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Introduction 

Let g be a simple Lie algebra over C and let c be the Casimir element. 
Motivated by the study of rational solutions of the classical Yang-Baxter 
equations due to Belavin and Drinfel'd [BD], we shall construct a flat 
connection over 

Let Pt: g-+End (Vt), 1 :s;::i<n, be irreducible representations. Putting f2= 
2- 1(Ac~c@l-l©.c) E U(g)©U(g), we define Qii E End(V 1(8)- · -©Vn) by 
Qti=(pt©pj)(Q). For a complex number .:l we consider the connection w 

defined by 

The integrability of this connection follows from the following relations, 
which we shall call the infinitesimal pure braid relations. 

(0.1) 
for i<J<k, 

for distinct i, j, k, l. 

Thus as the monodromy of our connection we obtain a linear representa­
tion of the fundamental group of Xn, which is the pure braid group on n 
strings. If all the representation Pi are the same, the above construction 
gives a linear representation of the braid group depending on a parameter 
.:l. 

In the preceding paper [K3], we have shown that in the case g= 
£if(2, C) and its two dimensional irreducible representation, the linear re­
presentation of the braid group obtained in the above manner is the so 
called Pimsner-Popa-Temperley-Lieb representation appearing in works 
of Jones [J]. The main theme of this note is to generalize this result to 
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the case g=~[(m+ 1, C) and its m+ 1 dimensional natural representation. 
We shall obtain Hecke algebra representations of the braid group corre­
sponding to the Young diagrams of depth < m + I. 

The above type of connections appear in the system of differential 
equations satisfied by n-point functions in two dimensional conformal field 
theory [BPZ] [TK]. In [TK] Tsuchiya and Kanie constructed a model of 
the two dimensional conformal field theory on P 1 by means of the affine 
Lie algebra A?l. What is remarkable is that they obtained the irreducible 
unitarizable Hecke algebra representations corresponding to the Young 
diagrams of depth <2 due to Wenzl [W] as the monodromy. 

This note is organized in the following way. Section 1 consists of a 
review of basic facts on braid groups and Hecke algebras. The infinite 
dimensional Lie algebra defined by the relations (0.1) appeared in works 
of Aomoto [Al], Chen [C2], Sullivan [S] etc. (see also [G] [H] [Kl] [K2] 
[M]). In Section 2 we briefly report this aspect. In Section 3 we recall 
works of Belavin-Drinfel'd on the classical Yang-Baxter equations. Our 
main result is proved in Section 4. 

§ 1. Braid groups and Hecke algebras 

Let Xn={(z1, ••·,Zn) E en; zi*zj}• The symmetric group Sn acts 
onXn by(z1, ... ,zn)·g=(Zg(I), ... ,zg(n)),geSn. Wedenoteby yn the 
quotient space Xn/ Sn. The Artin's braid group on n strings is by definition 
the fundamental group of Yn. The fundamental group of Xn is called 
the pure braid group on n strings, which we shall denote by Pn. We choose 
a base point X 0 = (1, 2, • · ·, n) E Xn and We denote by p: Xn-+ Yn the 
natural projection. We have an exact sequence: 

Let a 1, 1 <j <n -1, be the element of rri( Yn, p(x 0)) corresponding to the 
path in xn given by 

f(t)=(l, · · ·,j-l,J;(t),fJ+iCt),j+2, · · ·, n), 

where f;(t)=j+t-./t 2 - t, h+lt)=j+ l -t+ ./t 2 - t, as in the following 
picture: 

1 2 i j+l n 

I I 8 
Fig. 1.1 
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We know by E. Artin that the braid group Bn admits a presentation with 
generators e11, l<j<n-1, and defining relations: 

(1.2) 

(1.3) 

l<i<n-2, 

if li-j\>2. 

For n e N and q e C*, we denote by HnCq) the algebra over C with 
generators 1, g1, • • ·, gn-t with relations: 

(1.4) 

(1.5) 

(1.6) if li-j\>2. 

The algebra HnCq) is called the Hecke algebra (or Iwahori algebra) of the 
symmetric group Sn. The original definition for any Coxeter system is 
due to [IM]. We observe that HnCl) is nothing but the group algebra of 
the symmetric group Sn. As is explained in [J], if q is not a root of unity, 
the algebra H,.(q) is semisimple and the simple H,.(q) modules are in one­
to-one correspondence with the Young diagrams associated withs... For 
a more precise statement and the explicit form of irreducible representa­
tions of HnCq) for each Young diagram, see Wenzl's thesis [W]. 

By means of the correspondence e1,-.g, we obtain an algebra homo­
morphism i.: C[Bn]-.Hq(n). Linear representations of the braid group 
B .. factoring through the above homomorphism i. are called Hecke algebra 
representations. For our purpose it is convenient to take e, = (q-g,)/(1 +q ), 
l~i<n-1, as generators of HnCq). We see that e, satisfy the following 
relations: 

(1.7) 

(1.8) 

(1.9) if \i-j\>2. 

§ 2. Infinitesimal pure braid relations 

We start with a matrix valued I-form 

-c=q/(1 +q)2 

defined over X,.. Here f)tJ, l~i<j<n, are mxm matrices with C 
coefficients. Let E be a trivial complex vector bundle of rank m over Xn 



258 T. Kohno 

with a global frame (e1, ···,em). Putting w=(w 0 ) 1:;;i:,;;J:,;;m, we define a 
connection 17: (!)(E)----+Q1@(!)(E) by 

m 

17(ei)= - I; w1i@e1, 
J-1 

Here we denote by Q1 the sheaf of the holomorphic I-forms on Xn. Then 
the horizontal sections of our connection turn out to be the solutions of 
the total differential equation 

dy=wy, 

Lemma 2.1. The connection 17 is integrable if and only if the following 
conditions are satisfied. 

(2.3) for distinct i, j, k, l. 

Proof The curvature form of the connection 17 is given by dw + 
w I\ w. Since w is closed the integrability condition is equivalent to 

(2.4) 

The relations among cpi1=dlog (zi-zJ, l~)<h;;,n, are generated by 

for i <j <k (see for example [Ar] [OS]). Hence the relations (2.2) and 
(2.3) are equivalent to (2.4). This completes the proof. 

We call the relations (2.2) and (2.3) the infinitesimal pure braid rela­
tions. In the following we shall assume these conditions. Let Y be the 
matrix consisting of m linearly independent solutions of dy=wy. For re 
1t'/Xn), the result of the analytic continuation r* Y can be written in the 
form 

r*Y= Y-0(r) with 0(r) e GL(m, C). 

This gives the monodromy representation of our connection 

0: Pn~GL(m, C). 

An expression of this linear representation is given by the iterated integrals 
of the connection form due to K. T. Chen [Cl] [C2]. First we recall the 
defirtition. 
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(2.5) Definition. Let X be a smooth manifold and let wi, 1 ~)<r, be 
matrix valued I-forms on X. For a path r: [O, l]--+Xwe put r*wi=Alt)dt 
and we define the iterated integral by 

Lemma 2.6 (K.T. Chen). Let us suppose that the connection f7 is 
integrable. Then the monodromy representation 0 is given by 

O(r) = l + fr w + fr ww + fr www + .... 

Let C((XH)) denote the non-commutative formal power series ring 
with indeterminates Xij' l<i<j~n. Let J be the two-sided ideal of 
C(<XiJ)) generated by 

(2.7) [Xu, xik+xjk], [Xij+xik' xjJ, i<j <k 

(2.8) [Xii' Xki], i, j, k, l distinct. 

We denote by A the quotient algebra C((Xu))/I. Following K.T. Chen, we 
introduce the universal integrable I-form defined by 

As a universal expression of Lemma 2.6, we get a homomorphism f/: Pn 
--+A. The monodromy 0 is obtained by substituting XiJ=Dw 

For a group G we denote by C[G] its group algebra over C. Let c: 
C[G]--+C denote the augmentation homomorphism and we put JG= 
Ker c. Let C[Gr be the completion of C[G] with respect to the topology 
defined by {JkGh:,,1, where JkG signifies the k-th power of JG. Letj: G--+ 
C[Gr be the natural homomorphism. The following statement is a special 
case of the theorems discussed in [Al], [H], [Kl] and [K2]. We use the 
formulation due to R. Hain. 

Theorem 2.9. We have an isomorphism of complete Hopf algebras 
C [ P nr.::; A such that the following diagram is commutative. 

Another description of the above algebra A can be given by means of 
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the reduced bar construction on the logarithmic forms. Let R' be the C 
subalgebra of the algebra of the smooth differential forms on Xn generated 
by 

Let us introduce the double complex Ef3£j'• t define by 

A typical element of £j- '' t will be denoted by [a1 I a2 I· · · la,], where a1 e R". 
The differential d: £j-,,t_£j-•+ 1,t is defined by 

s-1 

d[ail- · -la,]= I: (-l)i+ 1[la1I· · -jJatAA+1I· · -ja,], 
i=l 

where Ja=(-l)d 0 ga a. The reduced bar construction is by definition the 
associated total complex £j(R') with the diagonal 

given by 

s 

Ll[a1I· · ·la,]= I: [a1I· · ·la)8)[ai+1I ···la,]. 
i-0 

It follows from a result of K.T. Chen [C2] that we have an isomorphism 
of Hopf algebras: 

Hom (H 0(P-B(R')), C)~A 

(see also [Al] [H]). 
In [K3] we have shown the following result by proving that the uni­

versal monodromy 0: Pn---+A is injective. We put 

Theorem 2.10. Let 0; Pn---+GL(m, C) be a linear representation such 
that each II 0(ri1)-1 II is sufficiently small for l -::;;,; <j <n. Then there exist 
constant matrices Qt1, l<i<.i<n, close to 0, satisfying the infinitesimal 
pure braid relations, such that the monodromy of the connection w= 
I:1,;t<J:,;n Qiidlog (zi-z 1) is the given 0. 

The above theorem may be considered as a version of the Riemann­
Hilbert correspondence. The object of the next section is to give an ex­
plicit form of our connection in the case of Hecke algebra representations. 
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§ 3. Review of classical Yang-Baxter equations 

In this section we briefly review rational solutions of the classical 
Yang-Baxter equations associated with simple Lie algebras and we discuss 
a relation with the infinitesimal pure braid relations. A general reference 
of the classical Yang-Baxter equations is [BD]. 

Let V be a finite dimensional complex vector space. By the classical 
Yang-Baxter equation we mean the following functional equation for a 
matrix valued meromorphic function r(u) E End (V© V) of u e C: 

for any u, v EC. Here rii(u) E End(V 1©V2©V3), V1 = Vi= V3 = V, signifies 
the matrix r(u) on the space Vi©V 1, acting as identity on the third space; 
e.g., r1iu)=r(u)®lv, r23(u)=lv©r(u). Since the equation (3.1) is written in 
terms of bracket products, it makes sense for a g©g-valued function r(u), 
with an abstract Lie algebra g. To each such g©g-valued solution r(u), 
we may associate a solution of (3.1) (p©p)(r(u)) E End(V©V), by speci­
fying an irreducible representation p: g-End (V). In the case g is a 
simple Lie algebra over C, solutions of the classical Yang-Baxter equation 
have been classified by Belavin-Drinfel'd (see [BD] for a precise state­
ment). In particular, we know the following rational solution. 

Proposition 3.2 (Belavin-Drinfel'd [BD]). Let g be a simple Lie algebra 
over C and let {I.} be an orthonormal basis of g with respect to the Cartan­
Killing form. We put D= 'E,J.©I. E g©g. Then r(u)=Q/u is a solution 
of the classical Yang-Baxter equation. 

Proof. We denote by U(g) the universal enveloping algebra of g. 
Let c E U(g) be the Casimir element defined by c = 'E,. I. · I. . Let L1 : U (g) 
-U(g)©U(g) be the diagonal homomorphism defined by LJ(x)=x©l+ 
l©x for x E g. Then Q can be written as 

2Q=J(c)-c©l-l©c. 

Let us recall the well-known fact that the Casimir element c lies in the 
center of U(g) (see for example [Hu]). It follows from the above expression 
for Q that 

[J(x), Q]=O for any x E g. 

In particular, we have 

(3.3) 



262 T. Kohno 

Here QiJ is defined by rii(u)=fJtJfu. By an elementary computation we 
check that the equation 3.3 signifies that r(u) is a solution of the classical 
Yang-Baxter equation. 

We observe that the relation (3.3) corresponds to the infinitesimal 
pure braid relations in the case n=3 (see 2.1). This leads us to the follow­
ing construction. Let p1 : g_.End (Vt), I <i<n, be a family of irreducible 
representations of g. We define QiJ e End (Vi®· , , ® Vn) by {)ii= 
(pt®PJ)(Q), l<i<j<n. Here Pt signifies the representation Pt on Vt, 
acting as identity on the other factors. Then we have 

Lemma 3.4. Let QiJ e End (V 1 ® · · · ® Vn) be th(} matrices defined 
above. Then these satisfy the infinitesimal pure braid relations. 

Proof The relations (2.2) follows from (3.3). The other relations 
are clear from the construction. 

Thus we obtain an integrable connection 

In the following, we shall consider the connection lw for a complex 
number l. As the monodromy we obtain a one-parameter family of linear 
representations 

Our problem is to give an explicit form of the above representation as a 
function of l. By means of the expression of the monodromy using the 
Chen's iterated integrals (Lemma 2.6), this function is entire with respect 
to l. Incidently, this type of connection appears naturally as the differential 
equations satisfied by the n-point functions in the two dimensio11al con­
formal field theory with gauge symmetry (see [TK]). 

§ 4. The case g=.sf(m+ I, C) 

In the case g=.sf(2, C) and all Pt: g-.End(V 1) are two dimensional 
irreducible representations, the one~parameter family of the monodromy 
representations constructed in the previous section was determined in [K3]. 
This representation factors through the Hecke algebra and is known as the 
Pimsner-Popa-Temperley-Lieb representation. In this section we generalize 
this result to the case m > 1. 

Let g=.sf(m+ 1, C) and we denote by c e U(g) the Casimir element. 
Let V be an m+ 1 dimensional complex vector space and we fix a natural 
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action of g on V. As in the previous section we put 

and we define Qt, e End (V®"), 1 <i <j <n, by means of the above natural 
representation. 

To describe the associated monodromy representation Oi, we introduce 
the following Hecke algebra representation. We put 

n 

ffe',.=0 Mm+i(C). 
i=l 

Let e be the element of ffe',. defined by 

+(l+q)-\/q(~::;et/~e,t)}010· · -01, 
i*f 

where q e C* and et, are matrix units for Mm+i(C). We define a shifting 
endomorphism of ffe',. by 

e1-(x1®x2®· · ·0x,.)=x,.0x10· · ·0X,._1. 

Putting et==e11- 1(e), we observe that et satisfy the relations (1.7), (1.8) and 
(1.9). Hence the correspondence a t-+q-(1 + q )et defines a Hecke algebra 
representation of the braid group. This representation appeared in works 
by M. Jimbo [Ji]. The case m= 1 is the Pimsner-Popa-Temperley-Lieb 
representation (see [J]). Our main result is the following. 

Theorem 4.1. As the monodromy of the connection 

w= I; ).QiJdlog(zt-z 1), ). e C 
l,o;.i<J,o;.n 

defined above by means of g=~f(m+ 1, C) and its m+ l dimensional natural 
representation, we obtain a linear representation of the braid group B,. equiva­
lent to the representation given by the correspondence 

Proof. We devide the proof into several claims. 

claim 1: The monodromy representation Oi: P,.-+GL(V®") can be 
extended to a linear representation of B11 • 
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Let us start with the trivial vector bundle E over X,. with fiber V®" 
equipped with the connection form w. The symmetric group S,. acts dia­
gonally on E by 

((zi, • • ·, z,.), X1'8)Xz®· • •®X,.)•g=((zg(t), • • ·, Zg(n)), Xg(I)®· • ·®Xgcn)) 

forge S,., (z1, ••• , z,.) e X,., x,® ·. -®x,. e V®". Let E' be the quotient 
bundle over Y,.. Since the connection form a, is invariant by the above 
action of the symmetric group S,., this defines a flat connection on E'. The 
associated monodromy gives a linear representation of B,., which is an 
extension of (}1• We denote by cp1 the linear representation of B,. obtained 
in the above way by replacing the connection form a, by 

(4.2) 

claim 2. The linear representation cp). obtained above is a Hecke 
algebra representation with q=exp (2,ri.~). 

First we look at the action of the Casimir element on V® V. Let 
V®V= w+e,w-be the decomposition into the symmetric part w+ and 
the antisymmetric part w-. Then a computation shows that the Casimir 
element c acts as (m+It 1(2m2+6m)xid on w+ and as (m+ l)- 1(2m2+ 
2m-4) on w- respectively. Hence D=2- 1(Jc-c®l-l®c) acts as 
(m+It'm on w+ and as -(m+l)- 1(m+2) onw-. 

Now we are going to compute the residue of the connection of E' 
associated with cp). introduced at the end of the proof of claim 1. We de­
note by HiJ the hyperplane in C" defined by Zi=ZJ. Let us choose x0 e 
H12 in such a way that x0 is not a singular point of the union of the hyper­
planes Hw Let D be a small disc transversal to H12 at x0 with a local 
coordinate t=z, -z 2, the connection from (4.2) is written locally on Das 

(4.3) (A_ii- 1+ ~ AiJ)dt 
J;;eO 

with A_1 =lfJ 12+2µ-1, AJ e End(V®· · ·®V),j>O. Sinceour connec­
tion is invariant by the action of S,., (4.3) is invariant, in particular, by 
the transposition (1, 2). Hence we have A 0=A 2=A 4= · .. =0. Letp: 
C"-.C"/S,. denote the natural projection. Outside U 1~i<J~nHwP induces 
an unramified covering X,.-. Y,.. Let J denote the discriminant set defined 
by p( U HH). We may take a coordinate around x0, (Yi, · · ·, y,.) with 
t=Yi, and a coordinate around p(x 0), (w1, • • ·, w,.), so that J is locally 
defined by w1 =0, and that projection pis locally given by 
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We put f;= t 2• In a small disc D' transverse to L1 at p(x 0), the connection 
(4.3) can be written in the form: 

2-1(A_,r;-1+ ~ A21+1r;21+1)df;. 
J~l 

In partucular, it has residue Z=2- 1(,HJ12+2µ-1) at 0. It follows that the 
local monodromy of the trivial bundle over D' - p(x 0) with the connection 
(4.3) is given by e2• 1z (see [D]). Hence the monodromy of E' restricted to 
D'-p(x 0) is given by Pe2• 1z, where Pe GL(V®·. -®V) is the permutation 
matrix defined by P(x 1®x 2®x,®·. ·)=x 2@x,@x 3®· . .. The monodromy 
matrix rp.(a1) is a conjugate of Pe2• 1z, hence it has q and -1 as eigenvalues. 
We can apply the same argument to rp.(a1),j>2. Moreover the matrices 
rpi(a1) are semisimple. Hence by putting g1 =<p,(a 1), we have the relations: 

The other relations (1.5) and (1.6) follow from the fact that <p, of a linear 
representation of the braid group. Thus we have proved claim 2. 

The proof of our main theorem is completed in the following way. 
Let us compare rp1 with the linear representation given by 

Each representation is a Hecke algebra representation and is the permuta­
tion representation if q=O. Hence we conclude that they are equivalent 
if q is close to 1. Moreover we know by Lemma 2.6 that the monodromy 
rp, is an entire function with respect to .'.1. Thus by an analytic continuation 
we have proved our theorem. 

Let us suppose that q is not a root of unity. We denote by p(d,, d2, 

· · ·, dk) the Hecke algebra representation of Bn corresponding to the 
Young diagram of type (d1, • • ·, dk), d1?:_d2> · · · >dk, d1+d 2 + · · · +dk=n 
(see [W] for its explicit form). As a corollary to our main theorem, we 
have the following. 

Corollary 4.4. If q is not a root of unity, our monodromy representa­
tion of Bn associated with ~[(m+ I, C) is a direct sum of p(d,, · · ·, dk), 
k<m+ I, d1?:_ · · · >dk, d1+ · · -dk=n, with the multiplicity 

D (li-lj)/m! (m-1)! · · -1!, where (=dt+m-i+ 1. 
i<J 

Remark 4.5. If m= I, let us recall that e1 appearing in the definition 
of the PPTL representation satisfy the relations: 
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(4.6) 

(4.7) 

(4.8) 

T. Kohno 

ifji-jj>2 

Let Ap,,. denote the abstract C algebra generated by 1, e1, • • ·, e,._1 with 
the relations (4.6), (4.7), (4.8). In the case f,>4, this is a kind of the Jones 
algebra (see [J]). We have shown that our monodromy representation 
factors through the natural homomorphisms: 

where the second homomorphism is defined by the correspondence 

Remark 4.6. The monodromy representation of B.,. corresponding 
to the Young diagram of type (n -1, 1) is up to sign the so called reduced 
Burau representation (see [BJ). The associated system of differential equa­
tion has as the solution a simple integral representation. We shall explain 
this briefly (see [A2] [K3]). 

We start with the natural projection 1r: X,. + 1-x,.. Let us fix a complex 
number l such that l and nl are not integers. Let 2 be the local system 
over X,.+1 associated with the representation defined by sending rtJ to e- 2inl_ 

The main object of this paragraph is to study the local system over X.,. 
defined by R 11r.;.2*. Here 2* stands for the dual local system of 2. Let 
i: z~xn+I denote the fiber Of 7r OVer (1, • • •, n). 

We put (P=((-z 1)l- · ·((-z,.)l, where (=Zn+i· for we Hi(Z, i*2), 
let us consider the integral 

which are considered as multi-valued functions on X.,.. 
Let w1, l<j<n-1, be a basis of H1(Z, i*2) chosen as the segment 

]j, j + 1 [. Let us consider 

L
1
([)dlog(C"-zn), ... , Ln-l(P dlog <c--z,.), 1 
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The following nxn matrix JiJ, I<i<j<n, is called the Jordan-Poch­
hammer matrix. 

l· · · -1 (i 

Ju= 

-1· ····A (j 

Here all the other components are zero. Then the matrix Y is a funda­
mental solution of the total differential equation 

The I-form I:; 1:s;;i<J:s;;n JiJ dlog (zi -z 1) defines an integrable connection on 
the trivial bundle Xn X en. Let the symmetric group Sn act diagonally on 
this bundle via the permutation of coordinates. The above connection is 
invariant by this action, hence it defines a local system over Yn=Xn/Sn, 
which is the direct sum of a local system of rank n-1, say f n• and a 
rank 1 trivial local system. We call f n the Jordan-Pochhammer system. 
Let f,1 be matrices with Z[t, t- 11 coefficients defined by 

1 

1 
1-t 1 

t 0 
(j 

1 

1 

The correspondence a r-+/31 defines a linear representation of Bn called the 
Burau representation. Since this representation remains invariant the sub­
space such that the sum of the coordinates is zero, we get an n - I dimen­
sional representation 

which we call the reduced Burau representation. The monodromy repre­
sentation of Bn associated with the above Jordan-Pochhammer system is 
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the reduced Burau representation with t=e2=0 • 

differential equations was studied extensively 
[DM]. 

This type of a system of 
by Deligne and Mostow 
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