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Mixed Hodge Structures on Cohomologies
with Coefficients in a Polarized Variation
of Hodge Structure

Yuji Shimizu

Introduction

Let U be a smooth quasi-projective variety over C and ¥ a polarized
variation of Hodge structure of weight m on U (cf. (0.3), [Grl], [S]). A
basic problem in the Hodge theory is to show the existence of a canonical
mixed Hodge structure on the cohomology H*(U, V).

As is well known, the constant coefficient case ¥'=Q), is just Deligne’s
mixed Hodge theory [D2]. The case dim U=1 was treated by Zucker [Z1].

In this paper, we try to generalize Zucker’s result to higher dimension
in a special case. We assume U to be the complement of a smooth hyper-
surface Y in a projective smooth variety X (cf. (0.1)):

Uelsxloy—x—uU.

Under this assumption, we obtain a slight generalization of Zucker’s the-
orems (cf. [Z1, (7.12), (13.11), (14.3)]).

Theorem 1 (cf. (2.5)). There exists a natural pure Hodge structure of
weight m—+i on H(X, j V).

Theorem 2 (cf. (3.1.7), (3.2.6)). There exists a natural mixed Hodge
structure of weight =m+i (resp. <m--i) on H¥(U, V) (resp. H(U, V)).

Such a generalization of [Z1] was obtained independently by Zucker
himself, as announced in [Z2, p. 182].

We shall indicate the proof of these theorems, which is reduced to
the one-dimensional case [Z1] by our assumption on Y (cf. (0.5)).

For Theorem 1, we use the Hodge theory for V-valued L?-forms in
Section 2, in parallel with [Z1]. Once an L’-complex is constructed, its
properties are proved by means of local Kiinneth type formulas. Note
that the norm estimate due to Schmid [S, (6.6)] is essential here.
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For Theorem 2, by the standard machinery of cohomological mixed
Hodge complexes (cf. (0.4)), we have only to construct filtered complexes
which enable us to compute H*(U, V) and Hi(U, V).

The cohomology H*(U, V) is calculated by the logarithmic de Rham
complex Ko=02%(log YY®7, where 7 is Deligne’s canonical prolongation
of ¥v"=0,QV. In (3.1), we construct its filtration W, so that the hyper-
cohomology of each Gr} K. has a pure Hodge structure. It will turn out
that Gr{’ K, is quasi-isomorphic to the L*-complex mentioned above and
Gry K¢ (k>>0) is the de Rham complex of a polarized variation of Hodge
structure, obtained as a graded piece of the variation of the “limit” mixed
Hodge structure of V, which is constructed with its prerequisite in Section
1.

The cohomology HYU, V) is similarly treated in (3.2).

In (3.3), we collect the basic properties of the mixed Hodge structures
constructed in (3.1), (3.2).

In Section 4, by Theorems 1, 2 or their proof, we verify that a part
of Brylinski’s conjectures on filtered 2-Modules [Brl] hold in our situation.
To state our results, let us recall the language of @-Modules (cf. (4.1)).
Let 24 be the sheaf of rings of holomorphic linear differential operators,
D?,(2y) the derived category of regular holonomic 2 ,-Modules, D}(X, C)
the derived category of C-constructible sheaves. Kashiwara-Kawai [K1, 2],
[KK1] and Mebkhout [M] proved that the following functor is an equi-
valence of categories (the Riemann-Hilbert correspondence)

DRX:——R%OMQX(@X, )! th(gx)———)Dg(X, C)

Then, in our situation, there exist regular holonomic 2 ,-Modules,
¥, M such that

DRy(2) =jxV, DRX(V//)ZRj*V
and, if we identify V" with its dual ¥V* by the polarization, then we have
F=S%  DRAM¥)=}V.

It is easy to see that in the present case j, V'[2 dim X] equals the inter-
section complex IC'(X, V) of Deligne and Goresky-MacPherson [BBD],
[GM]. Its hypercohomology is by definition the intersection cohomology
IHY(X, V).

Then, our results are stated as follows.

Theorem 3 (cf. (4.2.1)). & gives rise to a pure Hodge structure on
HYX, j V)Y=IHYX, V) constructed in Theorem 1.
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Theorem 4 (cf. (4.2.6)). There exists a filtration W, on M (resp. M*),
which gives rise to the weight filtration on HY(U,V) (resp. H(U, V)) con-
structed in Theorem 2.

Theorem 3 corresponds to the purity conjecture [Brl, IT (2.1)] and
restates Theorem 1. Theorem 4 corresponds to a conjecture on the mixed
2-Modules [Brl, II (2.3)] and we construct such a weight filtration on #
and .£* in (4.2).

This paper is a refined version of the author’s master’s thesis (1983).
After its redaction, several progresses have been made in this direction.
First, Schmid’s norm estimate was generalized to the several variable case
by Kashiwara [K4] and by Cattani-Kaplan-Schmid [CKS1], by different
methods. Secondly, Kashiwara-Kawai |KK2] and Cattani-Kaplan-Schmid
[CKS?2], independently, generalized the L*-Poincaré lemma (cf. (2.4,3)) to
the several variable case and showed that the intersection cohomology
coincides with the L*-cohomology and has a pure Hodge structure in the
setting (0.1) except that Y is only assumed to be a divisor with normal
crossings. Kashiwara-Kawai [KK3] also showed that the Hodge filtration
is given by a good filtration of the minimal extension. Thirdly, Morihiko
Saito proved the purity of the intersection cohomology with coefficients in
a variation of ‘“geometric origin” by his theory of Hodge modules [Sa].
Finally, Steenbrink-Zucker [SZ] generalized Zucker’s results [Z1] allowing
the coefficients to be a “‘good” variation of mixed Hodge structure.

1 am grateful to Professor S. Zucker for valuable comments and to
the referee for useful advice. I would like to express my gratitude to Prof.
T. Shioda for encouragements. I would like to thank Prof. J-L. Verdier
for giving me the chance to participate in the Colloque & Luminy
““Systémes différentiels et singularités” (1983), which has greatly inspired
me. Thanks are due to Prof. H. Hironaka and the Committee on the
Educational Project for Japanese Mathematical Scientists for financial
support.

§0. Preliminaries

In this paragraph, we fix some notation to be constantly used in the
sequel, and recall basic concepts in the mixed Hodge theory.

(0.1) We are always in the following situation:

X: a projective smooth algebraic variety over C (or a compact
Kahler manifold)

Y: a smooth hypersurface of X
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Ui=X—Y—15 X< —¥: the inclusions.

We consider a polarized variation of Hodge structure ¥ on U, the
definition of which we recall in (0.3). ¥ :=0QV is the corresponding
locally free ¢-Module with an integrable connection.

We assume for simplicity the monodromy of V along Y to be uni-
potent. It is not necessary for the validity of the main resuits.

(0.2) A mixed Hodge structure (MHS) is a triple H=(H,, W, F) con-
sisting of a finite dimensional Q-vector space H,, an increasing filtration
W, of H, and a decreasing filtration F? of Hy:= H,®C such that F?@F*
=Gry H for p+q=k-+1, where F? is the induced filtration on Gry Hy
and — means the complex conjugate with respect to Hg:=H,&QR.

The integer & such that Gr}y H,==0 is called a weight of H. If H has
only a single weight, we say that H is pure, or H is a (pure) Hodge struc-
ture (HS).

A polarization of a Hodge structure H of weight m is a bilinear pair-
ing S: Hy®H,—Q such that S(F?, F9)=0 for p+g=m+1, S(Cu, )>0
forue H»?:=F?(\ F, u+0, p4-qg=m, where C is the Weil operator on
H,, defined by C=i?"? on H™?.

A graded polarization of a mixed Hodge structure H is a collection
of polarizations S, on each Gr} H.

For more details, see [D2, § 2].

(0.3) A variation of mixed Hodge structure (VMHS) (on a complex
manifold X) is a triple V=(V,, {W,}, {#*}) consisting of a local system
Vy, an increasing filtration {I¥,} by local subsystems of V,, and a decreas-
ing filtration {7} by locally free @-subModules of ¥ =0V, such that
@) Ve=Vp,00 {W,} {F ?(x)}) defines a MHS at each point x € X, and (ii)
the natural connection ¥ on ¥ satisfies V #* C 24.Q.F** (“horizontality™).

A graded polarization of a VMHS is a collection of morphisms of
local systems Sy : GrYf Vo®Gry V,—Q which gives a graded polarization
of MHS at each point of X.

When ¥V has only a single weight, V is a variation of Hodge struc-
ture (VHS) introduced by Griffiths [Grl, § 2] and a graded polarization is
simply called a polarization.

For further details on VMHS, we refer to Steenbrink-Zucker [SZ] and
Usui [U].

(0.4) The method to put a mixed Hodge structure on some (hyper-)
cohomology is formulated in terms of cohomological mixed Hodge com-
plexes [D2, IIT (8.1)].

A cohomological mixed Hodge complex (CMHC) (on a complex
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manifold X) is a triple K=(Kj, (K, W), (K¢, W, F)) consisting of a
constructible complex K, of Z,-Modules, a filtered complex (K, W) of
Qx-Modules, and a bifiltered complex (K, W, F) of Cy-Modules, together
with a quasi-isomorphism K,QQ~K, and a filtered quasi-isomorphism
(K, WYRC=(K;, W), such that (i) the differential of RI'(X, GrfKc)
is strictly compatible with F (cf. [D2, II (1.1)]) and (ii) H'(X, Gry Kyp)
together with Fis a HS of weight k1.

Deligne’s fundamental theorem in [D2, III, (8.1.9)] asserts that
(HY(X, Kz), W on HYX, Kp), F on HYX, K)) is a MHS when K is a
CMHC.

(0.5) We repeatedly reduce our proof to the one-dimensional case
as follows: When the question is local, we can sometimes reduce ourselves
to the following situation, localizing (0.1):

U=D*x D' —Ls XY=Dre ' Y={0} x D"~
w w

u y=(0,%)

z=(z,, - - -, z,) denotes the standard coordinate: Y={z,=0}, p: D* x D"!
—D*; zi5z, q: D* X D" D" !; zv5(z,, - - -, z,) etc.

Thanks to the Nilpotent Orbit Theorem [S, (4.12)], we may sometimes
assume that the original VHS ¥ on U comes from a VHS V’ on D*: V=
p .

The local monodromy along Y is by definition the image in GL (V)
of the generator of z,(U, u)=~Z for some point u € U. Under the assump-
tion of unipotence, we can consider its logarithm

N=log T:=— (I—-T)Yi
120

which is a finite sum. When the local monodromy is not unipotent, we
can consider the logarithm of its unipotent part.

§1. Construction of the variation of limit mixed Hodge structure

In this paragraph, we construct a local system on Y and its filtrations
after Zucker [Z1] using the limit mixed Hodge structure due to Schmid

S, § 6].

(1.1) Deligne’s canonical prolongation: For any local system L on
U, we put =0, L. Then, ¥ has canonically an integrable connection
V: 2—-2L8%. According to [D1, II, § 5], there is a unique prolongation
Z of & as a locally free 0x-Module such that (i) the connection has at
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most logarithmic poles along Y with respect to any local frame of .Z, and
(ii) the residue Resy I/ has eigenvalues with real parts in [0, 1).

By virtue of (i), we have a logarithmic connection V: Z—Q%(log Y)
®.Z. The assignment L2 is functorial and preserves exact sequences.
Moreover, if the local monodromy of L along Y is unipotent, then Res, V/
is nilpotent and the functor L+ 2 is compatible with #om, ®, A.

(1.2) Monodromy weight filtration (cf. [S, (6.4))): Given a finite-
dimensional vector space E and a nilpotent endomorphism N of E, then
there exists a unique increasing filtration {W¥,} on E such that (i) NW,C
W,._, and (ii) N* induces an isomorphism Gty E ~Gr”.E for k=0. This
filtration is called the monodromy weight filtration with respect to N (the
N-filtration for short). The following relations hold:

W_o=N*W,, W,=NW,,,+Ker N**' (k=0).

Put P,:=Ker (N**': Grfy E—Gr",_,E) (the primitive part). Then we have
the decomposition (cf. [S, (6.4)]):

GIYE~@® N'P, ,,.
j=0

We also consider another filtration {Z,}: Z,:=Im N+ W, _, (k=0).
Note that Z,=Im N and GrE~P,_, for k=1.

(1.3) Now we construct filtrations of the canonical prolongation ¥
of ¥"=0,QV. Recall that we are in the setting (0.1).

We localize the situation (cf. (0.5)). Fix a point ¥ € U and denote by
V, the stalk of V at u. By assumption, the local monodromy 7" e GL (V)
is unipotent and we can consider N=1log 7, which is nilpotent.

By (1.2), we get filtrations W_and Z,_ on ¥,. These are N-invariant
subspaces of V, and hence m;-modules. Then these z;-modules define local
systems on U and we can consider their canonical prolongation (1.1). By
uniqueness, these patch together and we get locally free ¢-subModules
W, Z, of ¥ defined in a tubular neighborhood of Y.

We now define local systems on Y:

Definition-Proposition (1.4). 1) ¥, has a natural integrable connec-
tion Vy and 7|y (resp. Wily, Z1|y) is obtained from a unique local system
Vy (resp. Wy s Zy ) on Y.

2) N e End(¥|y) is induced by an element (also denoted by N) of
End (V5).

Proof. 1) We prove this only for 7|, since the same argument
works for others. Recall the fact that the logarithmic connection 7 induces
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an integrable connection on 7|y, denoted by 7, as follows (cf. [D1, II
B.9)D: let (z, - - -, z,) be a local coordinate of X such that ¥={z,=0} (cf.
(0.5)). The covariant derivative (Fy);/5,, (i=2, - - -, n) is defined to be
(V3/2:)lr- These patch together to V.

Once we have an integrable connection V', on 7|y, the corresponding
local system is given as the sheaf of horizontal sections of 7|, with respect
tol,.

2) The residue Resy V' acts on ¥ |, which is horizontal with respect
to Iy (cf. [D1, I (3.10)]). We also have the relation N= —2zi-Res, F/
(cf. loc. cit. (3.11)). g.e.d.

The local systems Wy ;, Zy , and the endomorphism N possess the
same properties as in (1.2). As to the polarization, we can show:

Lemma (1.5). The polarization S: VRV—Cy gives rise to a bilinear
pairing Sy: VyQV,—Cy and non-degenerate bilinear forms Sy, on Gry V.

Proof. By the functoriality of the canonical prolongation, we obtain
S: ¥®¥ —04 and its restriction Sy: 7 |,®@7 |,—0,. Regarding S as an
element of Hom(V®V, Cy), it is horizontal with respect to the natural
connection on Hom(¥" Q¥", 0,). Then Sy is horizontal with respect to
the natural connection on #om(¥ |, ®7 |y, 0y) induced from 7 .

For k=0, letting u, v to be sections of Gr} Vy, i, U their representa-
tives in Vy, we put Sy .(u, v):=Sy(@ N*0) and, on Gr¥,V, we define
Sy,_x so that N*: GrJ V, =~Gr",V, is an isometry. Then the second as-
sertion follows from [S, (6.4)]. g.e.d.

(1.6) Note that, in the local situation (0.5), Vy , is identified with
V, by the map V,—V , which sends v to the germ at y=(0, y) of the
section ¥:=exp (—(logz)N/2zi)v. Next we put:

Fr.=j FPNY (inj¥), 2:=F?|,.

By the Nilpotent Orbit Theorem [S, (4.12)], these are locally free.

From the preceding constructions, we obtain the data (Vy, Wy , F5)
and (Vy,Zy,, Fy). The following theorem may be regarded as a
geometric aspect of Schmid’s theory [S, (6.16)].

Theorem (1.7). (Vy, {Wy,i}, {F%}) is a gradedly polarized variation
of mixed Hodge structure (0.3).

Proof. First, we prove that the triple defines a MHS at each point
y € Y. The question being local, we may localize the situation (0.5). Thus
we are reduced to the case dim X=1. Then, under the identification V,
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~Vy,, (1.6), we may identify #%(y) with the limit Hodge filtration F? :=
lim,_, exp (—(log 2)N/2zi)F?. Then, Schmid’s theorem [S, (6.16)] shows
that (Fy,,, {Wy,,}, {Z%(»}) is a MHS and the primitive part P, of
Gr/Vy,, is a HS of weight m+k, polarized by (Sy ), (cf. (1.5)). There-
fore Gr}' Vy,, itself is polarizable.

It remains to show the horizontality for V5, which follows from the
relation 7 Z7C Q%(log YR ZF 7, g.e.d.

Remark (1.8). 1) The identification of %#%(y) with FZ depends on
the choice of a local parameter, but it changes only by a factor exp (aN)
(@ € C), which does not affect the fact that #%(y) defines a MHS.

2) In the course of the proof of (1.7), it is also proved that .P, is a
VHS of weight m+k, polarized by .Sy ,.

§2. Zucker’s theorem —a slight generalization—

In this paragraph, we remark that Zucker’s theorem [Z1, (7.12)] can
be generalized to the setting (0.1) (Theorem 1 in Introduction). We briefly
recall the steps of [Z1] and indicate the necessary modification.

Step 1. The norm estimate

The basic ingredient to compute the L:-complex (cf. Step 2) is the
following estimate of the Hodge norm. We assume the local setting (0.5).

Let us take an element v e V, and denote by ¥ the corresponding
section of 7 (1.6). The Hodge norm of § at z e U is by definition || |j2
:=S(C¥(z), ¥(z)), where S is the polarization of ¥ and C is the Weil
operator (0.2). Then the following proposition is due to Schmid [S, (6.6)]
when dim X'=1 (cf. [Z1, (3.6), (3.7)) and a careful look at its proof shows
the continuous dependence of the norm || ||, on (z, - - -, z,) so that we
can reduce it to the case dim X=1.

Proposition (2.2). The following conditions are equivalent.

(i) ve W,—W,_, considered as a section of V.

(i) ||D|E~(—log|z)* as |z,|—0. Here~means that they have the
same growth.

We can also refer to the thorough generalization by Kashiwara [K4,
(3.4.2)] and Cattani-Kaplan-Schmid [CKS1].

Step 2. The Poincaré and Dolbeault lemmas for L*-complexes
There is a K&hler metric on U, which is quasi-isometric to the metric

i dz/\dz
{lzl P (log|z ) + S e N
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on D*x D" (cf. (0.5)) locally around Y. Then U is'a complete manifold
of finite volume with respect to this metric ([Z1, (3.2), (3.4))).

Zucker introduced L?-complexes with respect to the above metric to
relate the cohomology of j, V to harmonic analysis (Step 3).

Definition (2.2). (i) Consider the following sheaves on a tubular
neighborhood of Y (i=1):

2% y:={w € 2%; near Y={z,=0}, w does not contain the factor dz,}

Q% i={w e %; near Y={z,=0}, dz, No=0}=dz, N\ Q%"

2% ((log Y):=dz,/z, N\ Q2% " near Y={z,=0}

(ii) Define a subcomplex M, of 23 (log VI®7 (i=1):

Gi=H+I7
o1 =0% R o+ IV} 4 0% ((log )W s+ 57}

Here #,, ¥ _, are defined in (1.3) and .#, denotes the ideal sheaf of Y.

(iii) Define (V) to be the subcomplex of j,(£2°®V), which consists
of forms, L* with respect to the Kdhler metric of U and the Hodge norm
of V. In the same way, we define (2"QF?), (resp. (' Q%)) in f,(2%
®R.F7) (resp. j (2, Q%")), where GP:=F 2| FP+H,

FrQ(V) g =(2'"QF* ¥, (i=0), defines a filtration of 2(V);,,.

(iv) Set

L (V)i ={V,valued L*-form w of degree /, for which dw is also an

L*form}
P(GP)gs i ={@P-valued L*-form w of type (r, ), for which dw is also
an L’-form}.

The differentials d, d are taken in the weak sense. (Gr2.Z(V))y, is by de-
finition the simple complex associated to (L(%2~7)5s).

For these L*-complexes, we can show the following (2.3). The ques-
tion being local, we may reduce ourselves to the one-dimensional case (0.5)
treated by Zucker by means of local Kiinneth type formulas such as

M (V)= slp™ M(V)®4 ™ M(Cpn-)]
2.3 L( V)Ez) :_Q[P_lg( V’)Zz>®q"’$(Cm—1)Ez>]
(G2 (V=@ PO LV N4 L(Con-)is

where ® denotes the completed tensor product. Similar formulas hold
for Q(V), Gri2(V)y,, etc.  See [Z1, § 2].
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Proposition (2.4). 1) Q(V)y, coincides with M ¢ and gives a resolution
of jxVe. (cf. [Z1, (4.1), (4.9)])

2) (Q'QF ) and (QQ%7),, are locally free Ox-Modules. (cf. [Z1,
(5.2

3) The following are quasi-isomorphisms:
I Ve——>LV)ay  GrEQ(V)iy—>(GrEZL(V))ia-
Note that the norm estimate (2.1) is indispensable for (2.4).

Step 3. Harmonic analysis

In order to get the Hodge decomposition by harmonic forms, we use
harmonic analysis for L*-complexes, on a non-compact manifold with
complete metric. We do not state it here, since it is described in [Z1, § 7]
and no change of the argument is necessary except for the reference to
2.3).

Denote by Har“(V) (resp. Har™*(V)) the space of harmonic V-valued
i-forms (resp. (r, s)-forms). Then we have

HY(X, js V)= H'(X, M¢)
:HZ(F(Xa ef(I/)(z))) =~ Hari( V) ~ (—D HarTvS(V)

T+8=m+1

GriH'(X, Mg)=Har™(V)  (p+qg=m+i),

so that the Hodge spectral sequence EY*?= H?* %X, GriM )= H** (X, My)
degenerates at E,-terms. Note that in the second row the Kihler identities
are necessary (cf. [Z1, (2.7), (7.5)].

We have thus shown the following theorem which implies Theorem 1
in Introduction.

Theorem (2.5). (j4V,(M¢, F)) is a cohomological Hodge complex of
weight m (0.4).

§3. Mixed Hodge structures on cohomologies

We prove Theorem 2 in Introduction in (3.1), (3.2) and supplement
it by basic properties in (3.3). We always assume to be in the setting (0.5).

(3.1) Mixed Hodge structure on the ordinary cohomology

We will construct a cohomological mixed Hodge complex (0.4) which
enable us to compute H*(U, V), as outlined in Introduction.

Note the relation HY(U, V)~ H*X, Rj, V) and the following quasi-
isomorphisms:

(3.1.1) RjVo—>ju(2,@Ve)«—Q(log VIQF.
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The left morphism is quasi-isomorphic because j is a Stein morphism, and
the quasi-isomorphy of the right one is due to Deligne [D1, II (3.13), (6.9)].
Then we put

(3.1.2) K,y:=Rj,Vy, Ko:=02%(og QY.

On these complexes, we define filtrations W, F using the construction in
Section 1.

Definition (3.1.3) (cf. [Z1, § 13]).
(i) W.Ke:=(Rj Vo) —>(Im d)' + (Ker d) N (RjsZy,0)

for k=0 while W, K,:=0 for k<<0. Here Z, , is a local subsystem of V,
in a tubular neighborhood of Y (cf. (1.3)). Note that W, Ky=r1_Rj. V=
JxVos since (Rj.Z,,)'C(Imd)' and that W,K, are subcomplexes of
7<1Rjx Vo= Rjy V).

(ii) Wi Ke: =AQ:Y,0®%+Q:Y,1(IOg Y)@[ﬁ’?k‘!‘fyﬂf]

for k>0 while W,Ky:=0 for k<<0. For notation, refer to (1.4) for Z,,
to (2.2) (i) for 2%, 2% .(log Y). Here .#, is the ideal sheaf of Y. The
above expression makes sense only in a tubular neighborhood of Y. Since
W K= 27V, outside Y (k=0), we understand that W,K; means 2,&
V¢ (globally) on U.

(iif) FrK: = 0i(log V)QF P

Here #7 is as defined in (1.6). We also consider the induced filtration F
on W.K¢.

GrY of K, and K are calculated as follows:
Proposition (3.1.4).

Gr}CVK.Q:{J*VQ for k=0
P, o(—D[—1] for k>0,

Here P,_, is the primitive part as in (1.2). [—1] is the usual degree shift
while (—1) is the Tate twist.

Proof. The equality Gry K=/, V is trivial. For k>0 note first that
GryKo=RY.(Z,./Z,_)]—1]. Under the isomorphism

R, Vo= Vy[NVy(—1)= VY/ZY,O(_'I),

the subquotients RY,(GrZV) and GrZVy(—1) correspond. Since GryVy
~P,_, by (1.2), we obtain the desired isomorphism. q.e.d.
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Proposition (3.1.5). 1) The inclusion M ;— W K is an F-filtered quasi-
isomorphism. :

2) The Poincaré residue gives an F-filtered quasi-isomorphism Grf K¢
=2, ®P, _,(—D[—1] for £>0.

Proof. 1) Since My=W, Ky (=02y®V,) on U, we may consider
the assertion only locally around Y. So we may reduce it to the one-
dimensional case [Z1, (9.1)] by the Kiinneth type formula. See (2.3) for
My. Similar formula holds for W K.

2) By the Poincaré residue, we have

GV K2 07 @ F Zo )y (—1)
~ 0y@GtZVy(—D[—1]=25®P, (=11

We used (1.2) in the last equality. g.e.d.

To relate the filtration W on K, and K¢, we define a filtration ¥ on
Ko =jx(2y®V) as

WkK~C = d[]*(‘QU_.(])® M] +j>k['Q.U,o® V+ ‘Q.U,1®Zk] for k=0

while W, Ky =0 for k<<0. Then we have the relation Gr¥Ky=j,V, for
k=0 and Q;®P,_,(—D[—1] for k>0, similar to (3.1.5). Thus we get:

Lemma (3.1.6). The morphisms in (3.1.2) are W-filtered quasi-
isomorphisms.

Consider the data K=((K,, W), (K¢, W, F)). Since P, _, is a polarized
VHS of weight m+k—1 by (1.7), Grf K is a cohomological Hodge complex
of weight m-+k (k=1) by a theorem of Deligne in [Z1, (2.9)]. Meanwhile,
Gri K=(j«Vy, (Mg, F)) in (3.1.4), (3.1.5) is a cohomological Hodge com-
plex of weight m by (2.5). Therefore we conclude:

Theorem (3.1.7). ((Ky, W), (K¢, W, F)) is a cohomological mixed
Hodge complex of weight =m.

This implies the H%U, V) part of Theorem 2 in Introduction.

(3.2) Mixed Hodge structure on the cohomology with compact
supports

We will construct a cohomological mixed Hodge complex which
enables us to compute Hi(U, V).
Note the relation HY(U, V)~ HYX, j, V) and consider the short exact
sequence 5
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(B.2.1) 0—> j,V—> j Vi, i*], V—>0.

J V¢ has a resolution W K¢ (3.1.5). j, V¢ has the following subcomplex
K ¢ of W K¢ as a resolution:

Kt gi= S, 7 for i=0, Q% @I 47 + 2% Q7 for i>0.

Here 2% ,, £2% , are as introduced in (2.2) (i). Then, to j,¥V—»j, V corresponds
the inclusion K o— W,K; and to i,i*j, V the quotient complex W,Ky/K] ¢.
Then we put (cf. [Z1, § 14]):

Ly:=[jsVo—isi*js V]

(3.2.2) . NP
Le:=s[WKe—WK¢/K cl.

where s denotes the associated simple complex.. We will define filtrations
W, Fon Ly, Ly instead of K, o:=/,V, K, ¢. The reason for using L instead
of K, will become clear when we consider the corresponding % ,-Modules
4.2).

Note the following:

Lemma (3.2.3). 1) W,K¢/K, c=027Q7 |y @25 'QZ, |y
2) W,K¢/K, ¢ is quasi-isomorphic to the mapping cone of N: Q;Q7 |y
—0,QZ |y induced from N: Vy—Zy .

Proof. 1) is straightforward by means of the Poincaré residue. As
for 2), considering 1), we have only to note that the differential of the
complex 2, Q7 |y DR '®Z, |y is given by

(¢ -aow) Gt

Now we can define filtrations W, F on L using (3.2.3).
Definition (3.2.4) (cf. [Z1, § 14]).

Ker (N| Wy ;.0[—1] for k<0

i WL':={
(1) e L, for k=0

S0 ®F s il >0, @7, il =11 for k<0

ii WL'::{
(i) Wilei=\7 for k=0

(iil) We consider the filtration F on the complexes K, ¢, W, K¢, Le and
W, L, induced from F on K, (3.1.3) (iii).

We calculate Gr¥ of L as follows:
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Proposition (3.2.5). 1) Gt} Ly=Py 1,0l — 1] for k<0, j, V, for k=0.
2) GrfLe=02%QP; ., —1] for k<0, WK, for k=0
3) Gr7Ly®,C=Gry L.

Proof. 3) follows from 1), 2) and (3.1.5). For k<0,
Grl Lo= GrY,(Ker (N| Vi o)~ 1]
=Ker (N|G1}, Ve, o[— 1]1=Py 1 o — 1]
G Lo s[2, @Gl 7 [y —> 0, @G 7|, 11— 1]
= S10y @Y, Vy— > @G, V]~ 1]
— 2, @Ker (V| Grl V) — 1= 25®P, 1 o[ — 11

For k=0, we have Gry Ly=j,V,, since Ker (N|(Vy/Wy,))=0. Similarly
for Gr¥ L. g.e.d.

Thus Gry L is a cohomological Hodge complex of weight m-+k by
(2.5) for k=0 and by [Z1, (2.9)] for k<<0. Therefore we conclude:

Theorem (3.2.6). ((Lg, W), (L¢, W, F)) is a cohomological mixed
Hodge complex of weight <m.

This implies the HY(U, V) part of Theorem 2 in Introduction.

(3.3) Functorial properties

We can prove several functorial properties for the mixed Hodge struc-
tures constructed in (3.1), (3.2). We state them except the duality without
proofs, because they were proved in [Z1].

(3.3.1) Functoriality: The MHS’s on H'(X, j,.V), H(U, V), and
HYU, V) are functorial in (U, V) in an obvious way. (cf. [Z1, § 8))

(3.3.2) Longexact sequence: We have the following exact sequences
of MHS (cf. [Z1, (14.3), (14.5)]):

0
(1) -+ —>HYX,jV)—>HYU, V)—>H*"'(Y, Coker N)—>- - -
0
(ii) ---——>H"Y(Y,Ker N)——>HYU, V)—>H'X, jo V)—> - -

Here N is the endomorphism of ¥V (cf. (1.4), 2)). The sequence (i) comes
from the Leray spectral sequence for j: U—>X, and (ii) comes from the
exact sequence (3.2.1) and we used the relations RYj, V'~ Coker N and i*j, V
~Xer N. -

(3.3.3) Leray spectral sequence: Let f: X——>S be a projective
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morphism between compact Kéhler manifolds X and S, 3 a smooth hyper-
surface of S. We put Y=7"1(3), S=5—2, and X=X—Y. We assume
that f=f|y is smooth and Y is a divisor with normal crossings on X. Then
the Leray spectral sequence for f:

EP1=H"(S, Rf,Q)—H"" (X, Q)
is a spectral sequence in the category of MHS (cf. [Z1, § 15]).

(3.3.4) Duality: The duality between H'(U, V) and H U, V),
which is induced via cup-product from the polarization S, is a duality of
MHS. More precisely, the cup-product pairing

St HYU, Vo)@H™ (U, Vo)—>H(U, Q(—m)) = Q(—n—m)

(n=dim U, m=the weight of V), satisfies the following conditions:
D S(W.H:, W,H*"*)=0 for k4 ¢<2n-+2m, and
2) the induced pairings are the duality pairings of HS:

Sy GIPHIQGIV H"i—>Q(—n—m) (k-4 £4=2n42m),

ie., S,(FPGrl H:, FAGr]) H**~9)=0 for p+gq>n-+m, k4 £=2n-42m, and
S, gives a perfect pairing between F?Gry H: and F*Gr) H*"* for p4-q=
n4+m, k+4=2n1+2m.
There is a proof of the duality in Fujiki [F] when V=@, and also in
Steenbrink-Zucker [SZ, (4.30)] when dim U=1 for V a “good” VMHS.
The above pairing S is given by the pairings of complexes

K, o®Ko=JVo®Rjy . V—>j,Qu(—m)
K, QK=K :Q2%(log Y)Q7 —>Q%(log Y)[—n).

Note that H*(U, Q)= H**(X, Q)=Q(—n) and H"(X, 2%)=C.

Replace K, by L and let us see first that W_,L,®W,K, goes to zero.
By (3.1.3,1) and (3.2.4, 1), it is equal to Ker (N| Wy )[—11®j.V,. This
goes to zero, because, over U, Ker N is zero, and, over Y, the sections of
Jx Vo are N-invariant while N(Ker N)=0.

Therefore we may divide the above pairing into the following two
parts:

3) Gry Lo®@ W, Kg—>Q x(—m)
4) W_,LyQ@Ky/ W Kpg—>Qp(—m—1)[—2].

Replacing K by the mapping cone [K¢/W,Kc— W K([1]] (cf. (4.2.2))
and using a similar argument, we get
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3) GtV LW Ko—>82%[—n]
4) W_Le®Ko/ WoKe—> 2% [ —n].

By (3.1.4), (3.2.5), Gr{' Ly= j. Vo=~ W,K, holds, and the pairing 3) is
nothing but the self-duality pairing of the intersection complex j, V7, (cf.
(4.2.1), [GM)).

Since W_,L,=Ker N[—1] by (3.2.4) and K/ W ;Ky=Vy/Im N[—1]=
Coker N{—1] by (3.1.5), 4) can be identified with the pairing Ker N®
Coker N—>Qy(—m—1) induced from Sy on V,. W_,L (resp. K/W,K)
carries the filtration W., which is induced from Wy (resp. Zy,) on V.
They satisfy the orthogonality relation Sy(W, W,)=¢g for k+¢<0.
Gr", Ker N and Gr} Coker N are dual to each other through S,. By the
identification N*: GrZ Coker N ~ P, _,(—1)—-Gr”,Ker N in (1.2) for k>0,
the pairing Gr”, Ker NQGrZ Coker N—Q,(—m —1) is nothing but the
self-duality pairing

P, _(k—1D®P;_(—1)—>Qy(—m—1).

Consider now the weight spectral sequences for K and L, whose E,-
terms are given by the following:

wEPH(L)=H?* (X, Gt",L)= H?**"(¥, P, )(—p) for p>>0,
wEr?"(K)=H-"*"(X, GrTK)=H""*""(¥, P,_)(—1).

Then the self-duality pairing for j, 7 and P,., induces S¥: ,EDY(L)Q®
wET?(K)—>Qy(—n—m) for g4+r=2n.

Note that, by [D1, 11T (8.1.9)], the above spectral sequences degenerate
at E,, i.e., E,—FE,. We must prove that the duality on E,-terms passes to
one on E,-terms. This can be done by the sublemma below if we show
the following relation:

5) SP P (al(x), y)=£SP(x, 8(»)

for x € EP%(L), y € ET?"(K), where a: EPYL)—~E?* L) B: Ey?~4"(K)—
E;77(K) are the differentials of the spectral sequences.

To see this relation, recall that the differentials on E,-terms are the
connecting homomorphisms of the long exact sequence associated to the
short exact sequences:

0—>Gr?, \L—>W_/W_, (L)—>G1¥,L—>0
0«—Gry  K«—W, o/ W,_(K)<—Gr¥ K<«—0.

The terms in the same column are to be paired.



Mixed Hodge Structures on Cohomologies 711

Take a representative X of x in W_,/W_, (L) (resp. y of y in W,/
W,_«(K)). Then, by definition, SP(x, 8(y) =Sy (&, d(7)), SE*(a(x), y)
=Sy (d(%), ) and the formula 5) follows from the relation Sy (%, d(y))=
£ Sy (d(%), §).

The following sublemma is easy to check.

Sublemma. Let A—f——>B———€—>C (resp. A’(—f’-—B’LC’) be a com-
plex in an abelian category, i.e., g-f=0 (resp. f’-g’=0). Suppose that
Dperfect pairings { , > are given on AX A’, BX B’ and C X C’, and satisfy the
relations {f(a), b'>=<a, f'(b")), {g(), ¢'>=<b, g(¢")) for ac A, b’ ¢ B’
etc. Then {, > induces a perfect pairing on (Ker g/Im f) X (Ker f//Im g’).

§4. Relation with 2-Modules

In this paragraph, we will interpret the mixed Hodge structures con-
structed in Sections 2 and 3 in terms of &-Modules. The general program
in this direction was proposed by Brylinski [Bri]. After recalling the
relevant part of his conjecture, we verify some of his conjectures in our
setting (0.1).

(4.1) Brylinski’s conjecture

In Introduction, we recalled the Rlemann-Hllbert correspondence
DRy:=R#Hom, (Ox, ). Note that the shift [dim X7] is necessary in order
that the category of regular holonomic 9 ;-Modules corresponds to the
category of perverse sheaves Perv(X, C) defined in {[BBD], which is self-
dual under the Verdier duality. (cf. [Br2])

The intersection complex is an example of perverse sheaves; to a
closed subvariety Z of X and a local system L defined on an open dense
subset Z° of Z, we can associate the intersection complex IC(Z, L) on Z
in the notation of [GM] (cf. [BBD]). Then Ri JC'(Z, L)[—dim Z] is an
object of Perv (X, C), where i: Z—X is the inclusion.

We denote by £(Z, X; L) the 2,-Module corresponding to it under
DR,[dim X]. The intersection cohomology IH(Z, L) is by definition
HY(Z, IC'(Z, L)[—2dim Z]) = HY(X, DR, %(Z, X; L)[codim Z]). Note
that 7H®*=0 for i ¢ [0, 2 dim Z].

When L underlies a polarized VHS ¥V of weight m as in (0.3), follow-
ing Brylinski, we can define a good filtration on #(Z, X; V'), something
like a convolution of the Hodge filtration of ¥ and the order filtration
[KK1, (5.1.14)] of #(Z, X'; V). This is the purified holonomic & ,-Module
of Brylinski [Brl, II (2.1)].

Conjecture 1 ([Brl, I, § 3; II, 2.1)]). IHXZ, V) has a HS of weight
m--i and its Hodge filtration is induced from this filtered 9D yz-Module
F(Z,X; V).
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We next recall another conjecture. For this purpose, following [Brl,
11 (2.3)], we call a holonomic 2 z-Module .# a mixed holonomic & ;-Module
if the following conditions hold: Denote n=dim X.

(i) DRy(#)[n] has a Q-structure D, e Perv (X, Q), ie., D®@C=
DRy (M)[n].

(ii) Dy, has a finite increasing filtration {W; Dy} in Perv (X, Q). Let
WM be the Dx-subModule of # such that DR (W, )[n]=W,D,&C.

(ili) . has a good filtration {#,} such that each Gr].# with the
induced filtration is a direct sum of filtered 2 -Modules of the type
LZ,X; V).

Let Y be a hypersurface of X, Z a closed subvariety of X, j: U=X—
Y —X the inclusion, and consider a @,-Module ¥=%(ZN U, U; V) for
a polarized VHS V. We denote by j2.% (resp. j1*&) the 9 ,-Module such
that DRy(j7.%)=Rj DRy % (resp. DRy(j"¥)=Rj, DRy Z).

Conjecture 2 ([Brl, I1 (2.3)]). For these 9 x-Modules, j7.% (resp. jT%)
has a structure of a mixed holonomic 9 -Module.

(4.2) Some results on the mixed 2-Modules

We return to the situation (0.1). We shall be concerned with two
conjectures in (4.1) in case Z=2X.

‘We consider three & y-Modules which extend 7" =0,QVsto X: ¥ =
LX, X; V), M=j3y" (cf. (4.1)) and its dual .£* =j7¥" (cf. [K3]). These
correspond to j.V, Rj,V and j ¥V under DR;. Note that IC'(X, V)=
J«V[2n] in the situation (0.1) with n=dim X.

The inclusion (V) —DRy¥ is F-filtered and is known to be a
filtered quasi-isomorphism if n=1 (cf. [Brl, II, (2.2)]. Then by the reduc-
tion to the case n=1 in (0.5), Theorem (2.5) implies:

Proposition (4.2.1). (IC" (X, V)[—2n], (DR <, F)) is a cohomological
Hodge complex of weight m.

Thus Conjecture 1 in (4.1) holds for our Z.

Next we will construct the weight filtration on # and .£* to verify
Conjecture 2 in (4.1) in the setting (0.1). Consider the following exact
sequences of 9 ,-Modules, which are dual to each other.

@422 (i) 0—>L s ll—>M|P—>0
(i)  O—> (M| LY —>M*—>F*—>0

They correspond to the following triangles in D2(X, C) under DRy, which
give rise to the exact sequences in (3.3.2).
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4.2.3) (i) jV—>RjV (ii) W ¥ VI—11—>jV

N K N
RjV[—1] IV

In Section 1, we constructed a local system V5, on 7Y, its filtrations Wy,
Zy and an endomorphism N on Vy. Then, by comparison of (4.2.2) and
(4.2.3), we have

(4.2.4) DR(M|ZF)=RY, V[—1]=Coker N[—1]
DR (M| L)¥)=1,i%] V[ —1]=Ker N[—1].

Let %y, X:=f Oy be the “integration” of the @,-Module ¢, by the
2
inclusion 7 (cf. [K3]), or equivalently, %, = 0x(xY)/@;. By the com-
muting relation DRX.f —Ri,[—1]- DRy (cf. [K2]) and (4.2.4), we have
1

M| F =Ry & Coker N, (M| L)*=F,,xQKer N.
From this description, we define filtrations on .# and .#* as follows.
Definition (4.2.5). 1) We put

W(M|Z); =By :QZ(Coker N) (k=1
W_ (M| L) =Ry zQW_;,_1(Ker N).

Here Z,(Coker N) (resp. W (Ker N)) is induced from Z(Vy) (resp.
W (Vy)). Then we define W4 (resp. W_,.#*) to be the inverse images
of W (A4|Z) (resp. the image of W, (| L)*) (4.2.2) for k=1, and we put
Wyl =L, W_ . M=0, and Wy b*=_4#*.

2) We remark that # = 77" =0,(xY)RQ ¥ by |KKI, (2.2.1)] (resp.
ME=jrY =D, H,QF by [Sc, Chap. 1, (4.2.2)]), where 0x(xY) denotes
the sheaf of meromorphic functions with poles only along Y (resp. Hy
denotes the Heaviside function as in [Sc, Chap. I, (4.2)]). Define a (good)
filtration on .# (resp. .#*) as follows:

My= 3, 0V )QF !

if7=4
ME= ZZQX(i)HY®7‘J’.

i+j=
Here 0,(iY) denotes the subsheaf of @,(xY) consisting of functions with
poles of order <i, and 2 ,(¢) denotes the sheaf of differential operators of
order <i.

These filtrations induce on Z the filtration considered in (4.1) and

(4.2.1). These also induce the following filtrations on #/.% and (4| %)*:
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(M| ZL)y:= 2, By x([)®F ~/(Coker N)
(MDY= 3 By x(())QF !(Ker N).

i+j=¢
Here #y 4(i):=0;(Y)/0y and F 7 are the Hodge filtrations on Coker N
and Ker N induced by that on V5.

Now we come to the main result in Section 4.

Theorem (4.2.6). 1) The inclusion Ko=2%(log YYQF —DRx(M)=
QM is a bifiltered quasi-isomorphism.

2) The morphism Lg—> DRy (M*)=2;R.A* defined below is a bi-
filtered isomorphism in DY(X, C).

Lo=s{WK;——>027QKer N]|=K, ;(—>L25Q.4*.

Proof. 1) The fact that the inclusion respects the filtrations W, F is
easy to see. Note £ =0,(xY)RQ¥. For k=0, W,K;—2%® % is an F-
filtered quasi-isomorphism, because so are M— W, K, by (3.1.5) and M,
—2:Q% by (4.2.2).

For £>>0, we use the Poincaré residue map (3.1.5, 2). We have Res:
Grf Ke—827QP, _,(—1)[—1]. On the other hand, G} A =%, ;@ GrZVy
=%y xQP,_, and the map

25Q(#r x®P; )= (220 %y )P, .;:—> Ly QP (—1[—1]

is also given by the residue. So the F-filtered quasi-isomorphy follows
from the commutative diagram:

Gry Ko—>25QGr¥ .«
Res Res
08P, _(—1[—1]

2) Look at the vertical morphisms between (horizontal) distinguished
triangles (cf. (4.2.2, ii)):

K ¢ >WoKe > Wng/Kz,C

Q@M —> D@L —> QA L) [1] = 2, @Ker N(—1)

We used the relation Res: Q3@ ( A/ L) = (0:Q% ) ®Ker N(—1)—
2y®Ker N(—1)[—1], and we get the dotted arrow. The vertical maps in
the right square represent the map L,—25Q.4*.
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Let us take GrY of this map. For k=0, W, K,—Q25Q.#* is an F-
filtered quasi-isomorphism as is seen in 1). For k>0, we get GrY of
WK¢/K, c—27@Ker N(—1), which is an F-filtered quasi-isomorphism
by (3.2.5). q.e.d.

Remark (4.2.7). 1) We defined a Q-structure on W K, in (3.1.3)
(resp. WL in (3.2.4)), and the above theorem shows that . (resp. .#£%*)
is a mixed holonomic Zz-Module in the sense defined in (4.1), i.e.,
Brylinski’s Conjecture 2 in (4.1) holds in our setting (0.1).

2) We might as well define a good filtration on A£*=jy" as the
dual of that on .#. To carry it out, we must make use of the theory of
filtered 2-Modules more systematically.

3) The above theorem may be regarded as a generalization of [Gr 2,
§ 8] when V=0, X=P".

Added in proof. The author has recently extended Theorem 2 to
the general case admitting Y to be a divisor with normal crossings, using
a recent theory of VMHS by Prof. Kashiwara.
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