Advanced Studies in Pure Mathematics 31, 2001
Taniguchi Conference -on Mathematics Nara "98
pp. 265-286

Large Deviation and Hydrodynamic Scaling

Srinivasa R. S. Varadhan

§1. What are Large Deviations?

The theory of large deviations is, roughly speaking, a method of
describing the rapidity with which probability distributions depending
on a parameter approach the degenerate distribution at some point as
the parameter becomes large.

Let us suppose that for each n there is a probabilty measure P,
on some space {2, defined on some o-field ¥,,. There is a complete
separable metric space X with its Borel sets B, such that for each n
there is a measurable map ®,, of €2, into X. We denote the induced
measure P,®,! on (X, B) by Q,. Actually it is the situation (X, B, Q,)
that will be of interest to us. As n — oo the measures Q,, will converge
weakly to a limit which will be degenrate at some point xg of X. This is
usually a ‘law of large numbers’, statement. In particular for any closed
set A C X, with 2o ¢ A,

(1.1) Tim Qn(4) =0.

If the parametrization has been chosen properly, the convergence in the
limit (1.1) will often be exponentially fast and

(1.2) lim ~ log Qn(A) = —¥(A)

n—oo N

will exist atleast for a large class nice sets. Since the exponential behav-
ior of a sum is the same as that of the larger of the summands

¥(AU B) =min{¥(A), ¥(B)}
and one can expect ¥(A) to be given by a formula of the type

V(A) = zlgg I(x)
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for some function 7(-) : X — [0, 00]. The theory of large deviations is a
large collection of interestirig examples that fit this model. What makes
the class of models interesting is the ability to identify the rate function
I(-) in specific cases.

We say that the family Q,, on X satisfies the ‘large deviation prin-
ciple’ with rate function I(-) if

(1.3) lim sup 1 logQn(A) < — in}f4 I(z) for closed sets A € X,
n

n—oo e
1 .
(1.4) lim inf - log Qn(G) > — 122 I(z) for open sets G € X.

Of course if £ C X is nice enough that

inf I(z) = inf I(z) = inf I
Jof I(z) = inf I(z) inf (z)

we get

1
1.5 lim ~logQn(E) = — inf I(z).
(1.5) Jim ~log Qu(E) = — inf I(z)

It is important that the function I(-) that can take the value 400 be
lower semi-continuous and have compact level sets, i.e., for each £ < oo,
the set

(1.6) Ky={z:1(z) < (¢}

be a compact (closed and totally bounded) subset of X.
We will begin with some simple examples.

Example. Let « be a probability measure on R. Let P, on Q =
R™ be the product measure a X & X - -- X . Let ®@,, be the map

m1+...+$n

D, (z1,...,2,) = -

The law of large numbers asserts that Q,, — 6, witha = [ = da. Accord-
ing to a theorem of Cramér [1] @, satisfies a large deviation principle
with rate function

(L.7) I(y) = suploy — log M(0)]
where

(1.8) M(o) = / €% (dz).

Another example is the following.
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Example. Let F' be a finite alphabet A consisting of letters
{a1,...,ar}. Let Q, consist of words W = {z1,...,z,} of length n
in A. The probabilities P,,(W) are all equal and since there are k"

words of length n
1

kn

for every word W € §,,. X is the space of probability distributions on
{1,...,k}, ie, {p1,-..,pk 1 p; > 0and >, p; = 1}. The map @, is the
empirical distibution

(1.9) @n@l,...,xn):{w}:{@}

n n

P (W) =

where n; is the number of times the letter a; occurs in the word W =
{z1,...,2,}. Again, by the law of large numbers, Q,, converges to

O{1/k,...1/k}-
n! 1
(np1)!-- - (npr)! k™
I(p) =— nh_}n(}o % log Qnlp1;- - -, Pn)
=logk+ » pilogp;

D
= Zpi log
i k

Qn[pl)'”apn] =~

A slightly more general form of the example is Sanov’s theorem.

Example. If we define
P,(W)=
( ) nyl---ng

we get

.z:pilogmeZp,-logpz szlog—

or even more generally

Example. Wetake 2, =X XX Xx - --x X, P,=aXaX- - X«
and ®,, the map of Q into the space M of all probability measures on
X defined by

Sp + -+ 6y
Op(1,... ap) = St O
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In this example I, (1) < oo only if p < o and

du du
—log— €L .
do 8 do € Ln(a)
Then
du dp dp
. () = —du= — log — da.
(1.10) Io(u) /Xlog i du /X 7o 08 7, de

Otherwise I, (u) = +oo.

There are some general principles in the theory which are relatively
easy to establish. Here is one. A general property known as ‘Contarction
Principle’ is the following;:

Theorem 1.1. Let P, satisfy the large deviation property with
rate function I(-) on X. Let f : X — Y be a continuous map into Y.
Then Qn, = P,f~! satifies a large deviation principle on Y with rate
Junction J(y) = inf[I(z) ; z: f(z) =yl

We will illustrate the Contarction Principle by showing that Cra-
mér’s theorem can be obtained from Sanov’s theorem. Consider the
map f: M — R defined by

(1.11) £ = [ wan

Then the sample mean (21 + - - - + z,)/n can be thought of as

n

= f(®n(z1,...,20))
where ®,, is the empirical distribution. A calculation shows that

I(y) = B fiwndny Io (1)

which is the contraction principle. Actually Sanov’s theorem can be sort
of seen as a version of Cramér’s theorem as well. We can repalce R by
the locally convex topological vector space M(R) and replace « on R by
the distribution 8 induced on M(R) by the map = — 6,. The empirical
distribution is just the sum of n independent M(R) valued random vec-
tors with the common distribution 3. The moment generating function
is replaced by

M(R) R
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and

(L13)  H(uo) = In(y) = sup [ [ vie)du—1og (V)

V()
/ log du da
In particular
(1.14) / Viz)dp < log/ eV® do + H(y; )
R R

or for any o > 0, replacing V by oV, we get
1
(1.15) / V(z)dpu < — log/ e’V@ do + lH(u; a).
R g R g

Another general principle is the following theorem on the exponential
growth rate of integrals. It is basically a fancy version of the simple fact
that for a,b > 0 we have

lim [a" + b"]*/™ = max(a, b).

n— 00

Theorem 1.2. If the large deviation principle holds for some Q,,

on X, with a rate function I(-), then for any real valued bounded con-
tinuous function F(-) on X

Jim_ %bg /X expln F(z)] dQn = sup (F(z) — I(z)].

The book [2] is a good source for a discussion of these topics as well
as for additional references.

§2. Hydrodynamic Scaling

The basic example of Hydrodynamic scaling is the derivation of
Euler equations from the equations of classical mechanics. Let us start
with a collection of N ~ 53 classical particles in a large periodic cube
Ay of side £ in R3. The motion of the particles are governed by the
equations of motion of a classical Hamiltonian dynamical system with
energy given by

(2.1) lepzller ZV i = 45)-

i#j
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Here, g; € Ay is the position of the i-th particle and p; € R3 is its velocity.
The coordinates k = 1,2, 3 refer to the three components of position or
velocity. The repulsive potential V' > 0 is an even function that is not
identically zero and has compact support in R3. The interaction in
particular is short range. The classical equations of motion are

de¥  OH(p,q) 4

(2.2) i W =p;,
dp¥ 3H p,

where Vi (q) = 8V (q)/9q" for k = 1,2,3 are the three components of the
gradient of V. The dynamical system has five conserved quantities. The
total number N of particles, the total momenta Zivzl pf for k=1,2,3
and the total energy H(p,q). The hydrodynamic scaling in this context
consists of rescaling space and time by a factor of £. The rescaled space
is the unit torus T3 in 3-dimensions. The macroscopic quantities to be
studied correspond to the five conserved quantities. The first one of
these is the density, and is measured by a function p(¢,z) of t and z.
For each £ < oo it is approximated by p,(t, x), defined by

(2.4) /[‘3 J(z)pe(t, z) dz = E%ij(‘h(jt))

A straight forward differentiation with respect to ¢ yields

d d 1 <h /qi(tt)
( ) dt T3 J(l’)p[(t, m) d(l? dt £3 — J( E )

= 2w (EY e
=1

~ / (V) (@) - pelt, o)ue(t, z) da
T3

where u,(t,z) = uf(t,z), k = 1,2, 3 are the components of the ‘average’
velocity of the fluid at the rescaled space time point z, t. This introduces
three other macroscopic variables, which represent three coordinates of
the momenta that are conserved. We can now write down the first of
our five equations

Op

(2.6) 5 TV (ow) =0,
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To derive the next three equations, using a test functions J, we differ-
entiate for £k =1,2,3

g—%i:: (“H Et)) ph(et) = £3Z PR (VT (q’(jt)).m(zt)

- %ZZJ(%(?))W@(%(&) — g;(et)).

i=1 j=1

If we now use the skew-symmetry of Vi, = 9V /9qy, we can rewrite the
second term of the right hand side of equation (2.7) as

(2.8)
N N
_ Q%;; (J(Qi(ft)) _ J(qj(ft)))Vk(qi(ét) — q;(t0))
1 S it
- ;ZJT( ) (aF (28) — 45 () Vilas(4) — g;142))
1 N NJ
-5 ZZJT( D) (aiter) - q;(46))
with

Yr(q) = "%quk(Q)-

The next step is rather mysterious and requires considerable explanation.
The quantities

ZP, P Y YRt —g;(t)

i,j=1

are not conserved. They depend on combinations of individual velocities
that are not conserved and on spacings between particles both of which
change in the microscopic time scale and therefore do so rapidly in the
macroscopic time scale. They should therefore be replaced by their
space-time averages. By appealing to an ‘Ergodic Theorem’ they can be
replaced by their averages with repect to their equilibrium distributions.
The equilibrium ‘ensemble’ consists of an infinite collection of points
{Pa>qa}, in the phase space R® x R3. There is a natural five parameter
family of measures p, . 7 that are invariant under spatial translations
as well as the Hamiltonian dynamics. The points {p,} are distributed
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according to a Gibbs Distribution with density p and formal interaction
energy

1
ﬁ g V(Qa - qﬁ)'

In other words {go} is a point process obtained by taking infinite vol-
ume limit of N = £3p particles distributed in the cube of side ¢ in R3
according to the joint density

}Z—eXp[—~ % > Via —qg')]

1<i#j<N

where Z is the normalization constant. The velocities {p,} are dis-
tributed independently of each other as well as of {q,}, having a common
three dimensional Gaussian distribution with mean u and covariance T'I.
Assuming that the infinite volume limit exists in a reasonable sense it
will be a point process defined as an infinite volume Gibbs measure 1, 7.
The velocities {p,} will be an independent Gaussian ensemble v, 7. In
the first term the quantities pfpzr are replaced by their expectations

uk(t7 m)ur (t7 {L‘) + 6k,'rT(t7 $)

and in the second term ), are replaced by their expectations that
involve the ‘pressure’ per unit volume in the Gibbs ensemble

. 1 r
PZ([), T) = th El"p,T{e_3 Z d)k(qa — qﬁ)}

— 00
lal,lgp|<L

This leads to the equation

(2.9) -C% - J(z)u(t,z) dz
3
= / > ;’ T (@)Wt (e (8 2) + 8, Tt 7)) de
TS =1 Tr

+ /T3 2 g—ai(x)PZ(P(t» z), T(t,)) de.

We now integrate by parts, remove the test function J and obtain from
equation (2.9)

d
(2.10) E(PU) +V-(pu®u+pTI+P(p,T)) =0.
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There is an equation of state that expresses the total energy per unit
volume e as

(2.11) e(p,u,T) = 3 p(luf? + 3T) + (5, )

where f(p,T'), the potential energy per unit volume, is given by

1
f(p,T) = Jim E“”'T{@ Y Viga- Qﬂ)}'

lgal,lgs| <2

Although we will not derive it, there is a similar equation for e(t, z) that
is obtained by differentiating

N N
41 > 70 [m(et)[z + 2Vl - qj(fzt))]

and proceeding in a similar fashion. It looks like

(2.12) % + V- [(e+T)u+P(p, T)u] =0.
The five equations one for density given by equation (2.6), the three
for velocities contained in equation (2.10) and finally the enrgy equa-
tion (2.12) constitute a first order system of non-linear hyperbolic con-
servation laws in the six variables [p,u, T, e] with one relation between
them given by equation (2.11). Given smooth initial data they have
local solutions. Rigorous derivation of these equations does not exist.
We have made a basic assumption in the above derivation. If we take
a small volume in space around the point (z, t) in macroscopic space-time
and blow up the space by a factor of £ we will see a bunch of particles
with velocities. The positions of these particles will form a point pro-
cess in a big domain in R3. The statistics of these points is assumed
to be a Gibbs distribution p, 7 corresponding to the density p = p(t, z)
and ‘Temperature’, T = T'(t,z). Given the positions, the velocities are
assumed to be mutually independent and have a common Gaussian dis-
tribution with mean v = u(t,z) and covariance TI = T(t,z)I. The
five parameters (p,u,T) locally detemine a Gibbs-Gaussian equilibrium.
The equations are derived under the assumption that this picture holds
asymptotically for large £. There is no known proof of this. While it is
possible to prepare the initial state so that this property of loacl equlib-
rium holds at time ¢t = 0, there is no guarantee that this property persists
at positive macroscopic times. If p, u, T are constants independent of
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z at time 0, then we have a global equilibrium and that persists. But
hydrodynamically this is the uninteresting case.

While the validity of the principle of local equlibrium is very hard
" to establish for the Hamiltonian system, it is not nearly so hard for
stochastic systems of comparable type. Noise helps to establish local
equilibria. This in many cases can be rigorously established and thence
the corresponding hydrodynamical equations can be derived with full
mathematical rigor.

We will consider a class of stochastic models that are called simple
exclusion processes. They make sense on any finite or countable set X
and for us it will be either the integer lattice Z¢ in d-dimensions or Z4,
obtained from it as a quotient by considering each coordinate modulo
N. At any given time a subset of these lattice sites will be occupied
by particles, with atmost one particle at each site. In other words some
sites are empty while others are occupied with one particle. The particles
move randomly. Each particle waits for an exponential random time and
then tries to jump from its current site x to a new site y. The new site
y is picked randomly according to a probability distribution 7(z,y). In
particular Zy m(z,y) = 1 for every z. Of course a jump to y is not
always possible. If the site is empty the jump is possible and is carried
out. If the site already has a particle, the jump cannot be carried out
and the particle forgets about it and waits for another chance, i.e., waits
for a new exponential waiting time. If we normalize so that all waiting
times have mean 1, the generator of the process can be written down as

(2.13) (AN M) =D n@) A —n@)r(z,9)[f (™) — f(n)]

where 7 represents the configuration with n(z) = 1 if there is a particle
at = and n(z) = 0 otherwise. For each configuration 1 and a pair of sites
x, y the new configuration ™Y is defined by

n(y), if z ==z,
(2.14) n*¥(z) =4 n(x), ifz=y,
n(z), ifz#z,y.

We will mainly be concerned with the situation where the set X is
Z¢ or ZJdV, viewed naturally as an Abelian group with n(z,y) being
translation invariant and given by #(z,y) = p(y— ) for some probability
distribution p. It is convenient to assume that p has finite support. There
are various possibilities. We will first consider the case ), zp(z) = m #
0 that needs hyperbolic scaling and leads to Burgers equation with zero
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viscosity. In order to convey the idea it is sufficient to restrict ourselves
to the case where d = 1, p(1) = 1 and p(z) = 0 for all z # 1. This is
the totally asymmetric nearest neighbor simple exclusion model and of
course m = 1. In this case the rescaling in time is done by a factor of N
and the generator is

(AxHm) =N Y n@)(1 —nlz+))[f™") = f(n)].

TEZN
We can easily calculate

(2.16)

iy 3 ()]

z€ZN

- [ 3 [J(m;l) —J(%)]m(x)(l~nt(m+1))]dt+MN(t)

z€Zy

o —]%/_—li Z J’(%)nt(x)(l —me(z + 1))] dt + o(1).

zEZpn

The martingale term is negligible and we need to do simple ‘averaging’.
The equlibria are the Bernoulli measures p, indexed by density. Since
there is only a single invariant quantity, i.e., the number of particles, we
can replace n:(x)(1 — n:(z + 1)) by its expected value p(t, z)(1 — p(t, z)).

G [ I0we0)d8 = [ 7@t0)0 - pit, )0
dt T1 T!
or equivalently

9p  8lp(1 -~ p)]

ot g v

(2.17)

A different situation occurs when p is symmetric, i.e., p(z) = p(—z). Let
us look at the function

Vi(n) =Y J(@)n(=)



276 S. R. S. Varadhan

and compute

(2.18) AV () = > (@)1 = n(y)ply — =)(J(y) — I (@)
=Y n(@p(y —)(J(@y) - J(z))
=Y 1@)[® - 1)J)(=)

z7y
= Vie—ns(n).

The space of linear functionals is left invariant by the generator. It is
not difficult to see that

En[Van(®)] = Vi (n)
where
J(t) = exp[t(P — I)]J
is the solution of

d
—J(t,2) = (P—1)J(t,2).

It is almost as if the interaction had no effect and in fact for the calcu-
lation of expectations of ‘one particle’ functions it clearly does not. Let
us start with a configuration on Z¢; and scale space by N and time by
NZ2. The generator becomes N2A and the particles can be visualized as
moving on a lattice imbedded in the unit torus T¢, with a spacing of
1/N, that becomes dense as N — co.

Let us consider the functional

60 = 52 27 (%) mi@)
‘We can write
£(t) - £(0) = / Viv(n(s)) ds + M (1)

where
Vi (n) = (N2AV;)(n) = Vi (n)
with
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Here A¢ refers to the Laplacian

52
Z Ci O0x;0x;

2%

with the covariance matrix C given by
CEJ =:§E:aaxjp(x)
T

My (t) is a martingale and a very elementary calculation yields
E{[My(®)]*} < CtN~*

essentially completing the proof in this case. Technically the empirical
distribution vy (t) is viewed as a measure on T¢ and vy(-) is viewed
as a stochastic process with values in the space M(T?) of nonnegative
measures on T?. In the limit it lives on the set of weak solutions of the
heat equation

gp 1

2.19 P_ZA
(2.19) 5 — 38¢p

with the initial condition p(0,z) = po(z) determined by

(2.20) /T J(z)po(x)dz = lim % > 7(5)m@)

n—oo 4
TE€EZY

and the uniqueness of such weak soultions for given initial density es-
tablishes the validity of the scaling limit. We could have have computed
two moments as in the noninteracting case. The expectation would
have been no different from the noninteracting case since it involves
only one particle functions. The variance involves two particle functions
and would have involved slighlty more work, because the independence
is not there. The martingale argument however is more general.

Let us now turn to the case where p has mean zero but is not sym-
metric. In this case

(221) Vi() =N Y n(@) 1 - nwrl - ) [7(5) - 7(5)]

and we get stuck at this point. If p is symmetric, as we saw, we gain a
factor of N—2. Otherwise the gain is only a factor of N~! which is not
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enough. We seem to end up with
N=IY S (=)
<(31@0(5) + (%) M0 - 1) - oty =)
= na 20y
where

%:-21-[77(0)2(1—77( Dap(z) + (1= n(0) (= ]
1

8

)N\I!w

z

[ 0) Y nte)spt -—77(0));77(—2)210(2)]
[Zn 70 T )+ -=apl)|

The second sum is zero in the symmetric case and ¥ can then be written
as a ‘gradient’ ¥y =) 5 Te; & — & where 7., are shifts in the coordinate
directions. This allows us to do summation by parts and gain a factor
of N~!. When this is not the case, we have a ‘nongradient’ model and
the scaling limit can no longer be established by simple averaging.

Exactly the same situation arises in the symmetric case if we make
the probabilities of jumps p(z) = 1/2d for the 2d nearest neighbors and 0
otherwise, but change the rates so that the generator reads

(2.22) ANM = Y awy)FT™Y) - F(n)]

where a , (1) are translation invariant and satisfy the ‘detailed balance’,
conditions relative to the Bernoulli measures.

There are several good sources for this and related material. In
particular the book [4], the monograph [10] and the notes [3] contain all
of this material as well as more references.

§3. Large Deviation Methods in Hydrodynamic Scaling

A rigorous proof of the validity of the hydrodynamic scaling limit
depends on establishing some sort of a local ergodic theorem. There
are several ways of carrying this out depending on the circumstances.
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But the methods that are fairly general use ideas from large deiviations
in some form. We will consider the example of the totally asymmetric
simple exclusion process in one dimension. Suppose we are give a smooth
function p(t,z) on [0,T] x T that satisfies 0 < ¢ < p(t,z) <1—-c< 1
and solves Burgers equation (2.17)

% 4 2 lott,a)1 — plt,2)] = 0.

For any smooth p(z) from T — (0,1) we can associate a local or slowly
varying equlibrium state

v pw-ILG) -3
. z=1
We could guess that the state at time ¢ is more or less
09 =TI 5) (o)
z=1

Even if we start at time 0 with initial distribution fn(0,7n) the true state
at time t is the solution gy (t,n) of the Kolmogorov forward equation

9gn
. = =LA
with the initial condition
(3.4) gn(0,m) = fn(0,7n).

We wish to compare the true solution gy to our guess fy. They
match at t = 0. What about ¢ > 07
The comparison is done by

(35) - Hy(t) =H(gn(t, - ); I, -))-
It is controlled by establishing a Gronwall type of inequality

(3.6) d—f%\i—(ﬁ < CHN(t) + “error”

that leads to
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Theorem 3.1. We have

(3.7) lim sup ——HN() 0
N—000<t<T

which in turn implies the validity of the hydrodynamic limit
. 1 x
dm gy 3 J(F)n) = [ @t

One key ingredient is the validity of the local equilibrium principle
which needs to be established. This takes the following form. Let ¢ be
an intermediate scale, i.e., 1 < £ < N. For any local function g(n) let
us define -

(3.8) 4(p) = E**[g(n)]

where 1, is the Bernoulli measure with density p. We look at the dif-
ference

(3.9)
Dy =~ S g —i(oe 3 nw))|
e N 20+1 v 20+1
z y:ly—z|<L yily—=z|<L
Establishing hydrodynamic limit requires
T
(3.10) lim lim sup EFV [/ DeN,N,g(nt)dt] =0
=0 Nooo 0

where Py is the process starting from an arbitrary initial configuration.
The relative entropy considerations reduce this to proving estimates of
the form

(3.11) hm limsup EX¥[Dy n 4(9)] =

—0 N—ooo

This can be reduced to proving a much stronger estimate for the process
Qn in equilibrium.

T
(3.12) hm hmsupjv— log E9V [expN/ Den,n,g(ne) dt] =
0

—0© N-—oo

for every g.
This in turn can be estimated in terms of Feynman-Kac representa-
tion and variational formulae involving Dirichlet forms.
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In the case of diffusive scaling this approach is often powerful enough
to yield equation (3.10).

In the last example alluded to in the previous section, i.e., nongra-
dient models, the analysis involves writing the ‘current’, in the form

(3.13) Wy 241 = c(n(z) — n(z + 1)) + ‘negligible terms’

corresponding to a projection in Ly(P,). The left handside can be
thought of as a closed one form while the negligible terms are the exact
ones. One has to prove that the codimension of the negligible terms
is one and can be represented by the density gradient term. Because
the analysis is carried out seperately in each equilibrium this determines
¢ = ¢(p) and one ends up with an equation of the form

0 107,00

(3.14) ot 20z oz

The proofs agian involve establishing superexponetial estimates in
equlibrium and use Jensen type inequality (1.15) to go from equilibrium
to nonequilibrium.

84, Large Deviations in Hydrodynamic Scaling

Let us consider ky ~ N? independent random walks on the lat-
tice Z4, of Z¢ modulo N. If we denote their trajectories by {z1(-),...,
zy ()} and rescale them as 5 x;(N2t) = y;(t) we have ky noninteract-
ing rescaled random walks and the empirical process

1
(4.1) Bynw= 372 D 8u
=1

will converge on the Skorohod space of trajectories D[[0,7T]; T¢] to a
Brownian motion with covariance

(4.2) (Ca,b) = p(2)(z,a)(z,b)

where p(-) is the probability distribution of a single step and it is as-
sumed to be symmetric. Of course we need to assume that the initial
distribution

1 &
(43) UNw = m 26 :(0)
=1
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has a limit i and if we take @ to be the Brownian motion with Covariance
C and initial distribution p then '
(4.4) lim Ry, =Q

N-—oo

in probability. Because of the way we have normalized, the total mass
of @, which is the same as total mass of u, is given by

We can ask about the probabilities of large deviations in this context.
It is a minor variation of Sanov’s theorem and the rate function with
normalization by N¢ is given by the relative entropy

(4.5) ' I(R) = H(R; Q).

We would like to see how this changes if we go from the context of
independent random walks to an interacting model like simple exclusion.
We will keep the jump distribution as the same p( - ).

‘We saw before that the hydrodynamic limt in this case was still given
by equation (2.19). However the behavior of Ry, is more complex.
For that we have to understand how a tagged particle will behave in
equlibrium as well as nonequlibrium. It is known, (see [6]) that a tagged
particle in equlibrium will diffuse like a Brownian Motion with some
covariane S(p) that depends on the density p. This is to be expected,
because in low density there is very little interaction and one expects
S{p) — C as p — 0. On the other hand at high density, i.e., when p — 1
there is gridlock and one should expect S(p) — 0. (The one dimensional
nearest neighbor case is different due to blocking and S(p) = 0 in that
one case.)

One expects therefore that if the initial condition is a random con-
figuration chosen from equilibrium with density p then, in probability,

(4'6) 1\}51100 RN,w = Qp

where @, is the Browninan motion (with total mass p) having covariance
S(p) and initial density p.

In nonequlibrium the situation is a lot more complicated. First of
all the density itself is given by the solution p(t,z) of the heat equa-
tion (2.19) with initial condition p(z) which is determined as the limit
of the empirical distribution of the initial configuration in the sense of
equation (3.4). The tagged particle will only see its immediate neigh-
borhood and will behave as if it is in equilibrium at density p(t,z) if
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it finds itself at time ¢t at the point z. It is reasonable then to expect
it to behave like a diffusion with the second order or diffusion coeffi-
cients equal to S(p(t,)). It could have an additional first order or drift
term. It is more convenient to write the expected backward generator
in divergence form as

(4.7) = %VS(p(t, D))V + co(t, 2)V.

Of course we can tag any are all of the particles and the empirical pro-
cess is the same whether they or tagged or not. Therefore the solution
p(t, z) of the heat equation (2.19) must also be a solution of the forward
equation corresponding to (4.7), i.e.,

@8 28D 950, 0)Valt, ) - V -elt, )t ).

This means
SVOVplt,z) = SVS(plt,2)Vlt,2) — V - elt, 2)plt, ).

One can guess (with fingers crossed) that

Vo(t, z)
(4.9) elt,2) = [S(o(t,2) - )5 025,
That this is indeed true is a result in [9] which is based on results of [7].

We now turn to large deviations. To simplify the presentation we
assume that the initial configuration is deterministic. Otherwise we have
to factor in the large deviation behavior of the initial profile and this
adds an extra term to all the rate functions.

Large deviations are invariably obtained by perturbing the dynamics
in such a way that the modification produces the needed deviation. The
modified process will have, after suitable normalization, some entropy
relative to the original process. This can be thought of as ‘cost’ of
the modification. It is conceivable that there are lots of modifications
with different costs that produce the same desired deviation. The rate
function is always the minimum of such costs. If one can run through a
large class of modifications one gets a large deviation lower bound which
is the minimum of the costs over that class of modifications. One tries
then to match it with an upper bound by some other method.

In our example the possible perturbations are of the jump rates
N?p(2) of the speeded up dynamics. If the magnitude of the perturba-
tion is Ay < N? then the magnitude of the entropy ‘cost’ is A% N 2
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per particle. This suggests a perurbation of order N to obtain a total
entropy ‘cost’ of order N¢. We therefore consider a perturbed generator
of the form

(At Ng(-,-, ) ZTI y))

20 (y — x . oY) _
x [N ply— o)+ Na(t, 5, - )] (=) = )]
where ¢(t, z, z) is a nice function of ¢, z and z. If we denote by

(4.11) b(t,x) = Z zq(t, z, z)

the effect of the perturbation is to produce a solution of the following
modified equation as the hydrodynamic limit.

9p(t, x)

(4.12) o

1
= §vcvp(ta CC) -V [b(ta x)p(t) I)(l - p(ta .’L’))]
with the same initial condition given by (2.20). Given p(-, -) we view
(4.12) as an equation for b(-,-) and denote the set of solutions by
B,.,.y. For a given b(-, -) the set of (-, -, -) that satisfy (4.11) is
denoted by Qp(. .). The entropy cost when divided by N ¢ converges to

(4.13) / /T [Z a(t, 2, 2)° Jp(t, 2)(1 — p(t, ) dedt.

p(z)

Minimizing (4.13) over Q. .y yields
(4.14)

T
= %/O /Td<b(t’m),c_1b(t, 2))p(t, z)(1 — plt, z)) dwdt

Minimizing E(b(-, -)) over B,., .) gives us the rate function for
the large deviation of the empirical density which is the family of one
dimensionaal marginals of Ry . This was done in [5]. Next, we need
to consider the effect of the perturbation on the motion of the tagged
particle. This will produce for Ry, a weak limit Q) in probability,
with the same initial distribution but with the new backward generator

(415)  Lp= -;—VS(p(t,x)V +e(t,3) - V 4+ b(t,2)(1 — p(t, 2)) - V.

Finally we can write down the rate function I(R) for the large de-
viations of Ry . From R in addition to its one dimensional marginals
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p(-, ) we can consider the ‘currents’

T
(4.16) Ax(f) =ER[ [ tiGatop,dsts)]

From B,(. .y we look for a b(-, -) such that

AR(f) = AQg(f)

and call it B. The rate function turns out to be

(4.17) I(R)=E((-, "))+ H(R;R).

If the marginal of R does not match the initial density or if we have
trouble defining (4.17) at any stage then I(R) is +oco. It turns out that
b(-, -) if it exists is unique. Details of these results can be found in [8].
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