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Abstract

The relationship between the conformal field theories and the soliton
equations (KdV, MKdV and Sine-Gordon, etc.) at both quantum and
classical levels is discussed. The quantum Sine-Gordon theory is formu-
lated canonically. Its Hamiltonian is the vertex operator with respect to
the Feigin-Fuchs-Miura form of the Virasoro algebra with central charge
¢<1. Lt is found that the quantum conserved quantities of the Sine-
Gordon-MKdV hierarchy are expressed as polynomial functions of the
Virasoro generators. In other words, an infinite set of mutually commu-
tative polynomial functions of the Virasoro generators is obtained. A
very simple recursion formula for the quantum conserved quantities is
found for the special case of 52 =8z (8, is the coupling constant in
Coleman’s theory of quantum Sine-Gordon).

§1. Introduction

Conformal field theories in two dimensions ([1], [2]), especially those
corresponding to the unitarizable Virasoro algebras ([3]) with central
charge ¢<1, are extremely interesting, since they offer rich examples in
which Green’s functions are calculable. The relationship between the
conformal field theories and solvable lattice models has been extensively
investigated (J4]). In order to obtain dynamical understanding of their
solvability, we discuss in the present paper the relationship between the
conformal fleld theories and other types of solvable models, i.e., solvable
continuum quantum field theories and in particular the quantum Sine-
Gordon and the quantum Modified KdV (MKdV) theory ([5], [6)).

Let us recall the condition characterizing solvability in classical
particle dynamics. That is the existence of independent and mutually
involutive constants of motion (conserved quantities) as many as the degree
of freedom (Liouville) ([7]). So we expect a solvable quantum field theory
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is characterized by the existence of an infinite set of quantum commuting
operators (conserved quantities) ([5], [6], [8]). Of course, conformal field
theories in two dimensions do have an infinite number of conservation

laws
(1.1 (T..z)=0, 3,(Taz")=0, neZz

in which z=x,4ix,, Z=x,—ix, are coordinates and T,,, T;; are compo-
nents of the Energy-Momentum tensor of the system. However, they are
a consequence of two invariance principles

(1.2) 0,T,,=0, translational invariance,

(L.3) T,=0, scale invariance.

Therefore no other dynamical information about the solvability of con-
formal field theories seems to be contained in eq. (1.1), except that the
dynamics is decomposed into the holomorphic and antiholomorphic parts.

At the level of the classical theory, however, there is a hint. Gervais
([9]) pointed out that an infinite set of mutually involutive polynomial
functions of the Virasoro generators does exist provided that the Virasoro
commutation relations are regarded as the Poisson brackets. These are
nothing but the well known infinite set of conserved quantities of the
Korteweg de Vries (KdV) equation ([10]), a solvable classical field theory.
In this paper we show its quantum version. Namely, we show that there
exists an infinite set of mutually commutative “‘polynomial® functions of the
Virasoro generators. And these quantum commuting operators are closely
related with the solvable quantum Sine-Gordon (S-G) theory and the MKAV
theory, examples of solvable quantum field theories ([6]). We put a quo-
tation mark on “polynomial” since the ordering of the Virasoro generators
must be carefully specified due to their commutation relations in contrast
with the classical case in which ordering is immaterial.

This paper is organized as follows. In Section 2 we briefly review
the basic results of the classical soliton theories which are necessary for
the present purpose. The close relationships with the quantum case are
stressed, for example the Miura transformation ([11]) connecting the
MKGAV and the KdV hierarchy as the Feigin-Fuchs form ([12]) of the
Virasoro field and the Sine-Gordon Hamiltonian as the classical limit of
vertex operators. In Section 3 the outline of the quantum soliton theories,
proposed by the present authors ([5], [6], [8]) is introduced. We show the
construction method and the properties of the quantum conserved quanti-
ties for the MKdV hierarchy. As a new result we give a proof of the
existence of the infinite set of quantum commuting operators, which is
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valid for most soliton equations. Section 4 and Section 5 are the main
part of this paper. In Section 4 we define the integrable Sine-Gordon
theory in terms of the vertex operators and the Feigin-Fuchs-Miura form
of the Virasoro algebra. The mutually commuting “polynomial” functions
of the Virasoro generators are identified with conserved quantities of the
quantum S-G theory. In Section 5 we give a method of construction of
these mutually commutative “polynomial” functions of the Virasoro gener-
ators. Explicit forms of some of its lower members are given and a simple
recursion formula is proposed. Rather distinctive features are found when
the Virasoro algebras happen to be some members of the discrete uni-
tarizable series and they also correspond to the special values of the coup-
ling constant in Coleman’s ([13]) theory of quantum Sine-Gordon equation.

§ 2. Classical Soliton Theories

In order to introduce appropriate notation and to be selfcontained,
we summarize the classical soliton theories which are necessary for later
sections. Certain new results, for example Proposition 2.5, are contained.
For more details see [6].

2-1. Moedified Korteweg de Vries (MKdV) equation
The MKdAV eq. reads

2.1.1) U, =u,,,— ou'u,,

in which u=u(t, ¢) is a real (hermitian) field in 14-1 dimensions depending
on time (¢) and space (¢) variables and u,=d,u, u,=d,u, u,,=0%u, - -,
etc. It is assumed that u has continuous g-derivatives of all orders.
Throughout this paper we impose the periodic boundary condition with a
period 27,

(2.1.2) u(t, o+ 2r)=ult, o).

An infinite set of polynomial conserved quantities is given as follows

2%
2.1.3) [=— 1 I do Lu@)Y,, W), neN,
2z Jo 2
in which Y, (u) is a polynomial in u, u,, u,,, - - -, defined recursively
n—1
(2.1.4) Y,u=0,Y,+u, Y, Y, 4 Yi=—u
k=1

It should be remarked that in egs. (2.1.3), (2.1.4) and hereafter the time ¢
is always fixed and suppressed. It is easy to see that uY,, is a total ¢-
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derivative giving rise to a trivial conserved quantity. Explicit forms of
some lower members of I, are

I= _LJ‘“ do 1 u?,
2r Jo 2

L= do L (—u—ut),
2z Jo 2

(2.1.5) | oo .
Ig=»2—7r.J‘0 da(u“—{- Sutu? +?u3, ),

1 (= 5 7 1
I=_J d <——-u3—35u*u?, —uj—7u2u3,—-——u§”).
T2 N\ *3 2

Let us denote by P the integral of a local polynomial p in u, u,, u,,, - - -,
1 27

(2.16) P:‘——J. dO'P(u, uq’ Usgy * * ')’
2r Jo

and by ¥ the vector space (with complex coefficients) spanned by them
2.1.7 V={P|P given in eq. (2.1.6)}.

We introduce the following Poisson bracket for the field u(c),
‘B 2
(2.1.8) {u(o), u(e)} = (5) 279,5(0 — ),

in which p is a positive constant. Later it will be interpreted as the
coupling constant in the quantum Sine-Gordon theory. In fact, the MKdV
equation (2.1.1) is the canonical equation with (8/2)~%/, as the Hamiltonian,

(2.1.9) 0.u(0)={u(0), (8/2) "L} =ut,,,(0) — 61’u,(0).

The vector space V is closed with respect to the Poisson bracket (2.1.8),
i.e.,

(2.1.10) P, Qe V=—{P, Q}eV.

Some of the main results of the classical MKdV eq. are:
Proposition 2.1 (Involution).

(2.1.11) {r,, 1,}=0, n, me N,

Proposition 2.2 (Uniqueness).
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(2.1.12) PeV, {L P}=0=—=P=3lc,l,
n=0

2%
in which I, =f udg and c,, are constants.
0

2-2. Sine (h)-Gordon equation
The Sine-Gordon (S-G) equation (in the light-cone coordinates) reads

2.2.1) a,a,¢+% sin g0,
whereas the Sinh-Gordon eq. is
2.2.2) 9,9, 4+ _[13_ sinh g —0.

Here f is the same positive constant as appeard in eq. (2.1.8). In classical
theory it can be absorbed by redefinition of the field. These two equations
are closely related with the MKdV eq. In fact, by the identification

(2.2.3) u(a):%ﬁa,gb(u),

the conserved quantities I,(u), eq. (2.13) of the MKdV eq., eq. (2.1.1) are
also conserved quantities of the Sinh-Gordon eq. (2.2.2). The Sine-
Gordon eq. is, by the same identification (2.2.3), related to another type
of MKdYV eq.

2.2.4) u,=u,,,+6u’u,,

which is obtained from eq. (2.1.1) by replacing u by iu as the Sine-Gordon
eq. is derived from the Sinh-Gordon eq. by replacing ¢ by ig.

Proposition 2.3 (The Sine-Gordon-MKdV hierarchy). The Sine(h)-
Gordon eq. and the MKAV eq. share the same set of polynomial conserved
quantities under the identification (2.2.3).

In the following we always identify u with (8/2)d,4 by eq. (2.2.3). We
impose the following Poisson brackets on ¢(g) in conformity with the
Poisson bracket for u, eq. (2.1.8),

225  ($0), N} =—rel0—a), (), u(o")}:—g—2n:5(a—a’),

in which ¢(¢) is the signature function. These relations can be obtained
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as the Dirac bracket ([14]) when formulated in terms of the Sine-Gordon
Lagrangian in the light-cone coordinates. The S-G eq. can be expressed
as a canonical equation

(2.2.6) £9,0,4(0)=2u,(0)=2{u(o), H},
with the Hamiltonian

1 2x
o L do(1—cos S¢).

(2.7 H=

Then Proposition 2.3 can be expressed simply as
Proposition 2.3/,
(2.2.8) {1,Gu), H}=0, ne .

It should be remarked that our coupling constant §* differs from the
conventional one ([13]) £ by 2r,

(2.2.9) fi=2xf"

Due to the periodic boundary condition on u, eq. (2.1.2), we expand
u(c) in a Fourier series

(2.2.10) Lt(o):—‘[;— ST aemine,
in which
2.2.11) (@) =a_,, neZ

by reality (hermiticity) of the field u. This fixes the expansion of ¢(q)
except for the zero mode

(2.2.12) @) =g+ag+iY] Lre-tr?,
n

n#+E0

The Poisson bracket (2.2.5) can be rewritten as
(2'2‘13) {a’n5 0(,,"}: —in5n+m,05 {q5 an}zan,()'

If we impose the condition that ¢'#* and e~*#* be periodic in ¢ with a period
2z, we have

(2.2.14) pet, & Z.
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2-3. Korteweg de Vries (KdV) equation
The KdV eq.

(2.3.1) V,=V,,,+6vU,,

is also closely related with the MKdV eq. In fact, the Miura transfor-
mation ([11]) :

(2.3.2) v=ut+iu,,

maps a solution of the MKdV eq. (2.2.4) to that of the KdV eq.
(2:3.3) U, — (Vg0 +600,) = (2u 10 )1t — (450 + 60u1,)].
There is another type of Miura transformation

2.34) v=u'+u,, hermitian,

connecting the MKdV eq., (2.1.1) to the KdV eq.

(2.3.5) U, =U,,,— 06UV,

(2.3.6) v,— (U, . — 60V, = Qu+0 Nu, — u,,, — 6utu,)l.

The second type of the Miura transformation, which we no longer discuss
in the present paper, corresponds to a Virasoro algebra c¢>>1 after quanti-
zation,

The Poisson bracket of the u field defines a Poisson bracket for the
v field through the Miura transformation, eq. (2.3.2),

23.7) {0(), v(a’)}=2n(¢§~)2[2(v(a)+v(a’))6,,5(a-—a’)+8§5(a—-0’)].

This gives rise to a Virasoro algebra at the Poisson bracket level ([9]) up
to normalization if an appropriate constant is added.
The KdV eq. has also an infinite set of polynomial conserved quantities
K, (v),
1 % 1 )
(2.3.8) K,(0)=—\ do=v(0)Z,,,,v), n=0,1,2,3.--,
2w Jo 2

in which Z,(v) is defined recursively

n-1 ‘
(2.3.9) Zn,ﬂ_:a‘,Zn—I"vZZan-k, Zl=1-
k=1
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The explicit forms of the lower members of the conserved quantities are
(we impose the periodic boundary condition on v, t0o.)

K:—I da—l—v
2
1
K—_——J do — 1%,
2
(2.3.10) Kz._——I da—;—( V4 209),
K, =__f da—i—(v,,,——lOvv 4 5vh),
K:_I da—;—( V2, + 14v?, — T00%02 4 140°), -

Theorems for the KdV hierarchy corresponding to those of the MKdV
case, Propositions 2.1 and 2.2 also hold true for appropriate Poisson
brackets. And, in particular, for the Poisson bracket (2.3.7), the set K,(v)
gives the infinite set of mutually involutive polynomial functions of the
Virasoro generators ([9]), which are nothing but the Fourier components v,
of the v field.

If we substitute v by the Miura transformation eq. (2.3.2), the poly-
nomial conserved quantities K,(v) of the KdV eq. (2.3.1) give rise to the
polynomial conserved quantities of the MKdV eq. (2.2.4). In fact, we
have

Proposition 2.4.
(2.3.11) K,(v=v+iu)=1I,,, (i), n=0,1,2, ---,

The r.h.s. of the above equation is a real element of the vector space
V, eq. (2.1.7). Therefore, the polynomial conserved quantities K, (v), n=
0,1,2, ---, can also be uniquely characterized by the condition that they
give rise to real elements in V.

Proposition 2.5. If the integral of a local polynomial in v, v,, v,,, - -+,
after substitution by the Miura transformation, (2.3.2), is a real element of
V, then it is a polynomial conserved quantity of the MKV eq. (2.2.4).

Although the proof is quite simple, we give its outline here, since it
serves as a simplified model of the corresponding theorem Proposition 4.1
in the quantum case. In fact we have a Poisson bracket relation
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2.3.12) {(u2+iu,)(a), r”da'ew¢<v'>} —0, Yoel0,2q].
0

If F(v) is an integral of a local polynomial in v, v,, v,,, - - -, and if it is a
real element of V,

(2.3.13) F(u)'=F(v), v=u'+iu,,
we have

2.3.14) {F(v), Jzzda’e*“’“"')} 0.
and

(2.3.15) {F(v), ﬁ”do’e-wv‘w')}:o.

The second equality follows from the first by complex (hermitian) con-
jugation. Then we have

(2.3.16) {F(v), H}=0,

and it is a polynomial conserved quantity of the MKdV-Sine-Gordon
hierarchy. :

§ 3. Quantum Soliton Theory, the MKdV Hierarchy

In this section we introduce various concepts and notation of the
integrable quantum field theories ([6]) which constitute the background for
the developments in Section 4 and Section 5. The main result is that the
soliton theories can be quantized as continuum theories in such a way
that the infinite set of polynomial conserved quantities survives, Proposi-
tion 3.6. In other words, quantum soliton theories have an infinite set of
quantum commuting operators. For details see [6], [8].

Canonical quantization of the u(¢) field is achieved by replacing the
Poisson brackets (2.2.13) by the following commutation relations

(31) ‘ [am am]zhn5n+m,0’ [.q’ an]=ih5n,0‘

Since we are interested in the relationship between the classical and
quantum theories all the # (Planck’s constant divided by 2z) dependence
are displayed explicitly. In terms of the field u(s), the commutation rela-
tion reads

3.2 [u(o), u(e’)]=1#'270,8(c —”),
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in which #’ is defined by

2
33 - (_/3_) .
(3.3) 5

It should be remarked that % in [5], [6] should be identified with #’ in
this paper. '

We interpret «,,, m>0 (m<0) as annihilation (creation) operators
and «, as a zero mode (momentum operator) and ¢q its conjugate coordi-
nate operator. The vacuum |0> and a state |0; x> with momentum p
are defined as follows

G4 @,|0>=0,  n>0.
(3.5) @,]0; u>=0, n>0, &)]|0;p>=p|0;u>, peR.
The Fock space is spanned by the basis

(3.6) Ol @ |05 p>, n;>0, peR,

and u(g) is an operator acting on this space.
Next let us define normal ordering, which we denote by : :. Suppose
a monomial in @, is given

(3~7) @ Oy * Oy
its normal ordering is defined by putting all the annihilation operators to

the right of the creation operators

© Oy,

3.8 A SRR s (TR nhent 4

‘an}af
in which (n{, - - -, n}) is a reordering of (n,, - - -, n,) such that
3.9 n,ny, -, n;<0 and 1}, .-, n,>0.

Since creation (annihilation) operators commute among themselves their
ordering is immaterial. In this way we can define normal ordering for
products of field operators at the same (different) point or their integrals
as well.

(3.10) m(a):, (o, (a0 f"da cumi™ (), ete.
0

Let us denote by ¥ the quantum counterpart of the vector space V, eq.
(2.1.7), defined in Section 2-1,
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(3.11) V={:P:| P given in eq. (2.1.6)}.

Proposition 3.1. The vector space V is closed with respect to the com-
mutation relation (3.2), i.e.,

(3.12) V:P: :Q:e V—=—>[:P: :0]eV.

Therefore, we look for the infinite set of quantum commuting operators
in this space. It should be remarked that quantum closure is not an
automatic ‘consequence of classical closure and quantization. For ex-
ample, it breaks down for the Nonlinear Schrédinger equation in the
conventional quantization ([8]). Supposing that the coefficients of P, Q e V
has no #’ dependence, we have the following correspondence between the
quantum and classical quantities.

Proposition 3.2 (Correspondence).

(3.13) [:P:, :Q:]y,=1:{P, O},
in which the Lh.s. is the coefficient of the lowest term of a polynomial in #',
(3.1% [:P:, :Q:]:Ic}:_“‘lh”‘[:P:, 10y

In proving Propositions 3.1, 3.2 and other relations the techniques of
conformal field theories and/or string theories are quite useful. Let us
explain its essence briefly. We introduce a fictitious ‘‘time” variable
and define a complex variable z by

(3.15) Z—ettio,

and consider the field theory defined on the complex plane
(3.16) () = (g) S,z

instead of the original theory defined on the circle S*. Then YP e V, eq.
(2.1.6) can be expressed as

G.17) P= %p(u, Du, D, - - -),
0
in which
1 . 0
3.18 =—0, D=iz—,
( ) f 2ri 0z
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=G 4 &

(The quantum expression has : : on both sides). The integration contour
should encircle the origin once and otherwise arbitrary due to the ana-
Iyticity. By a simple deformation of integration contours, we get the
following general expression for the commutator [: P:, : Q:], (Fig. 1),

(3.19) [:P:, :Q:]=§o%§c %—C-R:p(c): 1q(2):,

in which ¢, is a small contour encircling the point z and R denotes the
radial ordering ([15]). For two local operators a({), b(z) with coordinates
z and { their radial ordering is defined by

a@bz)  if[L]>|z],
b(z)a@)  if|C]<[z].

Generalization to the products of three or more local operators is obvious.
In order to calculate the commutator, eq. (3.19), we expand the radial
ordered product R:p(l): :q(z): by Wick’s theorem ([16]). Namely we
expand a radial ordered product of local operators into a sum of a normal
ordered product times propagators. The simplest example of Wick’s
theorem is

(3.21) Ru(Qu(z) = :u(Qu(z):+ W' A, 2),

(3.20) Ra(0)b(z) =

in which the propagator 4(, z) is defined by

(3.22) K A(C, 2)= <O0| Ru(@)u(z)| 0> =#'—_F .
C—2r
Then the { integration is the standard residue calculus. For more details
see [6].
The infinite set of quantum commuting operators [, n=1,2,3, - - -,
are constructed as follows. We start from the ansatz

I=:1:, L=:1:
(323) n—1
L=:I:4+>#"IP:, n>3,
=1

in which “quantum correction* terms :I®:e V are to be determined.
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They should satisfy the irreducibility condition;

(3.29) I does not contain any of 7, as a part.

By using Proposition 3.2 and the results of the classical theory, Proposition
2.2 etc., we get the following results.

Proposition 3.3 (Uniqueness) ([6]). The one parameter (1') family of
conditions [I,, I,]=0 gives an overdetermined set of equations for I and its
solution, if exists, is unique.

Proposition 3.4 (Commutativity) ([6]).
(3.25) (L, L)=IL, I,]=0 =[], I,]=0.

By explicit calculation with an aid of a formula manipulation com-
putor programs ([17]), we have established the existence of I,, n=3, 4,
5, 6, and obtained their explicit forms.

In order to prove the existence of the infinite set of quantum com-
muting operators, we assume the following lemma, which is purely
classical.

Lemma 3.5. Let P,, P,, ---, Py, Qe V be of even order and odd
weight (for the definition of the order and the weight see [6]). If they

satisfy

(3'26) {IZ’ Pn}+{In’ Q}=O! 3£n§_N5
then
(3.27) dReV and Q= —{12, R}, P,={I, R}

and vice versa. Here R is of even order and even weight and it is unique
modulo 3, ¢, 1I,.

We have verified the Lemma for weight (Q)< 15.

Proposition 3.6 (Existence). If the Lemma holds in the classical theory,
then there exists a one-parameter (K') family of an infinite set of quantum
commuting operators [, n=1, 2,3, - - ., which reduce to the classical onzs
in the limit #—0.

The proof is obtained by a slight modification of the proof of Proposition
3.4 (Commutativity) with the help of the lemma. The outline is as follows.
Assuming that the operators I,, 3<n<N, satisfying the condition [/, 7]
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=0 are found, we try to find an operator I, commuting with £, [£, Iy,,]
=0. Let us suppose that an operator I, satisfying a weaker condition

(3.28) (%, Iy, ]=#"* and higher order in #’, L>>2,

is found. This means that the polynomials I{),, 1<k<L—2, in the
ansatz

(3.29) Y :Zj_llh”‘ :I®,,: +higher orders,

are uniquely determined and

(3.30) 1f, Iy )=#"% (L, I§:°}+ 0):+higher orders.

Here Q is given by

(3.31) 1Qi=[L, (IERY N+ D TER Ny

and I{FP is yet to be determined. Next we consider the Jacobi identity
(.32 & Uy L4+ (B BN, B, Ly i]=0, 3<n<N,

in which the second term vanishes by assumption. Then we expand
[Iy.., 1] in powers of #’ and denote

. -1
Uyeo L1= 2 M Ly, Loy 05 (IED, LY+ P,):
+higher orders,

(4.33)

in which :P,: is a known element of ¥ expressed in terms of £, and I,,,,
I, 1<k<L—2;

Po=[ily, . L)+ s

By substituting eqs. (3.30) and (3.33) into the Jacobi identity, eq. (3.32),
we repeat the same argument as given in the proof of the commutativity
([6]), and obtain

[IN+1a i =0, 1<k<L—-1,

as the coefficients of #’*, 1<<k<CL, in the Jacobi identity. From the co-
efficient of #’“*! we get an identity

(3.34) b, U530, LY+ Py {1, (b IF5° )+ 0):=0,

which reduces to
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(3'35) {125 Pn}+{In’ Q}‘_——O, 3£n£N9

after using the Jacobi identity for the Poisson bracket. Lemma 3.5 tells
that

(3.27) Q=—{I, R}, 3ReV.

Therefore, by choosing

(3.36) I¢-P=R,
we can get
(3.37 [£, Iy, ]=#7%** and higher orders.

By repeating this process for finite steps we can get [, commuting with
Q.E.D.

o

It should be remarked that the main theorems Proposition 3.3
(Uniqueness), 3.4 (Commutativity) and 3.6 (Existence) on the infinite set
of quantum commuting operators are the direct consequences of the cor-
responding theorems in the classical theory, Propositions 2.1, 2.2 and
Lemma 3.5 in terms of Proposition 3.1 (Quantum Closure) and 3.2 (Cor-
respondence). In other words, the proofs for Propositions 3.3, 3.4 and 3.6
are quite universal and they hold true for an arbitrary classically integrable
system (i.e., having an infinite set of polynomial conserved quantities)
provided that the quantized system satisfies the quantum closure and the
correspondence theorem.

The explicit forms of I,, n<6 can be found in [6]. For the special
value of #i’=1, (the “genuine’” quantum theory?) they are especially neat

_ dz . 2. dz 1 2] .
j1—§7'u 5 — —{—u—(Du)}:,
Lw=n=§ _‘ii (DU 15 (Duy+10):,
L =1)= 3(%5 (D) 280Dy — T(Du)' + T0u*(Duiy + '}
SY.
r X(‘?)"
BG-38) por—1)= }% (D) 4553 D*u) — 100u(D*) — 90( Du)( D

+ 210u*(D*u)* — 315u*(Du)*+ 210u*(Du)* 4+ 1} X 7,
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LH=1) =§%€: (D) + 66uX(D*u)? — 660u(DMu)(Du)?

— 165( D)D)+ 4954 D*u)? 4- 220( D)’

— 220003( D%y — 5940u2( Du)* (D) + 9241 (DU
+297(Du) — 3465u*(Du): + 49514 (Du)? + 1'%}
X(=21):, -+,

In Section 5 we will derive a simple expression (recursion formula) for
I(#=1),YneN,eq. (5.17).

§4. Vertex Operators and Quantum Sine-Gordon Theory

In this section we formulate the quantum Sine-Gordon theory as an
additional member of the integrable quantum MKdV hierarchy. Our ap-
proach is canonical. We consider the field operator ¢ defined on the
complex plane

U g-n,
n

4.1) d2)=qg—ia,Inz+i}

The canonical commutation relation for the field ¢ is completely fixed by
those for @, and g given in Section 3,

(3'1) [an= am]:hnan+m,a’ [q’ an]zihan,o'

The central problem is to define a quantum Hamiltonian A corresponding
to the classical one H

42) H= E;l/—a{ﬁ"da(l —cos (o)) = %f%(l _ _%_(ei B 4 e—iﬁgﬁ(z))) ,

in such a way as to admit an infinite set of polynomial commuting
operators. The answer is given by Propositions 4.1 and 4.2 which are
quantum version of Propositions 2.5 and 2.3’ respectively.

Let us consider the following bilinear form of the field ¢(z)

N G P
L(@: D”"E(? (Dg):+iaD'g— 2 )

:_1_<_1_ ;uz;_}_il_‘g Du_£<ﬁ>z>,
#'\2 2 2\2

(4.3)

in which 2 is a real constant to be determined later. Let us call L(z; 2)
“Virasoro field”, since its moments
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4.4 L D)= f_diL(z; Az, ne Z,
z

satisfy the Virasoro algebra
(45) [Lnb Lm]z(n—m)Ln+m+%n(n2—1)5n+m,oa

with the central charge

(4.6) c:c(z)=1_1_?i, 1eR.

Due to hermiticity of the field ¢(s), we have
4.7 Lz )'=L(y; =2, ry=(@7,
4.3) (L, ()'=L_,(—2),

in which z is the complex conjugate of z.

Eq. (4.3) is a quantum version of the Miura transformation, eq.
(2.3.2), introduced in Section 2. In conformal field theories, the above
form of the Virasoro fields is called the Feigin-Fuchs form ([12]).

Next we consider a vertex operator z~F3:et#4¢) ;]

(4.9) z @ :——_—exp[——ﬁ > ﬁz'"]em"zﬂm‘” exp[—-ﬁ > 3“—2‘“].

n<o A n>0 N

This gives a single valued holomorphic function of z on C'—{0}, provided
we restrict the zero-mode part of the Fock space as follows

(4.10) Blu—2) e Z,

in which g is the eigenvalue of «,, eq. (3.5). This vertex operator is a
primary field ([1]) with respect to the Virasoro field L(z, 2),

4.11) [L,(2), z7#*:etbe® :]:z"(zai—i—(n—}- 1) A)z‘ Pugtbdts: neZ,
zZ

in which the conformal dimension 4 is given by

(4.12) A=A, z)=_21_/32h+zﬁ.

We impose the condition of unit conformal dimension, 4=1, which
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determines 4,7

1 1
4.13 ,1=._<1-——— h).
@13) S(1-37
In this case the topological condition (4.10) reads
(4.14) ﬁp—1+%ﬁﬂh ez

which indicates a quantum deviation 4 =2#" from the classical value,
e.q (2.2.14). By integrating eq. (4.11) around the origin and using 4=1,
we get a well-known relation in string theories and conformal field theories

4.15) [Ln(l), §_‘£Z_zl—ﬂ1:e~iﬁ¢(z) :] =0, neZz,
z

This corresponds to the classical result, eq. (2.3.12).
Let us summarize by introducing appropriate notation. We have a

Virasoro field L*(z);

L*()=L(z; l)z—lﬁ-(%:(Dng)Z:-i—i-‘-lé—(l——;—ﬁzh)ngS

@“.16) —5p1-77%))
=_}{/(%:u2:+i%(l—~2ii’)Du———;-(1—Zh')z),

together with its conjugate,

L (2)=L(z; —2)
(@.17) =L (Luemita—ampu—La—wy),

A'\2 2 8

corresponding to the Miura transformations, (2.3.2). Both have the same
central charge
(4.18) e=13-3_121, w=FLh
H 4

We have operators Vi(z; p), V3(z; p) defined by

1) Similar formulas have been discussed in the context of quantum Liouville
theory ([18]).
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(4.19a) Vi(z; B)=2z'"F4et8#() 1= 227" gt Fo(2) ;
(4.19b) Vi(z; pY=2'"Pr1e 180 1= 207 s o= thb(2) 1|
They are related by hermitian conjugation,
(4.20) Nz p)'=V(»; B,  y=(@.

The Virasoro field L*(z) commutes with the integral of V7,
(4.21) [L+(z), }% Ve ﬁ)] =0, YzeC—{0},
and its hermitian conjugate is

“.22) [, §£’C€ e pl=o  vzec—(o.

This means z~'Vy(2) is a primary field with unit dimension with respect to
the Virasoro algebra L~. Obviously, the classical limits of the operators
V, and V, are

(4.23) Vi(z; p)——ef#® Vi(z; p—re 4, F—0.

Thus we adopt the following hermitian operator as the Hamiltonian of
the quantum Sine-Gordon theory

~ 1 [dz 1
4.24) A=t 7(1-——2_(V1+V2)).

For the conserved quantities of the quantum Sine-Gordon theory
defined by the Hamiltonian H, eq. (4.24), we have the following main re-
sults of this section

Proposition 4.1. If an operator F(L*) a functional of the Virasoro
field L*(2) is hermitian, then it commutes with the Hamiltonian H, eq. (4.24),
of the quantum Sine-Gordon theory

(4.25) F(L*)'=F(L*) =[F(L*), H]=0.
Namely, it gives a conserved quantity of the quantum S-G theory.

Proposition 4.2. If two hermitian operators F(L*), G(L*), both func-
tionals of the Virasoro field L*(2), with their #’ dependence, belongs to v,
eq. (3.11), then they commute. In other words, the polynomial conserved
quantities of the quantum Sine-Gordon theory are mutually commutative.
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4.26) F(LY), G(L")eV, and hermitian ==[F(L"), G(L*)]=0.

Proof. If [F, G]-£0, we find [F, G] is also a polynomial conserved
quantity of the quantum S-G theory by using the Jacobi identity. Then
it gives rise to a polynomial conserved quantity of the classical S-G theory
in the #'—0 limit. However, it is easy to see that [F, G] cannot contain

terms of the form §dz/z :u™(2):. So it cannot be a polynomial conserved

quantity in the classical limit. Therefore, F and G must commute.
The simplest example of the hermitian operators is the zeroth moment

of L*(z),
= L (e Laany)

427 L § TL@= g 4 (e 02,
which is the quantum version of K, eq. (2.3.10), and it corresponds to I,
eq. (3.26), up to an additive constant. In the next section we try to obtain
the infinite set of quantum commuting operators for the Sine-Gordon-
MKGdV hierarchy by the analogy with the classical theory. Namely we
define appropriate “products” for the Virasoro fields L*(z) and their de-
rivatives D"L*(z) and express the infinite set of quantum commuting
operators in terms of “polynomials” in the Virasoro fields and their de-
rivatives just as in the classical case, eq. (2.3.10).

The quantum Sine-Gordon theory has a richer structure than the

classical one. For example at one particular value of the coupling con-
stant the number of conserved quantities suddenly increases enormously.

Proposition 4.3. At [H=2 or #' =12, we have L*(z)=L (2)=
wX(z):. Therefore an arbitrary functional of L*(2) is a conserved quantity
of the quantum Sine-Gordon theory. Most of them do not commute with
each other.

At this point the Virasoro algebra has a unit central charge c=1 and
it consists of one free boson. In Coleman’s theory of quantum Sine-
Gordon ([13]) this corresponds to g2=4r, eq. (2.2.9), (=1 in his paper)
and the system is equivalent to a free massive fermion system. In both
ways the sudden appearance of a huge number of conserved quantities is
understandable, although more detailed comparison is yet to be made.

Before closing this section let us make one interesting remark. A
vertex operator z*:e~*#): which is closely related with V,, is a primary
field with dimension 4'=pg#—1=4#’—1 with respect to the Virasoro
algebra L*. This operator has the degeneracy at the third level ([1]), [2]).
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§ 5. Infinite dimensional quantum commuting operators as “polynomials”
in Virasoro fields

In the previous section we have obtained a new characterization, i.e.,
hermiticity of a functional of the Virasoro fields, of the infinite set of
quantum commuting operators of the Sine-Gordon-MKdV hierarchy.
In this section we show explicitly that the polynomial conserved quantities
of the quantum Sine-Gordon-MKdV hierarchy can be obtained as
“polynomials™ in the Virasoro field and its derivatives in complete analogy
with the classical case (see § 2-3). This fact suggests very close relation
between the conformal field theories and the solvable quantum field
theories. It also suggests a huge group (infinite dimensional) of dynamical
symmetries generated by the Virasoro field.

Due to its commutation relation, eq. (4.5), it is not trivial to define a
“normal product” for the Virasoro fields. Let us start by introducing a
suitable and well defined product of two local operators A(z) and B(z).
By a local operator we understand a normal ordered polynomial in the
field u and its derivatives; for example,

(5.1) A(z)=:a(u, Du, D*u, - - -}(z):, etc.

Therefore it has a Laurent expansion

(5.2) A@)= 3 A,z

N=—o00

Of course the Virasoro fields L*(z) are local operators. From two local
operators A(z) and B(z) we define a third local operator /TB(Z) by

(5.3) Abo={ if— CjZRA@B(z),

in which ¢, is a small contour encircling z and R denotes radial ordering.
By using Wick’s theorem we find that the r.h.s. is a local operator. This
product has the following properties

5.4 i) AT —_—IF;I_—_A, I; identity operator.
ii) If we denote KB(Z):Zn(E)nz“ " then we have.

(5.5) (4B), =3 A_\B,..+ 3, B, 14y

Namely it defines a kind of normal ordering with respect to the
indices.
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(5.6) iii) zTBr,&EI, (non-commutative)
. dz ;73 —ow_ _1{dz dag
6D ) $L e -~ —|{ £ § : 5@

58) V) D.(AB@)=(DABE)+ADB)@),
i.e. D=D,=iz3/6z is a derivation.

vi) Products of three operators can be defined and it is non-

associative
=1 L

G9) ABl+hse,

but they satisfy the identity

=1 S = I
(.10 ABC—BAC=ABC—BAC.
vii) In the classical limit (5—0) it reduces to the ordinary product

of functions

G.11) lim AB(z)= A(2)B(z).
#—0

Next we define symmetric products of several local operators in the fol-
lowing way

(5.12.2) <AB>=%(A”B+ BA)

. A1 =1 £S51 S1 51 57
(5.12.b)  (4BCY=(3!)"(ABC+ ACB+ BAC+BCA+ CAB+CBA),

(5.12.9) (Ady - Ay =) T ApArApy Ar

in which summation is taken over all permutations. It is obvious that the
order of 4,, - - -, A, is immaterial. D=iz9/6z is also a derivation for the
symmetric products. Therefore by using the symmetric products one can
define “polynomials” of the Virasoro fields.

In order to facilitate comparison with the MKdV case, let us intro-
duce fields #(z) by shift and scaling of the Virasoro fields

l—c)
24

(5.13a) $(z)=ﬁ’<L+(z)+
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1 o022 . 7 1 4 y
(5.13b) =-2-—.u (2):+1i —2—-—h Du(z).

By explicit calculation in terms of formula manipulation computer prog-
rams ([17]), we have found that the following expressions are hermitian.
They are integrals of local “polynomials” (symmetric products in the field

L(L*)).

14 17 L 2@0={E Zuay,
s1a0) 20 $E o= f L i (- )y,
G149 30 { L (ot e,

e §E (<$4>+ 2 erazmory
z

(5.14d) i
180 " (c+2) (c— —><(DZ$)Z> ~*(04—2)<(D5f)2>),
52§ L&+ ZH e+ LDLY)
+ 2 (20— 1K 2@ 2y)
—ih—”(c+2)<<w)3>
(5.140) (e D(15¢ — 184c-+902K(D'2)

45360
— 2 We+2 22y

2592 e+ DBe—3(DL)

4 12960 (c+2)(34c+T763)(DLYD).

Here c is the central charge of the Virasoro algebra

(4.18) c=13—-h3—,——12h’.
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Obviously they yield integrals of local “polynomials” in the Virasoro field
L*(z) when eq. (5.13a) is substituted. Then the coefficients of these
hermitian “polynomial” in the Virasoro fields L*(z) are polynomials of the
central charge ¢ only. Several remarks are in order.

i) Classical limit. In the classical limit

(5.15) W—50, c—>—3/K

all the the expressions (5.14a)~(5.14e) coincide exactly with those of
(2.3.6a) ~(2.3.6e) with the identification v=2%, which is obvious by
comparison of their definitions. Of course there are other “quantum
correction” terms which vanish in the classical limit.

ii) The second member §dz/z (F*>, eq. (5.14b), defines the quantum

MKGAV theory in the Sine-Gordon-MKdV hierarchy. In the present case
we fixed the Hamiltonian of the quantum Sine-Gordon theory, then the
Hamiltonians of the other members of the hierarchy are uniquely deter-
mined. In the previous paper, as reviewed in Section 3, we did not con-
sider the Sine(h)-Gordon theory and fixed the Hamiltonian of the quantum
MKJdV theory I, to have the same form as the classical theory. For'a
given value of #’ the difference can be absorbed by redefinition of the field,
see [6].

iii) It is interesting to note

(5.16) §_dzi<$2>=iz, for H=1.

Therefore, at this point, the quantum commuting operators of the MKdV-
hierarchy eq. (3.26), and those of the Sine-Gordon-MKdV hierarchy eq.
(5.14) coincide due to the uniqueness.

iv) In fact at # =1 or ¢= —2 drastic simplification takes place and only
("> terms survive. We have a simple relation

(5.17) 9z (pry—f., forH'=1, neN,
z

up to a constant factor which we have verified for n=1~6.

v) We do not yet have a proof for an arbitrary » e N that a hermitian

operator can always be constructed as a “polynomial” in & of degree ».
In summary we have the following results.

Proposition 5.1. A Virasoro algebra with central charge ¢<1 can be
realized in terms of the single boson field of the Sine-Gordon-MKdV hier-
archy in the Feigin-Fuchs-Miura form. Then the infinite set of quantum
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commuting operators of the Sine-Gordon-MKdV hierarchy is obtained as
hermitian “‘polynomials” in the Virasoro fields.

Proposition 5.2. In the special case of #'=1 (“genuine” quantum
theory ?) corresponding to c= —2, the quantum commuting operators take
a simple form

.17 }%Z—Q?”), 3:%:;42:—-%&4, neN.

This is the quantum recursion formula for the infinite set of commuting
operators for the Sine-Gordon-MKdV hierarchy.

The central charge ¢c= — 2 is the “lowest”? member (m=1) of the dis-
crete series of unitarizable Virasoro algebras ([3]) c=1—6/m(m--1) and it
corresponds to gi=_8x in Coleman’s theory ([13]) of quantum S-G eq. This
is the maximal value of the coupling constant §, for which a ground state
exists. Another special value in Colemans’ theory f2=4r corresponds to
¢=1, which was discussed in Section 4, can be considered as the “highest”
member (m= co) of the discrete series. In both cases clear distinction can
be seen at the level of the infinite set of commuting operators.  We expect
some distinctive features for the other values of the central charge of the
discrete series but so far we have failed to observe clear evidences.

We strongly suspect that the infinite set of quantum commuting
operators as hermitian “‘polynomials™ of the Virasoro fields is the intrinsic
property of the Virasora algebra rather than the special property of the
Feigin-Fuchs-Miura form as has been shown here. In other words we
think that their commutativity is the consequence of the Virasoro com-
mutation relations only. If confirmed, it would provide a deeper connec-
tion between the conformal field theories and the integrable quantum field
theories. And a very interesting problem is to identify the huge group of
symmetries which contain the above infinite set of “polynomials” of the
Virasoro generators as a commuting subalgebra.

We thank M. Omote, K. Odaka and Y. Shimizu for useful discussion.
A part of the computation was done at KEK.
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