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Canonical Forms of Linear Ordinary
Differential Equations
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80. Introduction

The purpose of this paper is to reformulate the fundamental results
of E.J. Wilczynski’s book [5] by applying E. Cartan’s method of moving
frames.

Let E be a vector bundle over a 1-dimensional manifold M. By
taking a local coordinate system ¢ in M and a moving frame {e;,---,e,}
of E, we express each cross section s of E in the form:

(0.1) 5= Yata,
a=1

where y1, -+, y, are functions on M. Let D be a system of homogeneous
linear ordinary differential equations on E of order n given in the form:

d n n T *) d n—k 3
k=1 p=1
Corresponding to (0.2), we define ~ x r matrices A1) (t),---, A (t) by
(0.3) AR @) = @B@), k=1,---,n.

For another local coordinate system in M and another moving frame,
we also express D in a similar way as (0.2) and give r X r matrices as
(0.3).

In modern terminology, Wilczynski showed the following facts:

(A) There exists a pair (¢,{eq}) satisfying the following condition

(L.F) AD@) =0 and Tr AP (¢) =o0.
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(B) If both (t, {ex}) and (¥, {€,,}) satisfy the condition (L.F), then

there exists T = (Z 2) € SL(2,R) and C = (cap) € GL(r,R) such
that
, __at+b
ct+d’
€,ﬁ=(ct+d)n_lzcaﬁea7 /8:13"'77‘

a=1

(C) Let (t,{eq}) be a pair satisfying the condition (L.F). For each
integer k, 2 £ k < n, let 8z be the cross section of the vector bundle

k
®T(M)* @ End(E) which corresponds to the r x r matrix valued k
covariant tensor field

k—2

I (g 2 k) (i)jmk-ﬁ(t)(dt)’“

Wk—j—1)! dt

under the trivialization with respect to {e,}. Then the definition of 6
does not depend on the choice of (¢, {e,}), and hence 6} is an invariant
of D. Moreover 05, --,0, form a fundamental system of invariants of
D.

He studied mainly the case r = 1 and gave

El(k —2)!
2k —g)0e k=3

as a fundamental system of invariants. (In this case, the invariant 6,
automatically vanishes.) On the other hand, for the case r 2 2, he did
not give a fundamental system of invariants. Following him, we will call
the system (0.2) with the condition (L.F) a Laguerre-Forsyth’s canonical
form of D.

Let us proceed to the description of the contents of this paper. Let
{81, 8nr} be a fixed family of linearly independent solutions of D. We
define a map « of M into the Grassmann manifold Gr(R"™",r) as follows:
By using a pair (¢, {es}), we define an nr x r matrix Y1 (z) = (yag(x)),
x €M, by

(04) Sa(l') = Z yaﬁ(l')eﬁx, o = 17 cet, T,
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and an nr x nr matrix Y (z), z € M, by

Y(z) = Y1i(), -, Yalz)),

(0.5 1 d\"*
) k(w)=(k—_—1ﬁ<;ﬁ) Yi(z), k=2,---,n.
Then we define x(z) to be the point of Gr(R™",r) corresponding to the
r-dimensional subspace of R"" spanned by the column vectors of Y3 (x).
The general linear group GL(nr,R) acts transitively on Gr(R™",r).
Let K be the isotropy subgroup of GL(nr,R) at an origin of Gr(R™", ).
Then we regard GL(nr,R) as a principal K-bundle over Gr(R™",r) with
projection my. Let P be the principal K-bundle over M defined by

P ={(z,2) € M x GL(nr,R)|x(z) = m0(2)},

and let w be the gl(nr,R) valued 1-form on P induced by the Maurer-
Cartan form of GL{nr,R).

The main result is to show the unique existence of a normal reduc-
tion @ of P. Here the normal reduction @ is defined by the condition
that the restriction of w to @ is h + m valued, where § (resp. m) is
the subalgebra (resp. the subspace) of gl{nr,R) defined in §2. The re-
striction of w to @ is decomposed into the two components x; and
Xm - The 1-form xy is a flat Cartan connection in @ and the 1-form
Xm induces differential invariants in @ corresponding to 8y,---,60,. Us-
ing the absolute parallelism induced by the Cartan connection xy , we
give a vector field on ¢ whose integral curve corresponds to a Laguerre-
Forsyth’s canonical form of D. We apply Cartan’s reduction method
developed in [1] to the construction of the normal reduction Q.

In Appendix, we construct @) as a reduction of the frame bundle
F(JYE)) of J*"}(E), where J*"1(E) is the (n — 1)-th jet bundle of
E. The connection form of the affine connection of J*~!(E) which is
associated with D takes the place of the 1-form w, in this case.

Preliminary remarks

1. Throughout this paper, we always assume the differentiability
of class C*°, though the argument goes through in complex analytic
category with suitable modifications.

2. As we are mainly concerned with local properties of linear ordi-
nary differential equations, base manifolds will be assumed to be simply
connected unless otherwise stated.
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3. We will frequently write any nr X nr matrix A in the form:

A11 ... Ain
A=(A1--A,) or A= : : ,
Ay ... An

where A;, 1 £ ¢ < nand A5, 1 £ 4, 5 £ n are nr X r matrices and
r X r matrices respectively. We sometimes simply write A = (A;) or
A= (Ay).

4. As to Lie groups and principal bundles, we use the standard
notations and terminology as in [2]. Especially let K be a Lie group
and P a principal K-bundle over a base manifold M. For A € K, Ry
denotes the right translation induced by A. Let £ be the Lie algebra of
K. For X € &, X* denotes the vertical vector field on P induced by the
1-parameter group of right translations {Rexp:x}. The vector field X*
is called the fundamental vector field corresponding to X.

5. Cartan connections. Let H/Hj be a homogeneous space of a Lie
group H over its closed subgroup Hp. Let h and g be the Lie algebras of
H and Hj respectively. Let Q) be a principal Hp-bundle over a manifold
M, where dim M = dim H/Hy, and let w be a b valued 1-form on Q.
Then we say that w is a Cartan connection on @ of type H/Hj if the
following conditions are satisfied:

(C.1) w(v) # 0 for every non-zero tangent vector v of Q.
(C.2) Raww=Ad(A Yw, A€ H,.

(C.3)  w(X*)= X for every X € ho.

Let 2 be the 2-form on @ defined by

Q:dw—#%[w/\w].

The 2-form  is called the curvature form of the Cartan connection w.
If 2 = 0, then the Cartan connection w is said to be flat.

§1. Characteristic maps

1.1. Characteristic maps

Let E be a vector bundle over a 1-dimensional manifold M. As
noted in Preliminary remarks, we assume that M is simply connected.
Let D be a system of homogeneous linear ordinary differential equations
on E as considered in Introduction.

Let Sol(D) denote the space of all solutions of D. As is well known,
Sol{D) is an nr-dimensional vector space. For a moment, let us fix a
basis {s1,- -+, 8nr} of Sol(D).
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Taking a local coordinate system ¢ in M and a moving frame {eq, - - -,
er} of E, we define, for each z € M, the matrices Y;(z),---,Y,(z) and
Y (z) by (0.4) and (0.5). It is well known that Y (z) is non-singular, and
in particular the r column vectors of Y;(z) are linearly independent.

Taking another coordinate system ¢’ in M and another moving frame
{€l,---,e.} of E, we define matrices Y{(z),---,Y,/(z) and Y’(z) in the

same way. We write e},---, e, in the form:

€ = ang(a:)ew, z €M,
a=1
where C(z) = (cop(z)) € GL(r,R). The proof of the next lemma is
straightforward.

Lemma 1.1. (1) z
(2) Foreveryk,2 <k < n, Y/(zx) can be written in the form:

de \ k1 k—1
Vi@ = (%) B+ L@@,
j=1
where Dyg(z), -, Dg—1 k(z) are r X r matrices.

Let Gr(R™", ) be the Grassmann manifold consisting of all r-dimen-
sional subspaces of R™". For each z € M, let k(z) (¢ Gr(R™,r)) be
the subspace of R™" spanned by the r column vectors of Y;(z). By (1)
of Lemma 1.1, the definition of x(z) does not depend on the choice of
(t,{ea}). It is not difficult to see that the assignment z — x(z) gives an
immersion of M into Gr(R™",r). We call the map « the characteristic
map of D (corresponding to the basis {s,} of Sol(D)).

1.2. The induced principal bundles P

Consider the general linear group GL(nr,R) acting on R™ on the
left. The group GL(nr,R) acts on the Grassmann manifold Gr(R™",r)
in a natural way. Let o be the point of Gr(R™",r) corresponding to the
subspace spanned by the first r vectors of the natural basis of R™". The
isotropy subgroup K of GL(nr,R) at o is given by:

K = {A S GL(nr,R)|A21 = =A, = 0}.

We denote by my the natural projection of GL(nr,R) onto Gr(R™",r)
under the identification Gr(R™",r) ~ GL(nr,R)/K.
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Using the characteristic map , we define a submanifold P of the
direct product M x GL(nr,R) by

P ={(z,Z) € M x GL(nr,R)|x(z) = mo(2)}-

We denote by mys (resp. mg) the projection of P onto M (resp. the
projection of P onto GL(nr,R)). Clearly P is a principal K-bundle over
M with the projection mps.

The gl(nr,R)-valued 1-form w on P. Let w be the pull back of the
Maurer-Cartan form of GL(nr,R) by the projection 7g. The 1-form w
possesses the following properties:

(w.1) w(v) # 0 for every non-zero tangent vector v of P.

(w2) Rpww=Ad(AYw forall A€ K.

(w3) w(X*)=X for all X € ¢, where ¢ stands for the Lie algebra
of K.

The standard cross sections. We fix a local coordinate system t in
M and a moving frame {e, } of E. We define Y (z) € GL(nr,R), z € M,
by (0.5). Let o be the map of M into M x GL(nr,R) defined by

o{z) = (z,Y(z)), ze€M.

Obviously o is a cross section of P, that is, o(z) € P for all z € M.
The cross section o will be called the standard cross section of P (cor-
responding to (¢, {eq})).

1.3. The bundle homomorphism ¢ : P — F(FE)

Let F(E) be the frame bundle of E. Let € : K — GL(r,R) be the
homomorphism defined by

e(A)= *A;l, A€K.

Here, we will define a natural bundle homomorphism ¢ of P onto F(E)
corresponding to the group homomorphism ¢ : K — GL(r,R).
For each p € P, we write p in the form:

p=(z,Z), zeM, ZeGL(nrR).
We further write Z in the form: Z = (Zy,---,Z,).

Lemma 1.2. There exists a unique basis {e1(p), - -,&r(p)} of Eq
such that

r

sa(z) = Z zapeg(p), a=1,---,nr,
B=1
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where Z1 = (z43).

Proof. We take a local coordinate system t in M and a moving
frame {e,} of E. Let Y(x) be the nr X nr-matrix defined by (0.5).
Since m9(Z1) = mo(Y1(z)), we can write Z; in the form:

Zy =Y1(z)C, where C € GL(r,R).
Let {e1(p),--,er(p)} be the basis of E, defined by

T

eﬁ(p)zzc,aﬁeaz, 1§IB§T

a=1

where *C™! = (c,5). It is easy to see that {e,(p)} is the desired basis
of E;. The uniqueness is obvious. Q.E.D.

Let € : P — F(E) be the map defined by
e(p) = {ea(p)}-

It is easily checked that € : P — F(E) is a bundle homomorphism
corresponding to ¢ : K — GL(r,R).

Remark. Let o be the standard cross section of P corresponding
to (t,{ea}). Then,

(1.1) e(o(z)) ={eaz} forall ze M.

1.4. Expressions in local coordinate systems

We fix a local coordinate system ¢ in M and a moving frame {e,}

of E. Here, we will give a local expression of the 1-form w by using
(t,{ea}).- We express D as (0.2).

Proposition 1.3. Let o be the standard cross section of P cor-

responding to (t,{es}). For each x € M, we write the nr X nr matric
(o*w){d/dt), in the form:

(0°0) (%) — (X(2),

where X;;(x) are v x v matrices. Then,

(1.2) X1 k(@) =kl k=1,---,n—1.
(L) Xookrs nl) = *H AR (4(2)), k=1, .

(1.4) Xij(z) = 0 for the remaining pairs of indices (3, §).
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Proof. We define Y (z) = (Yx(z)) € GL(nr, R), z € M, by (0.5).
Then we have the following equalities:

v
dt

% T)=— Z E:,%I;))!!Yn—kﬂ-l(x) tA(k)(t(x))'
k=1

(z) =kYip4a1(z), k=1,---,n—1,

On the other hand, since Y (z)~!'dY/dt(x) = X(z), we have

The assertion follows from these equalities. Q.E.D.

Remark. It is easy to verify that if a cross section o of P satisfies
(1.1), (1.2) and (1.4}, then o is the standard cross section corresponding

to (t,{ea})-

1.5. The compatibility relative to the choice of the
basis of Sol(D)

Let {s],---,s!,,.} be a basis of Sol(D) such that
sl = ZaaQSQ, a=1,---,nr,
pB=1
where A = (aq3) € GL(nr,R). With respect to {s/,}, we define ', P’,
w’ and &’ as before. We define a transformation ® of M x GL(nr,R) by
®(z,Z2)=(z,AZ), z€M and Z e GL(nnrR).

The next proposition is obvious.

Proposition 1.4. (1) &' = A°.

(2) ® maps P onto P’ and induces a bundle isomorphism ®p of
P onto P’ such that ®p*xw' =w and &’ o Pp = ¢.

In view of Proposition 1.4, the subsequent argument goes through
without reference to the choice of {s,}.
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§2. A reduction theorem for the principal bundle P

2.1. Notations

Let S~ 1(R?) be the symmetric tensor product of R? of degree n—1
and S""1(R?) ® R" be the tensor product of S"~!(R?) and R". Let

{v1,v2} be the natural basis of R? and {u1, - -, u,} be the natural basis
of R". Taking {("5")v7 ' ®ui, -+, ("g1)v7 ' ®u,, ("Il)v{‘_z ®ug ®
UL, ", (n;l)vln—2 QU & Uy, -+, (Z:i)vg_l Uy, (Z:i)vg_l ®u7~}

as a basis of S"71(R?) @ R", we identify S""!(R?) @ R™ with R"".
The homomorphism p : SL(2,R) — GL(nr,R). Let p; be the rep-
resentation of SL(2,R) on S™~1(R?) defined by

p1(A)wy - -wp = Aw, --- Aw,, A€ SL(2,R), wy, -, w, € R2,
and let pg be the trivial representation of SL(2,R), i.e.,
p2(Ayw=w, AeSL(2,R), weR"

Then we define p to be the homomorphism corresponding to the repre-
sentation p; ®pg of SL(2,R) on S™~(R2)®R" under the identification of
S"1(R?%) @ R™ with R™". Let p. denote the homomorphism of s/(2,R)
onto gl(nr,R) induced by p. Let {s_1, 50,51} be the basis of si(2,R)
defined by

(0 0 (1 0 (0 1
51781 0/ T \o 1) T \0 o)

Then p, maps s_;, s and sy respectively to

0
I 0 0
2 0
U= )
0
0 (n—-2)I 0
(n—1I 0
(n—1I
(n—3)I 0
Up = . )
0 —(n—=3)I
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0 (m—1I
0 (n—2)I 0
Ulz 0 " )
21
0 0 I
0

where I stands for the r» X r unit matrix.
The homomorphism A : GL(r,R) — GL(nr,R). Let A be the homo-
morphism of GL(r,R) onto GL(nr,R) defined by

tc—l
tc—1 0
MC) = N , CeGL(rR).
' tc-l

The subgroups H and Hy of GL(nr,R). Let H be the subgroup of
GL(nr,R) defined by

and let Hy be the subgroup of K defined by
Hy=HnNK.

Let SL(2,R)o be the set of all upper triangular matrices of SL(2,R).
Then it should be noted that

Ho = p(SL(2,R)o) - A\(GL(r, R)),
and hence
H/Hy ~ SL(2,R)/SL(2,R), ~ P(R?),

where P(R?) is the real projective line. We denote by h and ho the Lie
algebras of H and Hj respectively.
The subspace m of gl(nr,R). Let m be the subspace of gl(nr,R)
consisting of all elements X = (X;;) of gl(nr,R) satisfying
Xij=0 for j#n,
Xon = 0,
Tr Xn—l n — 0.

One should note that m is Ad(Hp) invariant.



Laguerre-Forsyth’s Canonical Forms 275

2.2. The normal reduction of P to Hy

Let P be the principal K-bundle over M defined as in 1.2. A reduc-
tion @ of P to Hy is said to be normal if the restriction of w to Q takes
values in f +m.

Proposition 2.1. Let Q be a normal reduction of P to Hy, and
X be the restriction of w to Q. Let xy and xm be the h-component of x
and the m-component of x respectively. Then,
(1)  xp s a flat Cartan connection of type H/Hy in Q.
(2)  xm 45 a tensorial form, that is, the following equalities are sat-
isfied:
Ravxm =Ad(A™ Hxnm for all A € H,.

Xm (X*)=0 for all X € bo.

Proof. Since both h and m are Ad(Hy) invariant, we have
Raxy =Ad(A™Nxpy and Rawxm = Ad(A™Hxm

for any A € Hp. By definition, we have
Xp (X*)=X and xm (X*)=0 forany X €ho.

Clearly we have xy (v) # 0 for every non-zero tangent vector v of Q.
Therefore xy is a Cartan connection of type H/Hp in Q. Since M is
1-dimensional, xy is flat. Q.E.D.

We are now in a position to state the main theorem.

Theorem 2.2. There exists a unique normal reduction of P to
Hy.

This theorem will be proved in the next section. The uniqueness of
the normal reduction yields the following

Proposition 2.3. Let Q be the normal reduction of P. Let o be
a cross section of P and o*w be the pull back of w by 0. If o*w takes
values in h + m, then o(z) € Q for all x € M. In other words, o is a
cross section of Q.

Proof. Let @' be the reduction of P to Hy which contains the
subset o(M) of P. We want to show that the reduction Q' is normal.
Let x' be the restriction of w to Q’. We first show that x/(v) € h +m,
for any v € T(Q)o(z), € M. It is sufficient to consider the following
two cases:
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Case 1. wv is vertical. In this case v can be written in the form
v = X*, where X € hg. Hence we have

X(v)=Xe€h Ch+m.

Case 2. v = o,(d/dt), where t is a local coordinate system in M.
We have

d
! — * et
x (v) = (c*w) (dt) €bh+m.
We can write any point g of @' in the form:
qIU(iL‘)A, HARS M, AEH().

From the equality Ra.x, = Ad(A™")x) (z) and the fact that h + m is
Ad(Hp) invariant, it follows that x; takes values in h +m. Therefore Q'
is a normal reduction. Q.E.D.

§3. Proof of Theorem 2.2
In this section, we will prove Theorem 2.2.

3.1. Algebraic preliminaries

For each integer k, —n+1 < k < n—1, let gi, (resp. g*)) be the
subspace of gl(nr,R) consisting of all elements X = (X;;) such that

Xi;;=0 for j#i+k
(resp. X;; =0 for j<j+k).

It is easy to see that gl(nr,R) becomes a graded Lie algebra with the
direct sum decomposition gl(nr,R) = >, gk, that is, [g;, 9x] C gj+k,
for any —m +1 < 7, k £ n — 1. One should note that, for any &k =
0, g®) becomes a graded subalgebra of gl(nr,R) with the direct sum
decomposition g(*) = > >k 85

For k = —1, 0, 1, let #; be the subspace of sl(2,R) defined by
£ = Rsg. It is also easy to see that sl(2,R) becomes a graded Lie
algebra with the direct sum decomposition sl(2,R) = >, £, and that
p+(r) C gg for k=—1,0, 1.

The operators 9;. For each integer k, —n +2 < k £ n, we put
CF0 = g, and CF! = g;_; ® £*,. On the analogy of the so-called
Spencer complex, we define an operator d : C*0 — C*~1! by

(O X)(s) = [px(s),X], X e€CF® and set_.

A simple calculation shows the following
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Lemma 3.1. (1) Ker 8, =0,2<k < n.
(2) C*! =1Im g1 + (h + M)y ® £~ 4, for any k, where (h +
m)g_1 = gr—1 N (h+m).

The subgroup H©® of K. Let Go and G® be the subgroups of
GL(nr,R) defined respectively by

GOZ{A:(AU)I Aij =0 for ’L?é]},

Clearly, Go C G® C K. Tt is easy to see that the Lie algebras of Gy and
G agree with gy and g(®) respectively. The next lemmas are obvious.

Lemma 3.2. (1) gy is Ad(Gy)-invariant for every k.
(2) g®) s Ad(G(O))-invam'ant for every k = 0.

Lemma 3.3. (1) Ewvery element A of G can be written uni-
quely in the form:

A= AgexpXy--- expXn_1,

where Ag € Gy and Xy, € gi. Moreover the assignment A — Ag gives a
homomorphism of G© onto Gy.
(2) Fuvery element A of Ho can be written uniquely in the form:

A = Apgexp X1, AoeGgﬁH, Xi€g1nh.
Let HO be the set of all elements A of G© of the form:
(3.1) A= ApgexpXy---expXn_1, Ag€GonNH, Xi€gg.
Clearly Hy ¢ H® c K. By (1) of Lemma 3.3, HO® is a subgroup
of G© whose Lie algebra h® coincides with the subspace ho + g of
gl(nr,R).

Lemma 3.4. (1) RU_; + g is Ad(H®)-invariant.
(2) m is Ad(H©®)-invariant.

Proof. We will prove only (1). The proof of (2) is much easier. Let
A be any element of H(®. By.definition A can be written in the form

A=Apexp X1 --rexpXp.1, Ao € GoNH, Xi€gg.
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Since A € G, we have Ad(A)g® = g(®. Hence to prove the assertion,
it suffices to show that Ad(A)U_1 € RU_1 + g(9. Clearly we have, for
any k > 1,

Ad(exp X3)(U_1) =U_; (modg®),

and hence
Ad(A)(U-1) = Ad(Ao)(U-1) (mod g*).

Since Ag € H, we have
Ad(4o)(U-1) € h C RU_1 + .
Therefore we have the assertion. Q.E.D.

The subgroups H® ... H"=1 of K. Let HD ... H™= 1 be the
subgroups of K defined inductively by

H® = {4 e H*~D|Ad(A) preserves RU_; + §*~V 4 m},
where h(*~1) stands for the Lie algebra of H(*—1),

Lemma 3.5. (1) For any integer k = 1, H®) consists of the
elements A of G of the form:

A= Agexp X1 exp Xgq1---exp Xn_1,

where Ao € GoNH, X; € g1Nbh and X; € g; forj 2 k+1. In particular
H®™=1 = H,.
(2) For every A € H—D\H(¥),

Ad(A)(RU_1 +5*=1) 4 m) N (RU_; +§* 4 m) = p¢=1) 4 m.

Proof. (1) We first remark that
H® = {4 e H*D|Ad(A)U_; € RU_; + h* D 4 m}.

In fact H*=1) is Ad(H*~D)-invariant, and by Lemma 3.4, m is also
Ad(H®*~D)-invariant.

The proof is by induction on k. We first consider the case where
k = 1. By definition, any element A of H(®) can be written as (3.1).
Since Ad(Ag)U_; € h C RU_; + h©® we have 49 € HM). Hence
A e HOD if and only if AalA € HM . In a similar way as in the proof
of Lemma 3.4, we can show that

Ad(AFTAY(U_y) = [X1,U_1] (modRU_; + h©@).
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Therefore A € H if and only if [X1,U-1] € goNb. A simple calculation
shows that this is equivalent to X; € g; N h.

Assume that the assertion is true for £ — 1. Then, any element A of
H®*=1 can be written in the form: A = Ag exp X1 exp Xi - --exp Xpn—1,
where Ag € GoNH, X; € gynNbhand X; € g; for j 2 k. Hence
h—1) = po + g¥). As above, we can show that AgexpX; € H®).
Accordingly, without loss of generality, we may assume that A is of the
form

A=exp Xy ---expXp-1, X;€9; j=k,---,n—1
Then we have
Ad(A)(U_1) = [Xk,U-1] (modRU_; + %1 4 m).
Therefore A € H® if and only if
[ Xk, U-1] € gg—1 N (h+m).

This is equivalent to X, = 0. (2) follows from the above arguments.

Q.E.D.

3.2. The normal reduction of P to H(®

A reduction Q) of P to H©® is said to be normal if the restriction
of w to Q® takes values in RU_; + g©.

Proposition 3.6.  There exists a unique normal reduction of P to
HO),

Proof. We need the next lemma, which follows immediately from
the definition of the group H(®,

Lemma 3.7. Let A, A’ € GL(nr,R). The following conditions
are mutually equivalent:

(i) There exists B € H(® such that A’ = AB.

(ii) There exist a € R\{0}, C € GL(r,R) and a family of r x r
matrices D, 7 <k, such that

k-1
A;czak_lAkC—FZAijk k':].,"',’l’L.
j=1

We first show the existence. We take a local coordinate system t in
M and a moving frame {e,} of E. Let o be the standard cross section
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of P corresponding to (t, {es}). Let Q) be the unique reduction of P
which contains the submanifold o (M). By Lemmas 1.1 and 3.7, it follows
that the definition of Q(®) does not depend on the choice of (¢, {e4})-
We want to show that Q(® is a normal reduction of P to H©®. Let
w© be the restriction of w to Q(©). We assume that, for any z € M, w(®
takes values in RU_; + g(? at o(z). It suffices to consider the following

two cases:
Case 1. wv is vertical. In this case, v can be written in the form

v = X*, where X € §H(®. Hence we have
wO @) =X e p® cRU_; +¢©.

Case 2. v = o0,(d/dt). The assertion is a consequence of Proposi-
tion 1.3.
For a general point ¢ of Q(®), we can write ¢ in the form

g=o(zx)A, ze€M and AcHO.
Now the assertion follows from Lemma 3.4 and the equality
Ra,w® = Ad(A™)w®,

We next show the uniqueness. Let Q(O)’, be a normal reduction of
P to H® . We must show that Q(©)’, coincides with Q(©. Let o’ be any
cross section of Q(O)’. We write ¢’ in the form

o'(z) = (z,Y'(z)), €M, Y'(z)€ GL(nr,R).

By assumption, 0’ *w takes values in RU_; +g(9). We can take a coordi-
nate system ¢ in M in such a way that RU_;-component of the function
(0'*w)(d/dt) is equal to U_;. Then we have, for every z € M,

@) O @)
= (U'*w) %) (z)
Xu(z) : : : C o Xin()
I Xoo(z) .
_ oI
0 ; (n—2)I X,_1p_1(z)

(n—1I X,m(x)
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where X;i(x), j = k, are 7 X r matrices. From this we obtain the
following equalities

, 1 dy’ 1 ,
(32)  Yipa(z) =4 — k(z) - ¢ D V(@) Xjk(z), k=1,--,n
i<k

We take a moving frame {e,} of E in such a way that eq(z) +
ea(o'(z)), @« = 1,---,r, for all z € M, where ¢ = {e,} denotes the
bundle homomorphism of P to F(FE) defined in the paragraph 1.3. We
write the standard cross section o in the form

o(z) = (z,Y(z)), ze€ M, Y(z)eGL(nnR).
Then, for every x € M, we have the following equalities

1d
(3.3) Yk+1(m):E£Yk(a:), zeM, k=1,---,n—1.

Furthermore we have
(3.4) Y/(z) =Yi(z) z€ M.

Combining (3.2), (3.3) and (3.4), we can inductively show that there
exists a family of r x r matrices D;i(z), j < k, such that

k—1
Yi(z) = Yi(z) + »_ Y;(z) Djk(),

j=1

fork =1,---,n. From Lemma 3.7, we see that there exists B(z) € H(®
such that o'(z) = o(x)B(z). This means that ¢'(z) € Q. Q.E.D.

3.3. The normal reduction of P to H()

For each integer k > 1, we say that a reduction Q) of P to H®) is
normal if the restriction of w to Q®) takes values in RU_; + h*—1 4 m.
Since H"~1) = Hy and RU_; + h»~2 4 m = h+m, a normal reduction
of P to H™™1) is nothing but a normal reduction of P to Hy defined in
§2. Hence Theorem 2.2 follows from the following

Proposition 3.8. For every k 2 1, there exists a unique normal
reduction of P to H®),

Proof. The proof is by induction on k. Let us consider the case
where k = 1. We first show the existence. Let Q(© be the normal
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reduction of P to H©® and w(® be the restriction of w. We define
QW to be the set of all points ¢ of Q@ such that wéo) takes values in

RU_; +5© +m.

Now we want to show that, for every x € M, the fiber Qg) of QM

over z is non-empty. For this purpose, we fix an arbitrary point q of

i") and an arbitrary subspace V, of T(Q(®)), such that the projection
wm+ : Vg — T(M)y is an isomorphism. For each j, —n+1 < 5 S n-1, let
w](-o) denote the g;-component of w©. Since Q© is a normal reduction,

(wﬂ))q takes values in RU_; (= p«(¢-1)) and gives an isomorphism of
Vy onto RU_;. Hence, for every s € £_;, there exists a unique element

v(s) of V, such that (w(_ol))(v(s)) =s.
This being prepared, for each j, —n+2 < j < n, we define u; € C!
(=gj-1®£%,) by

(3.5) u;(s) = W) (0(s)), s € Loy,
Since Q(® is a normal reduction, we have

u; =0 for j= -1,

Uo = Px-

Taklng any X € g1, we put A= epr and q/ — qA For each j’
—n+2 = j < n, we also define u} € C71 by

(3.6) ui(s) = W) (Rawv(s)), s €1
Since RA*wJ(.O) = wg_o) for every j £ —1 and RA*w(()O) = w(()o) - [X, wgll)],
we have
uw;=u; =0 forall j<-—1
(3.7) Uy = Up = P

By Lemma 3.1, we can choose X in such a way that
(3.8) up € (h+m)o @£,
Then, by (3.7) and (3.8), we have

wO(Rawv(s) e RU_; + 5@ +m
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for all s € £_;. On the other hand, we have
w@ () e p©

for any vertical tangent vector v of Q(® at ¢’. Therefore we see that
(59) takes values in RU_; + h(® +m and hence ¢’ € Qgcl).

From (2) of Lemma 3.5 and the definitions of H( and Q) it is
clear that Q) is a normal reduction of P to H®).

Next we show the uniqueness. Let Q(l)' be a normal reduction of P
to HY. Let Q' be the reduction of P to H® which contains Q(1)".
It is not difficult to see that Q(O)' is a normal reduction of P to H(®.
Hence, Q" c Q©" = Q©, Take any point ¢’ of Q)'. From the

assumption that Q(l)’ is normal, we easily see that wé&n takes values in

RU_; + h® + m. Hence we have ¢ € Q). We have thus proved the
case k = 1.

Assume that the assertion is true for k—1. Let Q¥*~1) be the normal
reduction of P to H*~1 and w*~1) be the restriction of w to Q1.
In a similar way as in the case k = 1, let Q(*) be the set of all points
g of Q=1 such that wflk_l) takes values in RU_; + h* 1 4 m. We
claim that, for every x € M, the fiber Qék) of Q) at z is non-empty.
We fix an arbitrary point ¢ of Q;k_l) and an arbitrary subspace V; of
T(Q®*~1), such that mps. : V, — T(M), is an isomorphism. Taking
any X € gk, we define u;, u; € C71 respectively as (3.5) and (3.6).
Then we have

w

(3.9) . )
w,=u; € (h+m)_1 ®L, for 1S575k—1,

By Lemma 3.1, we can take X € g in such a way that

(3.10) up € (h+m)p_1 Q@ L*,.

Then, from (3.9) and (3.10), we see that gexp X € Q). proving the
assertion. It is clear that Q) is a normal reduction of P to H®),
The uniqueness can be shown in quite similar manner as in the case

k=1 Q.E.D.
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§4. Canonical forms and differential invariants

Let @ be the normal reduction of P to Hy. As before, let x be
the restriction of w to @ and xy (resp. xm ) be the h-component of x
(resp. the m-component of x).

4.1. The vector field U*; and the functions A A

Since xj is a Cartan connection in @, xp gives a linear isomorphism
of T(Q)4 onto h at each point ¢ of Q. For any X € b, let X* be the
vector field on @ defined by

(4.1) Xy (X7)=X.

For X € by, the above notation X* is compatible with the standard
notation of the fundamental vector field corresponding to X (see Pre-
liminary remarks).

a b
0 at
C € GL(r,R), the following equalities are satisfied:

Lemma 4.1. - (1) ForanyT = ( ) € SL(2,R)o and any

Ry« (U%y) = a®U*, — abU§ — b°U7,
Ry« (U*y) = U*,.
(2) [Ug,Uz4] =—-2U%; and [UT,U%,] =Ug.

Proof. These assertions follow immediately from the facts that

_ 1
Raxy =Ad(A l)xh and dxy +§[Xb Axy =0,

where A € Hy. Q.E.D.

We write the nr x nr matrix xm (U*;)q, ¢ € Q, in the form:

Xm (Uil)q = (Xij(q))>

where X;;(q) are r X r matrices. Since xm (UZ*;), € m, we have

Xij (q) =0 fOI‘ .] 7é n,
Xnn(Q) =0,
Tr Xn—-l n(q) =0.



Laguerre-Forsyth’s Canonical Forms 285

For each integer k, 2 < k < n, let A®)(q) = (ag?(q)), g € Q, be the
7 x r-matrices defined by the equation:

(n—1)!
(n—k)!

AW (@) =— tXn—k—H n(q).

Note that TrA®) (q) = 0.

a b
0 a!
C € GL(r,R), the following equalities are satisfied:

Lemma 4.2. (1) ForanyT = ( ) € SL(2,R)o and any

A®)(gp(T)) = gﬂ (71) (" ET ) e cnpateig)

AP(gA(0)) = CT1 A(q)C.
(2) UzA® = —2kAR)
UfA®) = —(k —1)(n — k +1)AC%-D),

Proof. (1) We will show only the first equality. The second equal-
ity is also proved in a similar manner. The proof is based on (2) of
Proposition 2.1 and on (1) of Lemma 4.1. We have

Xm (UZ1)go(T) =a Xm (R« (UZ1)q)
(4.2) +a oxm (Ud)gor) +a 202 xm  (UF)gp(1)
=a? Ad(P(T)_l)Xm (Uil)rr

We write p(T') and p(T) ™" in the form p(T) = (T};) and p(T)~* = (T};),

where T;;, T}

i 1 <4, 7 £ n are r X r matrices. Then it is easy to see

that
T;; =Ty =0 for i>j for <37,
(4.3) T = (7;:;) VT T for <3,

T = (?::) a” "I (_p) T for i S

2]
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From (4.2} and (4.3) it follows that

Xn—kt1 n(go(T)) = Z —kt1 n—kotj+1 Xn—k+i+1 n(@)Tnn

k—1
= (k ; 1) a" I (b)Y Xkt jt1 ne
—0

J
The assertion follows from this equality.
(2) Substituting exptsg for T in the first equality of (1), we have

AW (g exptly) = exp(—2kt) A®)(q).

By differentiating both sides of this equality with respect to the param-
eter ¢, we obtain the first equality of (2). The second equality is proved
quite similarly. Q.E.D.

4.2. Laguerre-Forsyth’s canonical forms

Here, we will show that there exists one to one correspondence
between the Laguerre-Forsyth’s canonical forms of D and the integral
curves of the vector field U*;.

Let v(t) be an integral curve of U*,. We write v(¢) in the form

V(t) = (2(t),Y (), =z(t)eM, Y(t)eGL(nr,R).
Clearly the map ¢t — z(t) is an immersion and hence the parameter ¢
can be regarded as a local coordinate system in M. Let o be the cross
section of @ defined by the assignment o : z(t) — v(¢). Then we have
d * *
Ca w)(dt)z(t) XUZ )@y = U1+ xm (UZy)y)-

Hence equations (1.2) and (1.4) are satisfied. From the remark following
Proposition 1.3, we see that o is the standard cross section of P with
respect to (¢, {ea}), where {e,} is defined by

(44) ea(z) = eo(o(z)), zE€M, a=1,---,r
By Proposition 1.3, D is written in the form
k n—k
(4.5) (5) ya-i—;;a( )(7(75 ( ) ys =0, a=1---,r

This is nothing but one of the Laguerre Forsyth’s canonical forms of D.
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Theorem 4.3. For any integral curve y(t) of U*,, (4.5) gives a
Laguerre-Forsyth’s canonical form of D. Conversely every Laguerre-
Forsyth’s canonical form can be thus obtained.

Proof. 1t is sufficient to show the converse. We take any Laguerre-
Forsyth’s canonical form of D. Let ¢ be the corresponding coordinate
system in M and {e,} be the corresponding moving frame of E, and
let o be the standard cross section of P corresponding to (¢, {ey}). By
Proposition 1.3, the 1-form o*w takes values in h+m, and by Proposition
2.3, o is a cross section of Q. Let v(t) be the curve in Q satisfying
~(t(z)) = o(z). Clearly ~(¢) is an integral curve of U*;. It is obvious
that the Laguerre-Forsyth’s canonical form corresponds to this integral
curve ¥(t). Q.E.D.

4.3. Transformations between canonical forms

Here, we will interpret the fact (B) in terms of the relation between
the integral curves of U*,. Let (t) and ~/(¢) be integral curves of U*,.
Regarding t and t’ as local coordinate systems in M, we write ¢’ in the
form: ¢/ =t/(¢).

Theorem 4.4. There exist S = (z Z

(cap) € GL(r,R) such that the following equalities are satisfied.

) € SL(2,R) and C =

R
(4.6) £ = ct+d’
7' (#(8) = v(1)p(T(£)A(C),

where T(t) is the element of SL(2,R)q defined by

T = ((Ct Jrod)_1 ot d) :

a b
Proof. For any S = (c d

we define a curve §(s) by the right-hand side of (4.6), i.e.,

) € SL(2,R) and any C € GL(r,R),

s=s(t) = gtt—_%g’
6(s(t)) =) p(T'(t))MC).
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We claim that (s) is an integral curve of U*;. For this purpose, we
write (t) and §(s) in the form:

v(t) = (z(t),Y(t), =(t)eM, Y() e GL(rR),
5(s) = (2(s),W(s)), z(s)e M, W(s)e GL(r,R).

We have z(s(t)) = z(t) and W(s(t)) = Y(t)p(T(t))A(C). Hence, it
follows that

o (5.(5)) =W G

= (%) MO IO I O GOl ATEAC)

+(5) MO p ) T OE)

where [V (t)~1dY/dt(t)]y and [W(s)~1dW/ds(s)], denote the h compo-
nents of Y (¢t)~1dY/dt(t) and W(s)~1dW/ds(s) respectively. Using the
equality [Y(¢)71dY/dt(t)]y = U-1 = p.«(s—1) and the fact that p is a
homomorphism of SL(2,R) onto GL(nr,R), we have

dy

AT YO =By AT()) = pe(Ad(T(t)s-1)),

o(T(0)) S p(T(0) = po (T () 9T (1),

A direct calculation shows that

A(T(H))s_, +T(t)_1% t) = Eﬂl—d')?s‘l'

From these equalities and dt/ds = (ct + d)?2, we conclude that

o (2)) o

Therefore §(s) is an integral curve of U*;.
We can choose T' € SL(2,R) and C € GL(r,R) in such a way that
v (to) = 6(to) for some to € R. Since both 7/(t') and §(s) are integral
curves of U*,, 7/(t') coincides with 8(s), i.e., ' = s and v/(t') = &(s).
Q.E.D.
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Corollary 4.5.  Under the same notations as in Theorem 4.4, the
following equalities are satisfied:

E,@(’)’,(t’)) = (ct + d)n_l Z capa((t)), B=1,---,1

a=1

AB (/) = kiﬂ (’“}1) (n_fﬂ) '

Jj=0

(ct + d)* I C~LAF=D ((2))C.
Proof. The first assertion follows from the fact that
eop(T(t)) = (ct+d)" I and eoA(C)=C.

The second assertion follows from (1) of Lemma 4.2. Q.E.D.

4.4. Differential invariants Q,,---,Q,

We say that an r X r matrix valued function @ = (Q,4) on Q is said
to be an invariant of weight k if it satisfies the following two conditions:

Q(gp(T)) = a~*9(q)

(1.1) forall T = (g aﬁ) € SL(2,R)y andall g€ Q.
(12) Q(gN(0)) = C7'Q(g)C

forall C e GL(r,R) andall ¢ € Q.
We may replace condition (I.1) by the following condition:
(L.1) UjQ=-2kQ and UQ=0.

Let x_1 denote the RU_; component of x with respect to the direct
sum decomposition § = RU_; + hg. The next lemma is obvious.

Lemma 4.6. (1) x_1(v) =0 for any vertical tangent vector v of
Q.
a b
(2) Ryrypx-1 =a’x-1 forall T = (O a_1> € SL(2,R)o,
Rioyx-1=x-1 forall Ce GL(r,R).
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For any invariant Q = () of weight £ on @, we define an r x r
matrix valued covariant tensor field Q' = (€, 5) of degree k on Q by

k times
e e
Q=X_19-® x-182(q).

Proposition 4.7. (1) Q(vi,---,v;) = 0 whenever at least one
of the tangent vectors v; of Q is vertical.
(2) Ry =@ forany T € SL(2,R)o.
Ry =CTIUC  for any C e GL(r,R).
(3) There ezxists a unique cross section 6 of the vector bundle

k
QT(M)* @ End(E) such that, for everyq € Q and every 8, 1 S <,
Oq(mvl,--~,7r*vk 5[3(‘] ZQaﬁ Vi,* -,V ) (q)v

where vy, -+, v, € T(Q)q and m denotes the projection of Q onto M.

Proof. (1) and (2) follow from the definition of the invariants and
Lemma 4.6.
(3) For each z € M, we take any g € Q such that 7(¢) = z. From

k
(1), we see that there exists a unique element 8, of ®7T'(M); ® End(E,)
such that

9:1(71'*1)1, s, e Uk é'ﬂ(q ZQ vlv"'avk)aa(Q)v

for all vy, - -+, vx € T(Q),. We put 8, = 6. To see that the definition of
0, does not depend on the choice of g, it suffices to remark the following
equalities:

ea(qp(T)) =a " lea(q), 1L a S forall T e SL(2,R)o

5(gA(C)) = Z capep(q), 1< B < rforall C e GL(r,R).
QED.

For each integer k, 2 £ k £ n, let 8; be the r x r-matrix-valued
function on @ defined by

k—2 . .
o) = Y (0 B R 0 p A ), w e

=0
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Remark. In the case where r = 1, the invariant 23 automatically
vanishes.

Theorem 4.8. Q. is an invariant of weight k.

Proof. For the sake of simplicity, we put

A®D) = (U* Y7 AR,

The assertion is an immediate consequence of the following

Lemma 4.9. (1) UzA®D = —2(k + j) A%k,
(2) UrA®D) = —(2k+5—1)5 A®I=D _(k—1)(n—k+1)Ak—19),
(3) A®D(gAC)) = CrA®ID()C for all q € Q and C €
GL(r,R).
Proof. By (2) of Lemma 4.1 and by (2) of Lemma 4.2, we have
U(’)"A(k’j) =U;(U*,)7A®

J
= (Wr)yiUg, U )(U,) T AR
i=1

+ (U YU A®
= —2j(U* Y A® — 2k(U* )1 A®)
proving (1). Similarly we have
Ul*A(k’j) = U U*,)TA®
J
= (U)LY
i=1
+ (U*,Y Uy AR
J
= Sy Ak

=1
—(k=1)(n—k+1)Ak1I),
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From (1), it follows that

J
UrA®D) = =3 "9k +i—1)A%7~Y

=1
—(k—1)(n—k+1)A%*-19)
—@2k+j—1)7 ABITD _ (k- 1)(n — k+1)A¢"19),

proving (2). (3) follows directly from (1) of Lemma 4.1 and (1) of Lemma
42. QE.D.

Let 8 be the cross section of (§>T(M )* ® End(E) corresponding to
. Let () be an integral curve of U*;. As in 4.2, we take t as a local
coordinate system in M and give the moving frame {e,} of E defined
by (4.4). In terms of (¢, {ea}), Ok is expressed by the r x r-matrix-valued
k-covariant tensor field

j(2k - ](”]; 2_)](71_—1)’C +9)! (%) AE=I) (5(8)) (dt)*.

k— 2

J=0

Note that AW (y(t)),  =2,---,n, are coefficients of (4.5).

§5. Normal reductions and isomorphisms

In this section, we will show the compatibility of the normal reduc-
tions of Theorem 2.2 with isomorphisms of linear ordinary differential
equations.

5.1. Isomorphisms of linear ordinary differential equa-
tions

Let E’ be a vector bundle over a 1-dimensional manifold M’ of the
same rank as E. As in §1, we consider a system D’ of linear ordinary
differential equations on E’.

Let ¢ be a bundle isomorphism of E onto E’. For each cross section
s’ of E', we define a cross section ¢*s’ of E by

(¢°5')(z) = ¢ ('(¢' (=),

where z € M and ¢’ denotes the diffeomorphism of M onto M’ induced
by ¢.

We say that ¢ is an isomorphism of D onto D’ if D’ corresponds to
D under ¢. In this case, we have ¢*s’ € Sol(D’) for any s’ € Sol(D').
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5.2 Normal reductions and isomorphisms

We fix a basis {s],---,s},.} of Sol(D’). For any isomorphism ¢ of
D onto D', we define an nr x nr-matrix A(¢) = (aq3(¢)) as follows: As
we have remarked above, ¢*s,, € Sol(D) for every a. Hence ¢*s/, can
be written as a linear combination of s1,-- -, s,,. We define A(¢) by

T
*sl, = Zaaﬁ(¢)357 a=1,- nr
p=1

Using the matrix A(¢), we define a bundle isomorphism & of M x
GL(nr,R) onto M’ x GL(nr,R) as follows

o(z, 2) = (¢/(z), A(¢)2),

where z € M and Z € GL(nr,R).

Associated with D’, we define a principal K-bundle P’ over M’ and
a gl(nr,R)-valued 1-form ' on P’ as before. Let Q' be the normal
reduction of P’ to Hy, and let x’ be the restriction of w’ to Q’.

Theorem 5.1. (1) For every isomorphism ¢ of D onto D', ®
maps Q onto Q' and induces a bundle isomorphism ®g of Q onto Q’
satisfying ®5x' = x.

(2) For every bundle isomorphism ¥ of Q onto Q' satisfying ¥*w’
= w, there ezists a unique isomorphism ¢ of D onto D’ such that ®g =
v,

Proof. (1): We first show that ® maps P onto P’. We choose a
moving frame {e,} of E and a moving frame {e/,} of E’ in such a way
that ¢*el, = eq, @ = 1,--+,n, and then define Y; and Y7 by (0.4). It is
easy to see that

Y{(¢'(z)) = A($)Yi ().
From this we easily see that ® maps P onto P’ and induces a bundle
isomorphism ®p of P onto P’. Moreover we have ®% = w. From the
uniqueness of the normal reduction of P to Hy, we conclude that ®p
maps @ onto Q’, that is, ® maps @ onto Q’. Hence ® induces a bundle
isomorphism ®¢ of Q onto Q'. It is clear that %X’ = x. :

(2):  We first remark that there exists a unique bundle isomorphism
¢ of E onto E’ which makes the following diagram commutative:

¥

Q ——
el el
F(E) ¥ F(E)
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where ¢ is the natural bundle isomorphism of F(E) onto F(E’) induced
by ¢.

It suffices to show that ¢ is an isomorphism of D onto D’. For this
purpose, we take an integral curve «(¢) of the vector field U*; on Q. Let
~'(t) be the curve in Q' defined by «/(t) = ¥(v(¢)). From the equality
T*y' = x, we see that +/(t) is an integral curve of U*,, where U*, is
the vector field on Q' defined in the same way as U*;. It is obvious that
the canonical form of D’ corresponding to 4/(t) coincides with that of D
corresponding to (). Q.E.D.

86. Appendix

6.1. Jet bundles

Let E be a vector bundle over a 1-dimensional manifold M. We
denote by I'(E) the space of all cross sections of £ on M. In this
section, we will not necessarily assume that M is simply connected,
unless otherwise stated. For each k = 0, let J*(E) be the k-th jet
bundle of E, and for any s € T'(E) and any © € M, j*(s) denotes the
k-th jet of s at z. For each integer k, 0 < k < n — 1, 72! denotes the
natural projection of J*"1(E) onto J*(E).

We put FF(E) = Ker 7! for 0 < k £ n—1, and F7Y(E) =
J"~1(E). Then we have a natural filtration

0=F""YE)C F"%E)C---C F' c F7Y(E) = J""Y(E).

Moreover there is a natural bundle isomorphism of the quotient bundle

F*=1(E)/F*(E) onto the vector bundle (§)T(M)* ® W. This is defined
as follows: We take a local coordinate system ¢ in M and a moving frame
{ea} of E. Fixing a point x of M, to each s € I'(E) with j5~1(s) = 0,
we assign

61 & () e@)d) ©ew (€ BT(M) @ E),
a=1

where 7, 1 £ a £ r, are functions defined by (0.1). It is easy to see
that the definition of (6.1) does not depend on the choice of (¢,{es}).
It is also easy to see that (6.1) is equal to zero for every s € I'(E) with
j%(s) = 0. Thus the assignment of s to the expression (6.1) induces the

k
isomorphism F*~1(E)/F*(E) ~ T(M)* ® E.
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6.2. The typical fiber of J"}(E)

Let V' be an r-dimensional vector space with a fixed bases {vq,-- -,
vy} and W a 1-dimensional vector space with a fixed bases {w}. Let F
be the vecotr space defined by

n—1
F=V+WeV+.---+ @ WV (direct sum)

Taking {v1, ", Vr, W ® V1, , W R Vp, -+, W L @01, -, w" ' ®u,} as
a basis of F, we identify F' with R™". We put

F’“:ZéW@V.

i>k
Then we have a natural filtration:

0=F"'!'cF*2c...cF'cF'l=F

k
Note that F*~!/F* is isomorphic to W ® V.

6.3. The principal H®-bundle R(®

Let F(J"1(E)) be the frame bundle of J"~1(E). For every z € M,
we regard F(J"1(E)), as the set of all linear isomorphisms of F' onto
JVUE),.

Let R be the set of all elements p of F(J""L(E)), satisfying the
following two conditions.

(R.1) p(F*) = F*(E) forevery 0XkZn-1.

By the first condition (R.1), every element p of RY induces an
isomorphism p* of F*~1/F* onto F*~(E),/F¥*(E), for each k, 0 <
k £ n—1. Furthermore the induced isomorphism p° can be regarded as
an isomorphism of V' onto E,. The second condition is
(R.2) There exists a linear isomorphism A of W onto T(M)% which
makes the following diagram commutative:

k

Fk—l/Fk _r Fk_l(E)z/Fk(E)x
! "
k k@0 k
WV 222, QT(M):® E,
k k
where A% : @W — QT (M)% denotes the isomorphism defined by

Ak(w1®---®wk)=Aw1®-~v®Awk, wy, -, wg € W.
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We put R® = |J, .,/ R Tt is not difficult to see that R(© is a

principal H©)-bundle over M under the identification of F with R™".

Let ¢ be a local coordinate system in M and {e,} a moving frame
of E. For each x € M, let o, be the linear isomorphism of F' onto
J"1(E), defined by

where s = )" ya€q € I'(E). It can be easily verified that o, € RY). Thus
we have a cross section o of R(©), which will be called the standard cross
section of R(®) corresponding (¢, {€a}).

6.4. The associated connection of J"71(E)

As before, let D be a system of linear ordinary differential equations
on E of order n. Let us consider the system of first-order differential
equations associated with D. This can be regarded as a system of first-
order equations on the (n — 1)-th jet bundle J*~!(E) of E as follows;
Let o be the standard cross section of R(® corresponding to a pair
(t,{ea}). For every ¢ € I'(J""1(E)), we define a family of functions
fran 1SkEn,1Sa<ronMby

n
071¢(x) = fra(@)w* ! @uva, zE M.
k=1
Then the system of first-order equations is given by

dfka
dt

dfna (n—k)!
dt +k§_:1 ﬂz—l (n—1)! Gag fip = 0.

_kfk—{—la:O, 1§k§n_17

Now we consider the affine connection of J"~1(E) associated with
this system. Let w be its connection form in F(J"~1(E)) and let w(®
be the restriction of w to R(?. It is easy to see that a similar assertion
as in Proposition 1.3 holds for the pair (R(®), *w(®). Therefore we have
the following

Proposition 6.1.  *w(® takes values in RU_; + g(®.
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6.5. A reduction theorem for R(®

A reduction R of R to Hy is said to be normal if the restriction
of *w(® to R takes values in § + m. In view of Proposition 6.1, it is
obvious that the proof of Proposition 3.8 is still valid, if we replace Q(©
by R(®. Therefore we obtain the following

Theorem 6.2. There exists a unique normal reduction of R to
Hy.

Remark. Assume that M is simply connected. We fix a basis
{81, , Snr} of Sol(D). Then the system {j771(s1), -+, (snr)} giv-
es a trivialization: J" }(E) ~ M x R™". Hence we can naturally iden-
tify F(J"1(E)) with M x GL(nr,R). It is obvious that, under this
identification, the correspondence (z,y) € R(® — (z, *Y~1) € P maps
the normal reduction of R® to that of P constructed in §3.
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