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Cohomological Hardy Space for SU(2,2)

Hisayosi Matumoto

Introduction

Let G be a connected real semisimple linear Lie group and let P be a
parabolic subgroup. Let G; and P, be the complexification of G and P
respectively. Our aim is to find a good description of relations between
the G-orbits of G,/P, and subquotients of degenerate principal series. In
this article we treat an example for the group SU(2, 2).

Let G=SU(2,2) and K=S(U(2)xX U(2)). Let P be a parabolic sub-
group of G such that G/P is Shilov boundary of G/K. Then G/P is a
unique closed G-orbit of G,/P, and there exist three open G-orbits of
G./P,. Two open orbits are isomorphic to G/K as G-homogeneous space.
But in this article we consider the other orbit. This orbit is isomorphic
to a semisimple symmetric space SU(2,2)/S(U(1, )X U(1, 1)). We call
this orbit D. We consider the homogeneous line bundle L corresponding
to the representation in unitary degenerate series with ““the most singular
parameter”. We can get a holomorphic homogeneous line bundle on
G/ P, whose restriction to G/P is L. We denote this line bundle and the
sheaf of its holomorphic sections by the same letter L. We investigate
some relation between the Cech cohomology group H%(D, L) and a de-
composition of the above degenerate series representation in Kashiwara
and Vergne [KV]. Although the K-type of this cohomology group is
known by the very general result of Rawnsley, Schmid, and Wolf [RSW],
our approach is purely geometric and we construct an injective G-
equivariant “boundary map” of the cohomology space to the space of
hyperfunction-section of L on G/P using a Mayer-Vietris exact sequence.
We remark this construction of the boundary map is applicable in the case
of SOy(n, 2).

I wish to thank Professor Toshio Oshima for helpful discussions. He
had proposed, before [RSW] appeared, the study of cohomology groups
of a semisimple symmetric space which has complex structure.

Received January 8, 1987.
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§ 1. The representation in degenerate series of SU(2, 2) with ’the most
singular parameter”

1.1. Let F, be the complex Grassmann manifold of all 2-dimensional
subspaces in C*. Let ¢, e F, be the subspace of C* which is generated by

two vectors:

b

0 0
0 0
1 0
0 vl
Then G,=GL(4, C) acts on F, transitively, and the stabilizer at ¢, is

the group:
|0
ENE S

Here, each x means an arbitrary 2X2 complex matrix. Hence F, is
identified with the homogeneous space G/P,.
Put

Next we define a real form G of G, by
Go={r e Go|T*Jr=J}.

Here, 7* means the complex conjugate of the transpose of 7.

Next we consider the G-orbit structure of F, (for example see Wolf
[W]. For positive integers p and ¢ such that 0< p+g<2, we denote by
O0® 9 the set of elements x of F; such that the signature of the restriction

to x of the Hermitian form corresponding to J is (p, q).
Then we have the following G-orbital decomposition:
F,= U O®»9 (0< p+q<2; disjoint union).

The open orbits are O*%, 0%V, and O%®». The two orbits O%® and
0®? have a structures of Hermitian symmetric spaces. We write O*, O~
and D for 0%, 0©?, and O®" respectively. Let ¢, ¢ F; be the 2-dimen-
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sional subspace of C* which is generated by two vectors

0
—i
o |
0

H

i
0
1
0
Then we have e, e D.

Let E be the 2 X 2-matrix (é __(1)) The stabilizer H of G at e, is

written as follows.

)

EA
Hence D has a structure of a semisimple symmetric space.
0®% is a unique closed orbit and we write F for this closed orbit.
Then e, € F, and the stabilizer of G at ¢, is:

={(3f2) )

Here, each * means an arbitrary 2 X 2-matrix. Hence we identify F and
G/P.

Next we consider some open cell of F, and F. Let H(2) be the set
of all the 2 X 2 Hermitian matrices. Put

i)
:z{(_g;) : GC}.

Then N, - e, is an open dence N -orbit of F, and is identified with M,(C)
={2 X 2-matrices/C} or C* via the following correspondence.

AC*=CA*, AEA*+ CEC*= 1}.

10 z,+2z z,—iz,
01 z,4iz, z,—2,
00 1 0
00 O 1

Zvtvz, zs—iz,
1+ B 4><_'—)(Zla Zy, Z3y 24)'

(1)

ZyFiz, 21— 2,
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We can also identify N-¢, with H(2) or R* via the above correspondence
(I). N-.e,is an open dence subset of F.
We put for z, e C(g=1, -+, 4)

Z,=x,+1y, (x4, ¥, € RY.
Then we have O* CN,-e,=C*, and

O*={(z, -, z) e C*|yi—y;—)i—y;>0, y,>0},
O0-={(zy, - -+, 2,) € C*| )1 —)i—)i—11>0, y, <0}

These are the realizations of Hermitian symmetric spaces as a tube do-
mains. R*=H(2) is the Shilov boundary of O*. Next we put D=D
N¢..,. Then D is an open dence subset of D, and we have

D={(z,, ---,z) e C*|yi—y;—y;—y; <O}

1.2. According to Kashiwara and Vergne [KV], we describe a repre-
sentation of G which is realized on a function space on Shilov boundary
H(2). Let L*(H(2)) be the L*-space with respect to the Euclidean measure

on H2)=R*. For fe *(H(2), Xe H2) and ge G such that g™'=
—) (a, b, ¢, d, are 2 X 2-matrices), we define

alb
cld
(T(NHX)=(det (cX+d) " f((aX+D)cX4-d) ™).

Here, the above formula is well-defined for almost all X e H(2), and
(T, L*(H(2)) is a unitary representation of G.

In fact this representation belongs to the unitary degenerate series
and is realized on the space of sections of a homogeneous line bundle L

a
on F defined as follows. First for Y= (~
c

—leP we put
d ¢

o(Y')=(det d)2.

Then p’ is a 1-dimensional holomorphic representation of P,. Let L
be the holomorphic homogeneous line bundle on F,=G/P, associated
with p’.  We also denote the restriction of L to F by the same letter L.
Then the space of hyperfunction-sections of L on F is identified with the
following space.

B(F; L)={fec B(G)|f(g)=p'(p)"'flg) forgeG,pe P}
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Here, #(G) is the space of hyperfunctions on G. The representation
corresponding to L belongs to unitary degenerate series and its restriction
to the open cell N;-e¢, is (T, LY(H(2))). (See Jakobsen and Vergne [JV].)

Next we consider the Fourier transformation of (T, L*(H(2))). Let
H(2)* be the dual vector space (over C) of H(2). We identify H(2) and
H(2)* via a bilinear form Tr XY (X, Y € H(2)). Here we have

(2) Tr (Zf*‘%z Z, —124) <U1+ l‘)2 03—11)4) =2(2,0,+ 2,05+ 2,05 + 2,0,).
Z,41z, Z,—2y, ) \U3+ 10, U;—U,

For fe L*(H(2)) and & e H(2)*, we define the Fourier transformation as
follows.

(FE) =f(5)=je-”f”f(X>dx.

Here dX is the Euclidean measure on R*=H(2). Let &# ! be the inverse
Fourier transformation. For g € G and fe L*(H(2)*) we put

T(e)/=F (T)F /).

Then (T, L*(H (2)*)) is a unitary representation of G which is isomorphic

to (T, L*(H(2))).
0 ' %

Put
()
L=!—
0| (a®)!

Then P=LN is a Levi decomposition of a maximal parabolic subgroup.
For a e GL(2, C) such that det (a) ¢ R and X € H(2) we have the followings.

e
T p—
0| (@
[1]x . _
(i) o

and

ae GL(2, C) det (a) e R}.

))f )(5)=(det (@) f(aZa®),

1

Let V., V¥, and V_ be the spaces of the elements of H(2)* whose signature
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as Hermitian forms are (2, 0), (1, 1), and (0, 2) respectively. From the
above formulas we have the following decomposition of P-representations.

(3) L{HQ)*)=LXV YRL(V)DL(V.).
Then we easily have:

Lemma 1.2.1.  The decomposition (3) is a decomposition into irreducible
P-representations.

The following theorem is a special case of the result of Kashiwara
and Vergne [KV].

Theorem 1.2.2. The decomposition (3) is a decomposition into irre-
ducible G-representations.

The representations L*(V,) are realized as Hardy spaces on the
Hermitian symmetric space with respect to G. So, we consider the repre-
sentation LX(V) hereafter.

§ 2. Factorization of the inverse Fourier transformation

2.1. We identify H(2)* and R* via the following correspondence.

U+, v3-—iv4)

(vl""ové)<—)< .
Uy+iU, U;—0,

Then we have
V={(,, - - -, v,) € R*| Vi —v}—v;—v;<O}
Here we consider the following 2-sphere
S'={(v,, U, V)| V3+ Vi Vi=1}.
For x=(x,, x,, x,) ¢ R*—{(0, 0, 0)} we define p(x) e S* by
P)=(xa/|x], Xo/| x|, x4/x]),

where |x|=(x3+x3+x)"2
We have:

Lemma 2.1.1.  There exists a family of triangulations of S* {0,|n ¢ N}
which satisfies the following conditions.

(A) Each edge of O, (ne N) is a geodesic arc with respect to the
Riemannian metric induced from the Euclidean metric of R°.



Cohomological Hardy Space for SU(2,2) 475

(B) 0,., is a subdivision of ©, for all n e N.

(©) Ifntends to oo then the maximum of diameters of faces of 0,
tends to zero.

(D) Each triangle of ©,, does not have an obtuse angle.

Proof. We consider an octahedron H whose vertices are (&1, 0, 0),
0, +1,0), (0, 0, =1). We define a triangulation ¥, of H whose edges
are all straight line segments as follows. First let 7", be the triangulation
whose vertices, edges, and faces are vertices, edges, and faces of the octa-
hedorn H respectively.

Next, using the following subdivisional triangulations of each face of
H consisting of only regular triangles (Fig. 1), we can define subdivisions
of ¥, for all n>>2 which have the above mentioned property (B), (C), and

(D).

AV

Fig. 1

Finally we define ©, by the image of ", under p. Then we can easily
see {0, |n e N} has desired properties. O

Hereafter we fix some 6, which is sufficiently fine. We write ©® for
0, for simplicity. Let 4 be a triangle of ® whose vertices are &', &, &°.
Here, &= (&, &, &) e R®, and > i_,(&))’=1. We, if necessary, change the

numeration and we assume
&
det | & | >0.
53

vl Sl Sl
det| & |>0, det | v/ | >0, det | &£* | >0},
53 53 v/

where v/ =(v,, U5, v,). Then the convex hull of V, is a proper convex cone.

We define

VA‘—:{(UI’ Uy eV
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We denote the set of triangles of ® or the set of vertices of © by the same
letter . Then we easily get:

Lemma 2.1.2. V= U ¢V, This union is disjoint except for a set of
measure zero.

We define a function %, on ¥ by

1 ifxeV
XA'—_ A
0 otherwise.

For f e L*(V) we put f,=f-%,. Then we have
f= AZEZG i (as L*-functions).
2.2. Put
Sy;= U2 3{(52‘, thél, thés, the) e R 1>0, h>1}.
iy

We denote the closure of the face of 4 € @ by the same letter 4. Then we
have:

Lemma 2.2.1. V, is contained in the convex hull of S,.

Proof. Let v= (v, Uy, U V)€ Vs Put |v|=@i+ v+ v~ If
v,==0, v is contained in the convex hull of

U A, hlv,| & hlv,| &5~ | &) e R =13,

i=1,32,3

since ju,|<{|v'| and (vy/ |V], vf|V’], v/ |V']) is contained in 4 whose vertices
are’d’, &, &

If v,=0, then we have (44, v,, v,, v,) € V, for sufficiently small §. ]

For a vertex £=(§,, &, &) in O, we put
Wi={z, -+, 2) e CY [ n|<&pt&oyutEurit
Here, y,=Jz, for i=2, 3, 4. We define
Dg=) Wj.

eb

Lemma 2.2.2. Let 4 be a triangle of © and & (i=1, 2, 3) the, vertices
of 4. Then & ~'f; is holomorphic on W/,N W[\ W/..

Proof. Forz,eC(i=1,---,4) we put y,=3z,. Put
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U:lk'—_‘_{(zla DY Z4) € C4lv(v1a MY v4) € SA ylvl+ A +y4v4>0}.

From Lemma 2.2.1, #-'f, is holomorphic on U#*. On the other hand
we have

Uf= {zy -+, 2) € C*HVA=>1VE>0Ve=+
i=1,2,3

1 ety,+thy,&i+ thy,&i+ thy,£i >0}
M {(le R AR C4}y253+y3$§+y452>|y1‘}

1=1,2,3

= Wi O
For each vertex £ we denote by St (£) the open kernel of
U4
4e6
fed

Here, we identify each triangle 4 and the closure of its face as above.
We put

We={(zu -, z)e Wi Ip(st Vs, Vo) € St (E)}

Here, y,=Jz, (i=2, 3, 4). We can immediately see W, is convex. Espe-
cially each W, is Stein. From (D) of Lemma 2.1.1, we easily have:

Lemma 2.2.3.
Dg=J W..

£eo

Let @ be the sheaf of germs of holomorphic functions. For a triangle
Ade B let & (i=1, 2, 3) be the vertices of 4. We can assume

&}
det | £2]>0.
&%

Let f e LX(V). Since F ' f; & O(W, \ Wes N\ Wes) we can define
oo )=2F 4 VV&},/\ Wej, N Wsj'
4e6

Here, we use the notation of V.P. Palamodov for cochains. See Palamodov
[P] Chapter 3, Section 3 p. 105-110.
Put

%9:{W§IE € @}.
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Let ZX%,, 0) be the space of 2-cocycles of the Cech complex of @-coef-
ficient with respect to the Leray (Stein) covering %,. Since the intersection
of any four distinct W,’s is empty, Z%(%,, @) conincides with the space of
2-cochains. Hence we have the following map.

ve: LX(V)——>Z*(Us, O).

2.3, Now we review some fundamental facts about the theory of
hyperfunctions.” For details, see [KKK].
For a sheaf & on C", we define a sheaf ["g.(%) as follows.

I FY)U)={s e (U)|supp () SUNR"},

for all open subset U of C*. Here supp (s) means the support of 5. Let
¢ be the natural embedding R"=—>C™.

If we fix an orientation of R™, then we can define the sheaf of germs
of hyperfunctions & by ¢ *R*I" zu(@¢.), where R*[" . means the n-th derived
functor of I'g. and O is the sheaf of germs of holomorphic functions on
cn.

We can represent the space of global sections #Z(U) on any open
subset U of R* by relative cohomologies as follows.

BU)=HHU’, 0),
where U’ is any complex neighbourhood of U in C*. We also have
HU', 0)=0.  (q#n)

Next we consider the (abstract) boundary values of holomorphic
functions. Let 7 be an open subset of C". We call W a proper convex
conic tube domain, if there exists some proper open convex cone Q in R®
whose vertex is the origin such that W=R"+iQ. Let W be a proper
convex conic tube domain. Then for each holomorphic function f on W
we can define a boundary value b,(f) € Z(R") (or sometimes we write
b(W; f) or simply b(f)). The boundary values have the following
properties.

(A) Let W and W’ be proper convex conic tube domains such that
W'SW. Letfbe aholomorphic function on W. Then we have

bW(f) = bW’(fW’)'

(B) Let f be a holomorphic function on W such that lim,_,f(x+ity)
(x, ye R*, x+iye W) exists as a distribution. Then lim,_,f(x-+ity)=
b (N)(x). Here we can regard the space of distributions as a subspace of
the space of hyperfunctions.
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Next we consider the relation between relative cohomologies and
boundary values. Let {W,, ..., W,} be a open covering of C*— R" such
that each W, is an open proper convex conic tube domain and the intersec-
tion of any n--1 distinct W,’s is empty. Then we can immediately see
{W,, ---, W,} is a Leray covering with respect to not only the sheaf of
germs of holomorphic function @ but also constant sheaf of Z-coefficient.
If we assume n>>1, then we have

H*YC"—R", Z)=Z.

The above isomorphism is not canonical. Fixing an orientation of R" is
equivalent to fixing an isomorphism

e: H""{(C*—R", Z)—>Z.

Let Z*{(C"—R", Z) be the space of (n—1)-cocycles of the Cech complex
of Z-coefficient with respect to the Leray covering {W,, ---, W,}. Let
pi: Z"C*—R", Z)—>H"'(C"—R", Z) be a natural projection.
Z"(C"—R", Z) is generated over Z by the following elements,

OVASERVAN (4% (1<, <+ - <P, <m).
We put
77/51...’7;”=5°p1(W2'1/\ e /\ Win)‘

Then we have

==+1.

Nizyeesin

Next we consider the 0-coefficient cohomology. Let Z »~{(C"—R", 0) be
the space of (n—1)-cocycles of the Cech complex of @-coefficient with re-
spect to the Stein covering {W,, --., W} and P,: Z""(C"—R", O)—
H*-Y(C"—R", 0) the natural projection. Any element X of Z*-*(C"—
R, 0) is written as follows.
X= 2 PN | FWARERWAN (#
1<ig<e oo <ipsm

Here, g;,......, € O(W,, N - - - N W,). If we identify Z(R") and H%.(C", 0)
=H"(C"—R", 0), then we have

pg(X)—: Z b(Wilﬂ M ﬂ Wzn; gil,"',in)vil,'",in'

1< <o <in<m

Next we return to the original situation. For each element ce
Z%(%,, O) has the following expression.
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C= Z gAWfb/\ Wez/\ Wez.
4e€0

Here g, € O(W N W N Wes) and &, (i=1, 2, 3) are the vertices of 4 such

that
t
det | &2 | >0.
&
Then we can define a boundary value map
be: ZH U, O)—>B(R")
as follows.
bg(c)= ;@b(Weh NWe Wes; 80)-
Immediately, we have:
Lemma 2.3.1. F'=bgops.

2.4. Put

F:;:{(le P 24) € C4](Z1a -+, z) ¢ Dy, 82120},
Fg:{(zv see,Z) € C4|(ZU <, 2) ¢ Dy, ’\(\,SZISO}'
We have

(C'—TIHUC*—T5)=C*'—R",
(C*=IHN(C*—I'5)=De.

Hence we have the following Mayer-Vietris exact sequence
(4) - HO(C R, )< 2 HY(D,, O)«——HY(C*—I'5, 0)
@HYC*—I5, O)«—HYC*—R*, O)«—- - -.
Since C* is Stein, we have
HY(C* T, @)ZH;{;;I(C‘, o (g=),
HYC*—R', O)=H%\(C* 0) (g=>1).

Here, the right hands of the above equations are relative cohomologies
(cf. [KKK]). From Kashiwara and Laurent [KL] Théorém 1.1.2, we have
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HL(C, 0=0  (g#0).
6

From 2.3, we have

ARY q=4,

Hy(C, 0 ={
i ) 0 otherwise.

Since the intersection of any four distinct W,’s is empty, we have
H¥Dy, 0)=0.
Hence we get:
Lemma 2.4.1. (A) For g=+0,2,
HYDy, 0)=0.

(B) We have the following exact sequence.
J
0<—H1:(C*, O)DH}(C*, 0)<—B(R)<«——H*Ds, 0)<—0.

2.5. Let pry: ZXUe, O)— H*(Dg, O) be the natural projection.
We are going to show:

Lemma 2.5.1. bgopro=4d,.

Proof. We fix some 4 e @ with vertices &, &%, & such that
&
det g >0.
&

be °P"9(fW$§, A We, A Wef,) =0o(fWe,/\ We, A Wef,)

‘We have only to show

for all f e O(Wa,N Wy N Wes).
Hereafter we put y,=3z, for i=1,2,3,4. Let p be a sufficiently
small positive number. Put

Wo={zs -+ z) € C*|(1—p) | »| <E1ot+-Es+EVi P(Ver V2 ¥1) € SEE)}.

Here, £=(&,, &, &,) is a vertex of ©. Let Iz be the open kernels of [':
respectively. Put
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Zo={I%, [FYU{W;|¢ e O).

Then %, is a Stein covering of C*—R* and we can easily see that any five
distinct elements of %, do not intersect. Put

Wi={z -+, 2) € We| 3 <&+ &V +E04),
W;:{(ZI, N A We] —1<8:+ &)+ Eu i)
We put
Us={YU{W|§ e 0},
Us={ls}U{W; £ e B}

Then %} (resp. %5) is a Leray (Stein) covering of C*—1I"g (resp. C*—1I'g).
Let C*(%q, O), C¥(% g5 @), C¥UE, ©), and C*(%E, ©) be the cochain
complexes for Cech cohomologies with respect to the Leray coverings %,
Uq, UE, and U5 respectively.
For &, &, £ ¢ ©® we easily have

VT/; N We_= We:
W:UW:=W,,
WiNWHUWNWa)=W,NW,,
WNWeNWaI U NWENW o) =W NWe N W, etc.

Hence we can easily see there exists the following exact sequence of com-
plex.

(5) O0—>CH@y, O - CHaUL, OBCHUs, O)— > C*l 5y, O)—0.

Since the Mayer-Vietris exact sequence (4) is induced from the exact
sequence (5), considering the snake lemma, we can describe

O °P’”9(fWe§, A Wej A We‘;‘,)

as follows. Here fe O(WsN W N W) and 4 is a triangle in & with

vertices &%, &2, £ such that
&
det | £21>0.
&

Since we have
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(W;':' n W;‘% N W;‘Z) U (We’}’ N We‘% N We'i)= Wean Weg, NWess
(W:‘,’ N W:iﬂ W;‘,‘,1 n (We—}, n W;z N We‘z)= WaNWeNWes,
and W N Wy, N W is Stein, we can write
f=h,—h_,
where h, e OOV *NW:NW2).
4 ] L/
We denote by Z¥(%4, 0) the space of 2-cocycle with respect to the
covering %4 and let prz,: ZX(% 4, O)—H(C*—R*, 0) be the natural pro-

jection.
Considering the smake lemma, we can easily deduce

dgopre(fWe N\ f’Veg,/\ Wes)
=pry (BT A\Wy ANWes A\Weg) —prs (h- Wy A\Wes AW NT5).
If we consider the orientation, we have
deopro(fWe, AW, A\ Wes)
=B NWa N W N We; h)—b(Wa N W N Wes N 155 h_)
=b(W:§ﬂ W;‘zﬂ W:Z; h,,)—b(I/T/;Aﬂ W;,Aﬂ We‘z; h_)
—B(We, N Wet,\ Wes f)
=bs(fWe, A\Ws AWes). Q.E.D.
Put
Ve =Pro°Ps-
From Lemma 2.3.1 and Lemma 2.5.1, we immediately have:
Corollary 2.5.2. {goire=F 1.

2.6. If n<m, then we have D, =D, . Then there exists a restric-
tion map

r: H¥(Dy, , O)——>H(D,,,, 0).
We have:
Lemma 2.6.1. For m>n, we have

r°w9m= ‘\!fen'
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Proof. Functoriality of the Mayer-Vietris exact sequence implies
59m = 59n°r.
Hence we have

09,070 re, =06,V e,
=37'1

=59n°\k9n'
Since d,, is injective (Lemma 2.4.1), we have the desired result. |
From Lemma 2.6.1, we get a canonical map

W' 1 L(V)—>lim H* (D,,, 0).

Since D= U, Dy, from Lemma 2.1.1, we have a canonical map

q: HX(D, O)—>lim H* (Dy,, 0).

We quote:

Lemma 2.6.2 ((KL] Lemma 1.1.6). Let X be a topological space, F a
sheaf on X, and k € N. Let {U,|n € N} be a family of open sets of X which
satisfies the following conditions.

A) U,CU,,, foralln,

® U, U,=X.

(C) The restriction map H*'(U,,,, O)—H*(U,, F)
is surjective for all n.

Then the canonical map

H*(X, F)—>lim H*(U,, F)

is an isomorphism.

From this lemma and Lemma 2.4.1, we see that g is an isomorphism.
Hence from +/" and ¢~*, we can define

Vi L(V)—>HYD, 0).
Let I"* be the closures of D* in C* respectively. Then we have

(C*—=T'HYU(C*—T'")=C*—R*,
(C*=r)Hu(Cc*—=r-)=>.
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Hence we get the following Mayer-Vietris exact sequence.
)
(6) ..-«—HC*—R', O)«—HD, O)«—HYC*—TI"", 0)
@HYC*—TI", O)«——H C*—R*, O)<—- - -.

The above sequence is the inverse limit of (4). Let g be the Lie algebra of
G and U(g) the universal enveloping algebra of complexification of g. We
can immediately see all maps in (6) are U(g) and P-homomorphism under
twisted action compatible with the actions on Z(R*).

Taking inverse limit, now we can easily have:
Theorem 2.6.3. (A) For the inverse Fourier transformation
F 1 L(V)—> LA HQ)) S B(H(2)

we have F ~'={doq.
(B) F ', v, and § are all U(g) and P-homomorphisms.
(C) ¢ is injective.

§ 3. Some cohomology group of the line bundle L on G/H

3.1. From the generalized Borel-Weil-Bott theorem (Kostant [Ko]
Theorem 6.4), we have:

Lemma 3.1.1. Let L be the line bundle defined in 1.2. Then we have
HYF,, L)=0 (¢@=0,1,2, ---).

3.2. Let I'* be the closure of D* in F, respectively. Then we have
(Fo—I U F—T")=F—F,
Fe—T*YN(F—IT")=D.

Hence we get the following Mayer-Vietris exact sequence.
(7) ---«—H"'(F,—F, L)e—g—H"(D, Ly«—HYF,—I*, L)
®HYF,—I~, y«—HYF,—F, L)y<—- - -.

From Lemma 3.1.1, for all g € NV we have

HY(Fo—I'*, L)=H32(F,, L),
H'(Fo—F, L)=H§"(F¢, L).
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Since we can regard I'* as a closed convex set in C* (See Wolf [Wo]
3.), from the result of Kashiwara-Morimoto (also see [KL] Théoréme
1.1.2) we have

HN(Fo, =0 (g#3).
Since F, is a complex neighbourhood of F, we have
Hi(Fo, )=0  (q#49),
H3(Fo, L)=4%(F, L).
Hence we have:

Theorem 3.2.1. (A) HYD, L)=0 (g2, 3).
(B) The following is a exact sequence of G-equivariant maps.

0<——H*D, Ly«—H} (F,, LY®H}_(Fy, L)y«—%(F,, L)
< HYD, Ly«—0

3.3. Put

K={{——
b|a
Then K is a maximal compact subgroup of G. We write f for the Lie
algebra of of K. For a f-module M we write M, for the space of f-finite

elements in M.
Put

(a+ib, a—ib) € S(UR) X U(2))}.

U=N0'60=C4,
S=F,—U.
Then we have '*N U=I"*. Hence we get

Hisno(U, D=H}+(Ch O)=0 (g4

Here, we identify ¢ and the sheaf of germs of holomorphic sections of the
restriction of L to U.

Therefore we easily get the following commutative diagram, from the
flabbiness of the hyperfunction, Lemma 2.4.1 (B), and Theorem 3.2.1 (B).
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0

Hp,s(Fe, ®H}- 5(Fp, L)
p _
5 - _
Hi(Fy, @ HE-(Fy, L)<— B(F, L) «—HYD, L)<—o0

’

r r r”

HE(CY, ODHE(C*, 0)< #(HQ@)<"— 1D, 0)«—0

0

Here, 1/, r, r’’ are restriction maps and all rows and columns are exact.
The following lemma will be proved in the next section.

Lemma 33.1. H}. o(Fg, L) =0.
Using this lemma, we have:
Lemma 3.3.2. If fe &(F, L), satisfies r(f) € Im (3), then f e Im (0).
Proof. Since
o (f) =j*or(f) =0,

there exists some element g of Hp, s(Fy, LYDHf-s(Fg, L) such that p(g)
=i*(f). Since p is injective, g is {-finite. Hence we have g=0. There-
fore i*(f)=0. From the exactness, we have the desired conclusion. []

Now we have the main result of this section.
Theorem 3.3.3. The restriction map
¥”: HYD, L)y—>H*(D, 0),
is an U(g)-isomorphism.

Proof. Surjectivity of r”” is immediately deduced from Lemma 3.3.2.
Injectivity is deduced from the injectivity of

r: B(F, Ly—>%(H(2)).
Hence r” gives an isomorphism of H%D, L), to H¥D, 0),. Q.E.D.

From Theorem 2.6.3, we have:
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Corollary 3.3.4. We get an embedding of a U(g)-module:
LY V), =—>H*D, L).
Remark. In the general result of [RSW] 4.28, H*(D, L), is calculated.

§4. Proof of Lemma 3.3.1.
4.1. We fix the following Levi part of Pg.

[

We fix the following Cartan subalgebra §, of L as well as G.

A, Be GL(2, C), det (A):det(B)‘l}.

60.: a+b+c+d:0 .

oo onN
[N )
o oo
Qoo o

The Kiiling form of g,=3((4, C) coincides with Tr XY up to scalar factor.
Using this bilinear form, we will identify §, and its dual jH3.

Let 2 be the root system of 3((4, C) with respect to the Cartan sub-
algebra ;. Let a, B, and 7 be roots corresponding to

0 0 0 0O 1 0 00
0 0 0 0O 0—-10 0
00 01 0o {0 0 00O
6 0 0 0O 0 0 0 O

respectively. Then {&, 8, 7} forms a fundamental system of roots.

@ 8 7
O—0O0—~20
Let 3'* be the positive system of X with respect to the above fundamental

system.
Let W (resp. W) be the Weyl group of G,=SL(4, C) (resp. L) with
respect to the Cartan subalgebra §,. Put

W,={we W|(—wZ)NZ*S{B, B+7, a+p+7, a+ i}
Then we have

Wy=1{€, Sg, 555a> SeSts SuSuSts S58aS,Sg}-
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Here, e means the identity element of W and s, means the simple reflection
with respect to the simple root * (x=a, S, 7).
Put

1 %0
0100} 674 ).
% x 1
b S S

— OO0

The following is a special case of Borel-Kostant’s generalized Bruhat
decomposition (Warner [Wa] Proposition 1.2.4.9).

Lemma 4.1.1.

Ge= ] cWPg (disjoint union).
wmlEWau

Here W is some representative of w in G.
Put

Wo =S558 o578 = 5,515 3515 57

Then we have

W t=—23",
namely w, is the longest element of W.
Put
U;=w,Uiw,.
Therefore

Ge= || UswwP, (disjoint union),
wW=1EWy

-1
{wow | W' € W} ={Wo, 5.5:5551S0s 55525557, 555755 ar SeSauSts S5}

‘We can choose

0 0 0 O 0—-1 0 0
010 O and 1 0 0O
0 0 0 -1 10 0 1 o)
0 01 O 0O 0 0 1

which are contained in P,, as representatives in G, of s, and s, respective-
ly. Hence, if we put
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W =Wy, $45:5551Sas Ss3o8g> 55554, S5 €}
then we have

Go= ] UzwP, (disjoint union).

wWeW

We choose representatives of the elements of W* as follows.

0 0—1 0

_fo 0o o0 -1
ML 0 0 of

01 0 0

1 0 0 ©

o 0o o0 -1
SSSesiSer W= o | o

01 0 0

1 0 0 0
S 3Sp8 g > Wy = 8 (1) _(1) 8 ,

0o 0 0 1

0 0 0—I

o1 0 o
ssSe=W=0 o 1 ol

1 0 0 O

0 0—1 0

_fo 1 0o o
W= 0 0 of

00 0 1

1 0 0 0

o1 0 o
%=l 0 1 of

00 0 1

Hereafter we assume i=1, 2, 3, 4. Put
e,=Ww, e, e Fg.

Then we have

5
Fo=11(Us-e) (disjoint union).
=0
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Next we consider the following local coordinate system of F,. Put
U,=w,N;-e,=Ww ,Nwite,.

We can introduce a coordinate on U, as follows.

1 0 z4z, z,—iz,
U, s, 8 (1) 23‘1”24 AR ez, o) e O
00 O 1
Then we immediately have
U;-e,CU,.

The following result follows from some direct calculations.

Lemma 4.1.2. Under the above coordinates of U, (i=1, - - -, 4), we
have the following description of U -e,.

Us-e,=Uy;=Ngy-e,

Us-e,={(z, -+, 2) e C*|z;+2,=0}C U,
Ug-e,={(zy, - -+, 2) e C*|2,+2,=0, z,—iz,=0} S U,
Us-e,={(z,, -+, 2z) e C*|2,+2,=0, z,4iz,= 0} C U,,
Uy-e,={(zy, - -+, 2) e C*2,—2,=0, z,=2,=0}Z U,
Ug-e,={0, ---,0}CU..

Next we try to represent D U, by the coordinate on U,.
Lemma 4.1.3. Ifi=0, 1,4, 5, then we have
DNU={(z, - -, 2) e C*|2—yi—1i—32<0, y,=z, i=1, - - -, 4}.
Especially, if i= =4, 5, then
(Us-e)ND=g.

Proof. 1f i=0, then the above statement means D=DNU,. If i=
1, 4, 5, then we have W, € G. Hence we have the statement of the lemma
from the case of i=0, O

After direct calculations, we have:

Lemma 4.14. If i=2,3, then
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U -e,CD.
4.2. Now we prove Lemma 3.3.1. We will show
Hp . s(Fo, L),=0.

The case of '~ is similar.
First from Lemma 4.1.3, and Lemma 4.1.4, we have

rnNS={e}UUs;-e,NTHUUs-e,N ).

Since {e,} U(Ug -e,NI"*) is closed in I'* N S, we have the following exact
sequence.

Hyyoinrs(Fos D—>Hloy g ceinirsyFor D—>Hio 5(Fo, L)
—>HYyz o +(Fe, L).

On U,, we introduce the following new coordinate.

C=z14+2,, {o=2,—2,, C;=1z,, {,=2,.
Put

Cr={ e C|=0}.
Under the coordinate (¢, &,, ;, &) on U,, we have
Hisoonr+(Foy Y= HE s 00r+(Uy, 0)
= Hfyxcoxm(C*5 0)-
From [KL] Théoréme 1.1.2, we have
H{30}><(C+)><R2(C4’ 0)=0.

Hence we have the following exact sequence.
K
(8) 0——>H{yywg -esnrvy(Fos L)—> Hii 5(Fg, L)

T
4
—>H{ycryxrC*, O).

Let f be any element of HZ, ,s(Fg, L), then z(f) € Hx c+)xr:(C*, O)
is also g-finite.
Now we prove:

Lemma 4.2.1. H{y ey r{C*, 0),=0.
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Proof. Put
H=C—{is|s e R, |s|>1}.

Then H is simply-connected and an analytic function v/ 142° is well-defined
on H. From the excision property, we have

Hy oy m(C*, O)=H oy c+yxr HX C?, 0).
We introduce new (global) coordinate (¢,, - - -, t,) on HX C?® as follows.
Ci=1t,
L=t+u1(t3+10),
L=tV1+1],
L=t 1+1].

Then we can easily see

(ti’ Tt t4)\/\—>(C17 Tt C4)

gives a holomorphic automorphism of HX C*.
Next we consider the following 1-parameter subgroup of XK.

cosff 0 —sind O
0 1 0 (U] U

sinf 0 cosd O ()"
0 0 1 1

k(@)=w,

After direct calculation we have

cos @ 0) (sinﬁ 0))((—sin0 0>X (cosﬁ 0))‘1
((01X+oo o oo 4
_( 1 I+ (tg—in))
W@ +it)  ta@r )

Here
( 4 NI+ t%(ta—iu))
X={ " ,
VIt (t+it)  t+1(t+1)

o= t,+tan g
Y1 —1, tand

We also have
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(det <(—sin0 0)X+<cosﬁ 0)))‘2___ 1
0 0 0 1 (t,sin 6 —cos )

Hence in the coordinate (¢, - - -, t,), the action of the infinitesimal generator
of {k(6)} was represented as follows.

i( o t’ttt)J =(1 tz_a— 2t>
aﬁ (tl Sina—-COSﬁ)zf( 1> “2s €3> 4) 9=0 ( + 1) atl + 1 .f'

Put
P=(14+10-9 42,
o,

Put
R, ={xeR|x>0},
R ={xeR|x<0}.

For a closed set 4 of HX C® we put
A =HXC*—A.
Then we have the following Mayer-Vietris exact sequence.

HY(RX C*XRY, O)—>H¥ ({0} X C* X RY", 0)
——>H((R, X C* X RY)*, O)QH((R_ X C* X R*)*, 0).

HX C? is Stein, since it is a cylinder domain. Hence for all closed subset
A of C* we have

HYA°, O)=HI*(HXC 0)  (g=>1).
Hence the above exact sequence is rewritten follows.

Hiy oryxr(HXC?, O)——>H{yyy o+yxre(H X C?, )
——>Hz wcnyxplHXC? OODHg_y c+yxpH X C?, 0).

From the excision property, we have
H oy xm(HX C?, O)=Hpy c+yx g:(C*, 0).
On the other hand, from [KL] Théoréme 1.1.2, we have

Hlsex (c+) sz(C47 0) =0
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Hence we have only to show:
H;ei x(c+)><m(H>< C, @)t=0~

We prove the case of “plus”. The other case is similar.
Since HX C?is Stein, we have

Hy, xctyxp(HXC?, O)=HHXC*—R, XC*XR’, 0).

Let & be any f-finite element of H3(HX C*—R, X C* X R%, (). Since h is
{-finite,

h, Ph, P*h, P*h, - - -, P"h, - - -
are not linearly independent. Hence there exists some differential operator

2mam I( a)
=1+tH)"—+ 0’| t,, —
0=+ 01 o

such that Qh=0. Here m is some positive integer and Q’ is a differential
operator of order <m. Q is free from ¢, and 9/3¢, for i=2, 3, 4.

Now we consider the following Leray covering of HXC*—R, X C*
X RE.

U={H—R,)XC* HX(C—C*)XC* HXC

X(C—R)XC, HXC*X(C—R)}.

Then we can identify the space of 3-cocycle Z¥%, @) and the space

O(H—-R,)X(C—C")X(C—R).
The space of 2-cochain CX(#, 0) is identified with
OWYDOW)DOW )DUW).

Here we put
W,=HX(C—C*)X(C—RY),
Wy,=(H—R,)XCX(C—RY),

W,=(H—R,)X(C—C*)XCX(C—R),
W,=(H—R,)X(C—C*)X(C—R)XC.

Then we have the following exact sequence

C @, 0)—L> 2w, 0) "> H(HX C'—R, X C* X R, 0)—>0.
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We choose g such that p(g)=f. Since Qh=0, there exist some ¢; €
oW, (i=1, 2, 3, 4) such that

Qg= d(%@%@%@%)-

Since H and H—R, are simply-connected and Q is free from ¢, and 5/0z,
for i=2, 3, 4, we can solve the following (ordinary) differential equation
in the domain W, for i=1, 2, 3, 4.

Qu;=¢,.
Put
8’ =g —d(u,@Qu,Pu;Du,).
Then we have p(g’)=h and

(9) Qg’=0.

Since g’ € O((H—R.,) X (C—C*) X (C—R)") satisfies the above differential
equation and H is simply-connected, we can extend g’ to a holomorphic
function on HX(C—C*)X(C—R)*. This means h=p(g’)=0. O

From the above Lemma 4.2.1 and exact sequence (8), we have only to
show

(10) Hiyvcws-anro(Fer D=0,
Under the coordinate (¢,, - - -, £,) on U,, we have
Us NI ={Cs -+, L) € C* |5, =L=C,=0, JL, >0}
Hence we have
Hiyz oonr+(Fos L)=HY . 0inr,.(Us, 0)
=H{x0s(C*, 0).

From [KL] Théoréme 1.1.2, we have
IC' !/
(A1) 0—>HY, (Fo, D—>Hby o wscanrey(For D——>He 5 0s(C* O).

The same argument as the proof of Lemma 4.2.1 implies:

Lemma 4.2.2.
Ht'+ X {0}3(C4, (O)t =0.
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Hence we have only to prove
(12) Ht,\(Fe, L),=0.

However the left side of the above equation is “the space of f-finite
hyperfunction on F whose support is contained in the point {e;} ¢ F”.
Hence we can see (12) holds. Q.E.D.
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