Advanced Studies in Pure Mathematics 22, 1993
Progress in Differential Geometry
pp. 169-187

A Note on Lie Contact Manifolds
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Dedicated to Professor T. Otsuki on his 75th birthday

§1. Introduction

The classical projective and conformal connections of H.-Weyl fit into
harmonic theory in the Spencer cohomology of graded Lie algebras in
the sense that the curvature forms of such connections are harmonic.
These structures are treated systematically by N. Tanaka [T1] as special
cases of a structure associated with an I-system, called later a graded
Lie algebra of the first kind. A lucid explanation of this theory is given
by T. Ochiai [O] where he rebuilds Tanaka theory using semisimple flat
homogeneous spaces as model spaces.

To deal with more general structures such as CR-structure, Tanaka
developed the theory to simple graded Lie algebras of contact type [T2]
and then to the full class of simple graded Lie algebras [T3]. The argu-
ment essentially depends on the generalized prolongation scheme and on
the harmonic theory in the refined Spencer cohomology of Lie algebras.
The vanishing of certain cohomology group guarantees the existence and
uniqueness of the normal Cartan connection (= Tanaka connection, for
short), attached to the equivalence class of the structure. Though the
curvature form of Tanaka connection is no more harmonic in general, its
harmonic part gives a fundamental system of invariants of the structure.

Going back to the starting point, we know that the study of pro-
jective and conformal structures on a manifold has a background of the
classical projective and conformal geometry. This reminds us of another
classical geometry, Lie’s sphere geometry. Then what kind of structure
corresponds to this geometry? Why has this object not yet been inves-
tigated? H. Sato [S, SY] is probably the first to consider this problem
and finds a Lie contact structure, which is a structure on a contact
manifold with model space T;5™ of which transformation group is the
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Lie transformation group PO(n + 1,2). Noting that the Lie algebra of
PO(n+1,2) is a simple graded Lie algebra of contact type, Sato claims
that the developed Tanaka theory plays a main role on this structure.
A typical and important example of Lie contact structure is found on
the unit tangent bundle T3 M of a riemannian manifold M. Now, how
can we express Tanaka connection on this structure? The author an-
swered this question in [M2] and obtained a close relation between the
Lie contact structure on T3 M and the conformal structure on M.

The purpose of this note is to give a survey of these results, and add
some explanations. In particular, Theorem 1 in §4, which clarifies the
relation between Tanaka connection and the normal conformal connec-
tion, is due to Sato, who suggested it to the author, observing the result
in [M2]. Recently, this relation is also investigated by K. Yamaguchi in
a different way.

For these valuable suggestions as well as criticisms, the author would
like to express her hearty thanks to Professors H. Sato and K. Yam-
aguchi.

§2. G-structure and Cartan connection

Let M be an n-dimensional differentiable manifold and let F(M) be
the linear frame bundle over M. For a Lie subgroup G of GL(n,R), a
G-reduction P of F(M) is called a G-structure on M. When m: P — M
is a principal G-bundle over M, an R™-valued 1-form 6§ defined by

0(X)=vY(nX), weP, XeT,P

is called the basic form, which satisfies

(1) 6(X) =0 if and only if X is a vertical vector.
(2) R*=a"19, acd.

Sometimes, we define a G-structure by a pair (P, ), satisfying (1) and

(2).
Let G/G' be a homogeneous space of dimension n and let g and g’
be the Lie algebra of G and G’, respectively.

Definition. A Cartan connection (P,w) of type G/G' is by defi-
nition
C1 P is a principal fiber bundle over M with the structure group
G'.
C2 w is a g-valued 1-form on P satisfying
(a) w(X)=0implies X =0, X € TP.
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(b) Riw=Ad(aYHw, acd.
() w(A*)=A, Aeg.

When (P,w) is a Cartan connection of type G/G’, let 6 be the m-~
component of w, where m = Ty(G/G'). Putting P = P/Ker p where
p is the isotropy representation, we denote the projection P — P by
p. Then (P,60), where 8 = 5*0, is a G-structure on M,G = p(G’). To
give a standard choice of connection which induces a given é—structure,
Tanaka defined normal Cartan connections as follows.

Letg =), pez 9p be a simple graded Lie algebra of non-compact type
with subalgebram = - _ gp. A cochain complex (C%(m, g),0) is given
where C%(m,g) = g ® A9(m*), and 8 : C? — C*! is the coboundary
operator [T3, K]. Let 8* : C9t! — (47 be the adjoint operator with
respect to the metric (X,Y) = —B(X, oY) defined by the Killing form
B and the involution o of g. Explicitly, they are given by

@)Xy A+ AXgp1) =D (DX (X3 A AXG A+ A Xgyr)]
+Z 1)*ie ([ X4, X5 A X1 A -/\Xi/\~--/\X]-/\-~/\Xq+1),
1<

@) (X1 A AXg1) = €] clej AXT A+ AXga)]

j
1 . .
+ 5 Z(—1)2+IC([6;, X,,]V AN €; A X1 TARERIAN Xz VANERIIVAN Xq—l),
,J
where c € C?, X1,..., Xgy1 € mand [}, X;]  denotes the m-component
of [ef, X;] with respect to the decomposition g = m+g¢’, {€}} is the base
of m* = g; ® go dual to a base {e;} of m with respect to B. Define

/\’L :Zg:lf\.../\g:q’

where the summation is taken over r1,...,7y < 0,>%1_;ry = i. Then
we have A9(m*) =Y . AL, Put

cri = Zgj ® /\g’—p~q+1‘
J
When (P,w) is a Cartan connection of type G /G’ where the Lie subalge-

bra of G (G’, resp.) is g (g’, resp.), the coefficient K (z) of the curvature
form Q@ = 1K6 A0 (P,w) belongs to C*(m,g),z € P. Let K? be the

CP2-component of K.
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Definition. (P,w) is a normal Cartan connection of type G/G’ if
the curvature form Q = %K 0 A 8 satisfies
N1 KP=0 (p<0)
N2 8*KP=0 (p>0).

Definition. A simple graded Lie algebra g is called of the p-th
kind if g, = 0, (p < —p) and g_,, # 0. When g is of the second kind and
dimg_» =1, g is called of contact type.

Remark 1. When g is of the first kind, N1 means w is torsion free
while N2 means that the curvature form is harmonic. When g is of
contact type, N1 is satisfied if and only if the associated G-structure is
of type m (see [T3] for definition. Here, for simplicity, we adopt N1 as
a definition of G-structure of type m, when the G-structure is induced
from (P,w)). As we see later, this is the case for conformal contact and
Lie contact structures. In the following, to avoid more definitions, let g
be of the first kind or of contact type. The following is important:

Fact 1 [T3]. When H%'(m,g) =0 for q > 1, there ezists a unique
normal Cartan connection of type G/G’ attached to the isomorphism

class of G-structures of type m.

§3. Definitions and basic facts of Lie contact structures

Let R{gv be the N-dimensional real vector space equipped with the
scalar product {, )i of signature (+,...,+,—,...,—), where — appear
k-times, 0 < k < N. The projective space associated with RY is denoted
by PR, We identify S™ = {z € R2™! | (x,z)o = 1} with Q" =
{ly] € PR | (y,y)1 = 0}, by the correspondence

Sz y=(z,1) € R
Then the projective transformation group of Py R fixing Q" is L =
PO(n+1,1), the Mobius group.

Fact 2. L acts on S™ transitively and S™ = L/L’, for an isotropy
subgroup L’.

Let ¥ be the set of all oriented hyperspheres in S™ (including point
spheres). An element of X is given by (m, §), where m € S™ is the center
of the hypersphere and 0 < 6 < 7 is the oriented radius. Identify ¥ with
Q™' = {[k] € P;*’R | (k,k)2 =0} by

Y5 (m,0) — k = (m,cosd,sinf) € RIS,
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The projective transformation group of P2“+2R fixing Q"' is G =
PO(n + 1,2), the so called Lie transformation group. [ki] € Q"' is
in oriented contact with [ks] € Q! if and only if (k1,k2)2 = 0. A pair
(k1,k2) in Q™1 satisfying (ki, k2)2 = 0, defines a line [ in Q! which
consists of points [ak; + bk2] € Q"T!, a,b € R. Let A?>"~! be the set of
all lines in Q™*1:

AP = {(ky, k) | (Kiy k)2 =0,4,5 =1,2}.

G acts on A"~ ! since G preserves (, )o. We identify 71 S™ = { (u,v) €
8™ x 8™ | (u,v)o = 0} with A2"~1 by

T:8™ > (u, U) — (kl,k‘z) S A2n—1

where k; = (v,1,0) and k2 = (v,0,1). It is now clear that the line
(k1, k2) is identified with the family of oriented hyperspheres through u
normal to v.

Fact 3. G acts on T1.S™ transitively and T1 8™ = G/G’, for an
isotropy subgroup G’.

Lemma 1. An element f € L is lifted to Lie transformations
freqG by
fEw) = £/ fevl,  veTiS™

Proof. Let eg,...,e,10 be the standard base of REH'?’, ie. such
that

I, 0
({eas €p)2)o<ap<nt2 = ( (;rl _12) ‘

Then L is embedded in G by

L9fé<%f2)ea

Now, recall the meaning of S: T7S™ — 115", S € G. If we identify
(u,v) € T1S™, (u,v)p = 0, with a family of hyperspheres through u
normal to v, S(u,v) corresponds to a family of hyperspheres through
sorme point @ normal to some fixed vector v at 4. When S = f € G, we
have in particular % = f(u) (here we identify S™ = Q™) and ¢ is normal
to the image of every hypersphere through u normal to v, under f. But
since f is conformal, f,v is also normal to these image hyperspheres,
and hence ¥ is parallel with f.v. Q.E.D.
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Let G be the image of L in G via the map ¢(f) = f™.

Fact 4. Gy acts on T1S™ transitively and T1 8™ = Gpu /Gy for
an isotropy subgroup G, .

Let [V, 9,9, ga and g}, be the Lie algebras of L, L', G,G’, G and
G, respectively. The following expression of these Lie algebras in cer-
tain bases is significant and is used in the last section. A base of RT12

is given by eg, ..., e,+1, and we change it by
- —eo t+ ent1
€o= ———,
2
éi = €4, 1 S 7 S n,

€nt1 = €0 + €nt1-

With respect to this base, we have

0 0 -1
e = ({€a,€8)1)0<ap<nt1=| 0 I, 0 |,
-1 0 0

L={AeGL(n+2,R)|"4cA = ¢},
[(={X egl(n+2,R)|"Xe+eX =0}

Fact 5. The Lie algebra | associated with the homogeneous space
S™ =L/L' is a simple graded Lie algebra of the first kind, i.e.

(=11 0b®h, (b)) =/l
where [_; = To(L/L), V =1, &[4,

r 0 0
lo = 0 a 0 ])]|reR,a€o(n),; ~co(n),
0 0 —r
0 % 0
[, = t[]—: 0 0 b |b€Rn ~ R".
0 0 0
Next, change eg, ..., etz by
—eg + €
fo= %, Jrt1 = €0+ ent,
—e1 + €en
fi= ;2——2, fnt2 = €1+ enya,

fi:e'h 2<1<n
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Then we have

0 0 —I
e = ((fOH f,@>2)0§a,,8§n+2 = 0 I 1 0
-1, 0 0

G={SeGL(n+3,R)|'S'S=¢"}
g={Xecgl(n+3,R)|'Xe +'X =0}

Fact 6. The Lie algebra g associated with the homogeneous space
T,8™ = G/G’ is a simple graded Lie algebra of the second kind, or more
precisely, of contact type [S], i.e.

2
g= Z Op»  [8p,8q) C Gprg, dimgp =1,

p=-—2
0 0 ¢
0
go="'g2= 000 |C—<_ g) ,
00 0 P
0 % 0
g-1= tgl = 0 0 b ! b= (blabz)vbi € R’ﬂ—l )
0 0 O
a O 0
go = 0 e 0 ||acgl(2,R),eco(n—-1)
0 0 —ta

Putting m = Ty(G/G’), we havem =g_o2® g_1, and g’ = go D g1 D go-

Since Gy preserves RI2 = ("2 0 fo | 71 + 22,40 = 0}, we
have easily

Fact 7. As a Lie algebra associated with T'S™ = Gy /Gy, OM 88
given by
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(3.1)
gr =928 0.1 {an N (90 g1 D g2)}
([ r —g thy 0 D )
—q 0 —thy -p 0
by p,¢,r €R,
— dy E e by —b2 | b1,b2,dy € Rn_l,
q eco(n—1)
0 -5 tdy -r g
b
7 -2 Py
2 2 2 J
In particular,
gy =08mNg
(/T 0 0 0 O
—q O 0 0 O
| p? q’ r E R7
0 0 O
(3 2) = dl € | dl c Rn—l,
-1
0 _% ‘g, g eco(n—1)
q
(\ 3 0 0 0 O J
~R" & co(n —1).
In fact, with respect to the base &g, . .., €42 of R3+3, where €, 42 =

en+2, Ll is given by

r % 0 0

d a b 0 n
wl={X= 0 td —r 0 lreR,b,de R",a €o(n)},

0 O 0 O

and if we put

oo o= (8): e=(d) = (5 2)

where p,q € R, by,by,d; € R*! and e € o(n — 1), the expression of X
in the base {fo,..., fnt2} is exactly as in (3.1).
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We denote by p the isotropy representation of each homogeneous
space above. Let M and F(M) be as in §2 and put L = p(L') C
GL(n,R). It is easy to see that

€L, a#0, keO(n),
—1

* * Q
* O
o

(3.4) p(A) =k, A= (

and L = CO(n).

Definition. An L-reduction of F(M) is called a conformal struc-
ture on M.

Let F(N) be the frame bundle of a (2n — 1)-dimensional contact
manifold N. It is well known that F(N) is reduced to a Gi-bundle

LY(N), where
G = {(j C.S'p((r)z—l)) ]0‘7&0}'

Fact 8 [SYM1]. Gy = p(GYy,) and G = p(G") are subgroups of
GY. In fact, we have

detA O 0
~ *
G={ he A |he O(n—1), Ae GL(2,R)}
*
~ a 0 O
Guy={|0 ah 0] |a#0,heO(n—1)}.
* ~vh h

Denoting by O(n — 1) the subgroup of G given by A = I, we obtain
(3.5) O(n-1)c Gy cG.
Definition. A Gjs-reduction of L¥(N) is called a conformal con-

tact structure on N.

Definition. A G-reduction of L*(N) is called a Lie contact struc-
ture on N.

Let (M, g) be an n-dimensional riemannian manifold and let

(3.6) On)— Qy 3 M
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be the associated principal O(n)-bundle over M. According to [KN,
Proposition 5.5 in Chapter I], we define the lifted riemannian structure
on T'M by

(37) O(n—1) = Q, 3 Q,/O(n~1) =i M,
where

ﬁ'g_l(zl) ={e(z) |z = (#1,...2n) € Qq,
e(z) = (2,28),1 <i<n,2<j<n}
using the horizontal (resp. vertical) lift 2z} (resp. z?) of z; € T1M with
respect to the Levi-Civita connection on M. We distinguish the total

space of (3.6) and (3.7) by Qg and Py, respectively, where Q, is diffeo-
morphic to P, via the map

P:Qqg 3z e(z) € Py

Since the O(n—1)-action on P, is given by e(z)h = e(zh’), b/ = (é 2)
and easily seen to coincide with O(n — 1), we obtain

Lemma 2 [SY,M1]. Let M be an n-dimensional riemannian man-
ifold. Then on the unit tangent bundle TyM of M exist a conformal
contact structure and a Lie contact structure.

Proof. They are given by
Py = Py X501y Gu, ]3=Pg X6(n-1) G,
respectively, by virtue of (3.5). Q.E.D.
Remark 2. Py is an O(n — 1)-reduction of the principal O(2n —1)-
bundle over the riemannian manifold (77 M, sg) where s, is the metric
induced from the Sasakian metric on T M.
§4. Geometry of unit tangent bundles

4.1. Riemannian case

Let (M, g) be an n-dimensional riemannian manifold and let Qg, P,

and v be as in the last section. Let A = {(IS §) | k€ O(n),§ € R”}.
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When (Qg, x) is a Cartan connection of type A/O(n), define a 1-form ¥
on P, by
MX) =x(¥,'X), XeTP,

hl 0 m
PuttingB=¢| 0 h n2 | [h€O(n—1),m eR"m e R"™ 5, we
00 1

show that (P,,x) is a Cartan connection of type B/O(n — 1). In fact,
the Lie algebra a of A and b of B are isomorphic (as a vector space) by

a b 0 tbg D e 0 b
(4.1) as (0 0) = -by e by ] |0 e —by]e€b,
0 0 0 0 0 0

0 tbz p
where @ = € o(n), b = € R", e € o(n—1) and
_bZ e bl

€= (8 2) . Moreover, C2 follows from the commutative diagram

$o1

Py —— Qq

Rul LR heO(n-1),

P, —— Q

and from
X(E*) = x(¢; ' E*) =x(E*)=E, Ec€o(n-1),

where E* denotes the fundamantal vector field on P, and Q4. The de-
composition x = 0+xg+x1 with respect to a 3 (8 8) — (b,e, —bs) €
R" ®o(n — 1) @ R™"! determines the basic form 6 of x. On the other
hand, (4.1) implies that the basic form 8 of X is given by

8(X) = (64 x1) (7' X).

Remark 3. When x is the Levi-Civita connection on M, x is not
in general the Levi-Civita connection on (T1M,s,), since the torsion
appears whenever (M, g) is not riemannian flat.

Definition. When x is the Levi-Civita connection on M, x is
called the lifted riemannian connection on ThM.
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4.2. Conformal case

In the following we assume that dim M > 3. Let M be a manifold
with conformal structure. Recall that a conformal structure corresponds
uniquely to the normal Cartan connection (Qy,w) of type L/L’, called
the normal conformal connection, where

(4.2) L'-Qr5 M

is the associated principal L’-bundle [OG]. By Fact 5, we have

r 0 O
F=lholh={{d a 0 }||reR,aco(n),deR"}=co(n)®R"
0 d —r

Define a subalgebra b’ of ' by

r 0 0 0 0
B ={{d a O e[’|a:<0 )eo(n——l)}=co(n—l)®R”,
0 d —r €

and let H' be the corresponding connected Lie subgroup. Then we
obtain a principal H’-bundle
(4.3) H — Q5 Qu/H,

the total space of which is denoted by Py, to distinguish from (4.2). We
call Pr, the lifted conformal structure. Let g be a riemannian metric on
M belonging to the conformal class. It is easy to see that Qp/H' is
identified with T3 M. Noting that for any I’ € L/, there exists k € O(n)

such that k=’ € H', and H' = G, define QL = Qg Xo(m) L' —
Py Xo(n-1) Gy by

QL 3 (z,1') — (e(zk), (k™)) € Py xo(n-1) Gy, 2€Qq U €L,

which is well-defined since if k1, k2 € O(n) are such that k70, k'’ €
H', it follows ki 'l'(k; 1) = k[ 'ko € H' N O(n) = O(n — 1), and we
get

(e(zka), (k7)) = (e(zki) ki kg, (ki Hh) ~He(ky M)
= (e(zka), u(kz 'T')).
Moreover, it is easy to see that 1) is a diffeomorphism. Thus identifying

P
Pr, with Py Xo(n—1) G and using Qp = Pr, we can define a 1-form &
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on P;, by
O(X) =w@*X), XeTP..

As before, w is a Cartan connection of type Gps/G%, on Pr, since [ is
isomorphic to gy by

(4.4)
r ——g thy 0 D
—q 0 —th, -p 0
r % 0 by
(5(d a b || d b} e by —bo € gum,
0 'd —r q
0 -5 td, -r g
t
q b2 P
2 0 2 2 0

where we use (3.3), and since the following diagram is commutative.

o1
P, — Qg

1
Rb(s)l le se H'.

1
P4 QL

r % 0
A decomposition w = 0 + w, +w’ with respect to{3 | d a b | <
0 d —r

(b,(r,a),d) € R" & co(n) ® R™, and w, = w! + w? with respect to
co(n) 3 (r,a) < (=bs,(r,e)) € R""! & co(n — 1) determines the basic
form 6 of & by § = 6 + w!.

Definition. When w is the normal conformal connection on M,
we call @ the lifted conformal connection on T1 M.

Remark 4. Note the difference between the conformal connection
and the lifted conformal connection on (T} M, s,). The former is a Car-

tan connection of type PO(2n,1)/K = S?"~1 (K is an isotropy sub-
group), while the latter is of type Gy /G, = T15™.

4.3. Lie contact case

Let P = Pp xgy, G’ and extend the lifted conformal connection



182 R. Miyaoka
(Pr,®) flattly to (P,d), i.e.

(X) =Ad(ea Ho(Y)+ A
= Ad(a™w (1Y) + 4,

&1

where X € T,P,a € G',ua € P, Y € T,,Pr,A € g’ and
X =R, Y + A",

Now, compare this connection with Tanaka connection 7 obtained in
[M2]. The latter is given, after a long calculation, as follows : Let
p € M and let (z%) be a geodesic normal coordinate in a neighborhood
U of p, such that

p = (0,...,0), gz](o) :61']'7 {;k}(O) =0,

where g;; and {;k} are, respectively, the coefficients of the riemannian
metric g of M and the Christoffel’s symbols of its riemannian connection.
Take a local coordinate (z°, z}) of Qg so that

gijz,zczlj = 6kl-

Let (s5)o<a,6<n+2 € G'. It is shown in [M2, §2] that (xi,z;:, S, 8i,87,51)
is a local coordinate of P around e(z(0)) where 0 < a,b < 1,5; =
s?+1, s;= 5?+2,2 <{<nand s = SS’+2.

Fact 9 [M2]. Let (z¢, zji-, sy, 84, 87, 51) be the local coordinate chosen
as above. Then ate = e(z) = (¢*, 2}, 6¢,0,0,0) € P,, Tanaka connection
(P, T) 43 given by

v 9 0 o1
e 0* -1 0

T=|7n T T 9 g |,
0 —T1 Ti —'Tg —T&

1 0 T —T{’ —7'11
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Gi — gjkzll-cdl'j, 1 S ) S n,

9{ = ngZf:(dZ']y_ + {it}zfdwt), 2 S Z S n,
75 = guai (2 + {}zdet),  2<ij<n,
70 = dsf, ) =ds? + A%, 6%,

7o = dsp + ZAéjﬂj, 11 = dsl,
(4.5) j=1

Ti=d5i+ZAij0ja 2<i<n,

=1
T;Zng-i-Aﬁe;, 2<i< n,

71 =ds1 + ZAlej,
j=1

where
(4.6)
A, = A= 1
11 — [ 27
1 1 R
Ap; = ——Ry;, Ad = Ry —
0 7 =t T T T o= 1)(n —2)°
1 1
Ay =— R;; bij, An=-— Ry,
i 2t s T Ym—g Y T T
1 1 R
Ay Ry, Ap=-——Ry+-——
B Ty AT Ty ™M m T =)

using the Ricci curvature R;; and the scalar curvature R of M at (z%).
Denoting the component of the curvature by K* K*, KJ’:, K K, K3, K,
respectively, we obtain

Kij = Cﬁj’ K;k = C%jm K&u = C11s, Kéij = Ch’ja

K} = Chas Kjg = Ciy Kirj = —Cixjy Kijie = —Cij,

1, 1, 1 1

K3y = —5011]‘, Ky, = —§C1jk, Ky = —50113‘, Ky, = *icljk
for 2 < 4,5,k 1 < n, and all other components vanish, where C]’fkl and
Cijr are the coefficients of Weyl’s confomal curvature.

Theorem 1. Let M be an n-dimensional manifold with conformal
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structure
L/ - QL - M )

and let (Qr;w) be the normal conformal connection. Moreover, let Py,
be the lifted conformal structure

H' —"QL - QL/H,7

and let @ be the lifted conformal connection. Then on the Lie contact
structure P = Pr, xg; G', Tanaka connection (P, T) coincides with the

connection (P, &) which is flatly extended from (Pr,®).

Proof. First, let j: P, — P be the natural inclusion. Noting P;, =
Py Xo(n—1) G and (3.2), we have

j*ds =0, j*dsy = —2j*ds, j*dst =0, j*ds; = 0.

Thus we obtain

7¥et =0, 1<i<n,
j*@l:Gg, 2<i<n,
jrri=ri 2<ij<n,
j*Tg = dsg,
91
Jrre =j%ds) + AY,576" = —5
-7*’7—01 _TO’
g*ri —]*dsl =0,
J i =1, 2<1<m,
. o
j*ﬁ:j*dﬁ*‘Aﬁj*@Z:—E, 2<1<n,
1 1 . 1

*n=7%ds; + A1:5%67 = d - R18=—=7}

JTm=7j"dsy le 157 2] 2(n—1) 15 27'0,

and hence j*7 is a gps-valued 1-form on P satisfying C2. Now, by

» -
Qr = Pp, and [ 2 gy using (3.3), we may consider v = ¢*j*7 as a
Cartan connection of type L/L’ on Q. In fact, putting

1/8 v 0
v=|wu v, Vv |el 1<4,5<n,
0 vy —I/g
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and noting (4.4), we have,

vt =6t

vt =6, 2<i<n,

1/11——9;: vi, 2<i1<n,
(4.7) vy = dsd,

V;:T;, 2<4,7<n,

v = —7d

v; =T, 2<i<n

1
When & = EN 0 A 6 is its curvature form, we obtain

N =0, 1<i<nmn,
Ng =0,
Ny = Chu, 1<4,j,k1<mn,

Nijk = _Cijk7 1< iajvk <mn,

since the calculation is carried out in parallel with the calculation of K,
because the structure equations of [, gps and g correspond each other in
the relation of (3.1) and (3.3). Thus N satisfies the normality condition
of a Cartan connection (Qr,v) of type L/L’, and by the uniqueness of
such connection, we conclude v = w, and hence 7 = @. Q.E.D.

Remark 5. A local expression of the normal conformal connection
w is given, for instance, in [0G,§11]. Noting that wj there corresponds
to v — Q8%, and that the sign of Cjj is opposite, we can prove v = w
directly by (4.5) ~ (4.7).

Finally, by the argument in [M2, §4], we obtain

Theorem 2. (P,©) is the normal Cartan connection of type G/G’,
which induces the Lie contact structure P on TyM of an n-dimensional
riemannian manifold M, if n > 3. The fundamental system of invariants
of the structure is given by the torsion part K° = ( ;k) of the curvature
form of &, whenn >4, and by K = (K(}ij), when n = 3. In both cases,
they are written down in terms of all the coefficients of Weyl’s conformal
curvature tensor of M.
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Corollary. T1M is Lie flat if and only if M is conformally flat.

Remark 6. We may view a conformal structure Q — M as an
enlarged bundle structure

QL= Qg Xom) L'

or
QL = Qg XOo(n) CO(n)
In this case, riemannnian flatness and conformal flatness are not, of

course, equivalent. The Lie contact structure P, is also regarded as an
enlarged bundle structure

P:PL XGG\JG,

or ~ B ~
P=P L XéM G.

Thus, Corollary is a non-trivial fact, indeed, though it may be trivial

that the conformally flatness is equivalent with the flatness of Pr.

Remark 7. When n = 3, we have K° = 0, which means that the
Lie contact structure is integrable. This structure is shown [SY] to be
equivalent with a CR-structure with indefinite Levi form, discovered
independently by H. Sato and LeBrun [LB].
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