of degenerations
of abelian varieties, where a particular open subset of the basic elliptic
fibration is considered as the Néron model. In the purely algebraic situa-
tion, birational equivalence classes are determined only by smooth parts,
or more strictly, by generic fibers. Hence the study of multiple fibers
is replaced by that of Galois cohomology groups H'(Gal(L/K), E(L)),
where FE is an elliptic curve with origin (hence is fixed a group structure)
over a field K, L/K is a Galois extension, E(L) is the group of L-valued
points.

In the analytic situation, Kawai ([Kwi]) succeeded in generalizing
the construction of basic members to the case of elliptic fibrations over
surfaces, where the resulting ambient spaces were not necessarily non-
singular. Ueno ([U]) obtained their desingularizations, which however
are not distinguished models in their bimeromorphic equivalence classes.
To obtain a good model, we had to wait the development of the minimal
model theory.

Their basic members were also determined by functional and homo-
logical invariants. Now we know that giving these invariants is equiva-
lent to giving a polarized variation of Hodge structures of weight one and
rank two (cf. [G]). This is also equivalent to giving a Weierstrass model
[Ny4]. It was proved that every elliptic fibration admitting a section is
bimeromorphically equivalent to a Weierstrass model. Before [Ny4], Mi-
randa ([Mi]) studied the desingularizations of Weierstrass models over
surfaces, where he obtained flat minimal models after changing the base
surface by blow-ups.

Compared with the progress in the study of elliptic fibration ad-
mitting a global section, few results were known for general elliptic fi-
brations. For example, some interesting examples are found in the case
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multiple fibers appear. Especially, Fujimoto ([Fm]) constructed them
by a generalization of logarithmic transformation. Some of them in-
duce examples of deformations of complex manifolds under which the
plurigenera are not invariant.

The minimal model theory of projective varieties (cf. [KMM]) to-
gether with its generalization to complex analytic varieties [Ny3, §4]
allows us to study the minimality of elliptic fibrations. For the classifica-
tion of elliptic fibrations, it is essential to determine the relative minimal
models. Since Mori ([Mo]) has proved the three-dimensional flip conjec-
ture, there exist relative minimal models for a given projective elliptic
fibration over a surface. These minimal models usually have terminal
singularities and are not uniquely determined in their bimeromorphic
equivalence classes. However, every two bimeromorphically equivalent
minimal models are connected by a sequence of flops [Kw4] and [K12].
We have studied elliptic fibrations over surfaces by applying the minimal
model theory in [Ny5], whose Main Theorem corresponds to Theorems
4.3.1 and 4.3.2.

Previous version

The author intended to write this paper as “Elliptic fibrations over
surfaces I1,” that is a continuation of [Ny5]. He considered the cases of
non-unipotent monodromies and of multiple fibers, by taking a suitable
finite Kummer covering A2 — AZ2. The study was reduced to that of
Galois actions on special basic fibrations. The classification of the ac-
tions was to be the contents of “Part 1I.” But a few months later, the
author obtained a generalization of Main Theorem of [Ny5] to the higher
dimensional case. The three-dimensional flip theorem ([Mo]) was essen-
tial in the proof in [Ny5]. He found a new idea to prove it without using
the flip theorem. By the progress, the classification of actions of covering
groups is also extended to higher dimensional case. This is essentially re-
duced to calculating Galois cohomology groups. The first version [Ny7]
appeared in a preprint series of Department of Mathematics, Faculty of
Science, University of Tokyo in 1991.

The construction of the first version is as follows: §§1-3 are devoted
to some basics on elliptic fibrations. The basic properties on period
functions for smooth elliptic fibrations are explained in §1. Especially,
variations of Hodge structures, basic elliptic fibrations and their torsors
are discussed. In §2, monodromy representations over a product of punc-
tured discs are studied. The types of monodromies are classified into: Iy,
19, 11, ), v, v 1, IE:)) (cf. Table 2). The sets of smooth
elliptic fibrations over the base with a fixed variation of Hodge structures
are calculated in each type. Thus all the smooth elliptic fibrations over
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the product of punctured discs are described. However, the calculation
of Galois cohomology groups contains some errors. The canonical exten-
sion of the variation of Hodge structures to S = A? is explained in §3.
We have some results on locally projective or Kéahler elliptic fibrations
from fundamental isomorphisms Corollary 3.2.1 for direct image sheaves
of canonical sheaves and from torsion free theorems for the higher direct
image sheaves. Examples of non-Ké&hler elliptic fibrations are given. In
84, toric models are constructed, which are basic elliptic fibrations cor-
responding to variations of Hodge structures with non-trivial but only
unipotent monodromies. These are given by the method of toroidal
embedding theory. Similar constructions appeared in the study of de-
generation of abelian varieties (cf. [Nk], [Nm]). The last part of §4 is
devoted to proving the main results Theorems 4.3.1 and 4.3.2, which are
generalizations of Main Theorem in [Ny5]. In §5, elliptic fibrations over
curves are studied from a viewpoint of toric models. In §6, the case of fi-
nite monodromies is studied and possible elliptic fibrations are described
as the quotient space of basic smooth fibration by an action of Galois
group. In §7, the case of infinite monodromies are treated. However,
the calculation of some Galois cohomology groups in the case of IE:)) is
not clearly mentioned. It had two appendices, where elliptic fibrations
over surfaces are studied by the method of minimal model theory. In
Appendix A, the study of elliptic fibrations over a surface is shown to be
reduced, in some sense, to that of standard elliptic fibrations. They are
relative minimal fibrations with only equi-dimensional fibers and satisfy
more conditions. In Appendix B, the good minimal model conjecture is
proved for compact Kéhler threefolds admitting elliptic fibrations. This
is a generalization of the unpublished paper [Ny6].

Present version

The author left the first version untouched about five years. In the
period, he received a paper [DG] of Dolgachev and Gross, where elliptic
fibrations over surfaces are studied in the purely algebraic situation. For
the use of étale cohomology theory, they looked carefully at the models
obtained by Miranda ([Mi]) and calculated similar Galois cohomology
groups. In our first version, the author did not understand the impor-
tance of describing the groups. In the study of the groups, he found
a kind of generalization of étale cohomology theory, by which we can
consider global structures of elliptic fibrations in the analytic situation.
This is named the 9-étale cohomology theory and is written in [Ny8] in
1996. The results on Galois cohomology groups in this paper are also
derived from [Ny8], since the structure of £7(S, D, H) is studied in more
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general case. Under the influence of [Ny8], the author decided to write
a new version of this paper. The preparation however has been slow.

The major difference between previous and present versions is as fol-
lows: §0 is added. Here an elementary descent theory, G-linearization,
and torsors are discussed. §§0-3 are still preliminary sections. In §2,
we change the base space S* to be a product of punctured discs and
polydiscs, i.e., S* = (A*)! x A4"l. We divide the case IE:)) into three
subcases (cf. Table 3). By a similar method to [Ny8|, we calculate the
related group cohomologies in each type. Similarly to the previous ver-
sion, all the smooth elliptic fibrations over S* are described. In §3, we
explain more on the canonical extension of a variation of Hodge struc-
tures of rank two, weight one defined on S* to S := A¢. In particular,
we determine possible period functions. In §4, we add a discussion on a
kind of generalization of torsors in §4.1, which are torsors in a sense of
bimeromorphic geometry. It is important, since our basic fibrations are
not group objects, but have group structures in meromorphic sense. We
also give an extension Theorem 4.1.1 of smooth projective elliptic fibra-
tions. The description of toric models in §§4.2 and 4.3 are essentially
same as before, except the following two things:

e The proof of Proposition 4.2.12 is replaced. Original argument
is combinatorial and the new one is an application of the theory
of elliptic surfaces.

e Another proof of Corollary 4.3.3 is added, in which the toric
models are not used. This is based on an argument of Viehweg
in [V, 9.10].

§85—7 are devoted to the calculation of the set £7(S, D, H) and the
description of any projective elliptic fibrations over S = A? with dis-
criminant locus D. In §5, we consider not only the case S is a curve but
the case | = 1, i.e., the discriminant locus D is a smooth divisor. We
have unique minimal models in this case. We treat the case H has a
finite monodromy group in §6 and the remaining case in §7. The calcu-
lation is much simpler than that in the previous version. In Appendix
B, B.8 is corrected.

Acknowledgement. Most results in the case “over surfaces” of
this paper are obtained when the author was supported by the Yukawa
foundation in 1990. The author expresses his gratitude to Professors
Masayoshi Miyanishi and Shuichiro Tsunoda for their hospitality and
warm encouragement. Professors Hironobu Maeda, Atsushi Moriwaki,
and Atsushi Noma gave him useful advice on BTEX. After the first
version appeared, Professors Keiji Oguiso and Tohsuke Urabe informed
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tute of Technology. The experience is important for the modification to
this version. He expresses his gratitude for the hospitality, especially to
Professors Masahiko Saito, Hideyasu Sumihiro, Mikio Furushima, Takao
Fujita, and to the late professor Nobuo Sasakura. He had many chances
to discuss with Professor Yoshio Fujimoto, after moving to RIMS (Re-
search Institute for Mathematical Sciences) Kyoto University. That is
helpful to this modification and to another paper [Ny8]. The author
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Notation

We use the same notation as in [Ny3], [Ny4], and [KMM], and need
the following in addition.

‘Complex analytic space: We treat only complex analytic spaces
which are Hausdorff and have countable open bases. A complex analytic
variety means an irreducible and reduced complex analytic space. A
complex analytic manifold means a nonsingular complex analytic variety.
Every complex analytic manifolds should be connected.

Polydisc: Let A? be the d-dimensional unit polydisc

{(t1,t2,...,ta) €C¥||ts] < 1for 1 <i<d}

with respect to a coordinate system (t1,%2,...,t4). The coordinate hy-
perplane {t; = 0} is often denoted by D;. We denote by A* the punc-
tured disc A\ {0}. Thus (A*)! x Ad~t ~ Ad\ Ui:l D,.

Exponential mapping: We denote the function exp(2m/~12)
by e(z) for z € C. The universal covering space of the punctured disc
A* is isomorphic to the upper half plane H := {z € C|Imz > 0}. The
function z — e(z) induces a universal covering mapping H — A*.

Pullback of open subsets: Let f: V — W be a morphism of
complex analytic spaces. For an open subset U C W, we shall denote
the pullback f~!(U) by Viy.

Morphisms over a fixed base space: Let f: X — S and
g: Y — S be morphisms of complex analytic spaces. A morphism
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h: X — Y is called a morphism over S, if f = go h. A complex
analytic space over S is a morphism f: X — S from a complex analytic
space.

Duals: Dual objects are indicated by V. For example, we denote
by FV the dual Home, (F,Ox) for an Ox-module F of a complex
analytic space X.

Elimination: For a sequence of letters ay,as,...,a, and for 1 <
i < n, if we eliminate a;, then we denote the remaining sequence by
A1, A2y ey Ay ey Oy

Special complex numbers: We write w := e(27y/—1/3) and
i:=+/—1.

Fibrations and Projective morphisms: A proper surjective
morphism f: X — S of complex analytic varieties is called a fibration
if X and S are normal and if any fibers of f are connected. A proper
morphism f is called a projective morphism if there exists an f-ample
line bundle (invertible sheaf) on X (cf. [Ny3]). f: X — S is called a
locally projective morphism, if there is an open covering | J Sy = S such
that X5, — S\ is a projective morphism for any A. Note that the
composite of two projective morphisms is not always projective. This
is only a locally projective morphism. The composite of two locally
projective morphisms is not always locally projective.

Minimal models: A fibration f: X — S is said to be a minimal
fibration (or a minimal model) over a point P € S, if the following
conditions are all satisfied:

(1) f is a (locally) projective morphism;

(2) X has only terminal singularities;

(3) X is Q-factorial over P (cf. [Ny3, §4]);

(4) the canonical divisor (class) Kx of X is f-nef over P, i.e., the

intersection numbers (Kx - C') > 0 for any irreducible curves C
such that f(C) = P.
Although, sometimes, a fibration f: X — S is said to be a minimal
fibration even if it does not satisfy the condition (3).

Elliptic fibrations: A fibration f: X — S is called an elliptic
fibration if general fibers are nonsingular elliptic curves. In this paper, we
shall treat mainly the projective elliptic fibrations (cf. §3.3). If dim S =
1, every elliptic fibration is a locally projective morphism. But there
is an elliptic fibration over A% whose central fiber is a Hopf surface
(cf. Examples 3.3.4 and 3.3.5).

Sections: Let f: X — Y be a proper surjective morphism between
complex analytic varieties. A closed subvariety ¥ C X is called a section
of f if f induces an isomorphism ¥ ~ Y. If ¥ — Y is a bimeromorphic
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morphism, then ¥ is called by a meromorphic section. Furthermore a
morphism ¢: Y — X such that f oo =idy is also called a section of f.

Variation of Hodge structures: (cf. §1.1.) Since we consider
elliptic fibrations, we treat variations of Hodge structures only of rank
two and of weight one. Further we always assume such variation of
Hodge structures admits a polarization defined over Z.

§0. Descent theory

0.1. General situation

Let X be a complex analytic space and let : G x X — X be a
left action of a discrete group G. Suppose that the action is properly
discontinuous. For the quotient morphism 7: X — Y := G\ X, there
is a canonical morphism G X X 3 (g,z) — (gz,z) € X xy X. It is
an isomorphism if the action is fixed point free. For a complex analytic
spaces Z, let F'(Z) be one of the following categories:

(1) The category of sheaves of abelian groups over Z;
(2) The category of complex analytic spaces over Z.

Then we have pullback functors 7*: F(Y) — F(X), o*,p5: F(X) —
F(G x X), and

D315 P32, P31 F(G x X) — F(G x G x X),

where py: G x X — X denotes the second projection and psi, ps2, p21
the morphisms G x G x X — G x X defined by

P31 (97 h, m) = (gh7 iL‘), P32 (g,h,a:) = (ham)’ P21t (g7ha$) — (g,h:v).

Suppose that there is an isomorphism 1: £ ~ 7*n for objects £ € F(X)
and 7 € F(Y). Then we have a natural isomorphism

¢ = (1, %) = p3(¥) "t 0 0¥ (): 0¥E — 0T = p5T*N — P3¢,
which satisfies the following cocycle condition:

(0.1) P31(9) = P32(9) 0 P51 ().

Definition 0.1.1. A pair (£, ¢) consisting of an object £ € F(X)
and an isomorphism ¢: 0*§ — pi¢ satisfying the cocycle condition (0.1),
is called a G-equivariant object of F(X). A morphism f: (&1,¢1) —
(&2, d2) is defined to be a morphism f: & — & in F(X) such that
¢1 0 p5(f) = é2 0 0*(f). We denote by F(X,G) the category of G-
equivariant objects of F(X).
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Let us denote by Ly: X — X the action of g € G. We can identify
Ly with the composite X = {g} xX C Gx X 2 X. For an isomorphism
¢: 0*¢ — p5¢ in F(X) and for an element g € G, let ¢4 be the morphism
qﬁg Pl{gyxx: Ly§ — &. Then the cocycle condition (0.1) is equivalent

(0.2) bgh = én 0 L}, (dg)

for any g,h € G. Thus ¢ of a G-equivariant object (£, ) is determined
by the collection {¢y} satisfying (0.2).

The natural functor 7*: F(Y) — F(X) factors through F(X,G) —
F(X). As in the usual descent theory, we have the following:

Lemma 0.1.2. Suppose that the action of G on X is free. Then
the natural functor *: F(Y) — F(X,G) gives an equivalence of cat-
egories. That is, for a G-equivariant object (§,¢) € F(X,Q), there
exist an object 1 € F(Y) and an isomorphism : £ ~ 7*n such that
& = ¢(n,v), and furthermore, the pair (n,v) is uniquely determined up
to the following equivalence relation: (n,v) ~ (n',v’') if and only if there
is an isomorphism 0: n — 1’ such that ¥’ = 7*(0) o 1.

For two G-equivariant objects (£1, ¢1) and (&2, ¢2) of F(X), the set
Homg(x)(&1,&2) of morphisms admits a right action of G as follows: For
g € G and a morphism f: & — &9,

4)19 *(f) ¢29

[0 = dag o Ly(f) o g & =5 Loy = L =5 &

Similarly, for a G-equivariant object (£, ¢), we have a right action of G
on the automorphism group Autp x)(&)-

Lemma 0.1.3. Let (£, ¢) be a G-equivariant object of F(X). Then
the set of isomorphism classes of G-equivariant objects of the form (€, ¢')
is identified with the cohomology set H' (G, Autp(x)(£)), where the ac-
tion of G on Autp(x)(§) is determined by ¢.

Proof. Let ¢: Ly¢ — & be the restriction of ¢’ to {g} x X and set
p(g) := ¢y o (,i)g‘l € Autp(x)(§). Then for g,h € G, we have

p(gh) = p(h) o ¢n o Li(p(g)) © ¢, ' = p(h) o p(g)".

Thus {p(g)} defines a cocycle in Z'(G, Autp(x)(£)). Conversely, for a
cocycle {p(g)}, the collection {¢ := p(g)o¢,} defines an isomorphism ¢’
satisfying the cocycle condition (0.1). Suppose that two cocycles {p1(g)}
and {p2(g)} define two isomorphisms ¢1,¢2: 0*§ — p3&, respectively.
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Then (&, ¢1) is isomorphic to (£, ¢2) in F(X,G) if and only if {p1(g)}
and {p2(g)} are cohomologous. - Q.ED.

Corollary 0.1.4. Suppose that the action of G on X is free. Letn
be an object of F(Y). Then the set of isomorphism classes of ' € F(Y)
admitting an isomorphism T*n ~ 7*n’ is identified with the cohomology
set HY(G, Aut(1*n)).

0.2. G-linearization

Let X,Y,G be same as before. We shall recall the notion of G-
linearization (cf. [Mul]). For a sheaf F of abelian groups on X, a G-
linearization is an isomorphism ¢: ¢ =1 F — py 1 F satisfying the cocycle
condition p%; (¢) = piy(¢) ops;(#). Therefore this is the case F(Z) is the
category of sheaves of abelian groups on Z. For two G-linearized sheaves
(F1,¢1) and (Fz, ¢2), the tensor product Fy ® Fo has a G-linearization
¢1 ® ¢o. A G-linearization ¢ on the sheaf Hom(F;, F,) is given by

¢: Hom(o 7 Fi,07 Fa) S am gpoao gy’ € Hom(py ' Fiup; Fa).

As in §0.1, from a G-linearization on F, we have a right action of G
on the set H°(X,F) = Homy(Zx,F). This is called the dual action
of G in [Mul]. Therefore, the direct image sheaf 7.F also admits the
right action of G. Let G be the G-invariant part of 7,F, ie., G :=
Homz, 1g)(Zy , 7+F). If the action of G is free, then there is an isomor-
phism F ~ 771G by Lemma 0.1.2. The set of isomorphism classes of G-
linearizations of F is identified with the cohomology set H*(G, Aut(F))
by Lemma 0.1.3. The cohomology groups H?(X,F) ~ HP(Y, .JF) have
also right G-module structures, since so does 7, F. Here we recall the
following;:

Lemma 0.2.1 (Hochschild—Serre spectral sequence). Suppose that
the action of G on X is free. Let G be a sheaf of abelian groups on Y.
Then there is a spectral sequence:

EP? = HP(G, H(X,77(9))) = H"*1(Y,0).

In particular, if H(X,77Y(G)) = 0 for any i > 0, then, for all p, we
have an isomorphism

HP(G,H°(X,774(G))) ~ H*(Y,G).

Next we shall consider the case F(Z) is the category of sheaves of
Oz-modules in §0.1, where Oz denotes the structure sheaf. The Ox
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has a natural G-linearization which is explicitly written as follows: The
isomorphisms ¢, : Lg_lo x ~ Ox are given by

H°(gU,0x) > f — f9 € H(U,Ox),

where U C X is an open subset and f9(z) := f(gz) for z € U. A G-
linearization of an O x-module F is called O x-linear if the multiplication
Ox xF — F is compatible with G-linearizations. Then we have the cat-
egory of G-linearized Ox-modules. This is identified with the category
of Oy-modules when G acts on X freely. For a G-linearized Ox-module
F, the set of isomorphism classes of Ox-linear G-linearizations is iden-
tified with the cohomology set H'(G, Auto, (F)) by Lemma 0.1.3.
Next we shall consider a special case. Let M be an abelian group.
Suppose that X is connected and that there is a G-linearization ¢ on
the constant sheaf My := M ® Zx which is different from the trivial
G-linearization induced from My := M ® Zy. The ¢ corresponds to
an element of H'(G, Aut(Mx)) by Lemma 0.1.3. Since X is connected,
we have Aut(Mx) = Aut(M) and thus G acts trivially on Aut(M).
Therefore, the cohomology set H* (G, Aut(Mx)) is identified with the set
Hom,i; (G, Aut(M)) of anti-group homomorphisms from G to Aut(M).
Thus M has a right G-module structure, which is nothing but the right
module structure of M = H°(X, Mx) induced from ¢. If M has a
right G-module structure, then there is uniquely a group homomorphism
p: G — Aut(M) such that 9 = p(g~!)(zx) for any x € M. The tensor
product M ®z Ox has a natural G-linearization induced from Mx ~
71 My and from the natural G-linearization of Ox. We have another
G-linearization of M ®z Ox from ¢ above. Thus we have:

Lemma 0.2.2. Suppose that X is connected and let M be an
abelian group. Then the set of G-linearizations of the constant sheaf Mx
is identified with the set Hom(G, Aut(M)) of group homomorphisms. For
a homomorphism p: G — Aut(M), the corresponding G-linearizations
of Mx and M ®z Ox, respectively, are given in the following way:

H°(gU,Mx) =M >z — p(g7')(z) € M = H°(U, Mx),
H%gU,M @ Ox) > v— 9 € H(U,M ® Ox),
where U C X is a connected open subset, g € G and for z € U,
v9(2) := p(g ™" )v(g2).

Suppose further that Y is a connected analytic space and let H be a
locally constant sheaf with fiber M, i.e., H is isomorphic to the constant
sheaf My locally on Y, and that 7: X — Y is the universal covering
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space. Then G is isomorphic to the fundamental group m(Y,y) for a
point y € Y and acts on X freely. Thus there exist an isomorphism
W: My ~ 1t H and also a G-linearization ¢ = ¢(H, 1) on Mx. Hence
we have a group homomorphism p: G = m(Y,y) — Aut(M), which is
called the monodromy representation of H.

0.3. Torsors

Still let X, Y, G be same as in §0.1. We shall consider the case F(Z)
is the category of complex analytic spaces over Z. Let f: W — X
be a morphism of complex analytic spaces. Suppose that there is an
isomorphism ¢: o*(W) := (G x X) xx W - p3(W) = (GXx X) xx W
over G x X satisfying the cocycle condition (0.1). Then the restriction
of ¢ to {g} x X defines an isomorphism ¢4: L;W =~ W. These ¢, satisfy
the cocycle condition (0.2). From ¢4, we have the following commutative
diagram:

Wt w——w
L;() |7
X — X

Lg

Let ¢©(g): W — W be the composite of the morphisms appearing at the
top sequence in the diagram above. Then we have ¢(gh) = ¢(g) o ¢(h).
Therefore G acts holomorphically on W from the left and the action
is compatible with W — X. Therefore we have the quotient space
V =G\W over Y. If G acts on X freely, then so on W. Hence W — V
is étale and W ~ V xy X, in the case.

Next we shall consider a special case. Suppose that the action of
G on X is free. Let B — Y be an analytic space over Y admitting a
group structure, i.e., the functor Z — Homy (Z, B) from the category of
complex analytic spaces over Y to the category of sets factors through
the category of groups. Thus the set B(X/Y) := Homy (X, B) is con-
sidered as the group of sections of Bx := B xy X — X. We have a right
action of G on the group B(X/Y) = Homx (Yx, Bx) by §0.1. There is
an injection B(X/Y) 3 0 — tr(c) € Autx(Bx), where tr(o) is the left
multiplication mapping

Bx =B xy X 3 (b,z) — (o(x)b,z) € Bx.

This injection is a G-linear group homomorphism, i.e, tr(¢¥) = tr(c)? for
g € G and tr(o102) = tr(o7) otr(oz). A cocycle {04} in ZY(G,B(X/Y))
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defines an element of H'(G, Autx(Bx)) and determines a smooth mor-
phism V — Y from the quotient space V := G\ Bx by the action:

Bx 3 (b,x) — (04(x)b, gr) € Bx.
Then B — Y acts on V — Y from right by:
V xy B3 ([b,z],b) — [bb,z] € V,

where [b,z] denotes the image of (b,z) € Bx = B Xy X under the
quotient morphism Bx — V. Furthermore we have a Bx-linear isomor-
phism Bx ~ Vx.

Definition 0.3.1. A smooth morphism V — Y is called a torsor
of B—Y if B—Y actson V — Y from the right and there exist an
open covering {Y»} of Y and B-linear isomorphisms B}y, ~ V}y,.

The set of isomorphism classes of torsors of B — Y whose pullbacks to X
are trivialized is identified with the cohomology set H'(G, B(X/Y)) by
Lemma 0.1.3. The set of isomorphism classes of torsors of B — Y itself
is identified with the cohomology set H1(Y, O(B/Y)), where O(B/Y) is
the sheaf of germs of sections of B — Y, i.e., H*(U,O(B/Y)) = B(U/Y)
for open subsets U C Y. Therefore we have an injection

H'(G,B(X/Y))— H'(Y,0(B/Y)).

As an analogy of Lemma 0.2.1, we see that the injection is extended to
a sequence:

H'(G,B(X/Y)) - HY(Y,0(B/Y)) —» HY(X,O(Bx /X)),

which is exact in the following sense: If an element of H(Y,O(B/Y))
goes to the trivial element in H'(X,O(Bx/X)), then it comes from
HY(G,B(X/Y)).

We can also consider similar things in the case the action of G is
not necessarily free. But for the resulting quotient space V', the induced
morphism V' — Y is not necessarily a smooth morphism. We can also
consider the case that B — Y has only a meromorphic group structure
and the group G is finite. By replacing B(X/Y) by a group of mero-
morphic sections of Bx — X, we obtain a meromorphic action of G on
Bx from an element of H(G,B(X/Y)). Since G is finite, we have a
meromorphic quotient V' (up to the bimeromorphic equivalence relation)
of Bx by the action.
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§1. Smooth elliptic fibrations

1.1. Variation of Hodge structures of rank two and weight
one
An elliptic curve C is isomorphic to a complex torus C/L, where
L =L, = Z + Zw for some w € H. Under a natural isomorphism
m1(C) ~ H1(C,Z) ~ L, we have the following two loops 71 and ~ of C
corresponding to w and 1 in L, respectively:

7:[0,1]2t—tweC, 70:[0,1]2t—teC.

For the coordinate z of C, dz defines a holomorphic 1-form on C. Further
H(C,C) is spanned by the cohomology classes of dz and dz. The Hodge
decomposition H}(C,C) = H* @ H%! is given by H'®* = Cdz and
H%! =Cdz. Let (e1,ep) be the dual base of H(C,Z) to (71,70). Then
dz = ep + weq in H*(C,C), since

/dz=1 and /dz:w.
Yo Y1

Let A\ HY(C,Z) ~ H?(C,Z) — Z be an isomorphism sending eo A e;
to 1. Let Q: HY(C,Z) x HY(C,Z) — Z be the induced skew symmetric
bilinear form. Then

v !

dzAdz = —ﬂQ(dz, dz) = Imw.
o 2 2

Let H,(C,Z) — (H"®)V = Hom(H"°,C) ~ C be the homomorphism
given by the integral
v / dz.
¥

We see that the induced homomorphism H;(C,C) — (H'?)V is dual
to the injection HY® — H'(C,C). Moreover we have a commutative
diagram of exact sequences:

0 —— HY —  HYC,C) —— H* — 5 0

| d |
0 —— (H®)Y — H:(C,C) —— (HYO)Y —— 0,

where ¢: H*(C,C) — Hy(C,C) is the isomorphism by Poincaré duality
determined by @, explicitly by g(eg) = v1 and g(e1) = —7o.

A polarized Hodge structure H = (H,Q, F'*) of rank two and of
weight one is defined to be the following data (cf. [D], [G]):
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(1) A free Z-module H of rank two;

(2) A skew symmetric bilinear form Q: H x H — Z inducing an
isomorphism A\ H =~ Z;

(3) A descending filtration of vector subspaces of H¢ := H ® C:

0= F*(He) C F*(Hc) C FO(He) = He

satisfying the following conditions:
(a) dim F(Hc) = 1;
(b) F'(Hc) @ F1(Hc) = Hc, where F1(Hc) denotes the
complex conjugate;
(¢) v=1Q(z,Z) > 0 for any nonzero element z of F(Hc).

The Q is called the polarization of H and {F?} is called the Hodge filtra-
tion. The condition (c) is called the Hodge-Riemann bilinear relation.
For the elliptic curve C above, the data (H'(C,Z),Q, F! = H'?) form
a polarized Hodge structure of rank two and of weight one. Conversely,
any polarized Hodge structure of rank two and of weight one defines an
elliptic curve inducing the same Hodge structure.

Let S be a complex analytic variety. A polarized variation of Hodge
structures H = (H,Q, F*) of rank two and weight one over S is defined
to be the following data (cf. [D], [G]):

(1) A locally constant sheaf H with fiber Z®2;

(2) A skew symmetric bilinear form Q: H x H — Zg inducing an

isomorphism A? H ~ Zg;

(3) A descending sequence of holomorphic subbundles:

0=F2(H)C F'(H) C F'(H)=H := H® Os,

where the restriction (Hy, Q,, F* ® C(s)) to the fiber over any
point s € S forms a polarized Hodge structure of rank two and
of weight one.

Note that the Griffiths transversality condition is satisfied automatically
in this case.

Example 1.1.1. Let f: X — S be a smooth elliptic fibration,
i.e., a smooth proper surjective morphism with elliptic curves as fibers.
Then H := R'f,Zx is a locally constant sheaf with fiber Z®2. The cup
product R f,Zx xR' f.Zx — R*f.Zx and the trace map R*f,Zx ~ Zs
define a skew symmetric bilinear form @ on H. Let

d
0— f10s — 0x 2° 0% /5 —0
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be the relative Poincaré exact sequence. By taking higher direct images,
we have an exact sequence:

0— f*Q;'/S - le*f_los ~H®O0s — le*oX — 0.

Let F1(H) be the subbundle f*Q}X/S of H := H® Og. Then the con-
ditions (a), (b), (¢) above are satisfied on each fiber. Thus we have a
variation of Hodge structures of weight one and rank two from a smooth
elliptic fibration.

Let H be a variation of Hodge structures of rank two and weight
one whose local constant system H is trivial. Then we can choose a base
(eo,e1) of H°(S, H) so that Q(eo,e1) = 1. Denoting Ly := H/F(H),
we have a surjection r: O%? ~ H — L. The sections r(eg) and r(er1)
of Ly are nowhere vanishing. We then define a function by

r(eo)

r(e1)

for z € S. The Hodge subbundle F1(H) is generated by w(z)e; + eo.
Hence the Hodge-Riemann bilinear relation implies that Imw(z) > 0,
i.e., w is a mapping into the upper half plane H. Let (eg, eg) be another
base of HO(S, H) with Q(e}, e!) = 1. Then

(e1,e0) = (€} ef) (Z Z)

for a matrix in SL(2,Z). Let w!(z) = —r(el)/r(e!) be the similarly
defined function. Since w!(z)e! + el is also a generator of F!(H), there
is a nowhere vanishing holomorphic function u(z) such that

¢ Q) (7) = ()

Thus u(z) = cw(z) + d and w#(2) = (aw(2) + b)/(cw(2) + d).

w(z) = —

Definition 1.1.2. The w(z) is called the period function.

Next suppose further that there is a properly discontinuous action
of a discrete group I' on S and that the variation of Hodge structures
H admits a I'-linearization. This means that the locally constant sys-
tem H and Hodge filtrations F*(H) admit compatible T-linearizations
which preserve the polarization Q). For the right I'-module structure of
HO(S, H), we have a group homomorphism p: I' — Aut(H°(S, H)) such
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that 7 = p(vy) 'z for x € H°(S, H). Since Q is preserved, we have a

matrix
_ (o by
p('Y) = ( cy dv)

in SL(2, Z) such that (e], eJ) = (e1, €0)p()~!. We shall write an element
of HY(S, H) = Ze, ®Zeo by a column vector ¥z, y) consisting of integers
which corresponds to ze; + yep. Let HY be the dual locally constant
system Hom(H,Zg) and let (ey,ey) be the dual base to (eg,e;). We
identify a row vector (m,n) consisting of integers with mey + ney in
H°(S,HV). Since (m,n) - Yz,y)" = (m,n)p(y"1)¥z,v), the right I-
module structure of H°(S, HV) is described by (m,n)Y = (m,n)p(y).
Let g: H — HY be the isomorphism defined by ¢(z)(y) = Q(z,y) for
z,y € H. Then we have g(ep) = €Y, and g(e1) = —ej. More explicitly,

we have
()= %)

Thus ¢ is compatible with I'-linearizations, since

tp(v‘l)=((1) _01) p(v) (‘1) _01)—1-

We shall also write an element of H O(S, 'H) by a column vector

f (Z))
v(z) =
=40
consisting of global holomorphic functions which corresponds to f(z)e; +
g(2)eg. Then the right I-module structure of H°(S,H) is given by

v(2)” = p(y)'v(yz). Since F(H) is generated by w(z)e; + eo, for
each v € I', we have

o) () = et + 4 (*7)

In particular, we have

b
(1.1) w(yz) = ayw(z) + by
cyw(z) +dy
Now we have the following commutative diagram of exact sequences:
0 —— F(H) H Ly 0

| | H

0 —— OS : 0?2 P (95 0,
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where ¢ and p are defined by:

i1 (“’(f)) and  p: (gg;) s a(z) — w(2)B(2).

There is a I'-linearization on Og ~ Lg. The induced right action of T’
on HO(S,0g) is described as follows: For a holomorphic function f(z)
on S and for y €T,

f1(2) = (eyw(z) + dy) f(72):

The homomorphism H — Ly is isomorphic to the dual of F*(H) — H.
Thus the composite

-1
H L S HQOs— Ly
is induced from the following I'-linearized homomorphism:
HY ~ 7% 5 (m,n) = mw(z) +n € Og.

Next, we consider a polarized variation of Hodge structures H of
rank two and of weight one on a complex analytic variety S whose local
constant system is not necessarily constant. Let 7: U — S be the univer-
sal covering mapping. Then 77 'H = (771 H, Q,7*F*(H)) is a variation
of Hodge structures with a trivial locally constant system. We have an
action of the fundamental group T' = 7 (S, s) for a point s € S on U and
a I-linearization on the variation of Hodge structures 7~'H. Thus by
the previous argument, we have a period function w(z) for z € U and a
monodromy representation p: I' — SL(2, Z) satisfying (1.1). Let Lp de-
note the quotient H/F'(H). Then the homomorphism 77*H — 7*Lg
is isomorphic to

ZE% 5 (m,n) — mw(z) +n € Op.

Here the right actions of v € I on H°(U,Z&?) and H°(U, Oy) are given
by:

(m,n) — (m,n)p(y) and f(2) — f7(2) := (cyw(z) + dy) f(72).

Therefore a polarized variation of Hodge structures of rank two and of
weight one is determined by a monodromy representation p: m1(S,s) —
SL(2,Z) and a period function w: U — H satisfying the condition (1.1).
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1.2. Smooth basic elliptic fibrations

We shall define the basic elliptic fibration associated with the vari-
ation of Hodge structures H on S. Let V(H) := V(Lg) — S be the
holomorphic line bundle associated with the invertible sheaf Lg. For
the injection H < Ly, we have a corresponding subspace L(H) C V(H)
étale over S. Locally on S, V(H) ~ S x C and L(H) ~ S x Z2. Since
L(H) is a discrete subgroup of V(H) over S, we can define the quotient
B(H) := V(H)/L(H). This is also described in the following way: Let
w(z) for z € U and p(y) for v € T = m1(S, s), respectively, be the period
function and the monodromy representation defined as before. For v € T’
and (m,n) € Z%2 we define an automorphism ®(v, (m,n)) of U x C by:

C+mw(z)+n)'

UxC>(z()— <7Z’ cyw(z) +d,

Then for any 71,72 € I' and (mq,n1), (m2,n2) € Z2, we obtain

Q(’)/13 (mlynl)) © ¢(727 (m27n2)) = CI)(’YI’Y% (m37 n3))7
where (mg,ng) = (mz,’nz) + (ml,nl)p('yz).

Thus the semi-direct product T' x Z®2 acts on U x C from the left.
Since this action is properly discontinuous and fixed point free, we have
the quotient variety B(H) smooth over S. By the argument of §1.1,
the quotient of U x C by the subgroup I" X 0 is isomorphic to V(H).
Therefore, we have an elliptic fibration p: B(H) — S canonically from
H. The zero section of V(H) — S defines a section o¢: S — B(H).
Note that Rlp*ZB( ) =~ H as variations of Hodge structures. By the
construction, p: B(H) — S has a group structure whose zero section is
agg.

Definition 1.2.1 (cf. [Kd1]). The elliptic fibration p: B(H) —

S is said to be the smooth basic elliptic fibration associated with the
polarized variation of Hodge structures H.

Let o: S — B(H) be another section of p. Since p: B(H) — S has
a group structure, we have the translation morphism tr(c): B(H) —
B(H) over S. Then tr(o) preserves the variation of Hodge structures
H,ie.,
tr(o)”: Rlp*ZB(H) — Rlp*ZB(H)

is the identity mapping. Conversely, we have the following:

Lemma 1.2.2. Let ¢: B(H) — B(H) be an automorphism over
S which induces the identity on H = R'p,Zpgry. Then ¢ =tr(o) for a
section o: S — B(H).



206 N. Nakayama

Proof. Let o: S — B be the composite of the zero section gg: S —
B and ¢: B — B. Then the composite of ¢ and the inverse of the
translation tr(o) also induces the identity on R'p,Zpg. Thus it is enough
to prove that ¢ is the identity morphism provided that ¢ preserves the
zero section. We see that this should be an identity on any fiber, by a
property of automorphisms of elliptic curves. Q.E.D.

Some properties on morphisms of elliptic curves are generalized to:

Lemma 1.2.3.

(1) Let Hy and Hs be two variations of Hodge structures of weight
one and rank two over S and let ¢: B(Hy) — B(H3z) be a mor-
phism over S. Then ¢ = tr(c) o ¢ for the translation morphism
tr(a) by a section o: S — B(H3) and a group homomorphism
¢: B(Hy) — B(Hs) over S.

(2) Let ¢: B(H) — B(H) be an automorphism over S preserving
the zero section. Then the order of ¢ is finite and is one of
{1,2,3,4,6}.

Proposition 1.2.4 (cf. [Kd1]). Let f: X — S be a smooth elliptic
fibration of complex analytic varieties such that H ~ R f,Zx as varia-
tions of Hodge structures. Assume that f admits a section o: S — X.
Then there exists an isomorphism h: X — B(H) over S such that
hoo = oyp.

Proof. Let Ax C X xg X be the diagonal locus, ¥ := o(S) C X,
p1,p2 the first and the second projections, respectively, and let Xy :=
P35 (Z) C X x5 X. We consider the invertible sheaf

N = OXxsX(AX — Ex).
Then for any z € X, we have an isomorphism
N @ = Op=1(sep (2] = [o(f(2)))),

where [z] denotes the prime divisor supported at x on the elliptic curve
f7Y(f(z)). Let c be the image of A" under the natural homomorphism

Hl(X Xs Xvo;(XsX) - HO(X’ Rlpl*O}XSX)'

We shall also consider the following exact sequence induced from the
exponential sequence on X xg X:

0 — R'P1iuZxxsx — R'p1.Oxxsx — R'p1O% . x —

— R?p1.Zxxsx ~ Tx.
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We infer that R'p1.Zxxsx ~ f1H, R'p1.Oxx.x =~ f*Lyg, and that
the natural inclusion H < Ly determined by the variation of Hodge
structures induces the injection Rlp1.Zxx x — R'p,,Ox . x above.
Let & be the cokernel of f='H < f*Ly. Then ¢ € H°(X,&). Since
f*Ly — G is surjective, we have an open covering {X,} of X and
sections ax € H°(X, f*Lp) such that c|x, is the image of oy. Then

OAXAX, — Yuixanx, € HO(XaN Xy, f1H).

The a defines a morphism hy: Xy — V(H) over S. Further hy(z) —
hu(z) € L(H) for € X» N X,,. Therefore we have a global morphism
h: X — B(H) = V(H)/IL(H) over S. By construction, h does not
depend on the choices of open coverings { X} and sections {ay}.

We shall show that h(X) coincides with the zero section of B(H) —
S. By considering the restrictions to X ~ S of f~'H, f*Ly, 6, and
R'p1,0%, . x, we have the following commutative diagram:

H(X,8) —— HO(X,R'p1.0%, x)

! |

H%(S,Ly/H) ——  HO(S,R'f,0%).

The both horizontal homomorphisms are injective. From an isomor-
phism N5y . x =~ Ox and the commutative diagram

HI(X XSX7O.§(><5X) - Hl(z XSX?OEXsX)

l |

HO(X,R'p1.O%,.x) —— H°(S,R'f,0%),

we infer that the image of cin H°(S, Ly /H) is zero. Thus h(X) coincides
with the zero section.

Finally, we shall prove that h is an isomorphism. We have only
to check it on each fiber of X' — S. The restriction of & to a fiber
E := f~1(P) is essentially isomorphic to:

E 3>z O([z] — [0(P)]) € Pic®(E).
Therefore this is an isomorphism. Q.E.D.

We thus obtain a one to one correspondence between the set of
isomorphism classes of smooth basic elliptic fibrations and that of po-
larized variations of Hodge structures of rank two, weight one over S.
Next, we shall relate them with Weierstrass models [MS], [Ny4]. Let
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(L,,3) be a triplet consisting of an invertible sheaf £ on S and sec-
tions a € HO(S, L2(-%), B € H(S, LB(=9)) such that 0 # 40> +2762% €
HO(S, £8(~12)). For the P?>-bundle p: P := P(Os ® LZ?® L®3) — S, let
O(1) be the tautological line bundle. According to the natural inclusions

05— O0sDLD2DLD?, LO% 056 LB GLY?, L9 050 L2 0L,

we have sections Z € H°(P,0(1)), X € H°(P,0(1) ® p*(£®(~2)), and
Y € H°(P,0(1) ® p*(£2(-®)). Then Y2Z — (X° + aXZ? + 32Z%) is
a global section of O(3) ® p*£®(~12), The zero locus of the section is
called the Weierstrass model and denoted by W (L, a;, 8). The section
{X =Z =0} of P— S is contained in Wg(L, e, §), which is called the

canonical section.

Fact 1.2.5 ([MS]). Let f: X — S be a smooth elliptic fibration
admitting a section o: S — X. Then there exist a triplet (£, e, )
and an isomorphism p: X — Wg(L, o, 8) over S such that po o is the
canonical section.

In this case, £ ~ R! f.Ox and the discriminant 43 + 2732 is a nowhere
vanishing section. Therefore the following three sets can be identified to
each other:

e The set of isomorphism classes of variations of Hodge structures
of weight one and rank two over S;

e The set of isomorphism classes of smooth basic elliptic fibrations
over S;

e The set of triplets (£, a, 3) as above with 4a® + 2732 nowhere
vanishing, modulo the following equivalence relation: (£, «,(3)
~ (L',a/,B") if and only if there is a nowhere vanishing section
e € H(S, £ ® £8Y) such that a = %o/ and § = 53"

Remark 1.2.6. Let us consider thecase S=H={z€ C|Im2z >
0} and w(z) = z for z € H. Then w defines a variation of Hodge
structures and the corresponding smooth basic elliptic fibration over H
is sometimes called the “universal” elliptic fibration. By the theory of
Weierstrass’ p-function, this is isomorphic to the Weierstrass model

Wa(Om,o,3) ={(X:Y :Z),2) e P> xH |
Y?2Z = X3+ a(2) X 2% + B(2) 2%},
where a(z) := —15G4(z), B(z) := —35Gs(z), and Gi(z) is the Eisen-

stein series
Gr(z) = Z (mz+n)7"
(0,0)#(m,n) €262
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of weight k. The following facts are known.
(1) 4a(2)® +278(2)2 = —(1/16)A(z), where A(z) is the cusp form
of weight 12 of the modular group SL(2,Z) represented by

Az) = (2m)?q [J(1-¢1)*

v=1]

for ¢ = exp(2my/~12).
(2) The SL(2,Z)-invariant function

4a(z)?
da(z)® +2708(2)?

3(2) =

is called the elliptic modular function and induces an isomor-
phism SL(2,Z)\H ~ C.

(3) The function j(z) — 1273¢™! is a holomorphic function near
q=0.

Definition 1.2.7. Let H be a polarized variation of Hodge struc-
tures of rank two weight one. The J-function of H is defined to be
J(t) = j(w(z)), where 7(z) =t € S. The J-function of a smooth el-
liptic fibration X — S should be the J-function of the corresponding
polarized variation of Hodge structures.

In particular, the J-function of a smooth Weierstrass model W (L, , )
— S is given by J(t) = 4a3/(4a® + 275%).

In papers [Kdl] and [Kwi], the J-function is called the functional
invariant and the monodromy representation of H (or that restricted
to the Zariski-open subset {¢t € S: J(¢t) # 0,1} ) is called the homo-
logical invariant. Here a period function w is a multi-valued analytic
function satisfying j(w) = J and the condition (1.1). A pair consisting
of such a period function and a monodromy representation is called a
characteristic pair in [U].

1.3. General smooth elliptic fibrations

Let Gy be the sheaf of germs of sections of the smooth basic elliptic
fibration p: B := B(H) — S. Then this is a sheaf of abelian groups.
From the surjection V(H) — B(H), we have the following exponential
exact sequence (cf. [Kd1]):

00— H—>Lyg—6yg—0.

For n € H'(S,6g), we can define a torsor B(H)" — S of p: B — S.
By a similar argument to [Kd1], we can prove the following:
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Proposition 1.3.1 (cf. [Kd1, 10.1]). Any smooth elliptic fibra-
tion f: X — S with an isomorphism RYf,Zx ~ H is isomorphic to
B(H)" — S for some n € H(S,Gp).

Proof. Since f is smooth, we have an open covering {S)}xea of S
and sections Sy — Xy, . Therefore there exist isomorphisms ¢y : Xy,
— By, by Proposition 1.2.4. Here we may assume that the induced
isomorphisms ¢} : (R'p.Zg) v, — (R'f«Zx)u, are glued to the given
isomorphism H =~ R'f,Zx. Let us consider the composites ¢, , =
(¢x o ¢;1)IUmU,r Then ¢y, induces the identity on (Rlp*ZB)meu-
Thus by Lemma 1.2.2, there exists a section 7, ,, such that ¢, , is the
translation morphism tr(ny ). Since ¢ ;. 0 @, © @y ) is identical over
UynU,NU, for \p,v € A, we have n , + Ny + m,x = 0 over
UyNU,NU,. Therefore f: X — S is isomorphic to B(H)" for n =
{mutanen QE.D.

We shall explain more about the cohomology class 1. For a smooth
elliptic fibration f: X ~ B(H)" — S, let us consider the following
commutative diagram:

0 —— RYf.Zx —— R'f.Ox —— Rf.0% —— R2f.7Zx

O——» H —— Ly ——s 6y —— O

Then we have a homomorphism ®x: &y — R!f.0% such that the
sequemnce

(1.2) 0— 6y XX RY£,0% > R2f.Zx ~Zs — 0

is exact. We have the following description of ®x: Let Xy := 0¢(5) C
B(H) be the zero section and let ¥ be a section of p: B(H); — U for
an open subset & C S. We shall take an open covering {Uy} of S and
isomorphisms ¢ : Xy, — B(H)|y, as in the proof of Proposition 1.3.1.
Let M, be the invertible sheaf

d)f\((')(z - EC')IB(I‘I)MJ,\mu)'

Since ¢y o qﬁ;l on B(H)y,nu, is the translation mapping by a section
M, there exist invertible sheaves N , on Uy NU, NU such that

(M) oanv.ru = M) oano,nu © F*Napu-

Therefore we have an element ®x(X) € H°(U, R' f.0%), which does
not depend on the choices of open coverings {Uy} and isomorphisms
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¢». This is a description of the homomorphism ®x: HO(U, &y) —
H°(U, R f.0%). Let us consider a connecting homomorphism

(1.3) Z=H%(S,Zs) — H'(S,6x)

of the sequence (1.2). By the description of ®x, we see that the image
of 1 is just n. Thus we have proved:

Lemma 1.3.2 (cf. [Ny8]). Let f: X — S be a smooth elliptic fibra-
tion with H as a variation of Hodge structures. Suppose that X ~ B(H)"
over S. Then there exists an exact sequence (1.2) and the image of 1
under the connecting homomorphism (1.3) is 7.

Proposition 1.3.3 (cf. [Kdl, 11.5]). Let f: X — S be a smooth
elliptic fibration and letn € H*(S,S ) be the corresponding cohomology
class. Then the following three conditions are equivalent:

(1) There is a prime divisor D C X dominating S

(2) The smooth elliptic fibration f: X — S is a projective mor-

phism, i.e., there is an f-ample line bundle on X;

(3) n is a torsion element of H'(S,Sy).

Proof. (1) = (2): The invertible sheaf Ox (D) is f-ample.
(2) = (3): By (1.2), we have the following long exact sequence:

0 — H°(S,6y) — H°(S, R f,0%) — H°(S,Z) — H'(S,&x).

An f-ample invertible sheaf defines an element of H°(S, R' f.0%), which
is mapped to a positive integer in Z = H°(S,Z). Thus by Lemma 1.3.2,
the 7 is a torsion element.

(3) = (1): Let us assume that mn = 0 for a positive integer m.
We shall consider the multiplication by m:

mx:B(H)>b—mb=b+---+be B(H).

Then by gluing mx: B(H)s, — B(H))s,, we have an étale finite mor-
phism p: X ~ B(H)?" — B(H)™" ~ B(H). Thus an irreducible com-
ponent D of p*(3) dominates S. Q.E.D.

By the proof, we can take a divisor D C X in (1) to be étale over S.
However in general there is a prime divisor of X which is not étale over

S.

Example 1.3.4. Let us consider the ruled surface £; := P(O @
O(—1)) — P! and a double covering £ — P! from an elliptic curve. Let
V be the fiber product 3; xp1 E. By considering the blow-down ¥; — P?
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of the unique (—1)-curve, we have a morphism h: V — 1 x E — P2x E.
The image h(V) C P2 x E dominates P2, but h(V) — P? is not étale.

In the case the mapping degree of D — S is one, we have:

Lemma 1.3.5. Let f: X — S be a smooth elliptic fibration over
a complex manifold S. If a prime divisor D of X dominates S bimero-
morphically, then D — S is isomorphic.

Proof. Suppose that h := fijp: D — S is not an isomorphism.
Then the support of a non-trivial fiber h=1(s) is an elliptic curve. On
the other hand, we have a bimeromorphic morphism v: M — D from a
manifold M such that every non-trivial fiber of hov: M — S is a union
of rational curves. This is a contradiction. Q.E.D.

1.4. Smooth elliptic fibrations whose pullbacks are basic

Let f: X — S be a smooth elliptic fibration, 7: U — S the universal
covering mapping, and let I' = 7;(S,s). Suppose that the pullback
fu: U xg X — U admits a global section. Let p: B = B(H) — S be
the basic smooth elliptic fibration associated with the variation of Hodge
structures H induced from f. By Proposition 1.3.1, f is considered to be
a torsor of p and it corresponds to a cohomology class 1 in H!(S,&).
Further by Lemma 0.1.3, 7 is contained in H*(I', H*(U,77'&g)), where
we consider the following edge sequence of the Hochschild—Serre spectral
sequence Lemma 0.2.1:

0— HYT,H°(U,77'6y)) —» H(S,65) — H' (T, H (U, 77 16&F)).
Looking at the exact sequence:
(14) 0>7'"H~ZS 77 HLy) ~O0p — 7716 ~ G,-1py — 0,
we have an isomorphism
H°(U,&,-1y) ~ H'(U, Oy)/(Zw + Z),

where w: U — H is the period function, since U is simply connected.
Hence an element of H(I', HO(U, &,-1p)) is represented by a collection
of global holomorphic functions {F,(z)},er on U satisfying the cocycle
condition:

(1.5) Fys5(z) = Fs5(2) + (csw(z) + ds)Fy(6z) mod Zw(z) + Z,

for z € U and ~,6 € T (cf. §1.1). Two collections {Ffsl)(z)} and
{F7(2) (2)} of holomorphic functions determine the same cohomology class
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in HY(T', H(U, &,-1)) if and only if there is a global holomorphic func-
tion H(z) on U such that

(1.6) FM(2) - FP(2) = H(2) — (cyw(2) +dy)H(v2) mod Zw(z) +Z.

Let F := {F,(z)} be a collection satisfying (1.5) and let By := B(v"1H)
~ UxgB(H). Then F defines a left action of I" on By, which is described
as follows: For v € T, let us define the following automorphism of U x C:

¢+ Fy(2) )
cyw(z) +dy )

Then it induces an automorphism ® ¢ (vy) of By ~ U xC/(Zw+Z). Here
we have ®p(y) 0 ®p(6) = ®p(v6) for 7,6 € I'. Thus we have the left
action by ®y which is compatible with the action of I" on U. Let BY
be the quotient I'\By by the action. Then we have a smooth elliptic
fibration p¥: BF — S. Therefore we have:

Lemma 1.4.1. Let f: X — S be a smooth elliptic fibration which
induces the variation of Hodge structures H on S. Suppose that U xg
X — U admits a global section for the universal covering mapping
U — S. Then there is a collection of global holomorphic functions
F = {F,(2)}yen,(s,5) on U satisfying the condition (1.5) such that f
is isomorphic to p¥ : BF — S over S.

Remark. Since By ~ U x C/(Zw +Z), we can describe B as the
quotient of U x C by an action of a suitable group. Let ®r (v, m,n) be
an automorphism of U x C defined by

C+ Fy(z) + mw(z) + n)
cyw(z) +d, ’

UxC>(z,¢— (’yz,

UxC>(z¢()+— (72,

for m,n € Z. For 7,6 €T, let us define a pair (A, s, B, s) of integers by
Ay sw(z) + Bys := Fs(z) — Fys(z) + (csw(z) + ds) Fy(62).
Then we have ®g (v, m1,n1) 0o Dp (8, ma, ny) = D (v, m3,n3), where

(m3,n3) = (ma,n2) + (mq,n1) (Z’Y 27) + (Ay,5, By .5)-

v Oy
Let ¢ be the cohomology class determined by {(4.,s, Bys)} in H*(T,
Z%?). Then we have a corresponding group G(c) which is an extension
of ' by the right I-module Z®2. We have a left action of G(c) on
U x C by ®p. The correspondence F — ¢ induces a homomorphism
HYT,H°(U,&,-1g)) — H?(T,Z%?%), which is derived from the exact
sequence (1.4). The BF is isomorphic to the quotient space G(c)\(U x
C).
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2. Smooth elliptic rations over X -
§ S h elliptic fibrati (A*)l Ad-l

2.1. Monodromy representations
Let S be a d-dimensional unit polydisc A? with a coordinate system
(t1,t2,. .-, td)a ie.,

S = {(tl,t2,...,td) e C4||t;] <1 for any z}

for a positive integer d. Let D be a divisor {t1t2 - - -t; = 0} for a positive
integer | < d, i.e., D = Y.'_, D;, where D; = {t; = 0} is the i-th
coordinate hyperplane. We denote by S* the complement S\ D and by
j: §* < S the natural inclusion. Since S* is isomorphic to (A*)! x Ad—,
the universal covering space U of S* is isomorphic to H! x A%~ where H
is the upper half plane {z € C| Im z > 0}. For a coordinate system z =
(21,225, 21, ti41, - - -, tq) of U, the universal covering mapping e: U —
S* is given by:

e(z) = (e(z1),e(z2), ..., e(z1), tix1, - - - » ta),

where e(z) := exp(27v/—1z). For 1 <4 <[, let 7; be the automorphism
of U defined by:

/ !
(zl,zg,...,zl,t)»—> (Zl,Zg,...,Zi_l,Zi +].,Zi+1,...,2:l,t),

where t' = (ti4+1, ti+2,- - . ,tq4). Then the fundamental group m; := m1(S*)
is a free abelian group of rank [ generated by v1,7v2,...,%-

In this section, we shall consider smooth elliptic fibrations defined
over S*. First of all, we shall describe all the variations of Hodge
structures of rank two and weight one defined over S*. Note that
the monodromy matrices are quasi-unipotent by Borel’s lemma (cf. [Sc,
(4.5)]). We have the following classification of quasi-unipotent matrices
in SL(2,Z):

Lemma 2.1.1 (cf. [Kd1]). A quasi-unipotent matriz in SL(2,7) is
conjugate exactly to one of the matrices of Table 1 in SL(2,Z).

Table 1. Quasi unipotent matrices in SL(2,Z).

I, (a€Z) i i} v
1 a 11 0 1 0 1
1) 16 )l o) )
I; (beZ) g g v*
- 0 —1 0 -1\ | /-1 -1
Co )13 ) o) )
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The monodromy matrix p(+;) for ; is said to be the monodromy matriz
around the coordinate hyperplane D;.

Lemma 2.1.2. Let g(t) be a holomorphic function ont € S* such
that e(g(t)) is a meromorphic function on S. Then g(t) is holomorphic
also on S.

Proof. There exist integers a; for 1 < ¢4 < | and a nowhere van-
ishing function u(t) on S such that e(g(t)) = u(t) Hfj:l t;*. We have a

holomorphic function h(t) such that u(t) = e(h(t)) on S. Then for the
coordinate system (z1, 23, ..., z1,t') of U, we have

!
g(t) — h(t) — Zaizi €Z.

Since this is a constant function, a; = 0 for all . Hence g¢(¢) is holomor-
phic on S. Q.E.D.

Lemma 2.1.3 (cf. [Kd1, 7.3]). Let p: my — SL(2,Z) be the mon-
odromy representation associated with a variation of Hodge structures
of weight one rank two defined on S*. Then the conjugation by a suit-
able matriz in SL(2,7Z) changes all the monodromy matrices p(~y;) to be
matrices listed in Table 1 at the same time. If p(y;) corresponds to the
matriz of the form 1, or I’ then a > 0.

Proof. By Lemma 2.1.1, the first assertion is derived from the com-
mutativity of p(7y)’s. For the rest, we may assume that d = [ = 1
and p(v1) is of type I, or I*. Then the period function w(z) satisfies
w(z+1) = w(z) + a by (1.1). Thus the function e{w(z)) is invariant
under the action of 7. Thus there is a holomorphic function W (t) on
S* such that W{e(z)) = e(w(z)). Since |W(t)| < 1 for any t € S*,
W (t) is still holomorphic over 0 € S. On the other hand, the func-
tion w(z) — az is also invariant under the action of m1. Thus we have a
holomorphic function g{t) on S* such that g{e(z)) = w(z) — az. Then
W (t) = t®e(g(t)). Thus g(t) is also holomorphic over 0 € S by Lemma
2.1.2. Therefore a > 0. Q.E.D.

We can define the types of monodromy representations p: w; —
SL(2,Z) as in Table 2. By Lemmas 2.1.1 and 2.1.3, any monodromy
representation p is one of types as above, up to conjugation in SL(2, Z).
We call the image of p by the monodromy group. If the monodromy group
is not finite, then p is of type I(4) or IE:)). In the case I(4), we set a :=

(a1, a2,-..,a;) € Z%, where p(7;) is of type I,, for 1 < i <. Further

we put a := ged(a). In the cases I(()*) and Ig)), let ¢; be one of {0,1}
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Table 2. Type of monodromy representations.
Ip | All the p(y;) are of type Io.

Ig*) One of p(v;) is of type Ifj. Others are of types I or I§.

1™ | One of p(7;) is of type II or IT*. Others are of types Iy, Iz,
IL, I, IV or IV*.

II™ | One of p(7:) is of type III or IIT*. Others are of types Iy,
15, III or IIT*.

IVE:) One of p(;) is of type IV or IV*. Others are of types I,
IV or IV*.

V™ | One of p(v:) is of type IV or IV* and another p(v,) is of
type Ij. Others are of types Iy, I§, IV or IV*.

I4) | Any p(v) is of type I,,, where one of a; is positive.

I(*)

) One of p(v;) is of type I;.. Others are of types I,; or L

where one of a; is positive.

(*)
Table 3. Subcases of I( e
IE:))(O) a*=0 mod 2

Ig:))(l) a* =c¢ mod 2

=)
1)

(2) |a*Ae#£0 mod 2

such that (—1)% is the eigenvalue of p(vy;). We set ¢ := (c1,c¢2,...,c1).
*)
+)
L, or I.. We also set a* := (a},a3,...,a;). We divide the case I
into three subcases as in Table 3.

we further define a} := (—1)%a;, where p(v;) is of type

()
()

In the case IE

Proposition 2.1.4. Let p: m; — SL(2,Z) and w(z), respectively,
be the monodromy representation and the period function associated with
a variation of Hodge structures of rank two and weight one defined over
S*. The following four conditions are equivalent:

(1) The type of the monodromy representation is either Iy or Igfr));
(2) There exists a holomorphic function h on S such that the period

function is given by

1
w(z) = Zaizi + h(t),
i=1
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where one of a; is positive;

(3) The J-function J(t) = j(w(z)) is not holomorphic at {0} in S;

(4) The monodromy group is not a finite group.

Proof. (1) = (2): For the function g(z) := w(z) — Zizl aizi, we
have g(~;z) = g(z) for any ;. Thus there is a holomorphic function h(t)
ont € S* such that g(z) = h(t). As in the proof of Lemma 2.1.3, we have
also a holomorphic function W (¢) on S such that W (¢) = Hézl t2ie(h(t))
on S*. Therefore e(h(t)) is meromorphic on S. Thus A(¢) is still holo-
morphic on S by Lemma 2.1.2.

(2) = (3): By (2), we have e(w(2)) = u(t) Hi:l t;¢ for a nowhere
vanishing function u(¢) on S. Thus by Remark 1.2.6, J(t) is a mero-
morphic function with poles of order a; on each coordinate hyperplane
D;.

(3) = (4): Suppose that the monodromy group is finite. Then we
can take a Kummer covering

7 A= A'x A S0 = (01,0s,...,0,,t) s (07,602,067 ') € S

such that the pullback of the variation of Hodge structures on 771(S*)
has a trivial monodromy group. Thus there exists a holomorphic func-
tion H(A) on A% such that w(z) = H(9) = H(#',t') for §' = (e(z1/m1),
e(za/ma),...,e(z/my;)). Hence J(t) = j(w(z)) = j(H(H)) is holomor-
phic on A¢. Thus J(¢) is also holomorphic on S.

(4) = (1): Trivial. Q.E.D.

Corollary 2.1.5. The J-function J(t) = j(w(z)) induces a holo-
morphic map J: § — P'. The image contains oo if and only if the

monodromy representation is of type 14y or IE:)).

The classification of possible period functions w(z) is given in Corollary
3.1.6.

2.2. Classification of smooth projective elliptic fibrations
over (A*)! x Ad-l

Let H be a variation of Hodge structures of weight one and rank

two on S* = (A*)! x A4~!. We may assume that for the monodromy

representation p: m; — SL(2,Z), every p(v) for v € m are matrices

listed in Table 1. The Hodge filtrations are determined by the period
function w(z) on U such that

a,w(z) + by ay, by
= —— h = .
w(vz) cw(?) 1 dy’ where  p(%) e d
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By Proposition 1.3.1, any smooth elliptic fibration on S* is isomorphic
to B(H)" — S* for some n € H!(S*,&y). Let us consider the exact
sequence

0—-H—Lyg—6g—0.

Since H(U,Z) = H*(U,Oy) = 0 for i > 0, applying Lemma 0.2.1, we
have isomorphisms: ‘
HP(S* H) ~ HP(m,Z%%), HP(S*,Ly) ~ HP(m;, H (U, Oy)),
HP(S*,8y) ~ HP (11, H'(U, S o-1)),
H'(S8*,6y) ~ H*(S*, H) ~ H?(ny,Z%?)

for any p. From the vanishing H'(U,e '&y) = 0, we see that any
smooth elliptic fibration over U admits a global section. Therefore by
Lemma 1.4.1, for any smooth elliptic fibration X — S* having H as
a variation of Hodge structures, there is a collection of holomorphic

functions F := {F,(z)|~v € m1} on U such that F satisfies the condition
(1.5) and X ~ B(H)¥ over S*.
Theorem 2.2.1 ([Ny8, (3.1)]). The group cohomology groups
HP(my, Z%?) are calculated as in Table 4.
Proof. Let R :=Z[m] = ZyF, 45, ... ,fylil] be the group ring for
w1 ~ Z®'. Then we have a standard resolution
p+1

o AR = AR = R Z =0

of the trivial 7;-module Z, where the canonical base e;, Ae;, A---Ae;, €
/\”H(R@l) for 1 <ip <14y <--- <ip <1is mapped to

p
(—1)e;, Negy /\~--/\§;; A Neiy (1 —7,).
i—0

J

The group cohomology HP(my,Z%?) for the right m;-module Z®? is iso-
morphic to the p-th cohomology of the complex

P P+l
-+ — Homp(/\(R®),2%%) & Homp( /\ (R®),Z%?) — --- .

Let I be the unit matrix. Then the dP is described as:

dP(z)(eig Neiy Ao A ei,)

p
= Z('—l)jx(eio Neig Ao A gl: ZARERRA eip)(I - p(’yij))'
=0
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We denote i := +/—1 and w := exp(2m+/—1/3). Let A be the commuta-
tive algebra defined as follows:

Z, in the cases I, I(()*);
Ao )2, in the cases I, V(" Tv®);
Z][4], in the case ITII*);

: ()
Zle]/(€?), in the cases I}, Iy

Then we can consider Z®? as an A-module by regarding the elements 3,

w and ¢ as:
o -1 -1 o 0 1
1 0) £ 7 \o o)

. (0 -1
t 1 0)’

Thus there is a natural ring homomorphism ¢: R — A from which the
R-module structure of Z®? is derived. More precisely, ¢() is deter-
mined according to types of the matrix p(vy) as in Table 5. For all the

cases except I, Ig*), we have the following isomorphism Z%2 ~ A as

Table 4. List of cohomology groups HP (w1, Z®?).

Type | H° H' HP (p>2)
I, |z®2| zo¥ z92()
10 | o | (z/22)®? (/22)®*(:=

n» | o 0 0

™ | o 7)27 (2/22)®G)

v | o Z./3Z. (2/32)®63)

wv® | o 0 0

Iy | 2 |29 ez/az|2%0) & (2/0z)®()

Igi)) 0| o (2.]27.)9? (Z/2Z)®2(;:11)
| o | zjuz (2/42)°(=)
@) | o Z/2Z (2/22)®(-3)
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Table 5. Image of ~.
v | I I§ | II I | III | IO | IV | IV® I, I
V| 1| -1]-w|-w?|—i] i |[w?] w [1+ae]|—(1+ae)

A-modules:

mw +n, in the cases I, TV, TV,
7Z%% 35 (m,n) — { mi+n, in the case ),

; (*)
m+ne, in the cases Iy, Iry.

We define b; := 1 — ¢(v;) € A and b := (by,by,...,b;) € AP'. Then
HP (71, Z%?) is isomorphic to the p-th cohomology group of the following
complex:

2
0 MB Moy (A% B Mos \(4®H %,

where M = Z%% as an A-module. Here for x € M @ A\P(A®!), bArz
is defined as follows: Let x;, 4, .., be the (21,12, . .., ip)-coefficient of @
for 1 <43 <ip < --- < ip <. Then the (i,%,...,1ip)-coeflicient of
bAaxfor 1 <o <ty <+ <ip < 1is defined by:

1048150 enyigseensip 0"

P
(1=

7=0

We shall calculate the cohomology group HP = HP(m;,Z®?) in each

type of monodromy representations.

The case Ip: We have A = Z and b = 0. Thus HP ~ Z®2 @ \P(Z®").

The cases II™®) and IV™): In the case II(*)7 one of b; is 1 +w = —w?
or 1+w? = —w. Since these are units of A = Z[w], there is a matrix P €
GL(l, A) such that b = (1,0,...,0)P. Therefore for an = € AP(A%),
bAx =0 if and only if £ = b A y for some y. Hence HP = 0 for any
p. In the case IV(_*), one of b; is 1 — w or 1 — w? and another b; is 2.
Since (1 —w) —2 = w? and (1 —w?) — 2 = w are units in A, by the same
reason as above, we have HP = 0 for any p.

The case I(()*): We have A = Z and b = 2¢. Then we can find a
matrix P € GL(I,Z) such that ¢ = (1,0,...,0)P. Therefore, if x €
NP (Z®Y) satisfies bAx = 2c A x = 0, then & = ¢ A y for some y €
NP1 (Z®Y). Suppose that the = ¢ A y is written by b A 3’ for some
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y' € A\’7H(Z®"). Then y — 2y’ € Ker(cA). This implies

p—2

(21)  y mod2e€lm (c/\: /\((Z/zz)@l) — 7\((2/22)%) .

Conversely, if y satisfies the condition (2.1), then cAy = bAy’ for some
y’. Therefore we have

p—1 p—1

HP ~ 2% @ N\ (2/22)®'/(2/2Z)c) ~ 2% ® |\ (2/22)®¢V).

The cases III™), IVE:), IE:L)) (0), IE’_?) (1): We have an element u € A®!
such that w = (1,0,...,0) - P for some P € GL(l, A) and b = §u. More

explicitly, we can choose

1—14, in the case ITI™;
1 —w, in the case IVE:);

; ™) (0)-
2, in the case IE_H(O),
2 —e¢, in the case I(j_))(l).

Further u = ¢ — (¢/2)a* and u = ¢ — (¢/2)(a* — ¢) in the cases IE:))(O)
and Igi))(l), respectively. Therefore for an z € AP (A®!), bAz = 0 if and
only if @ = u A y for some y. For such y € AP~ (A®'), the condition:
uAy =bAy for some y' € AP (A®) is equivalent to: y mod 8 is
contained in the image of uA. Thus

p—1 p—1

HP = N\ (A4/64)%/(A/54)yw) = N\ ((4/64)20D).

We note that

727, in the case ITI*;
Z/3Z, in the case IVS:);
AJ6A ~ 779792 in th ) (0):
(Z./27)%2, in the case §+)( );
Z/4Z, in the case I(:_))(l).

The case I(;): Let u € Z® be the vector such that @ = au. Then
u = (1,0,...,0)- P for some P € GL(l,Z). We have b = —acu. We take
an element = xo+ex; € AP(AP), where xg, x1 € AP(Z®'). Then bA
@ = 0 if and only if o = w Ay, for some y, € A"~ (Z®'). Furthermore
for such y, and @y, w A Yo+ ex; = b A v for some v € \P7H(A) if
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and only if u A yy = 0 and &; = au A vy for some vy € /\p_l(ZEBl).
Therefore HP is isomorphic to

Im (u/\: ”/_\ (28 — /p\(Z@l)> @ Coker (a'u,/\: ”/_\ (2% — /p\(Z@l))
~ f\(z@l/Zu) o \Z®) /(cun A\ (@)
o~ ,,/_\ (2% )Zu) & /p\(ZfB’ /7u) ® (,,/_\ (2% )Zu) ® Z/aZ)

~20) & (2/az)®G),

The case Ig:_))(Z): We have b = 2¢ — £a*, where ¢ A a* # 0 mod 2.

Let us take an element © = o + ex1 € AP(A®), where zg,z; €
NP (Z®"). Suppose that bAz = 0. Then cAxy = 0 and a* Axo = 2¢cAx;.
Thus there exist ¥y, y; € AP~ (Z®') such that

To=cANYy, 2x1=-a"ANyy+cAhy;.

Since ¢ A a* £ 0 mod 2, we have zg, 21,22 € /\p_z(Z@l) and y;, Y] €
AP~ (Z®Y) such that

Yo=CcAzo+a* ANz, +2y), Yy, =cAzy—a*Azo+2y].
Therefore we have
(2.2) To=cAha*Nz1+2cAy, x1=-a*Ay,+cAy;.

Conversely, if there exist z1,yp, y) satisfying (2.2), then = = @g + ez
satisfies b A x = 0. Next for such z;,yj, Y}, suppose that o + ex; =
b A (wo + ew;) for some wo, w; € /\p_l(Z@l). Then we have

cAa* Az +2cAyy =2cAwy, —a*Ayy+cAy) =2cAw—a* Awy.

Therefore there exist vo,v1 € AP~ >(Z®2) and 2|, q € A\*"*(Z%) such
that

z1=a*Avo+cAvi+22], wo=yyj+a*Azj+cAgq,
cAyy=cA(a* Ag+2w).

Hence we see

(2.3) cNa*ANz;=0 mod2, cAa*Ay;=0 mod 2.
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Conversely, if z; and y] satisfy the condition (2.3), then =y + ex; =
bA(wo+ew:) for some wo, wy € AP (Z®'). Therefore HP is isomorphic
to

Im (c/\ a*n: 7\(Z€>’) - ;\(2/22)@’)

® Im (c/\ a*n: ,,/_\ (Z® — 17\(Z/2Z)@l>

p—2 p—1

~ A (Z/zz)ea(l—z) o /\ (Z/2Z)@(l”2) ~ (Z/ZZ)EB(:»:II),

Thus we are done. Q.E.D.

In order to obtain a collection {F.,(z)} of holomorphic functions on
U = H' x A% satisfying (1.5), it is enough to have a collection of
holomorphic functions F = {F;(z)}._, satisfying the condition:

(24) Fj(2) = (cyw(z) + dy, ) Fj (7i2)
= Fi(z) — (cy;w(2) +dy, ) Fi(v;2) mod Zw(z) + Z
for all 1 < 4,7 <. Once we have a collection F satisfying the condition

(2.4), then we have a smooth elliptic fibration BF — S* as the quotient
of By by the following action of v; € 1, ~ Z®!:

¢+ Fi(2)

[z,¢] = [’Yzz»m ’

where [z,(] denotes the image of (2,{) € U x C under the morphism
U xC — By ~U x C/(Zw + Z). For two collections F = {F;}._, and
F' = {F/}l_,, they induce same elliptic fibration if and only if there
exists a holomorphic function H(z) on U such that

(2.5) Fi(z) — Fj(2) = H(2) — (cy,w(2) + dy,)H(viz) mod Zw(z) + Z.
For a collection F, let (P; ;,Q; ;) for 1 < i < j <1 be pairs of integers
defined by
Pi,jw(z) + Qiyj = FZ(Z) - (C-ij(z) + d—yj)Fi("}’jZ)
= (F;(2) = (eyw(z) + dy, ) F;(7i2)) -

Then {(P; ;,Q; ;)} defines an element  of M ®4 A\?(A®"), where M =
Z®?% as an A-module (cf. Theorem 2.2.1). Here b A = 0. In order to
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determine all the possible smooth elliptic fibrations, we have only to find
collections F’ of holomorphic functions which cover all the representatives
x of the cohomology group H?(my,Z®?). We shall give such collections
of holomorphic functions explicitly.

The case Ip: Let m, ; and n; ; be integers for 1 < 4,5 <[ such that
—m; j and n;; = —n; ;. We have

Fj(2) = Fj(iz) — (Fi(2) — Fi(752)) = ma jo(z) + 15

mgi =

)

for the functions

I
Zmzkw Z)"‘nzk) Zk-

k=1

wl»—-\

Thus the cohomology class in H?(my,Z%?) induced from the collection
{Fi(z)} is essentially {(m; ;,n;;)} € (A% (z®h))®2.

The case Ié*): In the proof of Theorem 2.2.1, if & € \*(Z®") satisfies
bAx =0, then « = c Ay for some y € Z®. Let y, := (my,my,...,my)
and y, := (ny1,n2,...,n;) be elements of Z®!. Then for any 0 < i # j <
I, the (¢, 7) components of vectors c Ay, and cAy, are ¢;m; — c;m; and
cinj — cjn;, respectively. We have

Fj(2) = (=1)“Fj(viz) — (Fi(2) — (=1)% Fi(7;2))
= (e;mj — ¢jm;)w(z) + (einy — cjny)

for the functions

Fi(2) = (mi/2)w(z) + (n:/2).

Therefore these collections {F;} induce all the cohomology classes in
H?(my,7Z%?). By the proof of Theorem 2.2.1, for two collections of inte-
gers (my,n;) and (m},n}), the corresponding {F;}'s determine the same
cohomology class if and only if

m; —m; =kic; mod2 and n;—n,=koc; mod?2

for some integers k,, k».

The cases I and IV™): We have H2(m;,Z®%) = 0. Hence it is
enough to set F;(z) = 0 for all 4.

The cases III*), IV(*) IE:))( ) IE:_))(l): In the proof of Theorem
2.2.1, we write b = éu and u = (1,0,...,0) - P for some P € GL(l, A).

If £ € \*(A®) satisfies b Az = 0, then x = u Ay for some y € A%,
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For y = (y1,%2,...,Y1) € A% there are integers m;,n; for 1 < i < [
such that

mi+n;, in the case III™;

Y; = { myw +n;, in the case IVS:);
) : (*) (*)
m; + n;e  in the cases I(+)(0), I(+)(1).

Looking at w Ay = §71b Ay, we define rational numbers p;, q; for
1<z< by

pit + q;, in the case III(*);
6‘1y¢ =<{ p;w-+q in the case IVE:);

p; +¢ie  in the cases IE:))(O), IE:_))(l)-

We set Fi(z) := pyw(z) + ¢;. Then (P; j,Q; ;) defined by {F;} as above
is calculated by
(Pij, Qi) = (pi» )T — p(75)) — (pj, G )T — p(7i)-

Thus « induced from (P, ;,Q; ;) corresponds to u A y. Hence such
collections {F;(2)} cover all the cohomology classes in H?(r1, Z®?). We
have the following expression of F;(z) by means of (m;,n;):

(i L .
i ;_ nlw(z) + 2 ™ in the case IT[*);
i + 1, 2n; —m; x
mw(z) + %, in the case IVS_);
Fi(z) = m; 74 (
—2iw(z) + ?1, in the case I(:))(O);
m; m; + 2n; . (*)
k—2— (2) R in the case I\ (1).

For two collections of pairs of integers {(m;,n;)} and {(m},n})}, they
define a same cohomology class if and only if there is an integer k such
that

(m; —m})i+ (n; —n!), in the case III*;
E§71b; = { (m; — mi)w + (n; — nl), in the case IVE:);
(mi —ml) + (n; — n})e, in the cases IE:))(O), IE?)(l).

The case I(4): Let w(z) = St aizi + h(t) be the period function.
Let m; and n; ; are integers for 1 < 4,5 <[ such that n;; = —n; ;. Let
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a = ged(ay, az, ..., a;). We set

!
1
Fi(z) = %(miw(zf — Z(miai + an;k)zk)-
k=1

Then for 1 <4,5 </,
1
Fj(viz) = Fj(2) = (Fi(vi2) = Fi(2)) = _(aim; — ajmi)w () + nij.

By the proof of Theorem 2.2.1, these {F;} cover all the cohomology
classes in H?(my,Z®?). For two collections {m;,n;;} and {mj,n;;},
the corresponding {F;}’s determine same cohomology class if and only
if there exists a vector (v1,vs,...,v) € Z® such that

ai(m; —m};) =a;(m; —mj) and n;;—n;

j i,j = awj - ajvi.

The case IE:_))(Z): By the proof of Theorem 2.2.1, if an & € A\*(4®})
satisfies bAx = 0, where A = Z[e], b = 2c—ea*, then there exist vectors
Y, wo, w1 € Z% and an integer z; such that

xz=zicAa* +ec Ay, +bA (wo +ewy).

We denote z; = m and y| = (ny,ns,...,n). I we set p;, = (m/2)al,
¢; = n;/2, then
*

(2¢i~¢a])(pj+eq;)—(2¢c;—eaj)(pi+eq;) = m(cia]—cja;)+e(ein; —cin;).

Let us consider the functions:

Fi(z) = m;i w(z) + %

Then {F;(z)} satisfies the cocycle condition (2.4) and every element in
H?(my,Z%?) is induced from such {F;(z)} for some m,ny,ns,...,n; € Z.
For two collections of integers {m,ni,ng,...,m}, {m',nq,nh,...,nj},
the corresponding {F;(z)}’s determine same cohomology class if and
only if m =m’ mod 2 and

(n1,n2,...,m) AcAa* = (nl,ny,....,n)) AcAa* mod 2.

Therefore by combining with Proposition 1.3.3, we have:

Theorem 2.2.2. Let f: X — S* ~ (A*)! x A% be a smooth
elliptic fibration. Then X is isomorphic to the quotient of the total space
By of the basic fibration By — U by the following action of w1 ~ Z®:

¢+ Fi(z)

B iZ —————— |
U9[23C]H ’Y'Z C'in(Z)+di
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Table 6. Collections of holomorphic functions.

Type Fi(2) Condition
1 . mMi,5, N5 € Z:
Io 5 D kem1 (M pw(2) + g 1) 28 mji = —Myj,
Mji = —Nij
I(()*) %w(z) + % m;,n; € L
™ 0
) ms ; Paz) + BT miyn; € 7
* i 1 2 T (3
IVS_) m; +n w(z) i M mi,n; € Z
3 3
v 0
1 ! mi,ng; € L
Iy | 24 (miw(z)2 = Y1 (miaf + anz‘,k)zk) Ny = i
* m; Uz
17 (0) Fw@) + 5 mi,n; € Z
* i i +2n;
124_))(1) %w z)—l—i—;—n m;,n; €7
* CL; )
1) (2) m2 w(z) + % m,n; € Z

where [z,(] € By ts the image of a point (2,{) € U x C, and {F;(z)} is
one of the collections of holomorphic functions listed in Table 6. If H is
not of type Iy nor L4, then f is a projective morphism. If H 1is of type
Io and f is projective, then we can take F;(z) = 0 for any i.

83. Canonical extensions of variations of Hodge structures

3.1. Canonical extensions

Let H be a variation of Hodge structures of weight one, rank two on
S* = (A*)! x A7, Asin §§1 and 2, H is determined by the monodromy
representation p: m; := m;(S*) ~ Z® — SL(2,Z) and the period func-
tion w(z). Let p(¥) = S(¥)U(y) be a decomposition of the monodromy
matrix p(7y) for v € my such that S(v) is semi-simple, U(7y) is unipotent,
and S(V)U(v) = U(v)S(7). If H is one of types Iy, I(()*), Iy, IE:_)), then
S(y) = +I for any v € m, where I denotes the unit matrix. If H is

of other type, then U(y) = I for any v € m;. Thus all S(vy) and U(y)
are uniquely determined and commute to each other. The eigenvalue of
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Table 7. Order of S(v;).
p(v) || L. | I [ II| II* | IIT | IIT* | IV | IV*
m; 112(6]| 6 |4 4 3 3

S(7;) is contained in {£1, +w%*!, +i}. Let m; be its order (cf. Table 7).
Now we consider the unipotent reduction of H. This is a Kummer cov-
ering defined by:

T:T=A'x A1 30=(0,,6,...,0,,t)
— (07,057, ...,07 t) e Al x AdTE =8

We denote T* := 77!(S*) and let Hy := 77! H be the induced variation
of Hodge structures on T*. Then all the monodromy matrices of Hr are
unipotent. Let N;, R¥ and Rf for 1 <4 < [ be the matrices satisfying
the following four conditions:

(1) N; is nilpotent and exp(N;) = U(v;);

(2) RY, R! are semi-simple and exp(RY¥) = exp(RY) = S(v:);

(3) All the eigenvalues of RY are contained in 27/—1(—1,0];

(4) All the eigenvalues of Rf are contained in 2m/—1[0,1).
Then these matrices also commute to each other. Let M} and M be
the matrices RY + N; and R! + N;, respectively, for 1 < i < I. Let
e:U = H x ATt — (A*)! x A4l = §* be the universal covering
map defined in §2.1 and let (eg, e;) be the basis of H®(U,e ' H) ~ Z%?
defined in §1.1. The e; and eg, respectively, are identified with column

vectors
— (¢ d eo=("
ey = 0 an ey = 1

and they satisfy Q(eg,e1) = 1, where @ is the polarization of H. Let
H=H®Os+. Then e 'H ~ (’)892. Therefore as in §2.1, the right action
of v € m induced from H on H°(U, 0%?) is written by

v7(2) := p(7) " v(v2),

where we consider v(z) € H°(U,0%?) as a column vector. The holo-
morphic vector v(z) is invariant under this action if and only if v = e*v
for some v € H°(S*,’H). Therefore for holomorphic vectors

vy () = exp(i: M) (;) L wole) = exp(iz:l; 5 M) <(1’> ,

i=1

oi(2) = exp(g af) () ‘o) o= exp<§ antf) (7).
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we have global holomorphic sections “vy, “vg, fvy, fvy € T'(S*, 'H) such
that “v; = e*(“v;) and ‘v; = e*(*v;) for i = 0, 1. Thus H = Og “v; &
Og» “v9 = Og+ e'l)l D Og+ evo.

Definition 3.1.1 (cf. [KI1], [Mw]). The upper and the lower ca-
nonical extensions “H and “H of H to S are defined to be the subsheaves
Os “v,B0g “vq and Og ‘v, BOg v, of j, H, respectively, where j: §* <
S denotes the open immersion. We define the induced filtration by:

FP(UYH) = j,FP(H) N “H, FP(*H):= . FP(H)N *H
and define a quotient sheaf Ly/g := ‘H/F*(*H).

Remark. (1). We have X C “H. If the monodromy matrices
p(7:) are all unipotent, then *H = *H. Thus “(7*H) = *(7*H). We
see that *H is the Gal(r)-invariant part of 7 (*(7*H)) and that *(HY) ~
(“H)V, where FV denotes the dual Hom(F, O).

(2). Let H be a variation of Hodge structures of weight one, rank
two on M \ D, where M is a complex manifold and D is a normal
crossing divisor on M. Then the local canonical extensions “H and ¢H
are patched together. Thus we can define globally the upper and the
lower canonical extensions to M.

The following result is known as a part of the nilpotent orbit theorem
[Sc].

Lemma 3.1.2. F'(“H) and F'(*H) are subbundles of rank one
of “H and “H, respectively. In particular, Lps 1s an invertible sheaf.

Proof. F(*H) is the Gal(7)-invariant part of 7, F!(¢(7*H)) for the
unipotent reduction. If F1(*(7*H)) is a subbundle of {(7*H), then
FY(*H) is also a subbundle of *H, Lp/s is an invertible sheaf, and
FY(*H) is an invertible sheaf dual to Lg,s. Thus we may assume that
the monodromy of H is unipotent. We consider a generator w(z)e; + eg
of e* F1(H) corresponding to

)
1]

Now we have w(z) = Zi:l a;z; + h(t) for a holomorphic function h(t)
by Proposition 2.1.4 and

e _ A _ (0 a
w0 3)

where we consider a; = 0 in the case H is of type Ig. Thus

<w(12)> _ exp(i zi MY (hgt)) .

=1



230 N. Nakayama

Therefore the generator is written by h(t)‘v; + ‘vo. Hence F!(*H) is
generated by h(t) vy + ‘v, and is a subbundle of “H. Q.E.D.

Lemma 3.1.3. There exist natural injections j,H — *H and j, H
— ZH 4 EH/S

Proof. We have only to check the image of j,H — j.'H is contained
in ¢H, since HNF'(H) = 0. The stalk (j.H ) is the m;-invariant part of
I(U,e ' H). If H is neither of types Iy nor I 4y, then the stalk (j.H)o
is zero. Assume that H is of type I4). Then

¢ 0 a;
= %)

for any i. Hence the stalk (j.H)o ~ Z is generated by e; € H*(U,e 1 H)

above and !
Ly (z) = eXP(; 2 M) (é) - ((1)> '

Therefore the image of e; is contained in (*H)o. Finally, assume that
H is of type Ip. Then all Mf = 0. Thus ‘v;1(2) = e; and ‘vg(2) = eo.
Hence images of ey, eg are contained in (*H)o. Thus j.H C “H. Q.E.D.

For the period function w(z), we have:

(“5) = terwter+ a0 (“F)

for any v € w1, from the formula (1.1). Let us consider the following
holomorphic vectors

V) = e ) (1), Ve = expt= T (7).
u(z) = exp(— Z 2N (“’(lz)) .

Then for v € 71, we have:
"V (32) = (ewl2) +dy) V()
(3.1) V(12) = (eyl2) +dy) TV (2),
u(vz) = (cyw(2) +dy) T S(V)u(2).

Since S(y) = I for v € m (T*) = 692:1 m;Z C mp and since

= 0 a;
v (o 5)
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for some a; > 0, there exists a holomorphic function h(6) defined on T*
such that

ui) = ("7), v - :i (D),

where we write 6§ = (¢/,t') € (A*)! x A4~! = T*. By Proposition 2.1.4,
h{#) is holomorphic on T. Note that one of a; is positive if and only if
the monodromy group is not finite. For ~;, let ;0 be the point

(01,027 e "ei—lve(l/mi)eiyei-f-l: .. 'aelyt/)‘

Then we can define v also for v € m;. By (3.1), we have:

(32) ("G7) = ety + apsen (")),

Note that cyw(z) + d, = c,h(0) + d.,. Therefore

50) (") = e ho + ) ("P).

Thus, ¢, h(0) + d is an eigenvalue of S(). If S(y) = %I for any v, i.e.,
H is one of types Iy, I(()*), Iy, IE*JF)), then h(#) is a holomorphic function
ont € S. In the case H is one of types II™*), III™, IVST), IV(_*), we

define the matrix:
— (0) R(0)
P (MO FOT)

Then we have

L hO+d) 0
P awpz( 0 @Mm+%f0

for any v € m;. In any case of H, we have integers —m; < p;,q; < 0
and 0 < pf,¢; < m; for 1 < ¢ < [ satisfying the following condition
(cf. Table 8):

(P (P (s (%
c,yih(O)—i-d,Yi-—e(mi)—e(mi)—e( mi)—e( mi).
Here —p; = ¢, and —¢; = p}. We define rational numbers §; := —p;/m;.

Lemma 3.1.4. Suppose that H is one of types II(*), III(*), IVST),
IVY). Let A be the algebra defined in the proof of Theorem 2.2.1 and let
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Table 8. Related numbers for monodromy matrices.

[ oty JLIGJUO[IF]I[IOF[IV]IVY]
m; 1[2]6[6 44373
—p; = ¢ 1 1 5 1 3 1 2

0
—gi=p, JJO| 1 |51 ]3] 1|21
& =—pi/m; || 0 |1/2|1/6|5/6 | 1/4|3/4 | 1/3]|2/3

wa be the constant defined by:

w, in the case A = Zw];
w =
4 i, in the case A =Z[i].

Then ¢(7y) = cyh(0) +d, in A C C for any vy, where ¢(v) is defined in
Table 5. In particular, h(0) = wa. Let 1(#) be the holomorphic function

h(0) — WA

OB

defined on T. Then it satisfies the following conditions:
(1) %(0) =0;
(2) For any 8 € T andy € m, [0(6)] < 1 and $(46) = $()2(0);
(3) For any @ € T, and v € 71,

_wa-wav() _ gy L %00)

(4) There is a holomorphic function 1o (t) on S such that |o(t)] < 1
foranyt € S and

1—(v0)

l
() = yo(t) [[65™.
i=1

Proof. Since all a; = 0 in this case, we have w(z) = h(6). Thus
Imh(f) > 0. Since c,h(0) + dy is an eigenvalue of p(y) = S(vy) and
Imh(0) > 0, we have ¢(v) = ¢yh(0) + d,. The equality h(0) = w4 is
derived from Table 1. Then we have

PIS(y)P = ((b(ov) d,ho)_l),

for any v € m; and for the matrix

(V)= )
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Thus for the holomorphic vector
a(0)\ ._ p-1 (h(O)
()= ("").

Mo) ~ w5 bo) = Ot wa,
wWa — W4 Wa — W4
a(8) = (cyh(8) +dy) " B(7)a(8), b(1) = (cyh(B) + dy) " p(7) " b(6).

we have

a(f) =

Note that a(f) is a nowhere vanishing function on 7. Since ¥(0) =
—a(0)~1b(#), we have

_wa — waA(6) -1 _
h0) = W and  a(f)"' =1—1(6).

Thus ¢(6) satisfies the required conditions. Q.E.D.

Corollary 3.1.5. A wariation of Hodge structures H of one of
types 1) TI1*) IVE:), VY on S* is determined by a surjective group
homomorphism ¢: m — A* C C* and a holomorphic function ¥(z) on U

such that [P(z)| < 1 and ¥(vz) = ¢(y)~2¢(2) for any z € U andy € m,
where A is one of subalgebras Z{w] and Z[i] of C and A* := ANC*. Here
the period function is given by

ofz) = PAZTAVE),
) 1—4(z)

Corollary 3.1.6. The period function w(z) is written in the fol-
lowing form according as the type of monodromy representation:

Io, I(*) w(z) = h(t), where Im h(t) > 0;
1
I(+)’ (+) w( Za zi + h(t where Im h(t) > 0;
=1

™, v v

w(z) = = ,  where |go(t)] < 1;
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l
i+ iy (t) [T 6™
1) w(z) = ilzl , where |Yo(t)] < 1.
1 —1o(2) H g
=1

We shall describe generators of F(*H) and F*(*H), explicitly. In
the case H is one of types II®, TIT*), IVE:), IV(_*), we can write

P (") = =5 (—ve)

where the function (0) is written by

l
() = o(t) [ 0°9™
=1

for a holomorphic function 9o (¢) defined on S. We see that (p;+p})/m;+
(26;) is 0 or 1 for any i. Let us define holomorphic functions A(t) and
B(t) on S by:

At 1

We define also a holomorphic function a(f) := (1 — ¥(0))~! over T. In
the case H is one of types I, I(()*), Iy, IE:)), we set P :=1,

(5i0) = (")

and a(f) := 1. Then we see that A(t) and B(t) have no common zeros
on S in any case.

Lemma 3.1.7. A(t) “v; +B(t) “vg and A(t) ‘v1 + B(t) ‘vo are gen-
erators of F1(*H) and F'(*H), respectively.

Proof. We can write

“V(2) = exp(— gz,-Rf) (h(la)) | IV (2) = exp(— :il %R (h(l‘g)) .

By definition, we see

Py Ll
PT'RYP =2nv/~1 (m,- q) PR{P™'=2m/-1[™i =,
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Therefore we have

(53) Vo) =a@) 67 (5.
!
(3.4) V() = a0) [] 67 @8) .

Let v € T'(S, “H) be a section such that vjg« € I'(S*, F!(H)). Then
v = u1(t) “v1 + uo(t) “vo for some holomorphic functions u; (), ug(t) on
S and e*(v) = §(z)(eo +w(z)ey1) for a holomorphic function @(z) on U.
Now e*(v) corresponds to the vector

exp(g M) (Z;%) .

(1) = erves = [T ()

by (3.3). Thus ¢(z)a(#) Hizl 6; 7% is a holomorphic function ¢(t) on S.
Therefore v = p(t)(A(t) *v1 + B(t) “vg). Thus A(t) “v1 + B(t) “wvp is a
generator of F1(*H). Similarly we can prove A(t)*v; + B(t) %y is a
generator of F1(YH) by using (3.4). Q.E.D.

Let A(z) be the cusp form of weight 12 (cf. Remark 1.2.6). Let the
section £ € HO(S*, F1(H)®12) correspond to A(w(2))(w(z)e1 + ep)®12.

Corollary 3.1.8 (cf. [U]). The £ extends to a holomorphic sec-
tion of FL(*H)®'2 over S. The effective divisor div(£) is written by

S (as + 126,)D;.

Proof. By the argument above, w(z) = Zi:l a;z; + h(6) for non-
negative integers a; and a holomorphic function h(6) on T'. Note that if
a; > 0 then monodromy matrix p(v;) is of type I,, or I;.. By Remark

1.2.6, the function A(w(z)) is written as u(6) Hl g% for a nowhere

i=1

vanishing function u(f) on T. On the other hand, by (3.3), we have

Hence

1
w(z)er +eo = a(0)(J [ 6; ) (A(t) “v1 + B(t) “wo),
=1
where A(t)“v1 + B(t)“vo is a generator of F1(*H) by Lemma 3.1.7.
By computing the vanishing order of [], 6, 12pi Hi 1 07%% along each

coordinate hyperplane {6; = 0}, we are done. Q.E.D.
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3.2. Torsion free theorems

Let f: Y — M be an elliptic fibration (not necessarily projective)
between complex manifolds such that f is smooth outside a normal
crossing divisor D = |JD; on M. Then we have a variation of Hodge
structures H := (R'f.Zy)|m\p- Let “H and *H be the upper and the
lower canonical extensions, respectively of H = H® Opp\p to M defined
in Definition 3.1.1 (cf. [Kl11], [Mw]). Also we denote by FP(*“H) and
FP(*H) the induced p-th filtrations (cf. Definition 3.1.1). As a corollary
of Corollary 3.1.8, we have:

Corollary 3.2.1 ([Kw2]). LetJ: M — P! be the J-function asso-
ciated with H. Then there is an isomorphism

FHH)®? = J*O(1) @ Op (D 126 D),

where the rational numbers §; are determined by the types of the mon-
odromy matrices around D; as in Table 8.

Proof. By Corollary 3.1.8, £ = A(w(2))(w(z)e1+e0)®1? is a section
of H°(M,
FL(“H)®'?) such that div(¢§) = Y ;(a; + 126;)D;. Here if a; = a > 0,
then the monodromy matrix around D; is of type I, or I;. Thus we
have the isomorphism J*O(1) ~ O(3" a;D;) by Proposition 2.1.4, which
implies the expected isomorphism. Q.E.D.

The following theorem was proved by [K11] (cf. [Ny2]) for algebraic
case and by [Mw] for projective morphisms. On the other hand, Saito
independently proved this by using his theory of Hodge modules in [Sal].
He also had a generalization to the case of Kahler morphisms (cf. [Sa2],
[Sa3]). Takegoshi ([Ta]) also gives another proof for Kahler morphisms
by an L?-method.

Theorem 3.2.2. Let 7: X — W be a projective surjective mor-
phism from a complex analytic manifold X onto a complex analytic vari-
ety W. Then the higher direct images Rim.wx are torsion free fori > 0.
Moreover the following properties hold:

(1) Assume that W is nonsingular and w is smooth outside a nor-

mal crossing divisor D of W. Let d = dim X — dim W and let
“HIH? be the upper canonical extension of the variation of Hodge
structures (Rd+i7r*ZX)1W\D for any i > 0. Then we have

RiW*UJX/W ~ fd(qu+i),

where F¢ denotes the induced d-th filter from the Hodge filtra-
tion;
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(2) Assume that there is a projective morphism f: W — V to a
complex analytic variety V. Then for an f-ample invertible
sheaf A of W and for integers p > 0 and 1 > 0, we have

RPf(A® Riw*wx) =0.

We shall consider the above theorem in the case of (not necessarily
projective) elliptic fibrations.

Theorem 3.2.3. Let f: Y — W be an elliptic fibration, which is
not necessarily projective, between complex manifolds. Suppose that f is
smooth outside a normal crossing divisor on W. Then there exist the
following isomorphisms:

FL(“H), i=0; Os, i=0;
Rif*wY/W ~ ¢ Og, i =1; Rif*Oy ~ Cy"rg_.(e'}-()7 1=1;
0, > 1, 0, 1> 1.

Proof. If f is alocally projective morphism, then these are isomor-
phic by Theorem 3.2.2. If dim W = 1, then f is a flat morphism. Thus
f is a locally projective morphism by Claim 3.2.4 below. Thus even
in the case dimW > 1, the double duals of R’ fswy,w and R f, Oy,
respectively, are isomorphic to the right hand side of the correspond-
ing formula. Hence we have only to check the formula locally on W.
We may assume that the monodromy matrices are unipotent by taking
the unipotent reduction. By the flattening theorem, we have a proper
bimeromorphic morphism p: M — W from a nonsingular manifold M
such that the fiber product Y xyww M — M induces a flat morphism
g: Z — M from the main component Z of Y xy M. We may assume
that g is smooth outside a normal crossing divisor D of M.

Claim 3.2.4. g is locally a projective morphism.

Proof. Let us consider the following exact sequence induced by g,
from an exponential sequence:

R'9.0z — R'g,0% — R?¢g.Z7 — R%q.03.

Now we have R2g.0z = 0. Note that the stalk (R%2g.Zz)p is isomorphic
‘to H?(g~1(P),Z) for P € M. Thus we have an invertible sheaf £ on an
open neighborhood of g~!(P) such that the intersection numbers £ - C
are positive for any irreducible components of C C g~!(P). Hence L is
g-ample over an open neighborhood of {P}. Q.E.D.

Proof of Theorem 3.2.3 continued. There is an elliptic fibration
m: X — M from a complex manifold X such that 7 is bimeromor-
phically equivalent to g over M and that 7 and g are isomorphic to each
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other over M \ D. By Claim 3.2.4, g is bimeromorphically equivalent to
a projective morphism locally over M. Since the canonical extension of
(Rl'/r*ZX)| m\D ® Opp\p and the induced filtrations are pullbacks of the
corresponding sheaves on W, we have: ‘

p*(FY(H)), ifi=0;
Rimwx/m =~ 4 O, ifi=1;
0, otherwise,

by Theorem 3.2.2. Since R'u.wys = 0 for i > 0, we have:

FY(H), ifi=0;
R fuwyyw = R (po m)wwx/w = § Ow, ifi=1
0, otherwise.

By duality, we also have the isomorphisms for R!f,Oy. Q.E.D.

Remark. By the same argument, we can show such isomorphisms
exist in the case the general fibers of Y — S are curves. But if it is
not an elliptic fibration, then ¥ — S is bimeromorphically equivalent
to a projective morphism. Therefore this is already proved by Theorem
3.2.2.

Corollary 3.2.5 (cf. [U, 6.1], [Kw2, 20]). Let f:Y — W be an
elliptic fibration between complex manifolds such that f is smooth outside
a normal crossing divisor D = UD;. Then we have:

(f*u)y/w)®12 ~ J*O(l) ® O(Z 1261DZ)

Now we shall prove the following;:

Theorem 3.2.6 (Torsion free theorem). Let m: X — W be an
elliptic fibration from a complexr manifold X onto a compler analytic
variety W. Then the higher direct image sheaves Rim,wx are torsion
free. Further if there exist a projective morphism f: W — V onto a
complex analytic variety V and an f-ample invertible sheaf A on W,
then

RPf.(A® R'muwx) =0
for any p>0 and i > 0.

Proof. First we shall show that R'm,wy is torsion free and that

Rir,wx = 0 for i > 2. We may assume that there exist a complex

manifold M and morphisms g: X — M and pu: M — W such that g
is smooth outside a normal crossing divisor D = [JD; on M, pu is a
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bimeromorphic morphism, and that 7 = o g. Thus by Theorem 3.2.3
and Corollary 3.2.5, we have

(guwx)®? ~ w8 @ J*O(1) ® (’)(Z 126,D;),

; wy, fori=1;
Rlg.wx ~
X {O, for i > 1.

Note that g.wx/ar— ) 6;D; is py-nef. By applying the vanishing theorem
[Ny3, 3.6, 3.7], we have

Rfpu,(gswx) =0 and RFp.wpy =0
for k£ > 0. Therefore by the Leray spectral sequence, we have

pr(gswx ), fori=0;
Rimwx ~ s (war), for i =1;
0, for i > 1.

Thus Rim,wx are torsion free. Next we shall prove the vanishing:
RPf.(A® R'm,wx) = 0.

By the argument above, we have only to consider the cases i = 0, 1.
Since pu* A is (f o p)-nef-big, the giwx/p — >, 6:D; +p*Ais also (f o p)-
nef-big. Thus by [Ny3, 3.7], we have

R(fo ) (' A®wy) =0 and RP(fop)e(u A®mwx) =0

for p > 0. Thus by the argument above, we have the desired vanishing,.

Q.E.D.

3.3. Projective morphisms

We have the following criterion for a given proper surjective mor-
phism to be locally projective.

Proposition 3.3.1. Let 7: X — V be a proper surjective mor-
phism from a complex analytic manifold X onto a complex analytic va-
riety V. Suppose that the stalk (R?7,Ox)p = 0 for a point P € V. Then
w is projective over {P} if and only if there is an open neighborhood U
of P in'V such that n=Y(U) admits a Kdhler metric.

Proof. Tt is enough to prove that 7 is projective over { P} under the
assumption: X is K&hler. Let us consider the following exact sequence
induced by m, from the exponential sequence:

R'7,0x — R'1,0% — R*n,Zx — R?1,0x = 0.
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We note that the stalk (R?m,Zx)p is isomorphic to H2(n~1(P),Z). Let
w be a Kihler form on 7~ 1(U) for an open neighborhood U of { P}. Then
its cohomology class [w] should be an element of H%(7~1(U),R). Let us
denote by the same [w] the image of [w] under the map H?(7~(U),R) —
H?(r=1(P),R). We define the Kdhler cone KC(X/V; P) over {P} to
be the subset of H?(m~1(P),R) consisting of all the [w] for Kahler forms
w defined on some neighborhoods of 7=1(P).

Claim 3.3.2. KC(X/V; P) is an open subset of H*(n~1(P),R).

Proof. Note that (R'7,.0%)p — H?(n~1(P),Z) is surjective. Thus
for any element 7 € H2(n~!(P),R), we have a d-closed real (1,1)-form
n on a neighborhood of w~1(P) such that its cohomology class [n] is
7. Let w be a Kéhler form and let 7; for 1 < ¢ < n be d-closed real
(1,1)-forms on a neighborhood of 7~!(P) such that {[n;]} is a basis of
H?(n=1(P),R). Since 7~ !(P) is a compact subset, there exists a pos-
itive number e such that if z; are real numbers with |z;| < e, then
W+ Y <;<n TiM; is also a Kahler form on a neighborhood of 7~!(P).
Thus the Kihler cone is open. Q.E.D.

Proof of Proposition 3.3.1 continued. By the above claim, we ob-
tain an invertible sheaf £ on a neighborhood of 7~!(P) which has a
positive Hermitian metric. Thus £ is m-ample. Therefore 7 is a projec-
tive morphism over {P}. Q.E.D.

As a consequence of Claim 3.2.3 and Proposition 3.3.1, we have:

Theorem 3.3.3. Let f: Y — M be an elliptic fibration from a
complex Kahler manifold Y onto a complex manifold M such that f is
smooth outside a normal crossing divisor on M. Then f is a locally
projective morphism.

In the case M is a nonsingular curve, any elliptic fibration Y — M
is a locally projective morphism. But in the case dim M > 2; there exist
non-projective elliptic fibrations.

Example 3.3.4. Let A2 be the two-dimensional unit disc with a
coordinate system (t1,t2), u: S — A? the blowing-up at 0 = (0,0) € A2,
and let D be the exceptional divisor on S. Then S is covered by open
subsets Uy and U; such that

(1) Uo = {(z0,y0) € C?||zo| < 1,|z0w0] < 1}, p*(t1) = zo and

w*(t2) = zoyo on Uy,

(2) Ui = {(z1,5) € C*||z1] < 1,|z1w1] < 1}, p*(t1) = 211 and

p*(tz) = z1 on Uy,
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(3) Uo,1 = {(z0,90) € Uo|yo # 0} and U1 0 := { (x1,91) € Ur |th #
0} are isomorphic to each other by

r1 = ZoYo, = s
1 (l?{o and Zo wizil
U =% Yo =Y -

We take an elliptic curve E, that is the quotient manifold of C* by the
action: '
C*surs up

for p € C* with |p| < 1. Let us consider the following isomorphism:
Uo,1 X C* 3 (20, %0), u) = ((zoyo0,¥5 1), ugo) € Uro x C* .

This induces the isomorphism Up; X E =~ Uj ¢ X E, by which we can
patch Uy x E and U; x E. Thus we obtain a smooth elliptic fibration
f: X — S. Note that f~!(D) is isomorphic to the Hopf surface H,,
which is defined to be the quotient manifold of C? \ {(0,0)} by the
action

C*\{(0,0)} > (21, 22) = (pz1, p22) -

Thus f is a locally projective morphism but not a projective morphism.
Further the composite o f: X — A? is an elliptic fibration smooth
outside {0} and the central fiber f~!5=1(0) is isomorphic to the Hopf
surface.

Similar constructions to this example are found in [Kt], [Ts]. We
have the following generalization:

Example 3.3.5. Let us consider the following three-dimensional
complex manifold:

M = {(m,y,zl,zz) € A? x (C2\ {(0,0)}) | zzo = yzl} .
Here we consider the following three actions:

(CL‘,y, z1722) = (ﬂ‘x7yaﬂ‘zlaz2)a (.’E, 1y, Zlnu'z2)7 (-'L',y, le,pZ2),

where p := e(1/m) for a positive integer m and p € C* satisfies |p| < 1.
Therefore (Z/mZ) x (Z/mZ) x Z acts on M properly discontinuously and
freely. Thus we have the quotient manifold X with an elliptic fibration
g: X — A? defined by (z,y,21,22) — (t1,t2) = (z™,y™). Further
we have an elliptic fibration f: X — S C A% x P! by (z,y, 21, 22) —
(™, y™, (2" : ")), where v: S — A? is the blowing-up at 0 = (0,0) €
A2, Here g =vo f. The f is smooth outside D = v~1(0) and f*(D) =
mf (D), where the central fiber f~!(D) = g~!(0) is the Hopf surface
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Hm (cf. Example 3.3.4) and f~!(D) — D is the induced smooth elliptic
fibration. Therefore we have the following canonical bundle formula:

Kx ~ f*(Ks) + (m —1)f /(D) ~ g*(Ka2) + (2m — 1) f (D).

Note that if m = 1, then this f is nothing but the same f as Example
3.3.4. The multi-valued map:

(8%)° = A2\ {(0,0)} 3 (tn,12) = (12", 15/ ™) € M

defines a holomorphic section. Thus by Proposition 1.2.4, X X o2 (A2%)° ~
E, x (A?)°, since (A?)° is simply connected.

§4. Toric models

4.1. Basic elliptic fibrations

An elliptic fibration is defined to be a proper surjective morphism
of complex analytic varieties whose general fibers are elliptic curves. An
elliptic fibration is said to be basic if there is a meromorphic section. Let
S be a d-dimensional complex manifold, D a normal crossing divisor, and
let S* := S\ D. If an elliptic fibration over S is smooth over S*, then any
meromorphic section is holomorphic over S* by Lemma 1.3.5. Let H be
a variation of Hodge structures on S*, p*: B(H)* — S* the associated
smooth basic elliptic fibration, and let ¢f: S* — B(H)* be the zero
section. Then by [Ny4, (2.5)], there exists a minimal triplet (Ly/s, o, §)
on S such that the Weierstrass model W := W(EH/S,a,ﬁ) — S is an
extension of p* to S and the canonical section is an extension of .
The W has only rational singularities and the invertible sheaf Lp /g is
isomorphic to (cf. Theorem 3.2.2):

Cr%(*H) = *H/F (*H).

Let v*: H — H be an automorphism as a variation of Hodge structures
over S*. Then v* is of finite order, which is one of {1,2,3,4,6}. By the
uniqueness of the extension W [Ny4, (2.5)], we have an automorphism
v: W — W over S inducing v* over S*. The automorphism v is defined
by

W3(X:Y:2)— (X :Y :6%2)
for a primitive m-th root € of 1, where m is the order of v*. By taking an

equivariant resolution of singularities, we have an extension p: B(H) —
S of p* satistying the following conditions:

(1) B(H) is nonsingular;
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(2) B(H) — S admits a section g¢: S — B(H) which is an exten-
sion of a§;

(3) For any such automorphism v: W — W as above, the induced
bimeromorphic automorphism v: B(H)--— B(H) is holomor-
phic.

The section 0¢: S — B(H) is also called the zero section. By the exis-
tence of such extensions and by Proposition 1.3.3, we have the following:

Theorem 4.1.1 (cf. [Ny8]). Let f*: X* — S* be a smooth pro-
jective elliptic fibration over a complex manifold S*. Suppose that S*
1s tsomorphic to a Zariski-open subset of another complex manifold S.
Then f* extends to a projective elliptic fibration over S.

Proof. A prime divisor R* of X™* is finite étale over S* by Propo-
sition 1.3.3. Let S — S* be the Galois closure of R* — S*. Then $’*
is realized as a Zariski-open subset of a complex manifold S’ and the
finite étale morphism S™* — S* extends to a generically finite proper
morphism S’ — S, by a theorem of Grauert—-Remmert [GR]. Here we
may assume that the Galois group G of $™* — S8* acts holomorphically
on S’. The pullback X* X g« §"* — S’ admits a section. Thus by the
previous argument, we can extend the smooth basic elliptic fibration to
a basic elliptic fibration B(H’) — S’, where the action of the Galois
group G on X* x g« S’* induces a holomorphic action on B(H’). Hence
we have only to take the quotient. Q.E.D.

Let o: S--— B(H) be a meromorphic section. We denote by ¥ and
Yo the images of ¢ and og, respectively. Let us consider the diagonal
Apuy C B(H) xg B(H) and take a bimeromorphic morphism p: Z —
B(H) xg B(H) from a complex manifold Z onto the main component of
B(H) xg B(H) which is isomorphic over B(H)* xg« B(H)*. Let A’ be
the proper transform of Ag(gy in Z and let py,py: Z — B(H) be the
first and the second projections, respectively. We consider an invertible
sheaf

N i= 05(8 = pa(Zo) + 5 (%).

Then for b € B(H)* = p~'(S*), we have an isomorphism:
Npr1w) = Op=1(o(v)) (8] — [00(p(b))] + [o(p(b))]),

which is an invertible sheaf of degree one on the elliptic curve p~!(p(b)).
By replacing Z by a further blowing up, we have an effective divisor
E C Z such that pip1.N ~ N @ O(—E). An irreducible component FEy
of E dominates B(H) bimeromorphically, and the other components do
not dominate B(H). Let tr(c): B(H)--— B(H) be the meromorphic
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mapping over S associated with the graph p(Ey) € B(H) xgs B(H).
Then the restriction of tr(a) to p~1(S*) = B(H)* is nothing but the
translation morphism by the section o. We call tr(o): B(H)--— B(H)
by the translation mapping by a meromorphic section o. By the same
argument, we see that p: B(H) — S has a meromorphic group struc-
ture, i.e., there exist a multiplication mapping B(H)xgsB(H)--— B(H)
over S and an inverse B(H) — B(H) which are extensions of the same
objects for p*: B(H)* — S*. We also have the following generalization
of Lemma 1.2.2:

Lemma 4.1.2. Let¢: B(H)---— B(H) be a bimeromorphic map-
ping over S inducing the identity homomorphism on (Rlp*ZB(H))w*.
Then there exists a meromorphic section o: S -— B(H) such that p =
tr(o).

In particular, every bimeromorphic automorphism ¢: B(H)--— B(H)
over S is expressed as the composite of a translation mapping and an
automorphism v of finite order explained as before. By [Ny4, (2.1)], we
have:

Lemma 4.1.3. Let f: X — S be an elliptic fibration smooth over
S* which induces an isomorphism H ~ (R! f+Zx)|s+ as variations of
Hodge structures. Suppose that f admits a meromorphic section o: S
«+— X. Then there erxists a bimeromorphic mapping h: X ---— B(H)
such that h o o is the zero section og.

Let 4 C S be an open subset. The set of meromorphic sections
{o:U---— B(H)jy} forms a subgroup of H°(U N §*,&y). From the
subgroups, we define a subsheaf &p/s of j.&py, where j denotes the
inclusion §* < S. We call &p,5 by the sheaf of germs of meromorphic
sections of B(H) — S. Obviously, it does not depend on the choice
of B(H). Let f: X — S be an elliptic fibration smooth over S* and
let ¢: H ~ (R'f.Zx)|s+ be an isomorphism as variations of Hodge
structures. Suppose that f admits a meromorphic section locally on S,
i.e., there exist an open covering S = |J,c, Sx and meromorphic sec-
tions S --— X|g, for any A\. Then we have bimeromorphic mappings
ea: X|g, ~+— B(H);s, over Sy such that these ¢} induce the given iso-
morphism ¢: H ~ (R'f,Zx)|s+. Then for A, € A, the transition map-
ping px 0@, B(H)|s,ns, -+— B(H)|s\ns, is the translation mapping
by a meromorphic section 7, , of B(H) — S over Sy N S,. Therefore
we have ), + Nu + mn = 0 for A, p,v € A. This collection {7 .}
defines a cohomology class in H(S, &y /s), which is independent of the
choices of an open covering {S»} and bimeromorphic mappings {@}.
Let us denote the cohomology class by n(X/S, ). Let f': X' — S be
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another elliptic fibration smooth over S* and let ¢': H ~ (R f|Zx:),s-
be an isomorphism. Assume that f’ also admits a meromorphic section
locally over S and that n(X/S,¢) = n(X'/S,¢’). Then there exists a
bimeromorphic mapping %: X ---— X’ over S such that ¢ = ¢* o ¢'.
Therefore these n(X/S, ¢) define a natural equivalence relation for such
pairs (X/S,#). Let (f: X — S,¢) be a pair as above and suppose
that X is nonsingular. Then we have the following exact sequence by
Theorem 3.2.3:

0— R'f.Zx — R f.Ox — R'f,O% — R*f.Zx — 0.

The natural homomorphism R'f.Zx — j.H induces a commutative
diagram (cf. Lemma 3.1.3)

le*ZX —— le*OX

I

Let Vx be the kernel of the homomorphism
le*O;( — J ((le*ojf)ls* )

For a meromorphic section o: S ---— B(H), we can attach an invertible
sheaf Op(g)(E — Xg), where ¥ = o(S) and ¥y = 0¢(S). By considering
©3O0pm) (X — o), we have an element of H%(S, R' f,0% /Vx), since the
transition mappings @, o <p;1 are translations. Therefore as in §1.3, we
have an injective homomorphism

dx: Gyys — R fL.O%/Vx,
which extends to the exact sequence (cf. (1.2)):
(4.1) 0— /s 23 R f,0%/Vx — Ls — 0.

By the similar argument to the proof of Lemma 1.3.2, we have:

Lemma 4.1.4 (cf. [Ny8]). The cohomology class n(X/S, ¢) is the
image of 1 under the connecting homomorphism

Z=H"(S,Zs) — H'(S,Gnys)

derived from (4.1).



246 N. Nakayama

Proposition 4.1.5.

(1) Let f: X — S be an elliptic fibration smooth over S* admitting a
meromorphic section locally over S and let ¢: H ~ (le*ZX)ls*
be an isomorphism. Then the cohomology class n(X/S,¢) €
Hl(S,GH/S) i a torsion element if and only if f is bimero-
morphically equivalent to a projective morphism over S.

(2) For a torsion element n € H'(S,&ys), there ezist a pair
(X/S,¢) as above such that n =n(X/S, ).

Proof. (1). Suppose that f is bimeromorphically equivalent to a
projective morphism and that X is nonsingular. Then we have an in-
vertible sheaf M on X such that deg M s-1(y > 0 for a general fiber
F~1(s). At the exact sequence (4.1), M € H'(X, O%) induces a positive
integer in Z = I'(S,Zg). Hence by Lemma 4.1.4, n(X/S, ¢) is a torsion
element. Next conversely suppose mn(X/S, ¢) = 0 for a positive integer
m. Then by the same argument as in the proof of Proposition 1.3.3,
we have a generically finite meromorphic mapping X ---— B(H) over S.
Therefore f: X — S is bimeromorphically equivalent to a projective
morphism.

(2). Suppose that mn = 0 for a positive integer m. Let {S\} be a
locally finite open covering of S and {n,,} be a cocycle of meromorphic
sections of B(H) representing 7. We may assume that there exist mero-
morphic sections £ over S) such that mny , = £, — &) over SN S,. As
in the previous argument we have multiplication mappings

¥x: B(H)|s, 2 B(H))s, -

Then tr(€,) o tr(€x) ™! o0 4, = 1 o tr(nx ,). The meromorphic sections
Ma,us €x are holomorphic over S*. Therefore we have the patching X* :=
U, B*(H)|s» by {n,.} and a finite étale morphism ¢*: X* — B(H)*
over S*. By construction, the elliptic fibration f*: X* — B(H)* — §*
induces an isomorphism ¢: H ~ R!f*Zx+ as variations of Hodge struc-
tures. By a theorem of Grauert—Remmert ([GR]), there exist a gener-
ically finite morphism ¢: X — B(H) extending ¢*: X* — B*(H).
Then the composite f: X — B(H) — S is an elliptic fibration bimero-
morphically equivalent to a projective morphism. By the uniqueness
of the extension of finite morphisms, we have bimeromorphic mappings
@x: X|s, -+ B(H))s, such that ¢;5, = ¢\ oy and @y = tr(nx,.) 0 v,
for A, pr. Therefore n(X/S, ) = 7. Q.E.D.

Next we consider another situation. Let f: X — S be an ellip-
tic fibration smooth over S* and let ¢: H ~ (R!f.Zx)|s+ be an iso-
morphism of variations of Hodge structures. Suppose that there is a
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finite Galois covering 7: T' — S with the Galois group G such that T
is a complex manifold, 7!(D) = Dr is a normal crossing divisor, 7 is
étale over S*, and that the fiber product Xt := T xg X — T admits
a meromorphic section. Let Hr be the the variation of Hodge struc-
tures 77'H on T* := T \ 7~}(D) and let B(Hy) — T be a similar
basic elliptic fibration. Then X7 — T is bimeromorphically equiva-
lent to B(Hy) — T. Then from f, we have a cohomology class in
HY(G,H®(T,&n,,r)) by the same argument as in §0.3 and §1.4. Con-
versely, let us take an element n € H'(G, H°(T, Sy, 7)). Then by an
argument in §0.3, 7 induces a left meromorphic action of G on B(Hr).
This is described as follows: Let {ny},ec be a cocycle of meromorphic
sections of B(Hr) representing n. Let G x B(Hr)--— B(Ht) be the
natural meromorphic action of G which defines B(H) as the quotient.
Let ¢4: B(Hr) = {9} x B(Hr)--— B(Hr) be induced bimeromorphic
automorphisms. Then the new action of G on B(Hy) is defined by
¢y = ¢g o tr(ng). Since G is a finite group, we can consider the quo-
tient X of B(Hr) by G. Then we obtained an elliptic fibration. Let
&E(S,D,H,T) be the set of bimeromorphic equivalence classes of pairs
(f: X — S, ) consisting of an elliptic fibration f: X — S smooth over
S* and an isomorphism ¢: H ~ (le*ZX)|S* such that X xgT — T
admits a meromorphic section. Here two pairs (f;: X7 — S,¢1) and
(f2: X2 — S, ¢2) are called to be bimeromorphically equivalent if there is
a bimeromorphic mapping ¢: X; ---— X5 over S such that ¢; = ©* o ¢q.
Then we have:

Lemma 4.1.6. There is a one to one correspondence between
Hl(G,HO(T,GHT/T)) and E£(S,D,H,T).

4.2. Construction of toric models
We fix positive integers 1 < | < d and nonnegative integers a; for
1 <4 <, where we assume a := Zizl a; > 0.

Definition 4.2.1. A map o: Z — {1,2,...,1} is called a sign
function with respect to (a1, as,...,a;) if the following two conditions
are satisfied:

(1) o(m +a) = o(m) for m € Z;

(2) a; =#{0 < j < a|o(j) =1} for any .

For a sign function o and for given integers b; for 1 < ¢ <[, there exist
maps I;: Z — Z with I;(0) = b; such that for m € Z,

ILi(im)+1, ifo(m) =4
I;(m), otherwise.

L(m+1)= {
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Definition 4.2.2. We call the map I; by the index function at i
with respect to the sign function ¢ and the initial value b;.

For any integer k, let C;, C R%*! be the rational polyhedral cone

l l
{(Ul,...,Ud,y) (S Rd+l U; Z 0, ZL(k)uz S y S Zfz(k+1)uz }

=1 =1

Then the semigroup

d
Y Nzt = {(nl, N PR | anuz + nat1y > 0 for (u;,y) € Ck}
i=1

is finitely generated. Let Rj be the associated semigroup ring over C.

It is easy to show the following;:

Lemma 4.2.3. LetCl[ty,to,...,tq, s| be the polynomial ring of (d+
1)-variables. Then Ry, is isomorphic to a C-subalgebra of C[t, £, ...,

tfl, sT1] generated by monomials

l l

—I.(k — I (k+1

tita,.. o ta, s [[t77®, sV,
i=1 =1

By the theory of torus embeddings, Spec Ry, are patched together and
form a nonsmgular scheme M, (,) locally of finite type over Spec C[t1,
ta,...,tq]. We note that M o, (0)_, is isomorphic to M, 3,) by the mor-
phism:

1
(t1,ta, ... tq,s) (tl,tg,...,td,sHt?i)
=1

Thus we denote M, (3, simply by M. Let A? be the unit polydisc
defined in
(SpecClty, tg, ..., t4])*™ ~ C2.

Let (A9)* := (A*)! x A4 and let (A?%)° be the complement of the
following subset in A%:
U {ti=t =0}
1<i<j<l
Then (A9)° = A?\ Sing D and (A%)* = A?\ SuppD, where D =
22:1 D; = {tyts---t; = 0}. We shall consider the analytic space

Xo = ( a) ><(Spec‘C [t1,t2,...,ta])>" Ad
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and the projection 7: X, — A% We define X2 := X, xa (A%)° and
Xr = X, Xpa (A?)*. Since X ~ (A?)* x C* does not depend on the
choice of o, we write X* := X}. Here the variable s above is considered
to be a coordinate of C*. Let us define

XC(,k) = (Spec Rk)an X(Specc[tl,tZ,...,td])a‘n Ad.
Lemma 4.2.4. X, is simply connected.

Proof. By construction, X, contains Xék) as a Zariski-open subset,
which is isomorphic to {(u,v) € C?| Juv| < 1} x A%~1. This is simply
connected. Thus X, is also simply connected. Q.E.D.

Lemma 4.2.5. For any sign functions o, X7 are isomorphic to
each other.

Proof. For any J = (j1,72,-..,51) € Z® and for 1 < i < I, we
consider the algebra

l 1
iRy :=C |t1,ta,...,ta,s [[ 7% st [ 13| -
k=1 k=1

It is enough to show that X contains (Spec ;Ry)™ X (speccjy)en (A%)° as
an open subset naturally, where ¢ = (£1,%2,...,t4). There is an integer
m such that o(m) = ¢ and I;(m) = j;. Then two algebras ;Ry and R,
are isomorphic to each other up to the localization by [, »i tk- Next we
fix i’ # 4 and compare two algebras ; Ry and ;+ Ry. Then there is an open
immersion Spec(; R3[t;"]) — Spec(i R3t;!]). Hence by combining with
the previous argument, we have an open immersion

spec (iR [[],.,, t"]) = Spec (R [T, %))

for some m'. Thus we are done. Q.E.D.

In what follows, we also denote X° = &. Note that A° is also simply
connected, since codim(X, \ X°) > 2. Now we shall take a period
function w(z) on U = H! x A%~! of the form (cf. Proposition 2.1.4):

!
w(z) = Zaizi + h(t),

where A(t) is a holomorphic function on A? such that Im h(t) > 0. Then
we have a variation of Hodge structures H of type Iy on (A4)* whose
monodromy matrix around the coordinate hyperplane D; is of type 1,,.



250 N. Nakayama

We have e(w(z)) = e(h(t)) Hizl t?*. Let us consider an automorphism
# of X* defined by:

!
9: X~ (AN x C* 3 (t,8) — (t, s - e(h(t))Ht;“) .

=1

This induces also a holomorphic automorphism of X,. In fact, we have
isomorphisms a0~ gkt by 9. From the inequality |e(w(z))| < 1
and from a similar argument to [Nk|, we have:

Lemma 4.2.6. The action of 9 on X, is properly discontinuous
and fized point free.

Therefore we can define the quotient manifold X,, which has a structure
of an elliptic fibration p: X, — A%. Here we usually assume that all the
initial values b; = 0. By composing the morphism

At (1) € X,

with the quotient morphism ¢: X, — X,, we have a section gg: A? —
X,

Definition 4.2.7. We call p: X, — A¢ by the toric model of type
o and the section og: A% — X, by the zero section of p.

Lemma 4.2.8. We have the following properties on the toric

model:

(1) The period function of p is of the form w(z) = Zle a;z; + h(t)
on H! x A4t

(2) The monodromy matrix p(y;) is of type L,,;

(3) The fiber p~1(0) is isomorphic to a cycle of rational curves, the
number of whose components is a = 22'1:1 a;. In particular, p
is a flat morphism;

(4) The canonical bundle of X, is trivial and hence p: Xy — A% is
a minimal elliptic fibration.

Proof. Tt is enough to prove (4). Let us consider the meromorphic

(d + 1)-form

d
dty Adtg Ao Adig A
S

on X,. It is easily checked that this is holomorphic and is a nowhere
vanishing section of the canonical bundle of X,,. Further this is invariant
under ¥. Thus this induces a nowhere vanishing section of the canonical
bundle of X,. Q.E.D.
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Theorem 4.2.9 (minimal model). Let f: Y — A? be a mini-
mal projective elliptic fibration which is bimeromorphically equivalent to
p: X, — A% Then there exist a sign function o’ and a bimeromorphic
morphism Xor — Y over A% such that X, is a Q-factorialization of Y.

We divide the proof into the following 4 steps.

Step 1. Since f: Y — A% and p: X, — A? are minimal models, the
bimeromorphic mapping Y ---— X, is an isomorphism in codimension
one. Let A be a general irreducible divisor on Y which is f-ample. Then
its proper transform I'" in X, is also an irreducible divisor. Suppose that
T is p-nef. Then I is p-semi-ample by [Ny3, 4.8, 4.10]. Since Y and X,
are isomorphic in codimension one, we have a bimeromorphic morphism
X, — Y over A4 sending I' to A. Therefore we are done in the case I
is p-nef.

Next assume that I' is not p-nef. It is enough to find a suitable sign
function ¢’ such that the proper transform of A in X, is relatively nef
over A4,

Step 2. Now the positive integer a = 22:1 a; satisfies a > 2. Other-
wise, the central fiber p~1(0) is irreducible, so T is p-nef. For k € Z, let
Ch be the irreducible component of the central fiber 7=1(0) C X, which
intersects Xék) n Xékﬂ), E; the component of W_l(DU(k)) containing
Ch, and let F}, be the component of 77 (Dg(k+1)) containing C. Also
for k € Z/aZ, let C,; be the image of ék under the quotient morphism
X — Xy, where k mod a = k. Further let E. and Fy be the images of
Ey and F, %, respectively. The following lemma is easily shown:

Lemma 4.2.10. :

(1) Ifo(k) = o(k+1), then Ex = F, ~ P! x D, () over Dy, and
C is the central fiber of E; — Dg(). In particular, the normal
bundle N¢, ;x, is isomorphic to O(—2) @ O®d-1),

(2) Ifo(k) # o(k+1), then the complete intersection E,,NF, is iso-
morphic to P x (DU(K) N DU(R+1)) over Dg ()N Dy(cy1), where
Cy is the central fiber of Ex N Fy, — Dy() N Do (eq1)-

(3) In the case o(k) # o(k + 1), the normal bundle of E, N F, in
X, is isomorphic to ptO(—1)®2, where p; is the first projection

E.NF,~P!x (Da(,g) N Do’(h:-i"l)) — P

In particular, the mormal bundle N, x, 1is isomorphic to
0(-1)%2 g 042,

Step 3. Since T is not p-nef, there exists a curve C;, C p~1(0) such
that T'- C, < 0. If o(x) = o(k + 1), then I' - v < 0 for any fiber v of
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E. — Dg(xy- Thus E,; C I'. This is impossible, since I is irreducible
and is dominating A?. Therefore o(x) # o(k + 1). Let X, — X, be
the blowing-up along E. N F,. By Lemma 4.2.10, we can blow-down X,
along the other ruling of the exceptional divisor which is isomorphic to

P! x P! x (Da(n) n DU(N_H)) .

Thus we obtain another manifold X”. (cf. Figure 1). By considering
this process on X, and by applying the torus embedding theory, we see
that X ~ X, for a sign function ¢’ determined by

o(k+1), ifj=rx;
a'(j) := < o(k), if j =r+1;
o(7), otherwise.
Let C”. be the fiber over 0 € A? of the image of the exceptional divisor,

C} the proper transform of C; for k # j € Z/aZ and let I be the proper
transform of I'. Then we have:

Lemma 4.2.11.

Figure 1. Flop.
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(1) Ifa > 2, then

—I'-Cy, ifj=x;
I Ci=qT-Cj+T-Cyx, ifj=k—1lorj=r+1;
r.cj, otherwise.

(2) If a =2, then

I'. C. = TGy, i j =K
J s
r-¢;+2r-C,, ifj=r+1.

Step 4. Let 6 be the covering degree of I' — A¢ and let us consider
the following set of mappings:

S = ¢:Z/aZ—>Z\ 3 @) =6
z€Z/al

An element ¢ € Sga) is called nef if ¢(z) > O for all x € Z/aZ. For
y € Z/aZ and ¢ € Sga) with ¢(y) < 0, we define the flop F,(¢) € Séa)
of ¢ at y as follows:

(1) {(cf. Figure 2) If a > 2, then

_¢(:L‘)7 ifz = Y
Fy(o)(x) == d(z)+ ¢(y), fz=y—lorz=y+1;
o(z), otherwise.

(2) If a = 2, then

—¢(.’1§‘), ifz=y;

Fy(#)(z) := {q&(z) +2¢(y), fx=y+1.

By the previous argument, Theorem 4.2.9 is deduced from the following:

Proposition 4.2.12 (Termination). Any ¢ € S;a) turns to be nef
after a finite number of flops.

A lot of proofs of the proposition seem to be known. The following one
is an application of the theory of elliptic surfaces.

Proof. Let p: X — A be the toric model over a one-dimensional
disc A, determined by a positive integer a > 1 and a period function
w(z) = az. Then X is minimal over A and the central fiber p*(0)
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is a union of smooth rational curves, the number of whose irreducible
components is a. We can write:

e

i€Z/aZ

For ¢ € Séa), let L be a Cartier divisor on X with intersection numbers
L. C; = ¢(2) for all . Note that such L exists since there exist divisors
T; for i € Z/aZ such that T'; - C; = 6; ;. Suppose that ¢(y) < 0 for some
y € Z/aZ. Let us consider the divisor L' = L + ¢(y)C,. Then we have
L' - C; = ¢/(j) for ¢ = Fy(¢). We here look at the exact sequence:

0—O(L')—0OL)— O(L)y® O — 0,

where B is the effective divisor —¢(y)C,. We have x(B,O(L)®0g) = 0.
Thus h%(B,O(L)®Op) = h'(B,O(L)®0Og). Let l and I’ be the lengths
of the skyscraper sheaves R!'p,O(L) and R'p,O(L’), respectively. If
pO(L') ~ p,O(L), then I =1'. If p,O(L") — p.O(L) is not an isomor-
phism, then I’ < [. In the former case, we have

Im(p*p.O(L) — O(L)) C O(L") C O(L).

Thus after a finite number of flops, we come to the second situation.
However the length is a nonnegative integer. Therefore we can not per-
form flops infinitely. Q.E.D.

=S
5
|
=
©
=2

: |

"¢(y+1)+¢(y) 1) =
¢M_ 1) O\O/qxi~ 1) + é(y)

#(y) <0 ' (y) = —¢(y)

Figure 2. Rule of flops in the case a > 2.
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Let H be the variation of Hodge structures on (A?)* induced from
the period function w(z) = Zizl a;2; + h(t) and monodromy matrices
p(7;) of type 1,,. Then the group of meromorphic sections of the toric
model p: X, — A< is isomorphic to H°(A?, Spy/aa). We shall study
the sheaf Gy pa.

Lemma 4.2.13. Let A%.--— X, be a meromorphic section. Then
there exist a sign function o' such that the induced mapping A% -.-—
is holomorphic.

Proof. Let I' C X, be the image of the meromorphic section. Sup-
pose that I' — A? is not an isomorphism. Then I'- C < 0 for an
irreducible curve C contained in a fiber of I' — A%. Thus I' is not rela-
tively nef over A%, By the same argument as in the proof of Proposition
4.2.12, we can find an expected sign function. Q.E.D.

We have the quotient morphism &, — X, by the action of 9. Since
this is the universal covering mapping of X, every meromorphic section
of X, — A% has a lift to X,,. Note that this is holomorphic over (A9)°.

Lemma 4.2.14. The sheaf of germs of meromorphic sections of
m: X, — A? is isomorphic to the sheaf Opa(xD1)* of germs of mero-
morphic functions whose zeros and poles are contained in the divisor

D* i={[,.0ti = 0}

Proof. A holomorphic section of X, — A? for some o is given by
s = v(t) Hz 1 f(k) for some holomorphic function v(t) on A? and an
integer k, where I; denotes the index function at 7 with respect to o. By

Lemma 4.2.13, we see that every meromorphic sections of 7 is written

by
l
s=u(t) []t™
=1

for a nowhere vanishing function u(t) on A% and integers m;, for 1 <
1 <1 with a; > 0. Q.E.D.

Then we have a natural surjective homomorphism Opa(*D)*— &g aa.
The kernel is isomorphic to Z whose generator corresponds to the mero-
morphic function e(h(t)) Hz 1 t7*. Therefore there exist the following
two exact sequences:

(42) 0— ZAd —’OAd(*D+)* — GH/Ad — O
(4.3) 0 — Ore =Opa(xD)* — P Zp, — 0.

a; >0
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4.3. Smooth model and toric model theorems

Theorem 4.3.1 (Smooth model theorem). Let f: Y — A? be a
projective elliptic fibration such that

(1) f is a smooth morphism over (A%)*,

(2) the monodromy representation is of type Io,

(3) f~Y(P) has a reduced component for a general point P of each

D;.
Then f is bimeromorphically equivalent to the smooth basic elliptic fi-
bration p: B(H) — A%, where H is the variation of Hodge structures
induced from f.

Proof. We have a Zariski-open subset V of A? such that Y is flat
over V, codim(A¢\ V) > 2, and that fiv: Yy — V admits a mero-
morphic section locally over V. Thus we obtain a cohomology class
n=nYv/V,¢) € H(V,Sg/aa), where ¢: H ~ (R'f«Zy)v is an iso-
morphism. Note that 7 is a torsion element by Proposition 4.1.5. There

is an exact sequence:
Oasziﬁ—aoAd—»eSH/M—ao.

Hence we have an isomorphism:
HI(V7 Oy) ~ HI(V, 6H/A")7

since H*(V,Z) = 0 for i = 1, 2. Thus the torsion element 1 must be zero.
This means that Y|y is bimeromorphically equivalent to B(H )|y over V.
Since B(H)\p~ (V) has codimension greater than one, the meromorphic
mapping to Y}y extends to a meromorphic mapping B(H)--—Y over
A?. Hence f is bimeromorphically equivalent to p. Q.E.D.

Theorem 4.3.2 (Toric model theorem). Let f: Y — A4 be a pro-
jectwve elliptic fibration such that
(1) f is a smooth morphism over (A%)*,
(2) the monodromy matriz p(y;) around the coordinate hyperplane
D; is of type 1,,,
(3) one of {a;} is not zero,
(4) f~Y(P) has a reduced component for a general point P of each
D;.
Then f is bimeromorphically equivalent to a toric model p: X, — A?.

Proof. Since the monodromy representation of f is of type I 4),
by Proposition 2.1.4, we may assume that the period function of f over
(AD)* is written as:

l
w(z) = Zaizi + h(t)
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for a holomorphic function h(t) on A?. Let p: X, — A? be a toric
model constructed from the variation of Hodge structures H. We have
a Zariski-open subset V' C (A9)° such that f: Y — A% is flat over V,
codim((A%)°\V) > 2 and that fjy : Y|y — V admits a meromorphic sec-
tion locally over V. Therefore, we have a cohomology class n(Yjv /V, ¢) €
H'Y(V,&g/aa), where ¢: H ~ (R'f,Zy)|y~ is an isomorphism. By
Proposition 4.1.5, 7(Y}y /V, ¢) is a torsion element of H*(V, Shyae). We
have an isomorphism H'(V,Op¢(xD1)*) = HY(V,Sp/pa) from (4.2).
From (4.3), we have a surjection

H (V,054(+D*)) » B*(V, D Zn,) =~ P Z

a; >0 a; >0
and an exact sequence
0— H"(V,0ha) = H' (V,0p4(xD*)*) —
~H' (V, D ZD,.) ~ @ H'(D; NV, Z).

a; >0 a; >0

Note that H'(D;NV,Z) are torsion free abelian groups and the exponen-
tial sequence on A induces the isomorphism H*(V, Oaq) =~ HY(V, O%.).
Hence H'(V,0%,) has a structure of C-vector space. Therefore
H'(V, & a4) is torsion free. Thus n(Yjy/V,$) = 0, which means that
Yy — V is bimeromorphically equivalent to the toric model p: X, —
A? over V. Hence we have a bimeromorphic mapping (Xo)v ==Yy
over V. Since codim(X, \ p~1((A%)°)) > 2, codim(p~((A%)°)\p~1(V))
> 2, and since f: Y — A% is a projective morphism, the meromorphic
mapping extends to a bimeromorphic mapping X, ---— Y over A9,
Q.E.D.

By taking a unipotent reduction and a further Kummer coverings A% —
A, we have the following:

Corollary 4.3.3. Let f: Y — A% be a projective elliptic fibration
smooth over (AY)*. Then there is a finite branched covering T — A4
étale over (A%)* such that Y xxa T — T admits a meromorphic section.

We shall give another proof of Corollary 4.3.3, which is based on an
argument of Viehweg ([V, 9.10]).

Proof. Let A C Y be a prime divisor dominating A¢. By taking
a normalization of A, we have a generically finite surjective morphism
V — A9 such that Y xaa V — V admits a meromorphic section. Let
V — T — A9 be the Stein factorization. Then 7: T — A% is a fi-
nite morphism. By taking its Galois closure, we may suppose that 7
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is a Galois covering with a Galois group G. Let us consider a basic
elliptic fibration p: B(H) — A% associated with the variation of Hodge
structures H induced from f over (A¢)* and let By be the normal-
ization of the main component of B(H) xaa T. We fix a bimeromor-
phic mapping ¢: Y X e T ---— B over T which keeps the isomorphism
of variations of Hodge structures determined by f and p. Let &g, /7
be the sheaf of germs of meromorphic sections of By — T. Then by
the argument preceeding to Lemma 4.1.6, we have a cohomology class
n € HY(G,H%(T, &, 7). For a cocycle {n,}4ec representing 7, we
have a meromorphic mapping

¢'(g) = ¢(g) o tr(ny): Br +— Br — Br,
where ¢(g) is induced from

id XAd g: B(H) XAdT—%B(H) X Ad T.

1

We can take {n,} to satisfy ¢'(g) = ¢ o ¢y (g) o ¢~ ", where

¢Y(g) = (ldy XAd g): Y X Ad T-Y X Ad T.
Let n be the order of 7. Then 1 comes from H(G, H°(T, K,,)), where

Kn = KGI(GHT/T ’1)‘; SHT/T)-

Thus we have a cocycle {} of H*(T, K,,) and a meromorphic section
o € HY(T, & p/r) such that

ho =10+ = oY,

By replacing ¢ by tr(c) o ¢, we may assume that 7, = 772 € HY(T,K,,).
For a prime divisor I' of A% with ' N (A%)* # @, let IV be the unique
irreducible component of p~!(I') dominating I'. Let R(I') be the ram-
ification group for T", that is the subgroup of G consisting of all the
elements g € G satisfying the following condition: for any prime divisor
I'; of T dominating I, g: T — T induces the identity on I';. If g € R(T'),
then ¢'(g) also induces the identity on every prime divisor I, on Br
dominating I''. Therefore 7y coincides with the zero section at least
over I'N(A%)*. Since K, is a local constant system with fiber (Z/nZ)®?
over 771((A4)*), every n, = 0. Let R be the subgroup of G generated by
all such ramification subgroups R(T'). Then it is a normal subgroup and
¢(g) = ¢'(g) for any g € R. Therefore the quotient R\Y — R\T still
admits a meromorphic section. Hence if we take such a Galois covering
7: T — S with the degree of 7 being minimal, then R must be trivial.
This means that 7 is unramified over (A?)*. Thus we are done. Q.E.D.
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§5. Elliptic fibrations with smooth discriminant loci

Let S, D, j: §5*— S, e: U — S* be the same objects as in §2.
A variation of Hodge structures H on S* is determined by a mon-
odromy representation p: m; := m1(S*) — SL(2,Z) and a period map-
ping w: U — H. They are described in Table 2 and Corollary 3.1.6.

Definition. A finite ramified covering 7: T — S is called a U-
covering if the following conditions are satisfied:

(1) T ~ A? = A! x A4l and 7 is given by
0 = (61,0s,...,6;,t') — (6771,60572,...,6™,t') € S,

for some positive integers mi, ma, ..., my;

(2) The induced variation of Hodge structures Hr := 7~ 1 H defined
on T* := 771(S*) has only unipotent monodromies, i.e., it is of
type Ip or type I4,.

Let 7: T'— S be a U-covering. Then the period mapping of H is written
by

l
w(z) = Z a;z; + h(6)

for nonnegative integers a; and holomorphic function h(#) defined over
T. If the monodromy group of H is finite, then all a; = 0. Otherwise,
h(#) is the pullback of a holomorphic function on S. Under this situa-
tion, we shall classify projective elliptic fibrations f: ¥ — S smooth over
S* such that the induced variations of Hodge structures are isomorphic
to the given H. More precisely, we shall describe the set £1(S, D, H) de-
fined as follows: Let (f: Y — S, ¢) be a pair of a projective elliptic fibra-
tion f: Y — S smooth over $* and an isomorphism ¢: H =~ (R f,Z) s+
as variations of Hodge structures. Two such pairs (f1: Y1 — S, ¢1) and
(f2: Y2 — S, ¢2) are called bimeromorphically equivalent over S if there
is a bimeromorphic mapping @: Y7 ---— Y5 over S such that ¢; = p*o¢s.
We define £1(S, D, H) to be the set of all the equivalence classes by this
relation. Let (f: Y — S, ¢) be an element in £7(S, D, H). Then by
Corollary 4.3.3, we can find a U-covering 7: T — S satisfying the fol-
lowing condition:

(5.1) Y xg T — T admits a meromorphic section.

Therefore, we have

£+(S,D, H) = lim £(S,D,H,T),
T—S
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where the inductive limit is taken over all the U-coverings 7: T' — S.
Note that the set £(S, D, H,T) is identified with the cohomology group
H'(Gal(r), H(T, S g, r)) by Lemma 4.1.6. We see further that if a
U-covering 7: T — S satisfies the condition (5.1) for Y — S, then
Y xgT — T is bimeromorphically equivalent to a smooth morphism or
a toric model by Theorems 4.3.1 and 4.3.2. For a cohomology class in
HY(Gal(7), H°(T, & g, /7)), we have a meromorphic action of the Galois
group Gal(7) on the smooth or the toric model. We shall describe all
such actions. In this section, we treat the case [ = 1. We can further
construct minimal models of the quotient varieties. For [ > 2, we treat
the case H has only finite monodromies in §6 and the rest case in §7.

5.1. Finite monodromy case

Assume that [ = 1. We denote a = a; and m = my for a U-covering
7: T — S. Thus 7 is defined by (61,t') — (67*,¢'). Suppose that the
order of the monodromy matrix p(+;) is finite. Then a = 0 and jr. Hr is
a constant sheaf for the immersion jp: T* — T. We denote the constant
sheaf by the same symbol Hr. The exact sequence

0—Hr — Ly, =6y, —0
defined over T™ extends to:
0——>Z?2 — Or — &g,y — 0.

Every sheaves appearing in both sequences are canonically G-linearized,
where G = Gal(r) ~ Z/mZ. Therefore the right action of G on Z%? =
H°(T,Z2?) is induced from the right multiplication of p(v;), and that
on H°(T,Or) is described by:

f(6) = (e, h(0) + dy,) f (1:0),

where w(z) = h(f) is the period function. The right action on HO(T,
S n, /1) is induced from two actions above. We have an exact sequence:

Hl(Gv HO(Ta OT)) - Hl(Gv HO(Tv 6HT/T)) -
- Hz(Gv ZéBz) - HZ(G7 HO(Ta OT))

Here we note that HP(G, H°(T,Or)) = 0 for p > 0, since H°(T, O7) is
a C-vector space. Thus

HY(G,H(T, &y, 7)) ~ H*(G,Z%?%).
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Let 7} be the fundamental group of T*. Then m; /7] ~ G. We have the
following Hochschild—Serre spectral sequence:

Bt = HP(G, H'(m}, 28%)) = EP*? = HPV9(m, 2°),

Suppose that H is of type Iy. Then E' = Z®? — ED' = Z9? is the
multiplication map by m. Since H?(w,Z%?%) = 0, we have

H*(G,7%%) ~ (Z/mZ)®2.

Suppose that H is not of type Iy. Then Eg’l = H°(G,Z®?) = 0.
Since H?(my,Z%?) = 0, we have

HYG,HY(T, 6y r)) ~ H*(G,Z) = E3° = 0.

This means that every elliptic fibration Y — T appearing in £7(S, D, H)
is a basic fibration in this case. Therefore we have:
Theorem 5.1.1. For S = A?¢, D = {t; = 0} and for a varia-

tion of Hodge structures H on S* = S\ D such that the order of the
monodromy matriz is finite, we have the following identification:

(Q/Z)®?, H is of type Iy,
0, otherwise.

£¥(S,D,H) = {

5.2. Infinite monodromy case

Assume that the order of the monodromy matrix p(+v;) is infinite,
ie., p(71) is of type I, or I for a positive integer a. The period function
w(z) is written by w(z) = az1+h(t), where h(t) is a holomorphic function
on S. Let 7: T — S be a U-covering determined by § = (61,t') —
(07*,¢). Then from the exact sequences (4.2), (4.3), we have exact
sequences of right G-modules:

(5.2) 0 — Z —H*(T,0r(+Dr)*) — H(T, &g, 1) — 0,
(5.3) 0— HYT,0%) —H°(T,Or(xDr)*) — H*(D7,Z) ~ 7 — 0,

where Dy = 771(D) = {0, = 0} and 1 € Z is mapped to the function
e(h(t))t$. Suppose first that p(1) is of type I,. Then its action on Z is
trivial and that on H*(T, Or(*Dr)*) is written as:

H°(T,Or(*D1)*) 3 v(8) = v(61,t') — v (e(1/m)1,1').

Thus the action on the group H(T,Or(*Dr)*) ~ HY(T,0%) ® Z is
expressed by:

(u(0),n) = (u(61,t'),n) — (u(e(1/m)81, t')e(n/m),n).
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Let [u(6),n] be the image of (u(#),n) under the homomorphism H%(T,
Or(*Dr)*) — H°(T, &g, 7). Since G ~ Z/mZ, the cohomology group
HY(G,H (T, &, 7)) is isomorphic to Z'/B', where

m—1 .
= {5 € H(T,6uyyr) | Y €1 = 0},

=0

B' = {6 =n—n"|ne HO(T,GHT/T)}-

For an element ¢ = [u(6),n], this is contained in Z' if and only if there
is an integer k such that

(e("(m_) H u (e(i/m)6y, t'), nm) = (e(kh(t)), kma).
Therefore n = ka and

= , ' n(m —1)

g u(e(i/m)on, ¢') = e(khi(t) - ——2——)

Hence there exist a nowhere vanishing function u,(6) and a positive
integer nq such that

u(@) = ))u1(0)u1 (e(1/m)8y, ") L.

e(nl +kh(t)  ka(m—1
m 2m

If £ = [u(f),n] is contained in B!, then n = k'ma and
u(0) = uz(O)uz (e(1/m)6y, )" e (—n'/m + K'h(t)),
for integers k', n' and a nowhere vanishing function u,(6). Thus k = mk’

and ny +n’' = K'am(m — 1)/2 mod m. Hence HY(G, H*(T, &y, 1)) ~
Z/mZ and its generator is written by

E=&m = [e(@—a(—m——l)),a].

m 2m
Let T" ~ A% — T be a finite ramified covering branched only over Dy
defined by 0’ = (8},t') — (8™ ,t'). Then Gal(T"/T) ~ Z/m'Z and
Gal(T"/8) ~ Z/mm'Z. The image of &,, under the homomorphism

H'(Gal(T/S), H(T, & uy /1)) — H (Gal(T'/S), H(T', & by, y17))
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is m'¢,ume. Therefore

lim H'(Gal(T/S), H(T, S p, /1)) ~ Q/Z.
T/S

Next suppose that p(v;) is of type IZ. At the exact sequence (5.2),
its action on Z is the multiplication of —1 and that on H°(T, Or(*Dr)*)
is written by:

HO(T, Op(+Dr))* 3 v(f1,t') — v (e(1/m)61,t') "
Thus the action on the group H(T,Or(xDr)*) ~ H(T,0%) ® Z is
expressed by:

(u(6),n) = (u(61,t'),n) — (u (‘e(l/m)ﬁl,t’)_1 e(—n/m), —n) .

Let [u(8),n] be the image of (u(#),n) under the homomorphism H(T,
Or(*Dr)*) - H(T, &g, 7). Since G ~ Z/mZ, the cohomology group
HY(G,H%(T,&n,T)) is isomorphic to Z'/B*, where

m—1 )
= {§ € HO(T7 6HT/T) ' Z 57; = O} 3

i=0

= {§ =n-n"|n€ HO(T76HT/T)}'

For an element & = [u(#),n], this is contained in Z! if and only if

( =" H u (e(i/m)0y,t )(_l)i ,0) =(1,0).

By taking 6; = 0, we see that n is even. Since H (G, H(T,Or)) = 0
and H?(G,Z) = 0, we have H'(G, H°(T,0%)) = 0. Therefore there
exist a nowhere vanlshlng function wu;(7) such that

u(f) = u1 (B)uy (e(1/m)by,¢").
Let v(0) := e(—n/(4m))us(0). Then & = [u(f),n] = n— " for n =
[v(8),n/2]. Hence £ is contained in B'. Therefore H*(G, H(T, S g, /7))
= 0. Thus we have:

Theorem 5.2.1. For S = A?, D = {t; = 0} and for a varia-
tion of Hodge structures H on S* = S\ D such that the order of the
monodromy matriz is infinite, we have the following identification:

Q/Z, in the case I;

0, in the case I}.

£(S,D, H) = {
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5.3. Minimal models

Suppose that p(v1) is of type Ip. Let (p/m, g/m) be a pair of rational
numbers, where p, g, m are positive integers and ged(m, p, q) = 1. Giving
such a pair modulo Z®? is equivalent to giving an element of (Q/Z)%?
whose order is m. Let 7: T — S be the cyclic covering defined as
before with mapping degree m. The smooth basic fibration B(Hr) — T
is described as the quotient space of T' x C by the following action of
(nl,n2) € 792

T x C3(6,¢) — (0,¢ 4+ nih(t) + na),

where h(t) = w(z) is the period function. From (p/m,q/m), we have
the following action of the generator 1 of G ~ Z/mZ on B(Hr):

B(Hr) 3 [(61,t),¢] = [(e(l/m)el,t’) C+ %h(t) n %} '

An elliptic fibration f: Y — S smooth over $* having H as its varia-
tion of Hodge structures is bimeromorphically equivalent to the quotient
space by the action above for some (p/m,q/m). Note that the action
is free. Therefore the quotient space X is nonsingular. Let Dx be the
support of the divisor 7*D, where w: X — S is the induced elliptic fi-
bration. Then 7*D = mDx and thus the singular fibers of 7 are elliptic
curves C/(Zh(0,t") + Z + Z((p/m)h(0,t") + (¢/m))) with multiplicity m.
We have the canonical bundle formula:

wx ~ TI'*(wS) ® Ox((m — 1)Dx)

In particular, 7: X — S is the unique minimal model in the bimeromor-
phic equivalence class over S.

Theorem 5.3.1. Let f: Y — S = A? be a projective elliptic fibra-
tion smooth outside D = {t; = 0}. Suppose that the induced variation
of Hodge structures is of type Iy. Then f has a unique minimal model
m: X — 8 such that X is nonsingular, = is a flat morphism, and

wx ~Tws ® Ox((m—1)Dx)
for some positive integer m, where Dx — D is a smooth elliptic fibration
and 7*D = mDx.

In the case d = 1, the singular fiber is called of type Iy in Kodaira
([Kd1]) (cf. Figure 3).

Next suppose that p(v1) is of type I, for @ > 0. Let p and m be
coprime positive integers, T' — S the finite cyclic covering

T30=(0,t)— O t)cS
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o

Type ml Type ml Type ml

Type 1, with a > 2 Type I

(b + 5 - rational curves)

Type Iy

Figure 3. Singular fibers of Types m1, and Ij.

defined as before, and let X — T be the toric model associated with
the period function w(z) = az; + h(t). The X is the quotient space
of X = Uz X® by the action: X 3 s — s87%e(h(t)), where s is a
coordinate of C* under the isomorphism T* xp X ~ T* x C*. We now
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)

Type 11 Type III Type IV

6 4 3

1
4 2 2 1 2\

XX

2 |, N
\\ \\
Type I1I* Type III* Type IV*

Figure 4. Singular fibers of Types II, III, IV, IT*, IIT* and
I\A

have the following action of p(y;) on X corresponding to p/m € Q/Z:
X 3 [0,s] =[(61,t),s]

 fiomn (3 - 252 ],

where [0, s] denotes the image of the point (6,s) € T* x C*. Note that
the action is holomorphic and free on the whole space X. Let 7: Z — S
be the elliptic fibration obtained as the quotient by the action. Let Dz
be the support of the divisor #*D. Then each fiber of D; — D is a
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cycle of rational curves, the number of whose irreducible components
is a, and 7*D = mDyz.  The canonical bundle wz is isomorphic to
m™wg @ O((m — 1)Dz). In particular, 7: Z — S is the unique minimal
model of f: Y — 5. Thus we have:

Theorem 5.3.2. Let f: Y — S = A? be a projective elliptic fi-
bration which is smooth outside D = {t; = 0}. Suppose that the induced
variation of Hodge structures is of type I, for a > 0. Then f has a
unique minimal model w: Z — S such that Z is nonsingular, 7 is o flat
morphism, and

wz ~7*ws @ Oz((m —1)Dyz)

for some positive integer m, where each fiber of Dz — D is a cycle of
rational curves, the number of whose irreducible components is a, and
7D =mDgz.

In the case d = 1, the singular fiber is called of type ,,I, in Kodaira
([Kd1]) (cf. Figure 3).

Finally, we shall consider the rest cases, i.e., p(71) is one of types I,
I, IT*, 111, IIT*, IV, IV* and I? for a > 0. We have only to give a minimal
model for a basic elliptic fibration B(H) — S. There are two methods.
First one is starting from the description of the action of G on the
smooth basic elliptic fibration or the toric model over T'. After resolving
the singularities of quotient spaces, we take successive contractions of
the exceptional curves of the first kind. This is done in [Kd1] in the
case d = 1. The same argument works even in the case d > 1, since
the singularities are of similar types. In the second method, we use
Weierstrass models. We may assume that B(H) ~ Ws(Og,a, ) for
some functions o, 3 such that 4o + 2732 vanishes only over D = {t; =
0}. Since p(v1) is one of such types, we see that & = 3 =0 on D. The
singular locus of the Weierstrass model {Y?Z = X3+a(t)X Z2+8(t) 23}
is the locus {Y = t; = 0}. This singularity is locally isomorphic to
F x C% 1, where F is a surface singularity and is a germ of a rational
double point. Therefore by taking standard resolution of singularities
Z — Wg(Og,a,3), we have a minimal elliptic fibration 7: Z — S.
Therefore we have:

Theorem 5.3.3. Let f: Y — S = A? be a projective elliptic fi-
bration which is smooth outside D = {t; = 0}. Suppose that the induced
variation of Hodge structures is not of type I, (a > 0). Then f admits
a meromorphic section and has a unique minimal model w: Z — S such
that Z is nonsingular, m is a flat morphism, and wy ~ n*wg, where each
fiber of #*D — D 1is isomorphic to the singular fiber of the same type
obtained in Kodaira ([Kd1]) (cf. Figure 3 and Figure 4).
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Since the minimal models are unique, we have the following result from
Theorems 5.3.1, 5.3.2 and 5.3.3:

Corollary 5.3.4. Let f: Y — S be an elliptic fibration over a
complex manifold S. Assume the following conditions are satisfied:
(1) f is smooth outside a nonsingular divisor D C S
(2) For any point P € S, there is an open neighborhood U such
that Yz — U s bimeromorphically equivalent to a projective
morphism.
Then there is a minimal elliptic fibration m: X — S for f such that X
is nonsingular and 7 is flat.

Let f: Y — S be an elliptic fibration smooth outside a normal
crossing divisor D. Let C C S be a general smooth curve intersecting an
irreducible component D; transversely at one general point P. Over an
open neighborhood U of P, we have the unique minimal elliptic fibration
Zy — U from Yjy — U, by above theorems. Then the singular fiber
over P of the minimal elliptic surface obtained from the fiber product
Y xaa C — C is isomorphic to that of Zyy — U.

Definition 5.3.5. The singular fiber type of f over the divisor D;
is defined to be the type of the fiber over P = C N D; of the minimal
elliptic surface obtained from the fiber product Y x s« C — C for a
general curve C.

§6. Finite monodromy case

6.1. Cohomology groups

Let S = A% D = {tsitg---t; = 0} = S'_, D;;, S* = S\ D be
the same objects as in §2 and let H be a polarized variation of Hodge
structures of rank two and weight one defined on S*. In this section, we
treat the case the monodromy group Im(m; — SL(2,Z)) is a finite group.
Then by §5, the singular fiber type over the coordinate hyperplane D;
is one of ,,Ip, I§, IT, IT*, III, IIT*, IV and IV™*.

Let 7: T — S be a U-covering. Then the pullback 77! H extends
trivially to a constant system Z?z together with Hodge filtrations. The
period function w(z) of H is written by w(z) = h(#) for a holomorphic
function h(6) on T. Let Hr be the variation of Hodge structures on 7'
We have an exact sequences:

0—>HT2Z$2—’EHT20T“—’6HT‘—’O'

Since there is a factorization m — G = Gal(1) — SL(2,Z) of the mon-
odromy representation, the sheaves Z?z, Or, and Gy, are G-linearized.
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By taking global sections, we have:
0 — Z%* - HYT,O0r) — H(T,&p,) — 0,

where the right G-module structures of Z®2 and H°(T,Or) are given
by:

2> (m,n) — (m,n)p(v) and H*(T, Or)> f(6) = (cyh(0)+d,)f(16),

respectively, for v € m;. Since H(T, O7) is a C-vector space, we have
H{(G,H%(T,Or)) = 0 for i > 0. Therefore

HY(G,H(T,6h,)) ~ H*(G,Z%?%).

First of all, let us consider the case H is of type Ip. Then Z%? is a
trivial m;-module. We have the following commutative diagram of exact
sequences:

0 792 ' Q¥ — (Q/Z)®? —— 0
H . |
0 78? H(T,07) —— H(T,&x,) — 0.

Here the homomorphism Q®2 — HO(T,Or) is given by (qi,g2) —
g1h(8) + 2. Therefore we have also an isomorphism:

HY(G,(Q/Z2)®?) ~ HY(G, H(T, G y,.)).
Hence the set £1(S, D, H) is identified with
ILHG H'(G,(Q/2)%?),

where the limit is taken over all the finite quotient groups G of ;. By
considering the isomorphism H'(G, (Q/Z)®?) ~ Hom(G, (Q/Z)®?), we
have

£%(S, D, H) = Hom(my, (Q/2)®?) = (Q/2)®.

Next let us consider the case H is not of type Ip. For the U-covering
T — S, let 7] be the fundamental group of T*. Then G = = /7 and
we have the Hochschild—Serre spectral sequence:

EY? = HP(G, H(n},Z%%)) = HP*9(m, Z%?%).
Since Z®? is a trivial 7;-module, we have

z%2, q=0;

HY(n},79%) ~
(m ) Hom(A\? 7}, Z%%), ¢ > 0.



270 N. Nakayama

We know HO(m;,Z®2) = 0 by Theorem 2.2.1. Hence Ex' = EJ? = 0.
Therefore we have an injection

EY° = HY(G,2%%) — H*(my, Z%?).

We shall show it is also surjective for some U-covering T — S. The
cohomology group H?(my,Z®?) parameterizes all the smooth elliptic fi-
brations over S* having the same variation of Hodge structures by §2.2.
Since this is a finite group by Theorem 2.2.1, they are all projective mor-
phisms. Therefore by Theorem 4.1.1, we can extend them to projective
morphisms over S. Hence

H*(m,2%%) = | JH*(G,Z2%?),
where G is taken to be the Galois group of a U-covering. Therefore
EY(S,D,H) = H*(G,Z%?) = H?(n,,Z%?%)
for some U-covering T' — S. As a result, we have:
Theorem 6.1.1.
(Q/z)%%, H s of type Io;
(Z/27)®20=D H is of type I((,*);
EY(S,D,H) = {0, H is of types II™® or TV,
(z/22)®=D)  H is of type III*);
_ . (%)
(z/32)®=Y,  H is of type IV .

6.2. Construction

Case Iy. A variation of Hodge structures H of this type is de-
fined only by a single-valued holomorphic period function w(t): S — H.
The basic smooth elliptic fibration B(H) — S associated with H is con-
structed as the quotient of S x C by the following action of (m,n) € Z%2:

(t, Q) = (&, +mw(t) +n).

Let (pi,q;) be elements of (Q/Z)®2 for 1 < i < I. Let m; be the order
of (pi,q;) in (Q/Z)®? and let 7: T = A? — S be the Kummer covering
defined by:

T260=(61,0,...,0,t) — (67,002 ... 67 ) €S.

The action of the Galois group G = Gal(r) =~ @5:1 Z/m;Z on T xg
B(H) is as follows:

[0, = [0, ¢ + piw(t) + ail,
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where [0, (] denotes the image of (,{) € T x C in T xg B(H). Then
the quotient G\ (T xg B(H)) — G\T ~ S is an elliptic fibration corre-
sponding to the element {(p;,q:)}._, € £¥(S, D, H).

Theorem 6.2.1. If H is of type 1y, then there exists a minimal
elliptic fibration for any element of E7(S, D, H).

Proof. We consider the fixed points for the action of v € G on
T xg B(H). Then we see that if

ki k k
Y=t
has a fixed point, then any points over the locus {6 = y8} are fixed and

l

(6.1) > kilpig) =0 in  (Q/Z)*%

i=1

Let Go C G be the subgroup consisting of any - satisfying (6.1). Then
Go\(T xg B(H)) =~ (Go\T') xs B(H). Note that the singularities of
Go\T are described by means of a torus embedding theory. By [R],
there is a toroidal partial resolution of singularities V. — Gp\T such
that V has only terminal singularities and the canonical divisor Ky is
relatively nef over S. It is constructed by a decomposition of the cone
associated with Go\T. Since G/G, preserves the decomposition, we have
an action of G/Gp on V. Thus we have an action of the same group on
V x5 B(H) which is bimeromorphically equivalent to that on (Go\T') x5
B(H). We see the action on V xg B(H) is free. Thus the quotient
space X := (G/Go)\(V xs B(H)) has only terminal singularities and
the canonical divisor Kx is relatively nef over S. Hence we obtain a
minimal model. , Q.E.D.

Example 6.2.2. Let [ = d = 2 and take (1/2,1/2),(1/3,1/3) €
(Q/Z)®2%. Then my = 2 and mo = 3. For integers ki, ka2, k1(1/2,1/2) +
k2(1/3,1/3) =0 if and only if &y =0 mod 2 and k2 =0 mod 3. Thus
the action of the Galois group G on T xg B(H) is free. Hence the
quotient space X = G\(T xg B(H)) is nonsingular and the elliptic
fibration f: X — S = A? is a flat morphism. The fiber over a point of
D3\ {(0,0)} (resp. D2\ {(0,0)}) is a multiple fiber with multiplicity 2
(resp. 3). The central fiber is also a non-reduced curve with multiplicity
6, whose support is a nonsingular elliptic curve. We have:

Kx ~ f"Ks + D +2Dj,

where D) is the irreducible component of f*(D;) for i =1, 2.
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Example 6.2.3. Let | = d = 2 and take (1/2,1/2),(1/4,3/4) €
(Q/Z)®2. Then m; = 2 and my = 4. For integers ki, ko, k1(1/2,1/2) +
k2(1/4,3/4) = 0 if and only if ko is even and k; + k2/2 is also even.
Thus Gy is generated by 172, which is of order 2. The action of Go on
T = A? is written by:

(01,02) — (=61, —62).

Therefore Go\T has an ordinary double point as the singularity. Let
V — Go\T be the minimal desingularization. Then G/Gq ~ Z/4Z acts
on V and the quotient space W := (Z/4Z)\V is obtained by the blowing
up of S = A? along the ideal (t2,t3). The W has one exceptional curve
C =~ P! and proper transforms D}, D} of coordinate lines D; = {t; = 0}.
The intersection D} N C' is one point and it is an ordinary double point.
The minimal elliptic fibration X — W is smooth outside D] LI D}, and
singular fiber type over D] is 3lp and that over D} is 41,.

Other Cases. Let 7: T = A% — S be a U-covering. The natural
extension of 7 H on T* to T is denoted by Hr. Let w(z) = h(6): T —
H be the period function and let B(Hr) — T be the associated smooth
basic elliptic fibration. The B(Hr) is isomorphic to the quotient space
of T x C by the following action of (m,n) € Z9?:

(6,¢) — (6, + mh(f) + n).

Let us consider functions F;(z) listed in the Table 6. These are holo-
morphic function over T, since the period function w(z) = h(6) is so.
Similarly to Theorem 2.2.2, if we take the U-covering 7: T' — S in a suit-
able way, then we can define an action of the Galois group G = Gal(r)

on B(Hr) by: (4 FE) ]

[07 C] = [7197 C’Yih(o) +d .
The quotient by the action induces an elliptic fibration X — S, which
is of course the extension of the corresponding smooth elliptic fibration
over S*. Since all the cohomology classes of H?(r;,Z®?) are represented
by the functions F;(z), we have all the elliptic fibrations corresponding
to elements of £%(9, D, H). The possible singular fiber types over coor-
dinate hyperplanes are listed in Table 9.

§7. Infinite monodromy case

Let H be a variation of Hodge structures of type I, or Igi)) on S*.

We use the same notation as in §2. The period function w(z) is written
by
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Table 9. Possible singular fiber types.

Type of monodromy | Singular fiber types (0 < a,m € Z)
Io mlo
I To, 210, 1§
) Io, I¥, II, II*, IV, IV*
) Io, 2To, Iz, II1, IIT*
v Io, 310, IV
v Ip, I, IV, IV*
I mla
17)(0) I, ola, I2
E:))(l) L, 2la, ala, I3
1)) (2) I, ol It

l
= Zaizi + h(?)
=1

for a holomorphic function h(t) on S, where a; > 0 and one of a; is
positive. Let 7: T ~ A? — S be a U-covering determined by 7*¢; = o
for 1 < ¢ < [. Then the monodromy matrix around the coordinate
hyperplane Dt ; = {0; = 0} is of type L,,q;. Let G be the Galois group
Gal(r) ~ @221 Z/m;Z and let 7' be the kernel of m; — G, which is the
fundamental group of T* = 771(S*). We shall calculate the cohomology
group H'(G, H°(T, Sy, /r)). Let D} be the divisor {[],..,0: = 0}.
Then as in (4.2) and (4.3), we have the following two exact sequences:

(71) 0— ZT -—’OT(*D+)* - GHT/T - 0
(7.2) 0 — O% —Or(xDh)* @ Zp,,; — 0.
a; >0

Note that the @ai>0 Zpy ; is considered to be a submodule of RYjr, ZLpe
~ @2:1 Zp,,, where jr is an immersion T* —T. By taking global
sections, we have the following two exact sequences of G-modules:

(7.3) 0 — Z —H(T,Or(xD})*) — H*(T, &g, /) — 0;

(7.4)

0 — H°(T,0%) »H°(T,0p(xDF)*) — HT, @ Zp,,) =: L} — 0.

a; >0
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Here L. is considered to be a submodule of H*(T', R j+Zr+) ~ Hom(x’,
Z). Since we fix generators 7y; of 71, we have a natural isomorphism
Hom(m;,Z) ~ Z®'. By using this isomorphism, we identify L} with
D.,>0(1/m:)Z, i.e., we shall write an element of LY by (q1,92,---.q1) €
Q%, where g; = 0 for a; = 0 and m;q; € Z for all j. By the sequence
(7.4), we see that H°(T,Op(xD3F)*) is isomorphic to the direct sum
H(T,0%)® L; as an abelian group. The isomorphism is described by:

(), (@) = w() T] 6.

Therefore the induced action of y; € m; (more precisely, the image of ~;
in G) on the direct sum is written by:

(w(0), (g:)) = ((@(330)e(@) V7, (-1)% (@)

By (7.1) and (7.2), we have a homomorphism OF. — &y, /7, from which
the following exact sequence of G-modules is derived:

(7.5) 0 — H%T,0%) — H(T, &y, 1) — Lt /Za — 0,
where a := (a1, az,...,a;) € Z® = Hom(m,Z).

7.1. Case Iy,

Suppose that H is of type I(y). Then every ¢; = 0. Thus Z
in the sequence (7.3) and L} are trivial G-modules. For (u(f),q) €
HO(T,0%) @ L+, let [u(6), q] be the image under the homomorphism

HO(T,0r(xD$)*) — H(T, Sy, /1),

where g = (q1,42,.-.,q) € L}. Since G is isomorphic to EBézl Z/miZ,
the cohomology group HY(G,H(T, S, 1)) is isomorphic to Z1/B1,
where Z' and B! is defined by:

m;—1
Z' = {(fi)ﬁzl_e HYT, &y, 7)% I Z € =066 =¢~ f;y} ;

=0

B! = {(n — )iy ’77 € HO(TaGHT/T)}-

Lemma 7.1.1. For & = [u;(0),q"], the collection (£;):_, is con-
tained in Z' if and only if there exist integers n;, rational numbers )\; for
1 <3 <, and a nowhere vanishing function v(0) defined on T satisfying
the following conditions for any 1 <i,5 <[:
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(1)

(2) (n

(3) ¢" = (ni/mi)a;
(4)

(m; — )nza; ~ h(t)n;
+
2mi m;

wi(8) = e (A,. - ) v(0)v(~:0) L.

Proof. We see the condition is equivalent to the following condition
by simple calculation: there exist integers n; for 1 < i <[ such that

(1)

m,—1 .
I I ’LL.L(’Y:‘G) —e (_qzmz('n;z )
r=0

(2) m;q* = n;a, .

(3) us(O)ui(v0) " e(—q;) = u;(0)u; (vi0) " e(—q)),
for any 4,5, where ¢° = (¢¢,¢3,...,q¢) € LE. By taking = 0 in (3),
we see qj- — q{ € Z. Further by (2), we have q§ = (n;/m;)a; for any 1, j.
Therefore (n;/m;)a; = (nj/m;)a; mod Z for any i,j. Let us define

(mi — Dnia; h(t)ni) |

2mi my;

+ nih(t)) :

vi(0) := us(0)e (

Then we have [[75 " vi(770) = 1 and v;(8)v;(v;0) "' = v;(8)v;(~:0)

7r==0

for 4,7. Thus {v;(6)} defines an element of H*(G, H°(T, O%.)). Thus we
have rational numbers \; for 1 < 7 < | with m;\; € Z and a nowhere
vanishing function v(#) on T such that

v:(0) = e(A\)v(B)v(v:0)~ . Q.E.D.

By considering the condition that the collection (&;) is contained in
B!, we have:

Corollary 7.1.2. The cohomology group H (G, H*(T, & . /7)) is
isomorphic to

69 m;'Z/Z

® {(nz/ml) € ém;lz/Z ’ (n;/mi)a; = (nj/m;)a; mod Z}.
i=1

Since our description of L} C Hom(n, Q) is compatible with any
further U-coverings T — T — S, we have:
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Theorem 7.1.3. Suppose that H is of type I,y and the mon-
odromy matriz around the coordinate hyperplane D; is of type 1,,. Then
the set £ET(S, D, H) is identified with the group

l
Po/ze {(pi) Doz

ai:0

pia; = p;a; mod Z for any i,j} .

Let k be the number of indices 1 < i <1 with a; > 0 and let o := ged a;.
Then the group is isomorphic to:

(Q/2)* Y @ (2/az)® Y.

Next, we shall construct the elliptic fibration associated with an el-
ement of £7(S, D, H). By Theorem 7.1.3, every element of £+ (S, D, H)
is determined by I-pairs of rational numbers (p;,q;) for 1 < ¢ < [ such
that ¢; = 0 for a; > 0 and that p;a; = pja; mod Z for any 1 <4,j <L
Let m; be the order of (p;,q;) in (Q/Z)®% and let 7: T = A? — S be
the U-covering with 7*t; = 6] for 1 < i <l. Let X, — T be the toric
model associated with the variation of Hodge structures 7='H on T*
and with a suitable sign function o. For the universal covering space
X,y of X, X° and X* are the open subsets (X;)|so and (X)s+, Te-
spectively. We know that X* ~ T* x C*. For 1 < ¢ <[, we have the
following isomorphism of A™*:

A i— 1 mja be
0,s) — 'yi9,3~e<qi—p—a—(—n—;——————+p, )(HO d ’)

This extends to an isomorphism of X°. Since it is compatible with the

action of
1

9: (0,s) — (0, s-e(h(t)) Hag’““i),

i=1
we have a meromorphic action of Gal(r) on X,. If we choose a sign func-

tion o with respect to (miay /n, meas/n, ..., ma;/n) for n = ged(mqas,
Mady, . .., ma;), then the action is holomorphic. By taking the quotient,
we have an expected elliptic fibration.
(*)
7.2. Case I( )

Next suppose that H is of type Ig:_)). Then «; acts on Z in the

sequence (7.3) and on L7} as the multiplication of (—1)%. By the iso-
morphism as an abelian group

H°(T,07(xDf)*) ~ H*(T,0%) ® LE,
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0 0 0
| |
0 — Z — 792 — Z — 0

0 - HT,0r) — HY(T,Or)®Lf — Lt — 0

0 — HT,05) — H(T,6g,r) — L}/Za — 0

Figure 5. (cf. Lemma 7.2.1.)

we have a G-module structure on the direct sum. We can define a
compatible m;-module structure on H°(T, Or) @ L; , where the ~; acts
as

(f(8), (@) = (=1)9 (f(7,0) + g5, (2:))-
Then we have:

Lemma 7.2.1. We have an ezact sequence of mi-modules:
(76) 0—-2Z% - HYT,0r)® Lf — H(T, Sy, /1) — 0,
where 792 is the m,-module associated with the monodromy representa-
tion w1 — SL(2,Z) and the first homomorphism is given by:
Z%? 5 (m,n) — (mh(t) + n,ma) € H°(T,Or) & L}.

FPurther there is the commutative diagram Figure 5, where the left vertical
sequence is induced from the exponential sequence of T, and the right
vertical sequence is induced from 1 — a.

Thus we have a long exact sequence:
0— HO(Wivzﬂ)z) _)HO(WiaHO(Ta OT) @ L;) - HO(T) 6HT/T) -
— H'(n},2%%) -H' (], H*(T,Or) ® L) — - -
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HYG,L}/%Za) —— HYG,HY(T,0%) ——

| !

HO(GaHl(WLZ@Z)) - HQ(GaHO(ﬂ'i?Z@Q)) -

—_— Hl(GaHO(T76HT/T)) _— HI(G,L;/ZQ) E—

l !

—— PMHX(m,Z8%)) —— HYG,H(r},2%%) ——

—— H*G,H(T,07))

!

— H3(G,H (', Z%?)).
Figure 6. (cf. Lemma 7.2.3.)

Lemma 7.2.2.

(1) HO(x,, H(T,07) ® L¥) ~ HY(T, O).

(2) The image of H*(T, Sy, 7) — H'(n},Z%?) is isomorphic to
L}/Za.

Proof. Let (f(6),(q;)) be am}-invariant element of H°(T, Or )& L.
Then m;g; = 0 for any i. Hence ¢; = 0. Conversely, (f(9),0) is -
invariant. Hence (1) is derived. Furthermore, we see that the injection

HO(m},2%%) — H*(x}, H'(T,Or) & L7)

is isomorphic to Z — H(T, Or), which sends 1 to 1. Thus we have (2),
by Lemma 7.2.1. Q.E.D.

By considering Hochschild—Serre’s spectral sequence, we have:

Lemma 7.2.3. The commutative diagram Figure 6 of eract se-
quences exists, in which the top sequence is a part of a long exact se-
quence induced from (7.5) and the bottom sequence is a part of the
edge sequence of Hochschild—Serre’s spectral sequence for Z9%2. The
FY(H?(my, Z%9?)) is the filtration induced from the spectral sequence.
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Corollary 7.2.4. The homomorphism
H' (Gv HO(Ta GHT/T)) - Hz(ﬂ'l, 2692)

1S an injection.

Proof. Let us consider the commutative diagram in Figure 6. The
cokernel of L} /Za — H*(n},Z%?) is a torsion free group, where -; acts
as the multiplication of (—1)°. Thus the G-invariant part of the cokernel
is zero. Therefore the first vertical homomorphism is an isomorphism
and the fourth one is injective. The second homomorphism is also an
isomorphism, since H*(G,H°(T,Or)) = 0 for i > 0. Therefore the
homomorphism in question is injective. Q.E.D.

Theorem 7.2.5. Suppose that H is of type 1) . Then the set

(+)
ET(S, D, H) is identified with the group H?(m;, Z%?).

Proof. We know £7(S,D,H) = lim HY(G,H"(T, S g, 1))-
Thus we have an injection £ (S, D, H) — H?(ry, Z%?%) by Corollary 7.2.4.
On the other hand, £¥(5*,0, H) is identified with H?(r;,Z®?) by The-
orem 2.2.2. Since this is a torsion group, every smooth elliptic fibration
over S* having H as a variation of Hodge structures extends to a pro-
jective elliptic fibration over S by Theorem 4.1.1. Thus the mapping
EY(S,D,H) — H?(my, Z%?) is bijective. Q.E.D.

Next we shall construct the elliptic fibration associated with an ele-
ment of £7(S, D, H). Let H be a variation of Hodge structures of type

IETF))' Let 7: T = A? — S be a U-covering with 7*t; = 0] for suffi-
ciently large m;, e.g., m; = 4. Let X, — T be a toric model associated
with the same variation of Hodge structures as 7—'H. As in the previ-
ous case, let us consider X° and A*. Then X* ~ T* x C*. According
to the types IE:))(O), IE:_))(l) and IE:_))(Z), let F;(z) be the function listed
in Table 6. Since w(z) = Y_ aiz + h(t), e(F;(z)) is the multiple of unit
holomorphic functions on S and monomials of 8; for 1 < i < [. Hence
by the mapping:

23 (0,5) = (8, (s- (BN V7)),

we have a holomorphic action of the Galois group G = Gal(r) on the
X° and a meromorphic action on the toric model X,. Although it is
not necessarily a holomorphic action, by taking its ‘quotient’, we have
an expected elliptic fibration. The possible singular fiber types over
coordinate hyperplanes are listed in Table 9.



280 N. Nakayama

§Appendix A. Standard elliptic fibrations over surfaces

We shall study elliptic fibrations over normal surfaces. If the base
surface is nonsingular and the fibration is smooth outside a normal cross-
ing divisor, then the local bimeromorphic structures are classified in §6
and §7. But here we do not use these results but the flip theorem [Mo]
and the flop theorem [Kw4] (cf. [K12]) for threefolds. We shall prove the

following:

Theorem A.1. Let m: X — S be a locally projective elliptic fi-
bration over a normal compler analytic surface S. Then there exist a
standard elliptic fibration f: Y — T and a bimeromorphic morphism
u:T — S such that m and po f are bimeromorphically equivalent and
Ky is po f-semi-ample.

A standard elliptic fibration is defined as follows:

Definition A.2. Let f: Y — T be an elliptic fibration over a
normal surface T'. If the following conditions are satisfied, then f is said
to be a standard elliptic fibration:

(1) Y has only terminal singularities;

(2) Y has only Q-factorial singularities, i.e., for each point y € Y
and for any Weil divisor D defined on a neighborhood of y, mD
is Cartier at y for a positive integer m;

(3) f is a locally projective morphism;

(4) f is an equi-dimensional morphism, i.e.; every fiber of f is one-
dimensional;

(5) There exists an effective Q-divisor A on T such that (T, A) is
log-terminal and Ky ~gq f*(Kr + A).

Remark A.3.

(1) po f may not to be a locally projective morphism.

(2) If T is nonsingular, a standard elliptic fibration f: Y — T is a
flat morphism.

(3) For the definition of log-terminal pair, see [KMM], or [Ny3].

Therefore, the classification of threefolds admitting elliptic fibrations is
reduced to that of standard elliptic fibrations.

For the proof, we recall the following semi-ampleness theorem. This
was originally proved by [Kw3, 6.1] in the case S is a point. It is general-
ized to the algebraic case in [Nyl, 5] (cf. [KMM, 6-1-1]) and to the case
X is a variety in class C and S is a point in [Ny3, 5.5]. Further [Ny3,
5.8] treats in a case of degenerations. But these proofs are essentially
same and depend on the torsion free Theorem 3.2.2. Thus we have:
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Theorem A.4 (Semi-ampleness theorem). Let m: X — S be a
projective surjective morphism from a normal complez variety X onto a
complex variety S, A an effective Q-divisor of X and H a Q-divisor of
X. Then H is w-semi-ample if the following conditions are satisfied:

(1) (X, A) is log-terminal;

(2) H and H — (Kx + A) are w-nef;

(3) v(H — (Kx +A)x,) = (H — (Kx + A)x,) for a general fiber

Xs;
(4) k(aH — (Kx + A)x,) 20 and v(aH — (Kx + A)x,) = v(H —
(Kx + A)x,) for some a > 1 on a general fiber X,.
Here v(D) denotes the numerical D-dimension (cf. [KMM, 6-1-1]).

Proposition A.5. Let w: X — S be a locally projective elliptic
fibration over a surface S. Then there exist a locally projective elliptic
fibration g: Z — R, a bimeromorphic morphism v: R — S, and an
effective Q-divisor A on R satisfying the following conditions:

(1) 7 and v o g are bimeromorphically equivalent;

(2) Z has only terminal singularities;

(3) Z is Q-factorial over any point of S,

(4) (R, A) is log-terminal;

(5) Kz ~q g"(Kr+A);

(6) Kr+ A is v-ample.

Proof. Since 7 is locally projective, for each point s € S there is an
open neighborhood U, such that 7=1(U,) — U, is a projective morphism.
Thus by applying minimal model theorem [Mo], [Ny3, §4] to (Us, s), we
have an elliptic fibration h,: Z; — U] such that

e U! C U, is also an open neighborhood of s,
Zs has only terminal singularities,
Z, is Q-factorial over s,
hs is a projective morphism, bimeromorphic to 7 over U,
Kz, is hg-nef.
The Z, is not uniquely determined in general, but by [Kw4], it is deter-
mined up to a sequence of flops. Thus except a discrete set of points of
S, Z is uniquely determined. Therefore we can patch these Z; and get
a locally projective elliptic fibration h: Z — S such that

Z has only terminal singularities,

e 7 is Q-factorial over any point of S,

e h is a locally projective morphism, bimeromorphic to =,

o Kz is h-nef.

By Theorem A.4, we see that Kz is h-semi-ample. Therefore there exist
a bimeromorphic morphism v: R — S, a Q-Cartier divisor L on R, and
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an elliptic fibration g: Z — R such that h =vog, Kz ~q ¢*L, and L
is v-ample. By [Ny4, 0.4], we have an effective Q-divisor A on R such
that (R, A) is log-terminal and Kz ~q ¢*(Kgr + A). Q.E.D.

Proposition A.6. Letnw: X — S, 9:Z — R, andv: R — S be
as i Proposition A.5. Then there exist an equi-dimensional elliptic fi-
bration ¢': Z' — T and a bimeromorphic morphism 6: T — R satisfying
the following conditions:

(1) 604’ and g are bimeromorphically equivalent;

(2) p:=voé and pog are locally projective morphisms;

(3) Z' has only terminal singularities and is Q-factorial over any
point of S;

(4) Kz is Q-linearly equivalent to the pullback of Kr + A.

Proof. We may assume that g is not equi-dimensional. In general,
g is equi-dimensional over a neighborhood of v~1(s) for s € S except a
discrete set of points. Thus we can consider locally on S. Let us take
such exceptional point P € S and look at the vector spaces N1(Z/S; P),
NYZ/R;v=1(P)), N1(Z/R;v~1(P)) (cf. [Ny3, §4]), etc.

Step 1. By the assumption, there is a prime divisor E on Z such
that g(FE) is a point and v o g(E) = P. Then we can take an effective
divisor D on Z such that D + kFE is the pullback of an effective Cartier
divisor on R for some integer £ > 0 and D does not contain . We
consider the minimal model program for the log-terminal pair (Z, eD) for
0<e < 1lin Ni(Z/R;v~1(P)). Note that Kz is Q-linearly equivalent
to the pullback of a Q-divisor of R. If —F is not g-nef, then there exist
an extremal ray and its contraction morphism over R. Since extremal
curves are contained in D, E can not to be contracted. By continuing
such contractions and flops over (R, v~!(P)), we have an elliptic fibration
q1: V1 — R such that

(1) ¢ is bimeromorphically equivalent to g,

(2) V1 has only canonical singularities,

(3) Kv, ~q ai(Kr +A),

(4) —E' is g;-nef,
where E’ is the strict transform of E in V;. By Theorem A.4, —F’ is
g1-semi-ample. Therefore there exist an elliptic fibration V; — R; and
a bimeromorphic morphism é;: Ry — R such that ¢; is the composition
of these morphisms and —FE’ is the pullback of a §;-ample Q-divisor
on R;. Thus 6; is not an isomorphism. Here we note that 6; and
¢ are projective morphisms over a neighborhood of v~1(P). Hence
p(R1/R;v=1(P)) > 0. Since V; has only canonical singularities, we
can take a crepant morphism Z; — V) such that Z; has only terminal
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singularities, is Q-factorial over P, and is projective over a neighborhood
of v~ 1(P). Hence Z; and Z are isomorphic to each other in codimension
one and p(Z/R; v\ (P)) = p(Z1/R; v=1(P).

Step 2. Further assume that the induced morphism f;: Z; — R; is
not equi-dimensional over §7'v~1(P). Then by the same argument in
Step 1, we have morphisms fs: Zo — Ry and 62: Ry — R; such that Zs
has only terminal singularities, is Q-factorial and projective over P, and
p(Rz/R;v=1(P)) > p(R1/R;v~(P)). Therefore

p(Z|R; v~ (P)) = p(Z/ R;v™(P)) >
> p(Rz/R;v ™1 (P)) > p(R1/R; v~ (P)).

If f5 is not equi-dimensional, we can continue this process. After a finite
number of steps, fm should be equi-dimensional, since p(R;/R;v~1(P))
are bounded. Thus we obtain the desired Z’ := Z,,, and T := R,,, over
P. Q.E.D.

Remark A.7. For the equi-dimensional morphism Z' — T, T is
uniquely determined. Because if Z” — T” satisfies the same conditions,
then Z"” and Z are isomorphic in codimension one. Thus for every prime
divisor I on T, its proper transform in 7' must be a prime divisor. Thus
T’ ~ T. Note that Z’ — S is a locally projective morphism.

Definition A.8. The morphism Z’ — T in Proposition A.6 is said
to be an equi-dimensional model of m: X — S.

Lemma A.9. Let f: Y — T be a minimal elliptic fibration over
a surface T such that Y is Q-factorial over any point of T and f is
equi-dimensional. Then'Y has only Q-factorial singularities.

Proof. Let v: Y’ — Y be a bimeromorphic morphism whose ex-
ceptional locus is a union of discrete curves. Then Y has only terminal
singularities and v is crepant, i.e., Ky’ ~g v*Ky. Since fov: Y’ — T'is
also equi-dimensional, fov is a locally projective morphism by the same
argument as in Claim 3.2.4. Since Y is Q-factorial over any point of T,
v must be an isomorphism. Thus by the existence of Q-factorialization
[Kw4], we are done. Q.E.D.

Proof of Theorem A.1. Let f: Y — T be a minimal model of an
equi-dimensional model ¢': Z' — T such that Y is Q-factorial over any
point of T. Since Y and Z’ are having only terminal singularities, they
are isomorphic in codimension one. Thus by flops, we can take Y to be
a partial resolution of Z’. Therefore f is also equi-dimensional. Thus
by Lemma A.9, f is a standard elliptic fibration. Q.E.D.
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§Appendix B. Minimal models for elliptic threefolds

Minimal model theory is not yet developed for compact Kéhler man-
ifolds. But we have the following theorem in [Ny6]:

Theorem B.1. Let X be a compact Kihler threefold of algebraic
dimension two. Then X is uniruled or there exists a good minimal model
of X.

Here we say that X is uniruled if there exists a dominant meromorphic
mapping ¥ x P! ...— X such that dimY = dim X — 1. A good minimal
model of X is defined to be a complex normal variety V satisfying the
following conditions:

(1) V is bimeromorphically equivalent to X;
(2) V has only terminal singularities;
(3) The canonical divisor Ky is semi-ample.

We shall generalize to the following:

Theorem B.2. Let n: X — B be a proper surjective morphism
from a complex Kdhler threefold X onto a complex variety B. Suppose
that there exists an elliptic fibration f: X — S and a proper surjective
morphism g: S — B such that # = go f. Then the general fiber of
m: X — B is uniruled or X admits a relative good minimal model over
B.

Here, a relative good minimal model over B is defined to be a proper
surjective morphism V' — B such that V has only terminal singularities
and the canomnical divisor Ky is relatively semi-ample over B.

We note the following lemma which is derived from Theorem 3.2.2
and from the similar argument of [Ny3, 3.12]:

Lemma B.3. Let f: X — Y and g: Y — Z be projective mor-
phisms of complex varieties where X 1is nonsingular. Let D be a Q-
divisor on X whose fractional part (D) is supported in a normal crossing

divisor. Assume that there exists a g-nef-big Q-Cartier divisor L such
that D ~q f*(L). Then

RPg. (R f,.Ox(Kx +"D") =0
fori >0 and p > 0, where "D™ denotes the round-up of D.

In the case of elliptic fibrations, we have the following generalization:

Proposition B.4. Let f: X — Y be an elliptic fibration from a
complex manifold X onto a complex variety Y, g: Y — Z a projective
morphism onto a complex variety Z, and let D be a Q-divisor on X
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whose fractional part (D) is supported in a normal crossing divisor. As-
sume that there exists a g-nef-big Q-Cartier divisor L such that D ~g
f*L. Then R f,.Ox(Kx+"D7) is torsion free and RPg, (R f.Ox (Kx +
D7) =0 fori>0 and p > 0.

Proof. Since the statement is local on Z, we may assume that Z is a
Stein space. By Lemma B.3, we may assume further that f is not bimero-
morphically equivalent to a projective morphism. As in [Ny3, 3.12], we
may assume that there exist a bimeromorphic morphism v: Y’ — Y
such that

(1) Y’ is nonsingular,

(2) gov:Y' — Z is a projective morphism,

(3) there is an elliptic fibration f': X - Y’ with vo f' = f,

(4) f' is smooth outside a normal crossing divisor on Y,

(5) there is an effective Q-divisor A on Y’ with v*L — §A being

gov-ample for 0 < § < 1,

(6) Supp({D) U Supp f*(A) is a normal crossing divisor.

Since "D — 6 f*(A)T = "D7, by Leray’s spectral sequence, we can re-
duce to the situation such that Y =Y’ and L is g-ample. Then by the
proof of [Ny3, 3.9], we may assume further that there exists a commu-
tative diagram:

f

—_—

>

A}
—

f
—_—

b
=

where

(1) X and Y are nonsingular,

(2) ¢ is generically finite, A is projective, and f is an elliptic fibra-

tion,

(3) Supp¢*(D) is a normal crossing divisor and ¢*(D) is a Cartier

divisor,

(4) Ox(Kx + D7) is a direct summand of .05 (Kg + ¢*(D)).
Therefore by replacing X and Y by X and ?, respectively, we can reduce
to the case where the following conditions are satisfied:

(1) Y is nonsingular;

(2) f: X =Y is smooth outside a normal crossing divisor on Y’;

(3) L is a g-ample Cartier divisor;

(4) D is a Cartier divisor with D ~ f*(L).

Then by Theorem 3.2.3, F* := R f.0x (Kx) are locally free sheaves.
Thus F* =0 for i > 2, F! ~ Oy (Ky) and (F°)®12 ~ Oy (12(Ky + A))



286 N. Nakayama

for some effective Q-divisor A whose support is a normal crossing divisor
and whose round-down LAL = 0. Since

F°—A+L-Ky
is g-ample, we are done by applying [Ny3, 3.5]. Q.E.D.

Corollary B.5. Let f: X — Y be an elliptic fibration, g: Y — Z
a projective morphism for normal complex varieties X, Y and Z. Then
R?(go f).Ox = 0 if the following conditions are satisfied:

(1) (X,0) is log-terminal;

(2). There is a Q-divisor L on'Y such that —Kx ~gq f*(L);

(3) L is g-ample.

Proof. Let u: M — X be a modification such that p-exceptional
locus is a normal crossing divisor | J E;. Then we have Ky ~q p*(Kx)+
> ;aiE; for a; > —1. Then for D =), a;E; — K, we have

RPg,(R'(f o p)sOm(Kn + D7) =0

for p > 0 by Proposition B.4. Since R'u,Op(Kp +"D7) =0 fori >0
(cf. [Ny3, 3.6]) and p.Op(Kp +7D7) ~ Ox, we have RPg, R f,Ox ~ 0
for p > 0. Since R'f,Ox = 0 for i > 1 by Proposition B.4, R%(g o
)+Ox =0. Q.E.D.

Proposition B.6 (cf. [Ft1]). Let T be a normal compact complex
surface in class C. Suppose that there is an effective Q-divisor A on T
such that (T, A) is log-terminal and (KT +A)-C > 0 for any irreducible
curve C onT. Then Ky + A is semi-ample.

Proof. This is proved by [Ft1] in the case a(T) = 2. We thus as-
sume that a(T') < 2. Therefore py(T) > 0 by Proposition 3.3.1. There
exists an effective Q-Cartier Q-divisor on T which is Q-linearly equiv-
alent to Kr + A. Hence (K7 + A)? > 0. Since a(T) < 2, we have
(Kt + A)2 =0.

Step 1. Reduction to the case T is nonsingular.

Let p: M — T be the minimal resolution of singularities of T. Then we
have

Ky ~Q N*(KT -+ A) + ZaiEi

for a; > —1, where E; is a p-exceptional curve or the proper transform

of a component of SuppA. Since p is minimal, a; < 0 for all 5. Let

A" = =3, a;E;. Then Kp + A" ~g p*(Kr + A). By definition,

(M, A') is log-terminal. Thus we may assume that T is nonsingular.
Step 2. Reduction to the case T is relatively minimal.
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Let v: T — T; be the contraction of a (—1)-curve E on T and let
Ay := v,(A). Here (—1)-curve means an exceptional curve of the first
kind. Then we have K7 + A ~g p*(Ky, + A1) — bE for some b > 0,
since (KT + A)- E > 0. Thus (K7, + A1) - T > 0 for any irreducible
curve I' on 77 and

0= (Kp, +21)2> (Kr+A)2=0.

Hence b = 0. Therefore by continuing the contractions of (—1)-curves,
we may assume that T is a relatively minimal model.

Step 3. Case a(T) = 0.
Assume that a(T) = 0. Then by the classification of surfaces, T is a
complex torus or a K3 surface. If T is a complex torus, then A = 0,
since T' has no curves. Therefore K7 4+ A ~g 0. Assume that T is a K3
surface. Then by the Riemann—Roch formula,

R (mA) + h®(—mA) > 2,

for any m with mA is Cartier. Since a(T) = 0, we have also-A = 0.
Thus K7 + A ~g 0.
Step 4. Case a(T) = 1.

Assume that a(T) = 1. Then there exist a minimal elliptic fibration
f: T — C over a smooth curve C. By the canonical bundle formula,
we see that K ~q f*(K¢ + B) for an effective Q-divisor B on C with
LBJ = 0. Since a(T) = 1, no curves I' of T dominate C. Therefore
every component of A is contained in fibers of f. Now Kr + A is f-nef.
Thus A is also f-nef. Therefore there is another effective Q-divisor B’
on C such that A ~g f*(B’). Therefore K1 + A ~q f*(K¢ + B+ B').
Hence K7 + A is semi-ample. Q.E.D.

Lemma B.7. Let f: X — M be a fibration between complex man-
ifolds whose general fiber is P'. Suppose that there exist two prime divi-
sors D1 # Dy on X and a Cartier divisor E on Dy such that

(1) Dy and Dy dominate M bimeromorphically,

(2) Op,(D1) = Op, (E).

Then f is bimeromorphically equivalent to the first projection M x P! —
M.

Proof. By the generically surjective homomorphism f*f,Ox (D)
— Ox(Dy), we may assume that X is isomorphic to Pps(€) for a locally
free sheaf £ of rank two and that Dy and D, are sections of f. Then
there exist two exact sequences:

(B.1) 0—=0p—&—L—0,
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(B.2) 0-M—=E-LOIM -0,

where £ and M are invertible sheaves on M. Here we consider that the
section Dy corresponds to the exact sequence (B.1). Then Op,(D2) is
isomorphic to L& ML, Asin the elementary transformations, we blow-
up along D; N D, and contract the proper transform of f~1(f(D;ND3)).
Then we can make D; N Dy = (. Therefore we may assume that £ ~
O @ L. By the assumption, there is a Cartier divisor L on M such that
L ~ Op(L). Therefore X is bimeromorphic to M x P*. Q.E.D.

Proof of Theorem B.2. By taking the Stein factorization, we may
assume that 7w: X — B is a fibration.

Step 1. Case w: X — B is a locally projective morphism.
If dim B = 0, then X is projective and theorem is true by [Mo], [KMM],
and [Kw3]. If dim B > 1 and if the general fiber of 7 is not uniruled,
then for any point b € B, we have an open neighborhood U, C B and
a relative good minimal model Z, — U which is bimeromorphically
equivalent to 7—1(Uy,) — Uy, by [Ny3, §4], [Mo], and A.4. Further except
a discrete set of points {b;}, Zy — U, is the unique minimal model of
7~YUy) — Uy. Thus we can glue these Z, — U, and obtain a relative
good minimal model Z — B of «.

In what follows, we assume that 7 is not a locally projective mor-
phism.

Step 2. Inductive step.
We may assume that X and S are nonsingular and there exists a normal
crossing divisor D = |J D; of S such that f is smooth outside D. Then
by Theorem 3.3.3, f is a locally projective morphism. Thus by applying
Proposition A.5, we have an elliptic fibration h: Y — T between normal
varieties and an effective Q-divisor A7 on T such that

(1) there is a bimeromorphic morphism p: T — S,

(2) h:Y — T is bimeromorphically equivalent to f: X — S,

(3) Y has only terminal singularities,

(4) Y is Q-factorial over any points of S,

(5) (T,Ar) is log-terminal,

(6) Ky ~Q h*(KT + AT)
Suppose that (K1 + Ar) - C < 0 for an irreducible curve C' contained
in a fiber of T — B satisfying C? < 0. Then we have a contraction
6: T — T of C. Since (Kt + Ar)-C < 0, —(Kp + Ar) is 6-ample.
Thus for Ar := 6. Ar, (T', Ar/) is also log-terminal and

6*OT(Lm(KT + AT)_I) ~ OT/(Lm(KT/ + ATI)J)

for any m > 0. By applying Corollary B.5 to Y — T — T", we have
R%(60h),0y = 0. Therefore by Proposition 3.3.1, §oh is bimeromorphic
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to a locally projective morphism. Hence by Proposition A.5, there is a
minimal model h': Y’ — T” such that k'’ is bimeromorphically equivalent
to 6 o h and Ky is h'-semi-ample. Since

h;Oy/(me/) ~ OT,(m(KT/ + AT/))

for infinitely many m, we see that Ky ~g h™* (K7 +Ar/). By continuing
this process and by Theorem A.1, we may assume that the following
conditions are satisfied:

(1) h: Y — T is bimeromorphically equivalent to f: X — S

(2) h is a standard elliptic fibration;

(3) Ky ~qg h*(Kr + Ar), where (T, Ar) is log-terminal;

(4) There is no irreducible curve C on T such that C? < 0, (K +
Ar)-C <0, and that C is contained in a fiber of q: T — B.

Step 3. Case 1 < dim B < 2.
In this case, we have R%?g,0Og = 0. Thus g: S — B is a locally projective
morphism by Proposition 3.3.1. Therefore q: T' — S is also a locally
projective morphism. Suppose that the genus p,(F) = 0 for the general
fibers F of m: X — B. Then dim B = 1, otherwise, the general fibers
of 7 are elliptic curves. Hence the general fibers are Kahler surfaces
with p, = 0, so we have Rim,Ox = 0 for i = 1, 2 by [St]. Using
Proposition 3.3.1, we see that 7 is a locally projective morphism. This
is a contradiction. Therefore m,wx 7# 0. Hence for any point P € B,
K7+ Ay is Q-linearly equivalent to an effective Q-divisor over P. Thus
Kr+Aris g-nef. By Theorem A.4, K7+ Ar is g-semi-ample. Therefore
Y — B is a good minimal model in this case.
Step 4. Case dim B = 0 and T is a projective surface. (cf. [Ny6])

If K7 + Ar is nef on T, then K1 + Ar is semi-ample by [Ft1]. Thus Y
is a good minimal model. Next assume that K7 + A7 is not nef. Then
by Step 3 and the cone theorem for (T, Ar), there exists a contraction
morphism o: T — C such that dimC < 2. Then by Corollary B.5,
we see that R%(o o h).Oy = 0. Therefore o o h is bimeromorphically
equivalent to a locally projective morphism by Proposition 3.3.1. Thus
C is a smooth curve. Let F be a general fiber of 0 o h. Then F is a
ruled surface such that — Ky is semi-ample and K% = 0. Suppose that
the irregularity ¢(F) = 0. Then we have R(o o h),Oy = 0 by [St].
Thus H%(Y,Oy) = 0, so Y is Moishezon by Proposition 3.3.1. This
is a contradiction. Hence ¢(F) = 1 and F is a minimal ruled surface
over an elliptic curve E. Thus by applying the relative minimal model
theory to oo h: Y — C, we have a meromorphic map (: Y ---— N over
C, where N is a normal nonprojective surface and N — C is an elliptic
fibration. For the general fiber F, ( induces the projection F' — E.
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Let Y — Y be a modification such that ¥ — N is a morphism and let
H, and H> be general ample divisors on 7. Then D} := h*(H;) and
D} := h*(H;) dominate N by ¢. Thus we can take a finite covering
N’ — N, a modification Y’ of the fiber product ¥ xx N’ and prime
divisors D; and D, such that Y/ — N’ and D;, D, satisfy the condition
of Lemma B.7. Therefore Y is dominated by N’ x P*.
Step 5. Case dim B = 0 and T is not projective.

In this case Ky + Ar is semi-ample by Proposition B.6. Thus we are
done. Q.E.D.

Corollary B.8. Let X be a compact Kdahler threefold admitting an
elliptic fibration. Then X is uniruled or there is a good minimal model
of X. In each case, there exist a normal compact complex surface T,
an effective Q-divisor Ar, and o standard elliptic fibration h:' Y — T
such that (T, Ar) is log-terminal, Y is bimeromorphically equivalent to
X, Ky ~g h*(Kr + Ar). If X is uniruled, then T must be projective,
so the algebraic dimension a(X) > 2. If X is not uniruled, then we can
take T so that K1+ Arp is semi-ample. If a(X) <1 and s(X) =0, then
there is a finite covering Y — Y such that

(1) the covering is étale outside the non-Gorenstein locus of Y,

(2) Y is a three-dimensional complex torus or the product of an

elliptic curve and a K3 surface.

Proof. We have only to prove the last statement. First assume
that a(X) < 1, k(X) = 0, and py(X) = 1. Then Ky ~ 0. Since T'
is not ruled, we see that A7 = 0, T" has only rational double points as
singularities, and K7 ~g 0. The inequality o(T) < a(X) < 1 implies
that 71" is a two-dimensional complex torus or its minimal desingular-
ization is a K3 surface. Therefore, the elliptic fibration h: Y — T is
smooth outside the singular locus of T' by Theorem 4.3.1. For a singu-
lar point P € T, there exist an open neighborhood ¢ C T and a finite
Galois covering V — U from a nonsingular surface étale outside P such
that the normalization J of Y X1 V induces a smooth elliptic fibration
Y — V. Here Y — Y is an étale morphism since Y has only Goren-
stein terminal singularities (cf. [Kw4, 5.1]). In particular, the fiber of
h:Y — T over P is an elliptic curve. Now we have isomorphisms
R'1, 0y ~ R'h,wy ~ wr ~ Op. Since X is compact and Kahler, the
natural homomorphism H(Y, Oy) — H%(T, R h,O7) is surjective. We
infer that ¢(Y) = ¢(T) + 1. Thus ¢(Y) = 1 or ¢(Y) = 3 according
as T is bimeromorphic to a K3 surface or T is a complex torus. Let
Y — A be the Albanese mapping, which is a fiber space by [Kwl]. If
g(Y) = 3, then Y is isomorphic to a complex torus and h: Y — T is
a fiber bundle. Suppose that ¢(Y) = 1. Then the induced morphism
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Y — A x T is surjective, since general fibers of h dominate the elliptic
curve A. In particular, every smooth fibers of h are isomorphic to each
other. Let T C Y be a general fiber of Y — A. Then T” is nonsingular
and dominates T'. Hence T” is a complex torus of dimension two or a K3
surface. Further 7V — T is a finite morphism étale outside the singular
locus of T, since every fibers of Y — T are elliptic curves and since pos-
sible exceptional curves for T/ — T should be rational. We infer that
the normalization Y of the fiber product Y x7 T is isomorphic to the
product of T’ and a fiber. Since Y — Y is étale outside the singular
locus of Y and since Y has only Gorenstein terminal singularities, Y is
nonsingular and Y — Y is an étale covering.

Next, we treat the general case k(X) = 0 and a(X) < 1. Since
Ky ~gq 0, there is a finite covering Y’ — Y such that Y’ has only
Gorenstein terminal singularities, the covering is étale outside the non-
Gorenstein locus of Y, and Ky ~ 0. Let Y/ — T" — T be the Stein
factorization. Then Y’ - T” is also an equi-dimensional elliptic fibra-
tion. Thus Y’ admits a finite étale covering ¥ — Y’ from a complex
torus or the product of an elliptic curve and a K3 surface. Q.E.D.

Finally, we note that the good minimal model conjecture for non-
Kahler threefolds is not true in general. For example, we have the fol-
lowing:

Proposition B.9. There exists a compact compler threefold X
with k(X) = 2 such that Ky is not semi-ample for any normal vari-
ety Y with only terminal singularities bimeromorphically equivalent to

X.

Proof. Let T be a nonsingular minimal projective surface of general
type and let p: S — T be the blowing-up at a point P € T. Then by
Example 3.3.5, we have an elliptic fibration f: X — S smooth outside
D := p~Y(P) such that f*(D) = mf~(D) for some positive integer m,
where f~1(D) is isomorphic to a Hopf surface. Then by the canonical
bundle formula, we see that

Kx ~ f*(Ks) + (m —1)f71(D) ~ f*u*(Kr) + (2m — 1)f (D).

Therefore H(X,nKx) ~ H°(T,nKr) for any n > 0. Suppose that
there exists a normal complex threefold Y with only terminal singulari-
ties such that it is bimeromorphically equivalent to X and Ky is semi-
ample. Then we have a projective bimeromorphic morphism A\: Z — Y
and a bimeromorphic morphism v: Z — X from a complex manifold Z.
By construction, we see that A*(Ky) ~g v*f*u*(Kr). Therefore the
proper transform of the Hopf surface f~!(D) must be a A-exceptional
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divisor of Z. Since A is a projective morphism, this is a contradic-
tion. Q.E.D.
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