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Eigenvalue Spectrum of the Superintegrable

Chiral Potts Model

Giuseppe Albertini, Barry M. McCoy and Jacques H.H. Perk

Abstract.

We compute the eigenvalues of the 3-state superintegrable chiral
Potts model and of the associated spin chain by use of a functional
equation. We find that the system has four phases, two of which are
massless and two of which are massive.

§1. Introduction

Recently [1-4] a new class of 2 dimensional classical statistical me-
chanical models has been shown to obey the integrability condition of
commuting transfer matrices

(L1) [T(), T(w)] = 0.

The model is a special case of the general N state chiral Potts model on
the square lattice defined by

N-1
(1.2) £=- Z Z{EZ(‘Tj,k”f,kH)n + En(0ix07416)"}
jk n=1
with
(1.3) ope =1

We define local Boltzmann weights as

N-1
(1.4) Wy:(n) = exp B Z E;”hwj”
J=1
with
(1.5) w =™V
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and define the transfer matrix as (Fig. 1)

N

(1.6) T{g},{gl} = H W;,q(ej - e;’)W;‘,q(lj - t;’+1)
j=1

where periodic boundary conditions are imposed by defining N’ +1 =1
and the indices {; range from 1 to N.

! 1 ! 1

4 4, 13 - Ay TRANSFER
M DIREIWN
11 !2 13 A .tn

Fig. 1. The lattice used to define the transfer matrix
Ty4y,¢e'} for the chiral Potts model. The direction
of transfer is from top to bottom. The arrows on
the lines serve to define the sign of £; — £; (and

b —iya)-

Then the special case of (1.2) which satisfies (1.1) is defined by [4]

(1.7) W (n) _ “r (dpbg —apcqu:)
W2, (0) i1 bpdg — cpagwl

and

L) il [ (tndy = ot

Wz (0) e Cpbg — bpcqwd

where ap,b,, ¢y, d, and ag, by, cq, dg lie on the generalized elliptic curve
defined by

(1.8) oV + AN = NdV, AaV + bV = NN
with
(1.9) N = (1- %)

For A\? # 0,1, and oo this curve has genus N3 —2N? 4+ 1. The symbols ¢
and p represent the uniformizing variable for (1.8). We regard ¢ as the
variable u in (1.1) which holds for each value of p. These results have
been presented in detail by Perk in this present volume [5].
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In addition to the transfer matrix T, , we are interested, in fact more
interested, in the eigenvalue spectrum of the associated quantum spin
chain Hamiltonian. This Hamiltonian is obtained from T}, ; by letting
g—pas

(1.10a) a, = ap + au' + O(u'?)
(1.10b) by = by + Bu’ + O(u'?)
(1.10c) cg = ¢p + 74’ + O(u'?)
(1.10d) dy = dp + 6u' + O(u'?)

where a, 8,7, § are constrained by (1.8). Then with the rescaling

2u apd, )—N/z apdp)

, —_—
(1.10e) u = ab—ad; e,

and with the normalization W} (0) = W7 (0) = 1 we have W} (n) =
1 W”p(n) = 5,; 05

(1.11)

a,c a,cC 1

Tpq = 1{1 + 2N u(;2E ”")1 N/ZZ( PR T =} HuH + 0(u?)

and

N N-1
(1.12) H==3 3 {an(X)" + an(Z;2},,)"}.

j=1 n=1
Here we use
(1.13a) X;j=In® - X" @...0Iy
(1.13b) Zj:IN®'°°®thh®"'®IN,

Iy is the N x N identity matrix, the elements of the N x N matrices Z
and X are

(1.14a) Zt.m et

]

= fg,mw
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(1.14b) Xom =6oms1 (modN),

the parameters o and a; are

(1.15a) ar = expli(2k — N)¢/N|/ sin(nk/N)

(1.15b) ar = Aexpli(2k — N)$/N]/ sin(wk/N)

with

(1.16) cos ¢ = Acos @

and

(1.17) e = wl/zgp—cg, W = wl/zw.
bpdp bycp

Our interest in this present article is to analytically study the eigen-
value spectrum of T}, ; and of H. Some of our results have been published
in references 6 and 7.

Our study will be carried out for the case N = 3 and is based on
the matrix equation

(1.18)
Tp,qu,Rqu,R“q

_ _—iP g N N N N N N
=e' {fp,quRq,pTP’q + fp,qfq,pTP,qu + fp,R“qu’q,pr,R‘q}'

Here

Hyanl[Eszl ‘”’nkW;,q(k)] }1/N
H1Nn=1 W:;q (m)

is the function introduced in ref. 4 in the solution of the star triangle
equation. Despite the N*® root which explicitly occurs in (1.19) f,,4 can
be shown to be a meromorphic function on the Riemann surface defined
by (1.8). Furthermore in (1.18) R is the automorphism of (1.8) defined
by

(1'19) fra = {

(1.20) R(aq, bq, ¢q, dg) = (bg, wayq, dg, ¢q)
and P, the total momentum is obtained from T} 4 by

1.21a lim T, g, = e~*F.
( ) a—p »,Rq
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The interaction (1.2) is translationally invariant so P and T, , may be
simultaneously diagonalized and P has the N eigenvalues

2wk
(1.21b) P=—r

where £ = 0,1,...N — 1 mod N. Similarly the interaction (1.2) is
invariant if all o, — wo; . Thus the spin translation operator

(1.22) R =¢e?"9/N =1, X,

also commutes with T}, ;, and the eigenvalues Q) take on the values 0,1,2.
We note that (1.18) does not involve Q.

A proof of (1.18) will not be given here. Instead, we will concentrate
on its consequences. Unfortunately, as we will see in Section 2 the general
solution of (1.18) seems to require the use of some deep machinery of
algebraic geometry. However, as discovered in ref. 6, if we specialize to
the case

(1.23) p=¢=m/2

first considered by Howes, Kadanoff and den Nijs [8] a remarkable sim-
plification takes place in that all eigenvalues of H are grouped into sets
which have the form

(1.24) E=A+BA+NY (14X +a;))!/?

i=1

where A, B,m and the a; depend on the set under consideration. This
special case (1.23) we have called superintegrable. Note that when N = 2
the model (1.2) reduces to the Ising model and property (1.24) is that
found originally by Onsager [9].

For this superintegrable case we are able to solve (1.18). The details
of the solution will be presented in this paper but for orientation we
conclude this introduction with a sketch of some of our major results.

‘We restrict our attention here to 0 < ) and find that the system has
4 phases (Fig. 2).
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I 11 III v

order order order order

parameter #0 | parameter #0 | parameter=0 | parameter=0

disorder disorder disorder disorder

parameter =0 | parameter =0 | parameter # 0 | parameter # 0

mass gap #0 | mass gap =0 | mass gap =0 | mass gap#0

no oscillation oscillation oscillation no oscillation

A=0 A=.901292... A=1 A=1/.901292... 00

Fig. 2. Summary of the properties of the 4 phases of the
superintegrable 3 state chiral Potts model for 0 < A.

In each phase we have calculated the ground state energy per site
. 1
(1.25) eo(A) = .A}E»noo j—v,—-EN()\).
From (1.24) we see that eg()) obeys a duality relation

(1.26) eo(1/2) = A7 teg(N).

Phase I occurs for 0 < A < A = .901292... and here the ground
state energy per site is

(1.27)
) = ~(L 4 NF(~5, 531 R

Loy T 3t

where F(a,b;¢;2) is the hypergeometric function. A different form of
this result has recently been derived by Baxter [10].

Phase IT occurs for AY < A < 1. Here the ground state energy per
site is

(1.28a) elI(N) = el(A) + / dv' p(v')F (o)
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where
(1.28b)

=Y (2vy —1

y Jv 4\ 211
F(v) =2[]1- )\ -(1- /2
=2i-N+2 [T TR - 1y

and p(v) satisfies the integral equation

(1.29) ;
vy 'l
' v 1 2
dvp(v)v2+vv’+v'2 + 1-v+o2 Ep(v) for vz < v <vp.

vL

The limits vy, and vy satisfy
(1.30) F(vy)=F(vy)=0 and F(v)<0 for 0<uv;<v<wy.

The density p(v) is positive and integrable for v, < v < vy.

In phase III and phase IV e¢()) is obtained by use of (1.26).

We find in addition that in phase I the ground states for Q = 0,1,
and 2 are exponentially degenerate in A/. For phase IV the ground state
has Q = 0 and is different from @ = 1 or 2 by a term 2Q|1 — A|. In
phases I and IV the single particle states have @ = 1 and their energy
in the N — oo limit is

(1.31)
Jim {Ex(P,X) - EY(N)} =41 - Al +2(1-2))
I |2/3 wv A 2 1/2
+;/; d{1+wyv 1+w2yv}[ - (-

where

; 1+ vw?

—iP __

(1.32) e = Troe

This spectrum always has a mass gap in phases I and IV. In phases II
and III the excitation spectrum has no mass gap.

We will also argue that limg | < ZOZ,I > | # 0 in phases I
and II but vanishes in phases III and IV and that the correlations have
oscillations in phases IT and III but not in phases I and IV.

In Section 2 we discuss the general method of solving (1.18) in the
superintegrable case and then use the machinery developed to compute
eo(A) in phase I. In Section 3 we extend the procedure to calculate the
eigenvalues for single particle excitations in phases I and IV. In Section
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4 we show that in phase II (and Phase III) the ground state of phase I
(phase IV) becomes unstable against multiparticle collapse and a new
ground state occurs whose energy is given by (1.28)—(1.29). We also
show why phases I and III are distinct. Finally we conclude in Section
5 with a presentation of the existing information on the order parameter
and the asymptotic behavior of < ZOZ,Z > for large k. We here also
discuss the relation of this work to previous studies.

§2. Formalism and the phase I ground state energy

The discovery of relation (1.18) was inspired by the work of
Bazhanov and Reshetikhin [11]. However, (1.18) as it stands is not pre-
cisely in the form of ref. 11. This is because Bazhanov and Reshetikhin
follow the practice which is universally followed in the study of solvable
models of factorizing the transfer matrix eigenvalues into the product
of their zeroes and poles as a function of the spectral variable g. Such
a factorization is possible because the eigenvalues T}, ;, are meromorphic
functions of ¢ on the Riemann surface defined by (1.8). Such a fac-
torization is useful because the poles of T, , can only come from the
poles of the Boltzmann weights (1.7). Thus the universal practice is to
characterize the eigenvalues by locating their zeroes.

To make this factorization we first proceed in a symbolic fashion.
From (1.7) we see that W} (n) has 9 poles. These occur at places on
the Riemann surface where

a b
2.1 -4 _ =P
(2.1a) ., -

b a
2.1b i 4 y_2
(2.1b) - a
and
(2.1¢) El:w‘d—p

dg Cp

where z,y, and z are certain integers taking on the values 0,1 or 2. We
define the symbol [zyz] to represent the place (2.1). Then, defining D,, 4
to be the collection of places where (1.7a) has poles (i.e. the polar divisor
of W} (n)) we find

(2.2) D, , = [200,220, 100, 201,221, 101,202, 222, 102].
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Similarly we define D, ; to be the polar divisor of W (n) and define
the symbol [ZyZz] to represent the place

a a
(2.3a) L =w*F

dg dp

b b
(2.3b) L2

Cq Cp

d
(2.3¢) L NL 3

Cq Cp
Then from (1.7b) we find
(2.4) D, ., = [210,110,120, 211,111,121, 212,112, 122]
and we note that
(2-5) Dyp= Dp,Rq'
We then define T, from

TN '

(2.6) T,,= —22

pe (DpquPvQ)N

and we note the important factorization of f, 4 (1.19)

D
(2-7) fp,q = Dp’q'

g
We now put (2.6) and (2.7) into (1.18) and get

N N N
Tp,qu,Rqu,qu

(Dp,qDp,«/Dp,RqDp,Rqu,R’qu,R’q)N
N N
Dp,Rq DRq,p ) Tp,q

— ¢—iP ( - - P,
Dp,Rq DRq,p (Dp,qu,q)N

N N
+ (I_)p.q ?q,p) Tp,g"q
Dp,g Dyyp (Dp,quDP,R’q)N
N N
(DP:R5<1 DR’q,p) Tp,R‘q }
(DP,R‘qu,R‘q)N

(2.8)

4+ = _
Dy, rsq DR’q,p
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Then using (2.5) we may rewrite this as

TN TN, TN = =P {(Dy pgDrap) N T,

.9 p,Rq" p,R%g
(2'9) Pqap .
+ (Dp,qu,p)zNT:,,qu

N N
+ (Dp,qu,pr,R"’qDR’q,p) (Dqu,PDP,R"qDRq,pDP,Rq) TNR4 }
Dy, rqDRigp Dy rsqDR3q,p P

We now define hﬁ{ 4 @s the second factor of the coefficient of T}, g+, (and
hence hﬁ{ Rq 38 the first factor of the coefficient of T}, pes). Then using
(2.2) we find

(2.10) \
hp Rq = [200,020,110, 201,021,111, 202, 022, 112]2.

We also use (2.2) to find

(2.113) (Dp,RqDRq,P)2 = hp’thYqu
and
(2.11b) (Dp,gDg,p)* = hp,r-1qhp,Rq

Thus we obtain

NmN mN o _ _—iP NmN
Tp,qu,Rqu,R’q =e" {(hp,th,R’q) Tp,q

(2.12) + (hp,R‘lth»Rq)NTgR’q
+ (hp,th,Rq)NTIYR‘q}'

An identical form can be obtained from (3.19) of ref. 11 if we identify
the f, of that paper with hg,/ Rng

This procedure leads to a perfectly fine result and yet it embodies
a serious practical difficulty. The difficulty follows from the fact that
on Riemann surfaces factorizations like (2.6) and (2.7) are not possible
in terms of functions. Instead they are carried out in terms of prime
forms [12]. For the case of a genus one Riemann surface the prime form
is expressible in terms of the single variable Jacobi theta function and
hence equations like (2.12) have been widely studied starting with Bax-
ter’s original solution of the 8-vertex model [13]. However, in our present
case the genus of the Riemann surface is 10. We can still express the
prime form in terms of theta functions but the theta functions now have
10 variables and involve a mapping from the original Riemann surface
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into the corresponding Jacobian. The most obvious way to represent
the situation would be to explicitly uniformize the curve (1.8). Unfor-
tunately we do not know how to do this in a useful fashion. Therefore
we are not in a position to extract useful information from (2.12) in the
general case.

However all is not quite lost because for the superintegrable case
(1.23) a great miracle occurs. When ¢ = ¢ = /2 the variables ay, by, cp,
and d, are seen from (1.17) to satisfy

(2.13) ap=0b, and ¢, =4d,

and the relation (1.8) becomes

. 1
2\ ¥
(2.14) 2 - (1———’-\—) :
Cp 1+A
When (2.13) holds, it is clear from (2.1) and (2.3) that
(2.15) [zyz] = (2,9, —2]

and the miracle occurs that the zeroes of h, , given by (2.10) are identical
with the zeroes of the meromorphic function

a’qbq 2
. —_n - 1
(2 16) [chq ]

where for convenience we used

1
1+ A\

with N = 3.
Furthermore, the zeros of D, D, , coincide with the zeros of the
meromorphic function

(n3t)? -1
(2.18) o
N3, ~

Thus if (with a slight abuse of notation) we set

(g -1V
3y — 1 e

q

(2.19) Tpq =
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and set

aqsb
(2.20) hpq = K[—"dinz —1]
Cqlq

where K is an appropriate normalization constant (which is irrelevant
to our calculation) we find that (2.12) becomes (dropping the subscript
on aq,bq,cq and d,)

_ ab ab
TN T Rqu R2q _ KZN 1P{( 2 )N(Z_anZ 2 )NTN

p, Pq
(2.21) + (—nzw2 - 1)”(——71240 - VT
ab A, ab
+ (5"2 —1)Y( dnzw VTN )

This is an equation between meromorphic functions and all need to
consider theta functions has disappeared. This is the extension to N = 3
of the well known fact that for the Ising case of N = 2 elliptic functions
are not used in any step of Onsager’s solution [9].

Of course, having calculated h,, on the basis of these arguments
about zeros and poles it would be satisfying to find an explicit algebraic
calculation of (2.20) (which would also find K). We present this in
appendix A.

We now turn to the solution of (2.21). As usual with any complicated
equation the best way to proceed is to guess a solution and plug in.
Therefore we begin our solution by studying eigenvalues of T, 4 and H
which have been obtained either analytically or on the computer for
N =3,---,7. Some of these results have been published in ref. 6. From
these studies we abstract the following Ansatz for the eigenvalues of T}, ,
for any IV for the superintegrable case as a function of ¢

NN(ng - 1)V
[(n§)N ~ 1V

1+w'vmz‘:§ i 1+)\ a NV . we(a —bN)
H( 1+ wv, )H( 2dN * (L4 A)aN 2

a b N
T = (UE)P" ("Z)Pb(d—N‘)E

(2.22)

From this by (1.11) the eigenvalues of H are
FE :N(2Pc+mE) -—N(N-— 1)

(2.23) + AW(N - 1) = N(2P. + mg) + 2(P, — P.))

mpg
+2N Y tw,
£=1
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and from (1.21)

_’ 1+w ’Ul
2.24 PP ).
(2:24) H< T

In terms of this form we may make much more explicit the concept
of “sets” of eigenvalues previously discussed by associating with each
eigenvalue the quantum numbers mg, m,, P, P, and P.. We have done
this for all eigenvalues for A’ = 3,---,7 and list the results in Table I.

There are many important properties of the eigenvalues which are
reflected in Table 1. For example there are the symmetry properties

1. For N =0 mod 3

B(Q=2,P,)) = B(@=1,-P,-))
E(Q =O’P)A) =E(Q =0’_P’_A)
E(Q’Pa)‘) = _E(Q’_P - ?a_A);

2. For N =1mod 3

E(Q: 2aPa’\) = E(Q =0>_P7_)‘)
E(Q= I,P’A) = E(Q = 1»—P)_A);

3. For N=2mod 3

B(Q=1,P,\) = B(Q = 0,~P,—)
(2.25) E(Q=2P)\) = E(Q=2,-P,-\).

The proof of these symmetries is given in Appendix B. There are
also relations between my, P,, P, and Q

1. For N =0mod 3
a) ifm,=0mod3 then Py—P,=Qmod3
b) if m,=1mod3 then P,=1-Qand P,=1+Q mod 3
c)ifmp=2mod3 then P,=2-Qand P,=2+Q mod 3;
2. For N =1mod 3
a) ifm,=0mod3 then P,=0,P,=2-Q
b) f my,=1mod3 then P, —P,=Q+1=2soonlyQ=1is
allowed
c)ifmp=2mod3 then P,=Q+1mod3andP,=0;
3. For N =2mod 3
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a)if m, = 0mod 3then P, =0,P, =1 — Qmod 3

b)if m, = 1mod3thenPb=Q+2 P, =0mod 3

c)if mp= 2mod3then P, — P, =Q+2=1
(2.26) soonly Q@ =2is allowed.

These restrictions follow from the form (2.22), the equation (2.21)
and a symmetry of the eigenvalues found by Baxter [10]. The proof is
given in appendix C. There are inequalities necessary for Tj, 4 to be a
meromorphic function with poles only at Dy, ,D, , of

(2.27) P, +3P.+3mg+m, <2N

and
Pb+mp§3Pc

and there is the most important relation that eigenvalues occur in se-
quences such that if m g decreases by 2 then m, increases by 3. In other
words we may group eigenvalues according to

(2.28) 3mg + 2m, = const.

Armed with the insight of these finite chain studies, we conclude
this section by solving (2.21) for the case where m, = 0 and P = 0.
Numerically it is seen that for small chains and small A this is the ground
state. This is the case recently studied by Baxter [10] for arbitrary N
by use of a special case of (2.12) obtained by restricting the vector space
to a set which includes only vectors for m, = 0.

When m, = 0 the Ansatz (2.22) has a very simple behavior under
the automorphism R? namely
(2.29) Tpag = wFetRTY

Thus the equation (2.21) reduces to (setting P, = 0 in accordance with
Table I)

ab ab
"TN P Rq Kz/\f{( 2 I)N(an%‘)z _ l)N
ab ab
(2.30) +( dnz w? = )N(_anw _ I)NwP“
ab -

F (& -1V (St - NPy,
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Then if we note that

a® —b® _ 33
(231) (as+';3)— (Zqu)
we find
2 (@®+b%)2  , (a®—8)?
Kn cd)P H{ 4c343 zm-d—a}
(2.32) ={(g§’72 19 (dnw — 1Ny P
+ (2 1)”(33n2w_1)»f
+(Zz 2 _ )N'( dn W — )NwPa}.

where K is an irrelevant normalizating constant.
We use this to solve for the w,. First multiply together the two
equations of the curve (1.8) to get

(2.33) A(a® +8%) + (1 + A% = (1 — A)c3ds.
Thus s e

@ - - - Sy
and

(a® —b%)°
(2.34) Tap = ATH(L -2 - (1+>\)2( )3}

which are functions of c“—"i’ alone. Thus, defining

20b

(2.35) t=n"—

the roots w, are determined from

1+ A)? a® +08®
wj= LA (@D

_ @+ 1—(1+A)2t3 1 2

(2.36)
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where t; are the roots of the polynomial equation

0= Po(t) =t~ P {(t — )N (tw? — )N P

(2.37) F(tw — 1V (tw? — DV + (- D)V (tw — 1V WP}

‘We note that
(2.38) Pg(wt) = Pg(t)

and thus Pg(t) is a polynomial in ¢3. Furthermore Pg(t) is real for ¢°
real and thus the zeros of Pg(t) lie on the three lines where ¢,wt, and
w?t are real. Thus, since w} depends on ¢, only through ¢} we see that
to avoid triple counting of w; we should restrict our attention to the real
solutions of (2.37).

It remains to determine P, and P.. From Table I it is apparent
that these depend on @, and, since Q does not appear in (2.21) we
clearly need some other means to find them. One such extra piece of
information is the symmetry relation of Baxter [10] that if

(2.39a) ag - wag and by — w7 b,
then
(2.39b) Tpq— w 9 NT, .

Thus we use (2.39) in (2.22) with P, = 0 to find
(2.40) P,=—-Q - Nmod3.

Hence, with 0 < P, < 2 which is needed to prevent Tzﬁ’q having poles
at a = 0 or oo, P, is found to agree with Table I. However, for P, we
do not have such a general argument (although in ref. 10 Baxter does
have a special argument which applies to the present case) and will be
content to determine P, from Table I as zero.

‘We now combine these considerations and obtain

me

p o)
(241)  B(NQ) = AR +BRA-3) [(1-N+ % 4)‘t3]1/ ’
£4=1 T

where

2 —_
(2.42) m& = integral part of [~N—3g

]
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and
(2.43) AS + BN = —2Q — 2V —2Q - 3m3](1 + \).

It remains to study the N' — oo limit of (2.41). In this limit we
see from (2.37) that all real zeroes occur for ¢ < —1 where the first and
third term are of equal magnitude and oscillate and the second term is
real and exponentially smaller than the magnitude of terms 1 and 3. We
thus use Cauchy’s theorem to rewrite (2.41) as

(2.44)
BS(XQ) = A + BYA
3 il _ 2 1/2
~ 5 | dty (lan(t))[(l A+ t3]
=A% + B,‘\?,A
1

- - (1n Po(®)(1 ~ N + T 2
2mi citeatces
where the contours ¢, ¢z, and c3 encircle the zeroes of Py(t) as shown
in Fig. 3 and in the second line of (2.44) we have symmetrized over the
three equivalent contours.

We now obtain a form useful for the A/ — oo limit by deforming the
contour from ¢; + ¢3 + ¢3 to ¢y + c5 + ¢j. However, to do this we note
that the integrand of (2.44) has branch cuts at t* = 1 and 3 = (]£3)?
and a pole at ¢t = oo with residue |1 — A| where we assume A is real. To
handle the pole we rewrite (2.41) as

E% (X Q) = AQ + B -3mI1 - )|
(2.45)
—32{[(1—)\)2 ]1/2 11— Al}

and thus (2.44) becomes

%0 Q) = AY + B3 - 3mg|1 Y
1

- dt— In Po(t
(246) » 27 c'1+c’2+c ( Q( ))

{[(1-2"+

The limit ' — oo may now be taken because the contours c! lie far
away from the zeroes of Pg(t) and there is no pole at co. Moreover

)]
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C3

C3

Fig. 3. The contours, c;,c;, and ¢! in the complex ¢ plane.
The wiggly lines denote the branch cuts from 3 =1
to t° = (}22)%. The crosses indicate the zeroes of
the polynomial P(t).

the contours ¢, all give equal contributions. Thus we may restrict our
attention to cj alone and deform to the contour ¢f which circles the
branch cut on the real axis. Then if we note that the second term in
(2.37) is exponentially largest when ¢ is real and positive we obtain

(2.47)
el(A Q) = lim iE,‘(,(A-Q)
o\ N N—»ooN )
=—2|1 - |
3 w? w 2, A g
2mi Mgt oD~ N + 73]

where the righthand side is independent of Q. Then, if we note by using
the contours ¢4 and ¢ of Fig. 3 and by closing on the pole at t = o0
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that
1 w wz
= 1— 2 1/2
27 c’1' dt{wt -1 + w2t - }[( A) ]
(2.48) 1 e B
= — d—1 (1= A+ —2
2w c;’+c’2’+c" t—1 3
=—|1 -},

we may rewrite (2.47) as

(2.49)
(X Q) =

1 w w? 2 2 12,
_—,‘/;lldt{ T s (SPV N L8

27 wt—1  w?t

The integrand in (2.49) (as opposed to (2.47) has no simple poles and
is seen to be an abelian integral of the second kind over a hyperelliptic
curve of genus 2.

To simplify this result further we first combine the terms in the first
factor to rewrite (2.49) as

3 t+1 t + 1
Iy, - - A2 1/2

Further reduction is obtained by deforming the contour as shown in
Fig. 4 to the two rays

(2.51a) t=—wlz
and
(2.51b) t=—wz

where 0 < 2z < 0.
On these contours the square root in (2.50) is real for 0 < A < 1 and
we find

- 2A ]1/2

3v3 [
s Q) =-37 [ 4
By sending z — 27! this is manifestly seen to be an even function of A

(2.53) e5(X; Q) = eg(—X; Q).
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PNPNPPD-Y,
142
1=-X

-~ %

2/3

-wz

Fig. 4. The rays in the ¢ plane ¢t = —w?z and t = —wz for
0 < z < oo along which the integral in (2.50) is

evaluated.

Then if we let

1 —cos20

3 _
(2.54) % T {¥cos20
we find
el(XQ) = :[3_(7:+_*) / d6{(tan 6)1/® + (tan 8)~1/3}

(2.55) 0

1- (lj*i_—AA)z cos? §]/*

which by using cos? § = U is easily recognized as

Q) = ~(1+ N{F(~5, 51 uf_—AA)Z |

1 2 4
23 1; m)}

(2.56)
+ P(—

where F(a,b;c; z) is the hypergeometric function [14].

We have thus obtained an analytic expression for the function whose
expansion to order A\* was derived in ref. 6.

Near A =1 we use [14]
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(2.57)
Flabieifg fx)z) _1125?5 (:);(i: Z;
x F(a,b;a +b—c+1; (H;) )
D(OI(a +b =) 1= oy

NONORIES)
x F(c—a,c—bjc—a—b+1; (1+/\)2)

to find that

(2.58) e8(15Q) = —ani/2go8) 4 [O)

(3 T T()

which agrees with the numerical result of ref. 6. Moreover it is also clear
from (2.56) and (2.57) that near A = 1 we have

e\ Q) = Z(IH)Z" n+(1+A 2—-2(1“)2%

(2.59) n=0 ) -
1-Avgt 1=
+ G5 ”;’(H,\) én

which also confirms [6].
We also note that Baxter [10] has studied this problem for N > 3
and that his result for general N can be put in the form (2.56); namely

. P N 4ax
(2.60) (%@, N) = —(HA)ZF( > NS T
andat A=1
I LN~ PG - )
(2.61) eg(1;Q,N) = —4r~1/2 Yy 2N’
£=1 I‘(_N_)

For N = 4 and 5 these agree with the results of ref. 6.

For the purpose of studying the ground state energy per site this
completes our study in phase I. However, for the study of the excited
states we need slightly more information than the order A/ term in
E(X; Q), we need the order 1 term in E3/(X; Q) — E%/(); Q = 0). From
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Table I or from (2.42) and (2.43) we see that the details of the calcula-
tion will depend on whether N is congruent to 0,1, or 2 mod 3. However,
the final result is expected to be independent of this fact. We illustrate
the calculation for N = 0 mod 3.

From (2.42), (2.43) and (2.46) we find for N =0

(2.62)
E}(MQ =1) — E}(XQ =0)
=~ (343) ~ 3(m} —m%)|L -

3 d, B 2 172 _

s [, M By (0l -2
and m} — m% = —1. We may now use (2.37) and (2.40) to show that
on ¢}

. 1) -1
. = -2
(263) A}‘E‘ D) - H

and hence from (2.62)

Jim {ER(\Q =1) - E{(1,Q =0)}

(2.64) =—(3+>\)+3|1 - Al
bor [ T+ T2 -,

This contour integral may be explicitly evaluated if we first set
(2.65) z=1t3
to write
Jim {E}(\Q =1) - B} (% Q = 0)}
(2.66) == (3 + ,\) +3[1 = Al

[ FUa-n w2

11— A}

when I encircles the branch cuts of the square root in the integrand.
The only other singularity in the integrand is at z = 0 so the integral is
readily evaluated and we find for A = 0 mod 3
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(2.67)
A}i_l}loo{Ef{/(A; Q=1)-E}XQ=0)}

=—(3+A) 431 - A +2{1+A-|1-A}
=]1—X = (1-A).

For N =1 and N = 2 mod 3 the calculation is identical except that

(2.68) Ay + By A= (A + BN =20, mh-m& =0
and
(269) Pa(Q = 0) - Pa(Q = 1) =L

A completely equivalent calculation can be done for @ = 2. Thus we
conclude that for 0 < A < 1

Jim {ER(X Q) — Ex(X0)} =0
but for 1 < A

(2.70) Jim {EX (X Q) = Ex (X 0)} = 2Q(A - 1).

Indeed, for 0 < XA < 1 a more accurate calculation shows that E(}, Q)
is not only independent of @ to order 1 as A/ — oo but that the de-
pendence on @ vanishes exponentially as N/ — co. Thus we say that
these eigenvalues are asymptotically 3 fold degenerate. This is the ana-
logue of the 2 fold asymptotic degeneracy of the Ising model in the Iow
temperature phase [9].

§3. Single particle excitation in phases I and IV

Even though the eigenvalue E}/(); Q) calculated in Section 2 is the
lowest eigenvalue for small A and even though eg(); Q) fails to be analytic
only at A? = 1, this is not sufficient to guarantee that no phase transition
occurs for 0 < A < 1 because, clearly, if for some value of A the system is
unstable against single particle excitation a phase transition will occur.
In this section we continue our investigations by studying these single
particle excitations. More precisely, we study the states in the sector
Q = 1 with m; = 1 and P, = 0. From Table I we see that such states
exist for all A and all P # 0, or —27/3.
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We commence our study by using the form (2.22) with m, =1 and
P, = 0 in (2.21) and note again that in the resulting expression a,b,c,
and d can be eliminated in favor of the single variable ¢ to give

1P, ez 1 2 2 4 3
c't (1+t3v3)£l;[l[1— 1Jr)‘) t* — (1+A)2(1—t) )]

(3.1) =e Pt - 1V (tw? - V(A + wot)w P
+ (tw — DV (tw? — DV (1 + i)
+(t = 1)V (tw — V(1 + wPot)wP ).

Here we use the symbols P, and m g to distinguish from P, and mg of
Section 2. This equation must be used now to determine v as well as
We.

We first obtain v by letting ¢ = —v™! (and —wv™! and —w?v~? as
well). The left hand side of (3.1) vanishes as well as the second term the
right. Thus we find that v satisfies the equation

1

0=(-v' = V(= - 1)V (1 - w)w P

(32) n (—‘U_l _ 1)”(—0)1)—1 _ 1)”(1 — wz)wpu

which we rewrite as’
(3.3) wV(

Then if we use the relation (2.24) between P and v we find

14wy )N: 213‘1_1.
1+ w?v

(3.4) wNeiNP - wzl"a—-l

which, because of the quantization of P (1.21b) gives the identity
(3.5) 2P,~1-N=0 mod3

which, with 0 < P, < 2 fixes P, and agrees with Table I.
We now can determine the w, as before in terms of the roots of the
polynomial

5 o\ 4—Pug( 2 N n 1+t p
P(t) =t {(w't — 1)V (wt — 1) 1+t3v3w
1+ wty
) t— V(- 1)V
(3.) -1V (- v TRt
N Nl-l—wztv _p
+(t -1V (wt—-1) wre )

14303
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Thus, using the linear terms as found in Table I we follow the procedure
of the previous secion and find

En(P,A) = Ax + BN)‘ —3mg|l — A

(3.7) 1 4\

d. -
_ o —1inP 122 22 qi/2
perl) L T 1O =)+ 75
1 2 3
where
Ay =0,By=—-4 if N =0mod3
Ay =1,By=-3 if N=1mod3
and
(3.8) Ay =2,By=-2 if N =2mod3.

We finally must compute the difference Ex(P, ) — E3(X; Q = 0)
and let N/ — oco. Again separate calculations must be done for ' =0, 1,
or 2 mod 3. However, the calculation is slightly simplified if we note that

for all M
(3.9) P.=P(@=1).

Thus from (3.8) and (2.43) we have for all N/

(3.10) An + Byd— (Al + BiX) =3(1—))
and
(3.11) g —mg = —1.

Here, subtracting (2.45) from (3.7) and using the result that for 1 < ¢

m G B 4y 4t ww ol
(3.12) NGB T & T e (o T THomt

)

we find
Jim {Ex(P;A) - EQ(N1)}=3(1— X\ + 31—}
3 [P wv wlv
(3.13) + T /1. dt{l + wtv + 1+ wztv}
4\
x [ — (1N

-1
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and, thus, using (2.67)

Jim {Ex(PX) — ES(30) =4t — Al +2(1—X)

3 plERP? wv wiv
(3.14) +—7F 1 dt{1+wtv+1+w2tv}
4
gy,
X [~ (1= )

‘We now can investigate the question of stability posed at the begin-
ning of the section. When A = 0 (3.14) reduces to

(3.15) Exn(P,0) — E%(0;0) = 6.
However when A =1 (3.14) becomes
Jim {Ey(P,1) ~ B (1;0)}

(3.16) 6 [ Y o2
= — 8 —1)71/2,
wv/l- Mo T 1Tt ¢~V

This is clearly an analytic function of v which vanishes linearly in v at
v = 0. Therefore there is a range of P for which Ex(P,1) lies below
ES(1,0) if NV is sufficiently large. Thus there is a range of A about
A = 1 for which the state whose eigenvalue is E}/();0) is not the ground
state.

To be more quantitative about this instability we have plotted
Ae(P,)) = limy—, oo {En(P,A) — E3/(;0)} for several values of A be-
tween 0 and 1 in Fig. 5a.

We note that as we increase A Ae(P, \) first vanishes at A = .9735...
and P = .1612.... When A = 1 Ae(P, ) is negative for 0 < P <
.3518.... Thus we conclude that phase I surely does not extend to

(3.17) 9735... < A

because of instability against one particle excitation.

However, this is not the entire story. From the duality relation (1.26)
the value A’ at which phase I ceases to be stable and the value A’V at
which phase IV ceases to be stable should satisfy

(3.18) AT =1/0V,

Due to the presence of the term 4|1 — A| +2(1 — X) in (3.14) we find (see
Fig. 5b) that for A > 1 the region of P where Ae(P, ) is negative ocurs
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Ae (P,A)

0

-0.8-0.6 -0.4 -0.2 0.2 04 06 0.8
-1 P/m 1

Fig. 5a The excitation energy
Ae(P,)) = limy— o {En(P, A) — E3(); 0)}
for several values of A as a function of P for 0 <
A < 1. This excitation curve is tangent to the P
axis at P = .1612... for A =.9735....

for
(3.19) 9013... =1/ATV <1/A

This is clearly a smaller value than that of (3.17) and indicates that
phase I will be unstable against multiparticle excitation even though
it is stable against single particle excitation. This is the first piece of
evidence that the full phase diagram of Fig. 2 is correct and that phase
IT and Phase III are in fact distinct.

§4. Multiparticle excitations for Q@ =0

Once it has been shown that “single particle excitations” lie below
the “ground state” then it is to be expected that multiparticle excitations
will be lower still and thus the true ground state energy per site will lie
below the eg(A) calculated in Section 2.

The basic equation for eigenvalues is still valid as is the form (2.22)
but, as before, some guidance as to the choice of allowed quantum num-
bers must be gained from the finite chain studies summarized in Table
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Ae(P,2)/ X

1 08060405 0z 04 06 08 1
P/m
Fig. 5b The excitation energy Ae(P,A)/X for several val-
ues of A\ as a function of P for 1 < A < oco. This
excitation curve is tangent to the real P axis at
P =.225...for 1/X =.9013....

1. Here we confine our attention to the sector @ = 0 and make the ob-
servation that multiparticle excitations occurs in triplets. For example,
consider N = 7. The P = 0,m, = 0 state has the linear term —2(1+ ).
Accompanying the eigenvalue is a set with m, = 3 but not m, =1 or
2. Similarly for P # 0 the same linear term of —2(1 + A) has states of
mp = 3 and m, = 6. This occurance of triplets is caused by the fact that
each m, single particle excitation has a Z3 charge of 1. Thus triplets of
excitations do not change the Z; charge.

In this section we will compute the ground state energy per site for
a finite density of these excitations when

(4.1) } Jim my/N > 0.

We first must determine the equation for the v,. This is easily
obtained by first putting the form (2.22) in (2.21) to obtain the gener-
alization of (3.1) of

mp

! 2P5+P,,tPa+P,, 1+t3 1— 2t3 4 1_t3
dw I )H[ G~ vt -2



Chiral Potts Model 29

= e P{(t - WV (tw? - YV J](1 + woet)
=1
(4.2) + (tw = DV (t0® — VPP ] (1 + vat)
=1
+(t = DV (tw — )WV PP T (1 + w?ouat)}.
=1

We obtain m, equations for the m, unknowns v; by setting t = —u.

Both the left hand side and the second term on the left hand side of
(4.2) vanish here and we have

0= (g — IV (vpte? — D T — wurfue)

(4.3) £=1 .
+( vy -1 _ l)N(_,Uk-lw - l)Nw_(P“+P") H(l _ wz’Ug/’Uk)
£=1
for k =1,---m, which we rewrite as
w? +ue v —wly w? vl
4.4 T AW oy (PatR) )-
( ) (w+’0k) H U — WVg

=1

Once the vy are determined from (4.4) the w, are obtained from
(2.36) where now the ¢, are the real roots of the polynomial

_ 4—(P.+P, 2 N P.+P 1+tv¢
P(t) =t~ FatP (2 — 1WV(wt - 1)Vw bH(1+t3 2
1+ wtv
N(w N ¢
(45) -Vt -1) H<1+ta ;

e 14 w? tvl
N P.+P
+(t - )N (wt - YN b)”(l—{—t33

We now restrict our attention to the case m, =0 mod3

(4.6) Q=0,P,=0, 2P,—N =0, mod3
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where
linear term =0 for A =0mod3
(4.7) —2(1+2A) for N =1mod3
—(14+A) for N =2mod3.
Then since
(4.8) 2m, + 3mg = const = 3m%

and m, = 3s where s = 0,1,--- we have

(4.9)
Exn(P, )\, mp) — E3();0) = —3(mE —-m%)|1 = A

3 P(t) 2 1/2
-2 1=\ /
2t Joy dt ORI )
= 2my,|1 — )|
3 IEBPT g Py oax
£d a.  F) — (1 — A1/
+ w/l RSyl Rl Chab
=2mp|l — A|
3 (EBPE Ty, w?u,
+;/; dt;{1+wtv¢+1+w2tv¢}
4
(1 — )22,
X [ — (1= X))

where in the last line the N’ — oo limit is taken.

The solution of our problem has now been reduced to the solution
of (4.4). This, however, is a very familiar equation as can be seen by
letting

(4.10) v = LW

Zp — W
to obtain

_ 14204 212
4.11 N __ 2P+ P+ N—m, —1)met1 .
(411) = (=1)™ H 142 + zx2e
where from (2.24)
mp

(412) e+iP — wm,—-Pb sz

=1
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Up to the phase factor in front, this is the well known Bethe’s Ansatz
equation for the XX Z spin chain with A = —1/2 [15] where m,, is the
number of down spins in the chain. We thus would like to study the
N — oo limit by means of integral equations as is done for the Bethe’s
Ansatz problems. However, in order to do this we need to answer two
questions.

1. Do solutions occur for which v, = v;? and

2. Do solutions occur where some v, are complex?

To answer the first question we first note that there are indeed so-
lutions of (4.4) when 2 or more v, are equal. However whenever these
solutions have been compared with the finite chain studies they always
have led to eigenvalues which do not exist. This is, of course, not a sur-
prising happening because we do not as yet have any information on the
eigenvectors and hence the degeneracy of our eigenvalues is not really
known. This is a problem which affects any method of solution based
on equations for eigenvalues alone [9,16]. For the purposes of this paper
we will assume that solutions of (4.4) with equal roots do not contribute
to the eigenvalues because of the information obtained from the finite
chain studies. A better argument should surely be found because the
physics of the result depends on it.

To answer the second question we again look at finite chain calcu-
lations. In contrast to the first question we do indeed find that there
are eigenvalues corresponding to complex v,. Thus we must pursue this
question further.

If vy, is real then z is on the unit circle and each side of (4.11) has
magnitude 1 and (4.12) is satisfied with P real. However if vy is complex
then z; will not be on the unit circle and if there were only one such zx
(4.12) could never be satisfied. Thus we study the possibility of a pair
of 2, one inside and one outside the unit circle. Moreover because of
(4.6) the equation (4.11) reduces to

mp

1420+ 212¢
413 ZN — w2N -1 3my+1 ST ALl Ak4L
( ) k (=1) g 142 + 212

from which we conclude that the pair of roots z;,2; off the unit circle
satisfy

(4.14) 2t =27t
which we parametrize in the form

(4.15) 21 = (e, 2y =(7le
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with 0 < ¢ < 1 where ¢ and ¢ are real. We now recall the standard
discussion of pair solutions of Bethe’s Ansatz equations. If £ = 1 then
as N' — oo the left hand side of (4.13) goes to zero. Thus on the right
hand side there must be some factor which vanishes. The factor is

(416) 14 29 4+ 2125.

Equating this to zero and using (4.15) we find for N’ — oo the relation
between ¢ and ¢ of

(4.17) (= -2cos ¢,

where, to satisfy the requirement that 0 < { < 1 we need
27 4

418 — —.

(4.18) 3 <¢<3

We now use this in (4.10) and find that the vy which correspond to these
pair solutions are

we't — wle—t9 sin(¢ + %)
( a‘) U1 w (w—leuﬁ _ we—uﬁ) . wSiIl(¢ _ 2_3‘{)}
and
(4.19b) vy = 7.

Then from (4.9) we see that the contribution of these pair states make
to the energy is

3 IR i wv wiv v
el t r ™ 2 r
(4.20) 7r/1‘ {1+wtv,+1+w2tvr+ 1+v,t}
4\ 211/2
with
3 2w
(4.21) .. Cle ks P
sin(¢ — 57)

where the positivity statement is a consequence of (4.18). Thus, rewrit-
ing (4.20) as

(4.22) 3 /lﬂ'—?\lzls dtv,[l — vt + 4(v,t)?] [ 4A — (1= i
’ 7 Jy 1+ 33 -1
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and noting that for the allowed range of v, (4.22) this is positive we
conclude that complex pairs of v, will only serve to raise the energy
En(P,\,mp) — E3/(X;0). Thus these complex pairs will not contribute
to the lowest energy state and for our purposes the answer to question
2 is negative.

Having thus disposed of complex pair solutions and argued that the
vy, obey an exclusion principle we may now follow the procedure used for
the Heisenberg Ising chain and consider the vy to be distributed along
the real v axis in an interval

(4.23) v < v < vy.

We then take the logarithm of (4.4) and choose the logarithm of 1 to be
2mily where I are a set of distinct integers with

(424) Ik+1 - Ik =1

to find

(4.25) A'ln w? + v 47rzP +2mi(Te + )+Zl <______“L2_"£)
’ w+ vg k Vg — WU

We now may obtain an integral equation by considering the interval
Avy = vgy1 — vk and define the density function p(v; A) as

(4.26) Np(ve;A)Ave =1
and use
(4.27) Z Z (vi; A)Avg — /dvp(v;A)
¢ ¢
where
(4.28) p(v;A) >0 for vy <v<wy
and
vy
(4.29) / dvp(v; A) = im mp/N.
vL

Thus subtracting (4.25) from the same equation with & — k + 1 and
using (4.24), (4.26) and (4.27) we obtain

(4.30) /”"dv' Wi L 2T
’ s PO Tou 1 o 1—v+v2_\/§p’
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and hence the ground state energy per site is obtained from (4.9) as
1 b4
(4.31) () = JJim —En(P,\,m,) = el (A) + / dvp(v; A)F(v, )
— 00 vg

where

(4.32)

142 )2/s
1—A

1= -1 4
F(u,0) =21 -\ + > (uy —1)v 42
T J1

1- vy+vzy2{y3 -

- (1= AP

We note that F(v, ) is identical with the Q = 1 single particle excitation
spectrum AAe(P,A7!) for 1 < A found in Section 3. Thus we see that if

(4.33) AT = .901292--- <A< 1

then F'(v) has-two zeroes and is negative for v between them. There
zeroes determine the vy, and vy as F(vr) = F(vy) = 0 and can be used
in (4.29) to compute 7.

We thus have found in (4.30), (4.31) and (4.32) a set of equations to
determine e}?()), the ground state energy per site in phase II. However,
just as with the Heisenberg Ising chain in the presence of a nonzero mag-
netic field, this integral equation (4.30) has not been solved explicitly.
Thus we will content ourselves here with a few qualitative features of
the solution.

We have already noted that at A’ the energy per site ef(\) (2.56)
is analytic. However the same is not true for e}/. When A — AT from
above, vy, and vy approach

(4.34) ve =~ .12248...,

the integral in (4.30) can be neglected as being of order vy — vy, and we
find that p(v) can be approximated as

(4.35) pe=pluaN) = oL
and F(v, \) is approximated by

(4.36) F(v,)) ~ a1(v — v.)* — ag(A = XT)
where

0
(4.37) ap = —5f(vc,)\)|,\=>‘x
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and
1 9? I
(438) a; = EWF(IU’A )lv:'uc'
Thus
(4.39) L =v.t [ZE(A — A2
1

and we find that

') - ) ~ [ " dupelas (v — v0)? — ap(A ~ AT)

ai v

(4.40) = pel5 (v = ve)* — ao(A = A)(v — we)]3}
4 ag/z I\3/2
= —3Pe 1/2( — A1),

Hence e}f()\) has a singularity at A = A! even though e}()\) does not.
Thus it is surely true that A’ marks a phase boundary.

We close this section with a discussion of the behavior of e}f()\) as
A — 1. First we study the value of e}’ at A = 1 by setting v, = 0 in
(4.30) and A =1 in (4.32). Thus p(v; 1) satisfies

(4.41) /W av'p(o'5 1) bt L)
) 0 PYs v2 + v + 02 1—v+v2_\/§p’

and

(4.42)

i) = ef) + [ aoploi)? [ ay By

Secondly, we wish to study the singularity in e/f(\) as A — 1. For
this we must note from (4.41) that p(v;1) is not bounded as v — 0
because the kernal of the integral equation is v'~! if v = 0. Thus p(v; 1)
is of the form

(4.43) p(v;l) ~ Av™ as v—0

and, using this form in (4.41) we find that « satisfies

o z 2
44 —o_ T _ T
(444) /0 A
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and the integral on the left is evaluated as

2m sin 7o + 2)

4.45
(4.45) V3 sinma
Thus the equation for a is

sing(a+2) )

4.46
( ) sin ro

from which we readily find

(4.47) a= .

We may now compute the form of the singularity in ef/(A) at A =1
by noting that the region in the y and v integrals which contributes to
the leading singularity is :

(4.48) vy = 0(1)

where separately

1-X
A = _ —2/3 1 —
(4.49) y = z( T )\) with z =0(1)
and
(4.50) _ (L= ith z=0(1)
. v=\1x z with z= .

Then if we note that vy, = ¢(1 — ) which is much smaller than (4.50) we
see that p(v; A) may be approximated by (4.43) and (4.47). Thus from
(4.42) the leading singular behavior is

© 1A l—A a1 1-A
A S AN23 s T AN—2.2 —1/4
/0 Lo VA Core VAL I oy

1 3
z(2zz —1) 1-2° 1,
x/ d$1—zm+22m2( z3 )

(4.51)

The z integral must be cut off in an appropriate fashion to show
the constant term (4.42). This subtraction, however, can only affect the
amplitude and not the form of the singularity. Thus we find that as
A—1

(4.52) e(‘;l(x\) ~ egI(l) + const (1 — A)% + ..
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This singularity is clearly larger than the singularity (1 — )\2)% present
in ef()\). We thus conclude that phase II is separated from phase III by
a singularity in ef/(\) at A = 1 (which, by duality also occurs in phase

III).

§85. Discussion

Our calculations are complete and we now turn to the physical in-
terpretation of our results and a comparison with previous work.

The most detailed previous study of this system is that of Howes,
Kadanoff, and den Nijs [8]. We strongly advise the reader at this point
to consult ref. 8 because the situation is most subtle.

In Fig. 6 we reproduce the phase diagram of ref. 8.

®
DISORDERED
2
M INCOMMENSURATE
3
ORDERED
1
o]
0] /2 T
¢

Fig. 6 The proposed phase diagram of ref. 8.

This diagram is in the )\, ¢ = ¢ plane and contains 3 phases:
1. An ordered phase where for £k — oo

(5.1) < ZyZl >=m? + 0(e7*/¢)

and m = (1 — A?)Y/? for ¢ = ¢ = m/2 [8].
2. A disordered phase, dual to the ordered phase where

(5.2) < ZoZ} >=0(e~*/%)
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3. A single incommensurate phase where
(5.3) < ZoZ) > eiQek [gn

for 0 < Q¢ < 27/3.

As the boundary between 1 and 3 is approached from phase 1 there
is no singularity in the ground state energy. As the boundary between
phase 1 and 3 is approached from phase 3 the ground state energy has
a singularity of the form (A — A.)%/2. This phase diagram is arrived at
through series expansions in A and a fermion analysis in phase 3 about
the point A = 0,¢ = 7.

It is quite clear that there are major differences between Fig. 6 and
the phase diagram on the line ¢ = ¢ = 7/2 of Fig. 2. The most striking
of the differences is that not only does the phase boundary cross the
¢ = ¢ = m/2 line for Ay < 1 but that there are 4 phases instead of 3.
Moreover, neither our phase I nor phase III have all the characteristics
of the incommensurate phase 3. We conclude this because from Section
3 and Section 4 we see that in phase II the energy of three @ = 1
excitations is not the sum of three separate Q = 1 energies. This is
inferred from the coefficient of 1 — A being 6 in (3.14) if A < 1 while it
is 2 if A > 1. This lack of additive energies in phase II indicates that if
the total number of Q@ = 1 domain walls is not a multiple of 3 there is a
mismatched energy seam in the system which can only be caused by a
long range spin order. However, it is clear that if we extend the Bethe’s
Ansatz analysis of the eigenvalues in phase II we will see that there is
no mass gap in this phase. Hence we conclude that in contrast to the
incommensurate phase 3 we have for phase IT

(5.4) < ZoZ} >=mi et 4 K/k"

where K could contadin a term e*®17* as well. In phase III there will be
no long range order but by duality there will be long range disorder.
Such long range disorder is also absent in the phase 3 of ref. 8.

How can these two situations be resolved?

We first note that the analysis of ref. 8 makes no claim to be valid
near A = 1 and that we have no results near ¢ = 7 and A = 0. Thus,
unless some subtlety causes the perturbative results of ref. 8 to break
down if the expansion is carried out to all orders there has to be a new
phase boundary which separates the incommensurate phase 3 of ref. 8
from the phases II and III of the paper.

We also note, however, that phases II and III do have much in
common with phase 3. The argument that the incommensurate oscilla-
tion in the incommensurate phase 3 is given by the density of domain
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walls m,/N surely applies in our case as well. Indeed the singularity
of (A — A.)*/? in phase 3 at the phase 1 boundary is exactly the same
as our (A — A\?)3/2 singularity in phase II at the phase I boundary. The
only difference is that we have interacting fermions and ref. 8 has free
fermions. All in all the physical situation is most delicate.

Our final remark is of a more general nature. As was emphasized in
ref. 8 the reason that there are any transitions into phase 3 or phases II
and IIT at all is because of level crossing in the ground state. However,
if we were dealing with a two dimensional statistical mechanical system
with real interactions all elements of the transfer matrix would be posi-
tive for all real A and the ground state would always be non-degenerate
by the Perron-Frobenius theorem [17]. Thus level crossing in the ground
state would not occur.

There is a submanifold in the space of Boltzmann weights (1 7)
where this positivity occurs [4] namely

asc, = w'/2b3d,,
(5.5) lap| = |d,
1] = lep|-

On this submanifold there will be no ground state level crossing and the
ground state energy found by Baxter [18] will be correct for all real A.

On the other hand, for the superintegrable case considered here
¢ = ¢ = m/2, the Boltzmann weights (1.7) are in general complex, the
Perron-Frobenius theorem does not apply, and hence there can be level
crossing in the ground state of H. The existence of phases II and III is
due to this crossing.

The use of positivity properties of quantum mechanical hamiltonians
to prevent level crossing is well-known for hamiltonians of the form

(5.6) H=KINETIC ENERGY + POTENTIAL ENERGY

where in the coordinate representation

(5.7) POTENTIAL ENERGY = Y V(g — ¢;)
i<y

is a diagonal operator which may be made positive by adding a suitable
constant and

1 8?
_ 2
(5.8)  KINETIC ENERGY = § P! = 5@
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is an off diagonal operator with non-negative elements. For this hamilto-
nian the (operator analogue of) Perron-Frobenius theorem tells us that
the ground state is unique and has no nodes. For this type of hamilto-
nian the level crossing transition of this paper is forbidden.

But there are many familiar quantum hamiltonians which do not
enjoy positivity properties. The most ubiquitous are those obtained
from the minimal coupling with an electromagnetic field

(5.9) P,—P,—A,

where A, is a vector potential. The simplest example is the phenomenon
of Landau diamagnetism [19] where A,, is chosen to give a uniform mag-
netic field and V' = 0. In this case the ground state eigenvalue has a
macroscopic degeneracy. If instead of Schroedinger’s equation we con-
sider the free Dirac equation in an external magnetic field we also have
a system which has no positivity properties and has level crossing [20].
Clearly nonpositive hamiltonians, degenerate ground states, and level
crossing are common in quantum mechanics.

In quantum field theory there are also simple field theories such as
A¢* which have positivity properties for which we can prove unique-
ness of the vacuum. But when gauge interactions are introduced via
(5.9) these positivity properties can be destroyed. Once the positivity
properties are gone, level crossing phenomena can occur that change
the vacuum. One such example is the Adler, Bell, Jackiw [21] anomaly
which can be shown to be most similar to the behavior of electrons in
the presence of a magnetic field [22].

Finally, we remark that many of the models proposed to explain
high temperature superconductivity do not have positivity properties
and level crossing in the ground state must be considered.

On the other hand, even though there are many examples of quan-
tum systems where level crossing occurs, the physics of these systems
is far from understood if, for no other reason, than that perturbation
theory is an inadequate tool to investigate these phenomena. One of
the main uses of the integrable chiral Potts model is to provide physical
insight into strong coupling level crossing transitions. In this way the
N > 3 integrable chiral Potts model plays the role with respect to level
crossing transitions that the N = 2 Ising model has played for 45 years
with respect to second order phase transitions.
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Appendix A

We give here an algebraic derivation of the normalized recursion
relation (2.21). As a first step, we want to find an explicit expression
for fpqfqp and fp rqfqp- This has already been done in [18], but an
alternative calculation will be given here for completeness. Consider the
star-triangle relations [4,18]

Z q(k kq(] 1) p(z - l)
(A1) =0

fr;hfpyq Whp(] - k)W; (k - Z)W:,q(j ={).

q

Note that, from the definition (1.7)
(A.2) WM (n)=1, W{(n)=6n9 modN.
Therefore, if we replace ¢ — Rg,r — ¢ in (A.1), we find

(A-3) .fp,quq,p = fq,Rq-

Actually, by the definition (1.19), the RHS is in the form 3, so it must
be understood as lim f, py. This limit can be computed and it gives
q'—q

. N
(A4) forafep = Im fore = smyn-

(A.4) allows us to rewrite the recursion relation (1.18) as

Tp,qu,Rqu,R’q = e_ip{(fp,qfq,p)NT ,R2q¢ T (fp,qu Rq,p)NTp,q
(A5) 33 N
+ ( ) TP,R‘q}

>‘2fp,R’qu"q,pr,R‘qu‘q,p

where only f, ,fq» need to be computed, the other coefficients being
obtained applying the automorphism R to the ¢ variables. Define then

(A-6) Sp.a(k, ) & Z o (k=)W —£)

q=0
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and specialize (A.1) to the case r = ¢. Properties (A.2) of the Boltzmann
weights must be supplemented by

(A7) W myWH (n) =1, foq=1

p.q

which are also easy consequences of the definitions (1.7), (1.18). So we
find that

(A-S) Sp,q(k)z) = fp,qfqmék,l

and fp ofq,p is nothing else than S(0,0). We then proceed to compute
5(0,0). Since W7 (N +n) = W, (n), the definition of the Boltzmann
weights (1.7) yields

Spg(0,0) =3 ' waydy — dpagw’ T wdpgy — apdyw’
P Cpbg — bpCqw? 1 bpCq — Cpbw

=0 j=1
(A.9) ot i
=A d
=0 (bpeq — cpbew*)(dpag — apdqw?)
where we have set
dpag)? — (apdy)N
(A.10) A= (dpa,) (25d,) (bpeq — cpbg)(dpag — apdy).

(bpeg)N — (cpbg)™
By means of the geometric sum representation

1 N-1

(A.11) —

k=0
(A.7) is written as
N-1 N-1 . A N
(A.12) AI Z Z t ( P-q z) (dP qw‘)
i=0 ky,k2=0 plq

with

(A.13) A= -
agbpCedyp[l — (%:,?:)N][ (dpaq W)

Interchange the sums in (A.10), to get

' iy cpbq k2 apd, .
(A.14) D 814k -+h5 0 (mod N).

byc d,a
k1,k2=0 P-q Pq
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Since k;,kz€{0,1... N — 1}, one has that k; + k; + 1e{1,2...2N — 1}
and 8k, +x,+1,0(mod N) can be replaced by 8k, +x,+1,~. Eliminating the
§ one remains with a geometric sum and it is easy to conclude that

N(dpaq — apdq)(bpeq — cpby)
apbycgdy — agbgcyd,
% (apbpchq)N - (aqchpdp)N )
[(Bpeq)™ — (cpbg) M][(dpag)V — (apdg)™]

This awkward expression can be slightly reduced, by means of (1.8)

Sp,q(oa 0) =
(A.15)

(dpag — apdg)(bpcq — cpbg) a;va;v - bzllvbév

N
A16)  Sp4(0,0) = '
( 6) P»Q( 4 0) apbpchq — aqqupdp a’g’bév - a‘II’vbév

In the superintegrable case, when a, = b, = 1 and ¢, = d, = 7, this
expression further reduces to

N(n% —1)(n2 - 1)

/\n"%f—gf—l)

(A.17) foafar =

The notation is somewhat simplified if, following [10], we set z = 17%:
y = ;& with (2 ~1)(y" — 1) = Ay" —z"), owing to (1.8). Therefore,
when N =3

3(z-1)(y—1)

(A.18) Foafar = Ay — z)

and f, grqfR*qp is found noting that the action of the automorphism
R on the pair (z,y) is R(z,y) = (1/y,1/wz). Finally, defining the
normalized transfer matrix T, from

(z - I)N N
(A.19) Ty = WTp,q

and inserting (A.16), (A.17) into (A.2), it is straightforward to obtain
(2.12) with

(A20)  hpg=32(z/y—1) =3 (n—b— - 1) '
Cqdg
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Appendix B

The Hamiltonian (1.12) enjoys many symmetries, but we will prove
here only those listed in (2.25). Further information can be found in
[8,23]. The definition (1.14) of X and Z implies that

(B.1) ZX=wXZ XVN=2zV"=1 Xt=x"1 Zzt=27

where X and Z are taken to be on the same site. Operators on different
sites commute.

Here we prefer to work in the basis when X is diagonal. In this basis
Z acts as the cyclic step-down operator, (see (B.1))

(B.2) Xn>=w"n> Zn>=|n-1> (modN)
Define an operator V that, on each site of the chain, acts as follows
(B.3) Vin>=|N-1-n>
Obviously V = V! and
(B.4) VZ, vl =z}
VXVIX! =0Tl X]

Furthermore, we will need the space inversion operator I. It slightly
simplifies the notation to consider the Hamiltonian (1.12) to be centered
about the origin, even though the conclusions are by no means affected
by this choice. Thus

IX I “1=Xx_ E

B.5
(B-5) 12,17 = Z_,4.

Set U = IV. We have that
(B.6) UH(8y,0,) Ut = HW"G—p, an)

This is true for any value of A, ¢, #. In the superintegrable case, ¢ =
¢ = 7 /2 entails that

n = -

(B.7) Wha_, = —@n,

which amounts to change the sign of A\. Therefore, we conclude that in
the superintegrable case, for any length of the chain, the whole spectrum
is invariant under A — —A

(B.8) {EV)} = {B(-2)}.



Chiral Potts Model 45

To prove how the various sectors are mapped into each other, we observe
that with P the momentum and e*F the (right) shift operator,

(B.9) UePU™! =e*F

since U includes the space-inversion operator. As to the Zy charge
operator R = [, X&, (B.4) implies that

(B.10) URU™! = NR™!

Therefore, calling @ the zy charge, defined mod N by R = egf\'r_iq, the
complete transformation properties of the spectrum are

(B.11) E(Q,P,\)=E(-Q —N,—P,-)).

When N = 0 mod N, a further symmetry of the spectrum is present.
To show it, we introduce U defined by

(B.12) U =1(]] x:*).
k

The transformation property of the basic operators X, Z is

[ij U= X &
(B.13) - .
UZ,U T =wZ_4
When applying U to the Hamiltonian, it is easily seen that the term
(Z12},,) goes into w7(Z_xZ',_,)’ but the boundary term, where
periodic boundary conditions are imposed, acquires an extra factor whi,
This factor is identically 1 if we choose N/ = 0 mod N. Under this
restriction

(B.14) UH(an,0n)0 ! = H(Gp, a_qw™)

In the superintegrable case a_,w™ = —a,, and therefore the whole
spectrum has the symmetry

(B.15) {E(N)} = {-E(-N}.

Incidentally, (B.15) along with (B.8), assures that for N' = 0 mod N,
the whole spectrum is reflection symmetric about 0 [23].

Obviously [/, R] = 0 and a sector of specified Q is mapped into
itself under U/, but an eigenspace of momentum is not, because U is not
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translation invariant. Instead, remembering that e’¥I = Ie~*¥ we find
that for an arbitrary vector of momentum P and Zy charge Q

(B.16)
e’PUIP,Q > = e"PI(HX,;’k)[P,Q >= Ie'iP(HX,:k)eiPe_iPIP,Q >
k k
= UR e *F|P,Q >= Ue P+ |p,Q >

Hence U|P,Q > has momentum —(P + 2—"N—Q) Now (B.14) allows us
to conclude that, given an eigenvector of H()), with momentum P, Zy
charge Q and energy E()\)

(B'17) H(*’\)(le(’\)aP’Q >= _E()"P,Q)(jIE()‘),P,Q >

so that |[E()), P,Q > is also an eigenvector of H(—\) and the relation
holds

(B18)  {EOPQ}={-B(-»-P- 22,0

which completes the demonstration of (2.25).

Appendix C

The set of equations (2.26) comes from a requirement of consistency
between (4.12) and (4.13) and (2.39). In a A-site chain, eNP = 1, so,
(4.13) yields

(C.1) ﬁ 2V = N (Pe=ms)
=1

If we multiply the m, equations in (4.12) we have
(c2) T[ ' = wmeW=Pmpsmy)

=1
which is consistent with (C.1) provided that
(C.3) N(Py —mp) = mp(N — Py — P, —m,) (mod 3)
This restriction on P,, P, has to be supplemented by
(C.4) Py—P,=Q+N (mod3)



Chiral Potts Model 47

which follows from the symmetry (2.39). By inspecting all the possible
values of A and m, (mod 3) in (C.3) and C.4) we solve for P, and P,
and find (2.26). Note that for some choices of N and m,, a solution can
be found only for particular values of Q.
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Table 1

G. Albertini, M. McCoy and H.H. Perk

The quantum numbers for the eigenvalues of the
transfer matrix established from analytical and nu-
merical studies on finite size chains of length V' =
3,4,5,6, and 7. Here Q is the Z3 charge, P is
the total momentum, and the quantum numbers
P,, Py, P.,mg, and m, are defined by (2.22).

Linear Number| Number of

Q| P Term |P,|Py|P.img|mp| of Sets |Eigenvalues
0| 0 0 Jojojol2|0] 1 4
0 |o0foj1|jo0|3]| 1 1
+2 0 Jofoj1]0 |3 | 2 2
1| 0 |—-(3+X)|2(0l0|1]0 1 2
2x |o|1f1jo0|2]| 1 1
+2=l —4x |2|0(1|0 |1 | 1 1
22 joj1l1|o 2| 2 2
=x o 3-X |0|1]|1|1]0 1 2
22 Joji1f1|o|2]| 1 1
200 [ =3+x|1j0{0[1 0] 1 2
22 |1jo|1]{0 2| 1 1
7 34X (02|11 ]0 1 2
~2x |1]o|1]o0|2]| 1 1
== 43 02|10 |1 1 1
—2x |[1]o|1]0|2]| 2 2
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Linear Number| Number of
P | Term |P,|Py|P./mg|mp| of Sets |Eigenvalues
0 0 |ofoflof4]0 1 16
ojo|l1|2|3 5 20
0(o0|2|0 |6 10 10
£ 0 |0j0f1|2]|3] 8 32
0({0({2][0 |6 6 6
#rl 0 |ojoj1|{2|3]| 8 32
0{o0|2/0 |6 8 8
7 0 |(0]0]2]2]3 9 36
0{0|2|0 |6 5 5
0 [-3-X/2]0]0|3]0 1
2001|113 2
3—-xfof1|2|1]3 5 10
22 (01122 3 12
0[1(2]01|5 5 5
—4x |2|0]2]0 3 3
Szl —ax (2001 2|1 |LLL1| 4444
g, 210/2|0|4]{0,4,0,1]| 04,01
=2x)_3-X{2|0(1|1]|3]5344| 10,688
3—A[0|1({2(1]3|4354]| 86,10,
22 |o0|1|1] 2| 2|3,43,3|12,16,12,12
0{1]2]|0|5]5656]| 56,56
=5 3-A|0|1(1]3 |0 1 8
0{1({2|1]3 2 4
—3-A/2]|0|1]1]3 5 10
2) |of1|1]| 2|2 3 12
o(1|2|0 |5 5 5
—4x [2]0(2]0 3 3

51
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Linear Number| Number of
Q| P | Term |P,|Py|P./mg|mp| of Sets |Eigenvalues
21 0 [-3+Al1|0j0|3 |0 1 8
1{o0flo|1]3 2 4
34A (022|133 5 10
—2x [1]0]1]| 2|2 3 12
1{0(2]/0]5 5 5
4x (0{2]2]0 3
e
Sxlo4x 02|12 |1 | L1L,1,1| 4444
==, 0|2(2]0|4|1,040| 1,040
Smi-34A1]0]1] 1|3 4435 88,6,10
34X (0|22 1|3 4534 8,10,6,8
—2x [1]0]1] 2| 2]3,3,43 [12,12,16,12
1(0(2/0]|5 6565 656,5
34X |0[2[1|3 |0 1 8
0(2(2]|11|3 2 4
—34+A[1|0j1]|1]3 5 10
—2x |1]0f1]| 2|2 3 12
1{0}(2(0]5 5
4x |o]2]2]o0 3
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