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Cremona Transformations and Degrees of Period Maps
for K3 Surfaces with Ordinary Double Points

David R. Morrison' and Masa-Hiko Saito®

Let X be a K3 surface with n ordinary double points on which an
ample line bundle % has been fixed. If 4:.S— X is the minimal desingulari-
zation, the orthogonal complement in H*(S, Z) of p*% and the rational
curves g '(P) (for P e Sing X) carries a Hodge structure with A*°=h"2=1
and A"*=19—n. The period map for these surfaces is the natural map
from the moduli space to the classifying space for such Hodge structures;
this generalizes the classical period maps for polarized K3 surfaces [24].

In contrast to the classical case, these period maps, while always étale,
tend to have degree greater than one. In this paper, we study this pheno-
menon for two particular kinds of K3 surfaces with ordinary double points:
the “K3 surfaces of Cremona type” in which the degree of % is 2 and the
branch locus of the induced map to P? is irreducible, and the “K3 surfaces
of Todorov type”” whose study was begun in [20]; these latter surfaces arise
as quotients of certain surfaces of general type constructed by Todorov [26].
(We omit one of the families of K3 surfaces of Todorov type here, as to
consider it would take us too far afield.)

Our main results are a computation of the degrees of the period maps
(Corollaries (5.2) and (5.6)), a demonstration that for our families, two K3
surfaces with the same periods are birationally (but not always biregularly)
isomorphic (Theorem (6.1)), and finally a consideration of the geometric con-
sequences of these birational isomorphisms when the degree of % is small
(Theorems (7.1), (7.3), and (8.5)). The geometric consequences we find
involve the behavior of sets of points in P? or P? under the Cremona group
of birational automorphisms of P? or P® (hence the name “Cremona type”),
and we obtain modern proofs of some classical results of Coble [3], [4], [5]
on this topic. We should mention that Coble’s work has recently been
studied from a different point of view by Cossec and Dolgachev [8], [6],
whose results we use in our interpretation.
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The plan of the paper is as follows: we begin with some algebraic
preliminaries on finite quadratic forms, their orthogonal groups, and the
“Cremona and Todorov lattices” in the first three sections. Section 4 is
devoted to the construction of moduli spaces for K3 surfaces of Cremona
type. (The analogous construction for K3 surfaces of Todorov type was
given in [20]). In Section 5 we compute the degrees of the period maps;
we then find a link between some of these period maps and birational
geometry in P? and P? in the last three sections.

We would like to thank Igor Dolgachev and Rick Miranda for helpful
discussions during the preparation of this paper.

§1. Finite quadratic forms

A finite quadratic form is a pair (G, q) (sometimes denoted simply by
G) consisting of a finite abelian group G together with a map q: G—~Q/2Z
which satisfies (1) g(nx)=n’q(x) mod 2Z for all ne Z, x e G, and (2) the
map b: GX G—Q/Z defined by b(x, x)=(g(x+x")—q(x)—q(x"))/2mod Z
is symmetric and Z-bilinear. b is called the associated bilinear form of
G, 9.

If (G, q) is a finite quadratic form and H is a subgroup of G, we define
Hi={x e G|b(x,uy)=0mod Z for all ue H}. G+ is called the radical of
G, and denoted by Rad (G); the g-radical of G is the subgroup Rad, (G)=
{x e Rad(G)|g(x)=0mod 2Z}. The form (G, q) is nondegenerate if
Rad (G)=0, and gquasi-nondegenerate if Rad, (G)=0.

Let G, be a subgroup of G with induced quadratic form ¢,=gq|g4, for
i=1,2. If G,=G¢ and G=G,DG,, we say that (G, q) is the orthogonal
direct sum of (G, q,) and (G,, g,), and denote this by writing (G, ¢)=
(G, 1)D(Gy, ).

Lemma (1.1). Let (G, q) be a finite quadratic form, and let H be a
subgroup of G such that q|y is a nondegenerate form. Then (G, q) is the
orthogonal direct sum of (H, q|g) and (H*, gl1).

Proof. First note that H N H*-=Rad (H), so that HN H+=0. To
show that H+ H' coincides with G, consider the homomorphism H—
Hom (H, Q/Z) defined by the adjoint map of the bilinear form 5. This is
injective since H is nondegenerate; on the other hand, it is a homomorphism
between two groups of the same order, so it must be an isomorphism.

Now given any x € G, the map u—sb(u, x) defines an element of
Hom (H, Q/Z). There must then be some y € H such that the map u—
b(u, y) defines the same element of Hom (H, Q/Z). But this means that
x—y e HL; hence, G=H+H"L Q.E.D.
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We introduce some notation for quadratic forms on cyclic groups. If
a and [ are natural numbers with 2|a/ and (@, I)=1, we let z¢ denote the
form (Z/IZ, q), where q(x)=a/lmod 2Z for some generator x of Z/IZ.
Following Brieskorn [1], when ¢ e {1, 3, 5, 7} we let w§ , =2z%, and when p
is an odd prime and e=+1 we let w;, ,=z% for some even integer a with

(—;—) =¢ (where (—) denotes the Legendre symbol).

Let (G, q) be a nondegenerate quadratic form. The form (G, ¢) is
indecomposable if (G, q) cannot be written as the orthogonal direct sum of
two nontrivial forms. The cyclic forms w§ ; provide examples of indecom-
posable forms. Other examples are given by u, and v, (again following
Brieskorn’s notation), which are forms on Z/2*ZX Z[2*Z, where on a
generating set x, y we have ¢(x)=¢q(»)=0mod 2Z and b(x, y)=2"*mod Z
for u,, and q(x)=¢(y)=2'"* mod 2Z and b(x, y)=2"* mod Z for v,.

The following proposition is well-known (cf. [27], [9], [22]).

Proposition (1.2). (1) Let (G, q) be a nondegenerate quadratic form,
let G=®G, be the decomposition of G into its p-Sylow subgroups, and let
9,=qls,- Then (G, q)=D(G,,q,) is an orthogonal direct sum decomposition.

(2) Every nondegenerate finite quadratic form is isomorphic to an or-
thogonal direct sum of indecomposable forms.

(3) A nondegenerate finite quadratic form is indecomposable if and only
if it is isomorphic to one of the forms u, vy, or w§ .; in particular, these forms
generate the semigroup qu(Z) of isomorphism classes of nondegenerate finite
quadratic forms, where orthogonal direct sum is the semigroup operation.

(4) For an odd prime p, (w;3)®*=(w} )2

(5) The following relations hold among indecomposable forms on 2-
groups. (We identify {1, 3, 5, T} with (Z|8Z)*.)

(1) wi.=wy, and wii =wl,.
U, WL if si(e)="7
(1) wi@we@we, =l oo
v@wi?  if sie)=3

where 5,(€) =¢,+&,4¢; and s,(e) =e6, 4285+ 581
(I11) uP = v,

Remark. There are more relations among indecomposable forms
than those listed in (4) and (5) above; for a more complete account, see
[10] or [17].

We now use the relations in (5) above to derive a nice description of
quadratic forms on 2-groups.
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Proposition (1.3) (cf. [17], [18]). Let (G, q) be a nondegenerate finite
quadratic form with p-Sylow decomposition (G, ) =®D(G,, q,)-
() Ifpisodd, then (G,,q,) has an orthogonal direct sum decomposition

@)= D (W32 DD (w;})® W)

with b(p, k)< 1.
(2) (G,, g,) has an orthogonal direct sum decomposition

(Gor )= @ (" OBV Dw (k)

with the following properties:
(@) mk)<1,
(b) rank (w(k))<2,
(c) w(k) is a sum of forms of type w; ;,
(@) w(l) is a sum of forms of type w;, and wi ..

Proof. We decompose (G, g) as an orthogonal direct sum of inde-
composable forms; (1) is a direct consequence of Proposition (1.2) (4). To
prove (2), we apply the relations from Proposition (1.2) (5): first, for each
k, by repeated applications of relation (II) we may reduce to the case in
which there are at most 2 summands of type w;,. Next, a repeated ap-
plication of relation (IIT) will reduce the number of summands of type v,
to at most 1. Finally, by applying relation (I) we may ensure that condi-
tion (d) holds. Q.E.D.

We say that a decomposition satisfying the conditions in Proposition
(1.3) is in normal form. Such a ‘“normal form” is not in general unique,
but the first terms in the normal form decomposition are unique in the
following sense:

Proposition (1.4). Fix natural numbers n and m, and let
(G, =" OVP"D(C, q')

be a nondegenerate finite quadratic form. If H is any subgroup of G such
that (H, q|,)=u®P"®VP™, then G is the orthogonal direct sum of H and H*,
and (H*, q|z1)=(G, q').

Proof. We use the signature invariants ¢,.(G, ¢) of a nondegenerate
finite quadratic form® introduced by Kawauchi and Kojima [10] (cf. also
[17]). These invariants, which are defined for r>1, take values in the

3 In [10] and [17], these invariants are defined for bilinear rather than quadra-
tic forms; we are implicitly using a technique of Wall [27; Theorem 5], which as-
sociates a bilinear form to each quadratic form in such a way as to embed qu(Z)
in the semigroup of isomorphism classes of nondegenerate finite bilinear forms.
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semigroup Z,=(Z/8Z)U{co} (in which addition mod 8 is extended by the
rules i+ oo=oco-+i=oc0+oco=00) and o,: qu(Z)—Z, is a semigroup
homomorphism. The values of these invariants for the indecomposable
forms are given in Table 1.

The fundamental theorem about the signature invariants is this: if G,
is a 2-group and (G, ¢,) is a nondegenerate finite quadratic form for i=1, 2
such that G,=G, (as groups) and ¢,.(G,, q,)=0.(G,, q,) for all r>1, then
(G, 9)=(G,, q,). Applied to the present situation, by using the Sylow
decomposition, we may reduce to the case in which G is a 2-group. It is
clear from Lemma (1.1) that (G, ¢) =(H, q|;)D(H", q|;1) and that HL =G’
as groups. Now since ¢, (2"®VP™) =ne,(u,)+ma,(v,) € {0, 4} always has
an additive inverse in Z, we see that

o'r(H'L9 q‘H—L)=07(Ga q)_ar(Ha qu)
=0,(G, q)—a,(uP"DvP™)
=07(G1’ q,)
Hence, (H', q|z1)=(G, q'). Q.E.D.

Table 1. Signature invariants of indecomposable forms

G,q9) | porr oG, q)
Wok p#2 (= DD E=DAE(1— p)+2k(1—¢))
wi, | or<k {(—= DDA (— 1F*7) el — (— 1))} 2
Wi r=k-+1 o0
Wi r>k+2 0
u, all r 0
Uy r<k 2(1+(=1*")
Uy r>k+1 0

§2. Finite orthogonal groups

For a finite quadratic form (G, q), we define the orthogonal group of
(G, q) by O(G, g)={g € Aut(G)|q(g(x))=g(x) for all x e G}. In this sec-
tion we study the structure of O(G, ¢) (and in particular calculate its order)
in several special cases. We begin with some examples.

Examples 2.1). (1) If (G, 9)=P(G,, q,) is the decomposition of G
into its p-Sylow subgroups, then there is a natural isomorphism O(G, q)=

[T 0(G,, q,)-
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(2) Let a and | be natural numbers with 2|al and (a, [)=1. Then

02y = {a e (Z/1Z)*|a’=1mod [} if 1 is odd
DH\ (w e (Zl12) | b=1mod 21} if I is even.
In particular,
{1} fp=2k=1
O(w; )= R
Z[2Z otherwise.
3

1 if e= —¢mod 4
OGws @)= {{ A
Zi2Z if e=¢ mod 4.

Proof. Part (1) follows directly from Proposition (1.2) (1). To prove
(2), let x be a generator of z¢ such that g(x)=a/l. Any 7 e O(z}) must be
of the form 7(x)=ax for some « € (Z/IZ)*. Since g(ax)=aa*/l, such a ¥
belongs to O(z%) if and only if ae?/l=a/lmod 2Z, i.e., ac*=amod 2. 1If ]
is odd then a is even and this is equivalent to e’=1mod /; if / is even then
(a, 2)=1 so that this is equivalent to o*=1 mod 2/.

For (3), let x and y be generators of w§, and w§, respectively. The
nonzero elements in the group are then x, y and x--y and on these ele-
ments the quadratic form takes values g(x)=¢/2, ¢(¥)=¢/2 and g(x+y)=
(e+¢)/2mod2Z. Since g(x+ y)=0mod Z, the only possible nontrivial
automorphism would be the one interchanging x and y; this is an auto-
morphism exactly when ¢(x)=¢(y) mod 2Z, i.e., when e=¢ mod 4.

Q.E.D.

A finite quadratic form (G, q) is special if every x € G with 2x=0
satisfies g(x)=0mod Z. If (G, q) is a special quadratic form on a 2-
elementary group, we may regard (G, ¢) as a quadratic form over the field
with two elements F, by giving G its natural F,-vector space structure and
identifying Z/2Z with F,. The orthogonal group of (G, q) is then related
to the classical orthogonal and symplectic groups over F,.

Propesition (2.2). Let (G, q) be a special quadratic form on a 2-
elementary group of rank k.

() If (G, q) is nondegenerate, then k =2s is even and (G, q) = uP"DQvP™
with m<1. The orthogonal groups in these cases have been studied clas-
sically: O™ is usually called the even orthogonal group O*(2n,2), and
OWP"®v)) is the odd orthogonal group O~(2n+2, 2).
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Q) If (G, q) is degenerate and quasi-nondegenerate, then k=2n+1 is
odd and O(G, q)=Sp(2n, 2), the symplectic group over the field F,.

(3) In general let G=G/Rad, (G), let r=rank (Rad, (G)), and let s=
k—r. Then G inherits a quasi-nondegenerate special quadratic form g from
G, and there is an exact sequence

1—=>T(r, s)—>0(G, 9)—>O0(G, 7)—>1
where T(r, s)= {(A 0) e GL (r+s, F2)} I being the s X s identity matrix.

Proof: (1) Let (G, q9)=uP"®vP™®w(l) be a normal form decom-
position. Since (G, q) is special, w(1) must be zero; G then has rank 2n--
2m. For the identification of the orthogonal groups, see for example [25;
pp- 380-382].

(2) If x e Rad(G) and x+0 then g(x)=1mod 2Z. Since g restricts
to a linear function on Rad (G), this implies Rad (G)=Z/2Z; we let x, be
the non-trivial element.

Let G =G/Rad(G) and define a bilinear form 4: G X G— Z/2Z by
b(x $)=2b(x, y) mod 2Z for x and y in G mapping to X and J respectively.
b is clearly nondegenerate; moreover b (%, )= 2b(x, x)=2¢(x)=0mod 2Z
so that b is an alternating form. In particular, G has even rank 2z so that
k=2n+1. Moreover, there is a natural map f: O(G, q)—O(G, b)=

Sp(2n, 2). N
Let x1, - - -, x3, be elements of G mapping to a basis %,, - - -, %, of G,

and let x;, =x,+q(x))x, so that g(x,)=0mod 2Z. Then

(*) qQlax)=3] aiajg(fh x)).

Now given ¢ e O(G, b), let o(%)=>_s; ;%; and define g(0): G—G by
g(o)(xp)=x,, g(0)(x)=2]s:;%;. By (¥), since o preserves b, g(a) preserves
g so that g gives a homomorphism g: O(G, 5)—O0(G, q). Since fo g is the
identity, O(G, q) is isomorphic to O(G, b)=Sp(2n, 2).

(3) Letf: O(G, ¢9)—O(G, ) be the natural homomorphism. Choose
a subgroup H of G such that G=Rad,(G)DH as groups. (This is possible
since G is 2-elementary.) Then there is a natural isomorphism p: (H, ¢|;)=>
(G, g); in particular, for any = € O(G, ) we have 1®p*r e O(G, q) and
f(1®p*r)=r which shows that fis surjective.

If geKerf then o(y)—yeRad,(G) for any ye H; moreover
o(Rad, (G))=Rad,(G). This shows that Ker fCT(r,s); conversely, if
g e I(r,s), x ¢ Rad,(G) and y € H then

g(e(x+yN)=q(e(x)+0(»)— N+ N=9()=q(x+))



484 D. R. Morrison and M.-H. Saito

since x, o(x) and ¢(y)— y all lie in Rad, (G). Thus, T'(r, s) is contained in
O(G, q), and it clearly lies in the kernel of f. Q.E.D.

Proposition (2.3). Let (G, q) =uP"®vP"P(G, q') be a nondegenerate
quadratic form, and define K ={x € G|2x=0 and q(x) € Z[2Z}. Then K is
a subgroup of G, and (K, q|x) is a special 2-elementary form. If KNG has
order less than or equal to 2, then there is an exact sequence

IHO(G,s q/)'—)O(G, q)-'_)O(Ks q [K)—”)l'

Proof. If x,y e K then 2b(x, y)=5b(2x, y)=0mod Z. Hence, g(x-+ »)
=q(x)+q(¥)+2b(x, y)=0mod Z so that K is indeed a subgroup of G.

Suppose that KNG’ has order at most 2. Any p € O(G, q) must
preserve K, so there is a natural restriction homomorphism r: O(G, q)—
O(K, qlg). Since uP"@vPmC K, any p € O(G, q) which acts trivially on K
must have the form p=1®y with v € O(G’, ¢’). Moreover, any such ele-
ment acts trivially on K: the induced action on K N G’ is trivial since K N G’
has order at most 2 (and hence has no non-trivial automorphisms). We
conclude that the kernel of r is O(G’, ¢’).

It remains to show that r is surjective. Let g € O(K, ¢q|x) and let H =
au@"@vP™). By Proposition (1.4), (G, ¢)=(H, q|z)P(H*, ¢|z1) and there
is an isomorphism ¢: (G', ¢')—~(H, q|x). Let p=(0].,$re,@»)Pr; identify-
ing G with HOH+, we may regard p as an element of O(G, g). But then
olzoa™! acts trivially on u®"@vP™; it thus induces an automorphism of
K N G’ which must be trivial as well. Hence, p|g oo™ '=1, which implies
that ¢ is in the image of r. Q.E.D.

Corollary (2.4). Let (G, q) =u@*®vP"D(G’, q’) be a nondegenerate
quadratic form.
) If (G, q’) is trivial, or (G', q") = w§ 1, then

0(G, )= 0" DvP™).
@ If (@, q)=w;,or (G, q)=(w; )®, then there is an exact sequence
1—>Z2Z—> O(G, g)—>Sp(2n+2m, 2)—>1.
B If (G, g)=w; Dwl,, then
O0(G, )=(Z2Zy" " X OP " DvP™).
@ If (@, g Y=w, with k>3, then there is an exact sequence

1—(Z2Z)—>O(G, 9)—>(Z2Z )" **™ X O PvEP™)—>1.
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Proof. Let K be as in Proposition (2.3); we will show that in each
case, KNG’ has order at most 2, and we will compute O(G’, ¢’) and
O(K, qlx). The statement is obvious when (G’, ¢’) is trivial.

Suppose first that (G’, g’) = wj;, ;, and let x be a generator of G’ so that
g(2¥'x)=2%"%, If k=1 then KNG’ is trivial and (KX, ¢q|z) =uP"DvP™ is
nondegenerate. By Example (2.1) (2), O(G’, ¢’) is trivial, so the stated
isomorphism follows from Proposition (2.3).

If k=2 then K is degenerate and quasi-nondegenerate with Rad (K)=
K N G’ generated by 2x. The exact sequence follows from Example (2.1) (2)
and Proposition (2.2) (2).

If k>3 then Rad,(K)=K N G’ is generated by 2*~'x, and the induced
form on K/Rad,(K) is isomorphic to uP"®vP™. The exact sequence fol-
lows from Example (2.1) (2) and Proposition (2.2) (3).

Suppose now that (G, ¢y=w; ,Dwi,, and let x and y generate w;,
and w§, respectively. Then KN G’ is generated by x4+ y, and g(x+y)=
(e+¢)/2. If e=¢ mod4 then K is degenerate and quasi-nondegenerate with
Rad(K)=KNG’. On the other hand, if e= —¢mod4 then Rad, (K)=
KNG’ and the induced form on K/Rad,(K) is isomorphic to uf"@uvP™.
In both cases, the structure of O(G, q) now follows from Example (2.1) (3)
and Proposition (2.2). Q.E.D.

To finish the computation of the order of O(G, ¢) in the cases covered
by Corollary (2.4), we recall (from [25; pp. 382, 392], for example) the
orders of O*(2n, 2), O~(2n+2, 2), and Sp(2n, 2):

Lemma (2.5).
(D) [0@PH|=]0*(2n, 2)|=2-2"""1.(2"—1)- n]:II 2% —1).
i=1
2 [0W¥Dv)|=|0"2n+2,2)|=2-2""*D. 274 1). ﬁ (2% -—1).
i=1
3 15p@n D=2 [] @—1.
i=1

Table 2 shows the orders of these groups for low values of n. These

can be combined with Corollary (2.4) to calculate |O(G, ¢)| in a number of

cases; we will carry out the calculations in the cases of interest to us in the
next section.
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Table 2. Orders of certain finite orthogonal and symplectic groups

k |0*(2k, 2)| |0~(2k, 2)| |Sp(2k, 2)|

1 2 2.3 2-3

2 2%.3 2.3.5 2¢.3%.5

3 2".3.5.7 27.3%.5 2°.3%.5.7

4 21%.35.5%.7 21%.3%.5.7-17 219.3%.52.7.17

5 | 2#.3.5%.7-17-31 2*.3%.5.7.11.17 2%.3%.5%.7.11.17.31

§ 3. Cremona lattices and Todorov lattices

A lattice is a free finitely generated Z-module M together with a
bilinear form b: M X M— Z; the lattice is even if b(x, x) € 2Z for all x € M.
A lattice M is nondegenerate if Adb: M—Hom (M, Z) is injective, and
unimodular if Adb is an isomorphism. If M is a nondegenerate even
lattice, the discriminant-form of M is the finite quadratic form (G, q,)
where G, =Coker (Adb) and ¢,, is induced by the natural embedding of
Hom (M, Z) into MQQ. We let O(G,) denote the orthogonal group of
(Gus )

We single out several lattices for special attention. The K3 lattice
4 is an even unimodular lattice of signature (3, 19); it is unique up to
isomorphism by a theorem of Milnor [15; Section I1.5]. The Cremona lat-
tice M, (for 0<n<10) is the lattice generated by the elements 4, e,,- - -, e,,
where 2-1=2, 2-¢,=0, e;-e;=—24,,.

Let E, be the lattice generated by the elements e,, - - -, e, where e;-¢;
= —28,;. The double point lattice L, , is the lattice defined as the satura-
tion E,.QQNj (A4) for some embedding j: E,=~—>A, where the index
[L,:: E;] is equal to 2*. The double point lattice L, ; exists if and only if
a<5 and 2**(2*—1)<k<a-+11 and it is uniquely determined by (e, k)
up to isometries [20, Sections 1 and 2]. The Todorov lattice M, ,, defined
for a<4, k>9 and 2**(2*— 1) <k<a+11 but (a, k)#(1, 9), is the lattice
generated by L, ;, and the elements 2 and p, where 1-2=2k—16, 1-L, , =0
and p=(2+2 ¢;,)/2. For details, see [20, Section 6]. (The case («, k) =
(5, 16) was also considered in [20], but we stress that in this paper, all
Todorov lattices have k<15.) We let (G,, q,) and (G, s, 4.,;) denote the
discriminant-forms of M, and M, , respectively, and let O(G,) and O(G, ,)
denote the orthogonal groups of these discriminant-forms.

Proposition (3.1). The normal form decompositions and the orders of
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the orthogonal groups of (G,, q,) and (G, , 4, ) are those shown in Tables 3
and 4, respectively.

Table 3. Normal form decomposition of (G,, ¢,), and the order
of its orthogonal group
n (Grs 40) [O(G., q,)
0 Wia |0+(0,2)|=1
1 Wi Bwi, |0+(0,2)|=1
2 u@®wi, [0*(2,2)|=2
3 u,d(wi ) 2.18p(2,2)|=2%-3
4 u,dv,Ew}, |0-(4,2)]|=23-5
5 URSUXSITMSIN 2:.|0"(4,2)|]=2"-3-5
6 U Qu,®wi, |0-(6,2)|=27-3%5
7 uPdv,d(w; ) 2.18p(6,2)|=2-3*.5.7
8 uP'Ow} |0+(8,2)|=2"-3°5*7
9 uP dw;, Dwi, 2°.|0*(8,2)|=2%.35.5%.7
10 uPdwi, |0+(10, 2)|=2%.3%.52.7.17.31

Table 4. Normal form decomposition of (G,.;, 4.,:), and the order
of its orthogonal group

a k (Gari> Gt |O0(Ge i Ga,1)|

0 9 udt |0+(8,2)|=2%.3%.5%.7
0 10 uPDv,OWs 2-18p(8, 2)|=2""-3%-5*.7-17
0 11 u@*Duv,Ewy |0-(10,2)|-2=2%.3¢.5%.7-11.17
1 10 U DU, PwW3 , 2:|8p(6,2)|=21.3*5.7

1 11 UPDU,Pw;! |0-(8,2)]-2=2%-3*.5.7-17
1 12 DU, DwW? 2°.|0-(8,2)|=2%2.3*.5.7-17
2 12 uPDv,®w? 27.|07(6,2)|=2".3*.5

2 13 UPDU,Pw;! |0-(8,2)]-2=2"%-3*.5.7-17
314 | u®POwl.Owl, 2-|8p(6,2)|-2=2".3*.5.7

4 15 UPDW |0%(6,2)]-2=2°-3*.5.7
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Proof. Since M, is given in diagonal form, it is easy to see that
(G., q.) is isomorphic to wi ,®(w] ,)®". The normal forms shown in Table
3 now follow directly from the relations in qu(Z) given in Proposition (1.2)
(5) (cf. the proof of Proposition (1.3)).

[20; Proposition (6.2)] shows that (G, i, Gu.c) ZZPB(Gh 1> Gur)s
with (G, ., q...) a special 2-elementary form of rank 2s, where
k—-2a—1, k-8, 2) if k is odd

(2S, l9 a): . .
k—20—2,2k—16, k—T) if k is even (k<{16).

If k=£14, ] is a prime power so that z¢ is indecomposable; if k=14 then
z§=25,= w3 Dwi 1.

Since (G i, g...) 1s special and 2-elementary of rank 2s, we have
(Glis 9l ) =uPC"™PUP™ with m=0 or 1: it remains to determine m. To
accomplish this, we use Milgram’s theorem [15; Appendix 4], which says
that the first signature invariant ¢,(G,,,, 4..:) (Which was introduced in the
proof of Proposition (1.4)) coincides mod 8 with the signature of M, .
The signature of M, , is 1—k; on the other hand, ¢,(G,;, ¢.,:) can be
computed from Table 1. We have carried out this computation in Table 5;
the conclusion we draw is that to get 6,(G, ;. ¢.,;)=1—k mod 8, we must
have m=0 for k=9 and k>14, while m=1 for 10<k<13. This gives
the normal forms shown in Table 4.

The orders of the orthogonal groups are computed as follows: by
Example (2.1) (1) we only need to compute the orders for the p-Sylow
subgroups, and these orders when p is odd follow from Example (2.1) (2).
For the 2-Sylow subgroups, we use the normal form decomposition to-
gether with Corollary (2.4) and Table 2 to obtain the orders given in Tables
3 and 4. Q.E.D.

Table 5. Computation of ¢,(G, i, ¢..1)

koo (Gat> 9ad) 1G> o)
9 uPe-mPuP 4m

10 UM RUPm W, 4m+3
11 e UPmdw; 4m+2
12 UM PV Pws , 4m+1
13 UM PUPmPwsl 4m+0
14 UM PRUEmPw ,Pwl 4m+5—2
15 upe-mPUETDw; 4 4m—6
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A map ¢: M— L between nondegenerate lattices is called a primitive
embedding if ¢ preserves the bilinear forms, the kernel of ¢ is trivial, and
the cokernel of ¢ is free. A surjective primitive embedding is called an
isometry. The group of self-isometries of a nondegenerate lattice L is cal-
led the orthogonal group of L and denoted by O(L). Any 7 ¢ O(L) induces
a natural automorphism of (G, g,), denoted by G, € O(G,).

The signature of a nondegenerate lattice L is the pair (r,, r_) describ-
ing the number of positive and negative eigenvalues of the induced real
quadratic form on LQR. A (positive) sign structure (cf. [13]) on a non-
degenerate lattice L of signature (r,, r_) is a choice of one of the connected
components of the set of oriented r,-planes in LR on which the form is
positive-definite; the sign structure containing the oriented plane v is de-
noted by [y]. O_(L) is the subgroup of O(L) of isometries preserving a sign
structure; it can also be described as

O_(L)={r e O(L)|det 7 =spin 7}
where spin 7 denotes the (real) spinor norm.

Theorem (3.2). Suppose that 2<n<10.

(1) Let ¢y, ¢: M,— A be two primitive embeddings of the Cremona
lattice into the K3 lattice. Then there is some ¥ € O_(A) such that 1 o ¢, =g,.

() Let ¢: M,— A be a primitive embedding, and let N, be the ortho-
gonal complement of the image of ¢. If <y, e N,—A are two primitive
embeddings, then there is some 1 € O_(A) such that 1 o \r; =1)r,.

Proof. (1) Since N, has signature (2, 19—n), it is indefinite and has
rank at least 3. Since n>2, by Proposition (3.1) (G,, g,) contains an
orthogonal summand of type u, or v, and the p-Sylow subgroup of G, is
cyclic for p=£2. The statement now follows from Theorem (A.1) of [20]
(which is a variant of a theorem of Nikulin [21]).

(2) We again use Theorem (A.1) of [20]. This time we must check
that M, (which has signature (1, n)) is indefinite and of rank at least 3;
this holds for n>>2. By a standard argument [22; Section 1.6], there is an
isomorphism (Gy,, 9y,) =(Gy,, —qu,)=(G,, —q,). Since the isomorphism
types of #, and v, do not change when the signs on the quadratic forms are
reversed, Proposition (3.1) again implies that (Gy,, gy,) contains an ortho-
gonal summand of type u, or v,, and that the p-Sylow subgroup of Gy, is
cyclic for p+2; the theorem follows. Q.E.D.

For Todorov lattices, the statement analogous to Theorem (3.2) (1)
was proved in [20; Theorem 6.3].
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Theorem (3.3). Let M, . be a Todorov lattice, let ¢: M, ,— /A be an
embedding into the K3 lattice, and let N, be the orthogonal complement of
the image of ¢. If \ry, \ry: N, —> A are two primitive embeddings, then there
is some 1 € O_(A) such that 7 o = 1r,.

Proof. M, , has signature (1, k—1); since k>9, M, , is therefore
indefinite and has rank at least 3. Since (G, > 9v..0) =(Ge,ks —Ga,)> Pro-
position (3.1) implies that (Gy, ,, 45, ,) contains an orthogonal summand of
type u, or v,, and that the p-Sylow subgroup of Gy, is cyclic for p=£2.
We may then apply Theorem (A.1) of [20] one more time, and the theorem
follows. Q.E.D.

§4. The moduli of double sextics with » nodes

A double sextic with n nodes is a double cover X of P? branched along
a sextic curve C in P? which has exactly # nodes as its singularities. Any
double sextic X with n nodes is a K3 surface with » ordinary double points
(lying over the nodes of C) . Let p: S—X be the minimal desingulariza-
tion of X, and let 2: ¥—P? be the blow up of the n nodes of C. We then
get a Cartesian diagram

styx

s s

V —P,

Let M, (X) be the sublattice of H*(S, Z) generated by ¢,(%), c,(E),
-+, ¢,(E,), where £ =(g o 2)*@p(1) and {E,} are the exceptional curves of
#. Then M, (X)QQ coincides with g*H*(V, @). The intersection numbers
are given by ¥ - ¥=2, ¥-E,=0, E,- E,= —2§,,, so that M,(X) is isomor-
phic to the Cremona lattice M,,.

Lemma (4.1). Let X be a double sextic with n nodes, and let S be its
minimal desingularization. Then the inclusion M, (X)C H*S, Z) is a primi-
tive embedding if and only if the branch curve C is irreducible.

Proof. Let ¢: S—S be the involution such that S/t=V. We first
claim that if x e (M (X)®Q) N H*(S, Z), then *(x)=x and 2x e M, (X).
For suppose that kx € M,(X) for some ke Z. Then kc*(x)=c*(kx)=kx
so that k(:*(x)—x)=0; since H*(S, Z) is torsion free, we have 7*(x)=2x.
Moreover, g*g,.(x)=x+4 *(x) =2x ¢ M,(X), proving our claim.

Let C =3, C, be the decomposition into irreducible components, and
let C, be the proper transform of C, on V. Then it is easy to see that
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O0s(g*(C)+>ies Ei+3 0,6, 2E)=5%%, where d=deg C,, I is the set of
indices corresponding to the intersection points C,N (3., Cy), and J is
the set of indices corresponding to the double points of C,. If Cis reduc-
ible, then C;N (3., C) =@ ; since g*(C,)=2C for some curve €} on S,
we have ¢,(C]) ¢ M,(X) but ¢,2C}) e M,,(X), so that the inclusion M,(X)C
H(S, Z) is not a primitive embedding (its cokernel is not free).

Suppose now that C is irreducible, and take any x ¢ H*S, Z) such
that 2x € M,(X). It suffices to show that x e M,(X). By replacing (if
necessary) x by x+¢,(g*(s#)) for a sufficiently ample line bundle 27, we
may assume that x=c¢,(D’) for some effective divisor D’. Since ¢*(x)=x,
the involution ¢* acts on the complete linear system |D’|. Now ¢* has
finite order, so its action on |D’| must have fixed points. In other words,
there is an effective divisor D ¢ |D’| such that «(D)=D.

Let C’ be the branch divisor of g in S. Since ¢«(D)=D, D can be writ-
ten as a sum of irreducible divisors as follows:

D:aC’_}.Zi bi(Fi+l(Fi))+Zk ¢, G-

Here F, and G, denote irreducible divisors such that «(F;)F; and «(G,)=
G, for all i and k. Clearly, c,(F;+«(F;)) € M, (X) and ¢,(G,) e M, (X). It
is easy to check that #®*=0,2C’+ >7_, 2E,) which implies that ¢,(C’) e
M, (X). Thus, x=c,(D) e M (X). Q.E.D.

A consequence of Lemma (4.1) is the existence of a primitive embed-
ding of the Cremona lattice M, into the K3 lattice A for 0<{n<10, since
there exist irreducible sextic curves with exactly » nodes in those cases. We
fix once and for all a primitive embedding of M,, into 4, and identify M,
with its image in 4. We let N, be the orthogonal complement of M, in
A, and fix a positive sign structure [v,] on N,. The period space D, is then
defined by

D,={we PWN,QC)| w-0=0, w-©>0, Re () ANIm () € [v,]}.

(The last condition ensures that D, is connected.) The integral automor-
phism group of D, is the group Auty; (D,)=0_(N,)/(+1).

A K3 surface of Cremona type n is a pair (X, %) consisting of a K3
surface X with # ordinary double points and a line bundle .# on X with
£ . ¥ =2 whose associated linear system is free, and maps X to P* with
branch locus an irreducible sextic curve with n nodes. If (X, ¥)is a K3
surface of Cremona type n, and p: S—X is the minimal desingularization,
a special marking of (X, %) is an isometry ¢: H*(S, Z)— A together with
an isomorphism «: Sing X—{1, - - -, n} with the following properties:

D) c(p*L)=¢"Y2), and ¢,(p"(P))=¢ '(ey(r) for each P e Sing X;
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(2) for any nonzero holomorphic 2-form o on S, Re(g(o)) A\
Im (¢(w)) € [v,] (regarding ¢(w) as an element of N,&C);

(3) If x in NS(S) satisfies the conditions that x-x=-—2 and
x-¢~Y(A)=0, then x is in ¢ *(M,). (Here, NS (S)=H*(S, Z)N H"'(S) is
the Néron-Severi group.)

(4) There are no elements y in NS (S) with y-y=0 and y-¢~'(A)=1.

Lemma (4.2). Every K3 surface of Cremona type n has a special
marking.

Proof. Choose an isomorphism +: Sing X—{1, - - -, n} and an iso-
metry 5: M,(X)— M, such that 7' () =c,(¢*%) and 57 (e,.(r)) = (" (P)).
Also choose an isometry ¢': H*(S, Z)— A such that ¢'[c,(u*%) ARe (w) A\
Im (w)]=[4AAv,] for a nonzero holomorphic 2-form w on S. Since the
branch locus of the map f: X— P? is irreducible, Lemma (4.1) guarantees
that ¢’ o' determines a primitive embedding of M, into A; by Theorem
(3.2) (1), there is some ¥ € O_(A) with 7o g op~'=1,,. Letp=7o¢’; then
¢ (D =c(¢*&) and ¢ '(eyp)=c(p"'(P)) for each P eSingX. Since
T preserves the sign structure [1/Ay,] on A, [AARe(¢(0)) AIm($(w))]=
dle(1* %) ARe (@) AIm (@)] =[AAv,] so that Re (¢(w)) AIm (§()) € [y,] as
sign structures-on N,.

If x in NS (S) satisfies the conditions x-x=—2 and x-¢~'(2) =0, then
-+ x is the first Chern class of an effective divisor E with #-E=0. The
support of E is contained in x~'(Sing X), so that +x==¢,(E) is in the inverse
image ¢~ '(M,). : :

Suppose y in NS (S) satisfies the conditions y-y=0 and y-¢~'(A)=1.
By Riemann-Roch, + y is the first Chern class of an effective divisor F
which moves in a linear system of (projective) dimension at least 1; since
y-p*#>0 and p* & is nef, we have y=c,(F). Since irreducible curves of
negative self-intersection on a K3 surface do not move, there must be some
irreducible component F;, of some member of the complete linear systme
|F| with F,-F,>>0. Now F,-u*#+0, for otherwise F, would have self-
intersection —2; hence, F,- p*#=1. The Hodge index theorem now im-
plies that F,- F,<0, so that F, is an effective irreducible curve with F,- F,=0
and Fy- p*#=1. By Mayer [14], the linear system |¢*.#| cannot be free
(it has the form p*.% =(04(2F,+ C) for some rational curve C whichserves
as its base locus), a contradiction. Hence, no such y exists. Q.E.D.

Note that if ¥ € O(4) satisfies 7(2)=2 and 7(M,)= M, then 7|y, pre-
serves the sign structure [v,] if and only if ¥ € O_(4). Thus, if (¢, ) isa
special marking of (X, %), it follows directly from the definitions that
(¢, ") is a special marking of the same (X, %) if and only if (¢, /)=
(7 o ¢, 60 ) for some (7, o) e I',, where



Period Maps for K3 Surfaces 493

F={(,0) e O_()XG,|TA) =2 T(e)=¢,}
and &, denotes the symmetric group on n letters.

If(7,0) e ', then 7|, preserves the sign structure [v,] so that 7|, acts
on D, ; we define I', =Image (I",—Aut, (D,)). The set of special markmgs
of (X, &%) thus determines a point in D, /[",.

Define the open set D, of D, as follows:

D, ={weD,|forall & pin A,if §-&=—2, £-2=0, and & ¢ M, then
&-0+0; if 5-9=0, and »-21=1, then 5-w==0}.

Note that D, is stable under the action of I",, and that a special marking
of (X, &) determines a point in D, (the marking sends x, y to &, ).

Theorem (4.3). D? /I, is a coarse moduli space for K3 surfaces of Cre-
mona type n, and for irreducible sextic curves in P* with n nodes.

Proof. First note that there is a one-to-one correspondence between
K3 surfaces of Cremona type n and irreducible sextic curves in P? with n
nodes obtained by sending the surface (X, #) to the branch locus of the
map defined by the linear system |.#| (and inversely sending a sextic curve
to the double cover of P? branched on that curve.)

Suppose that (X;, &;) for i=1, 2 are K3 surfaces of Cremona type »
which are assigned to the same point in D?/I",, and let p;: S;—X; be the
minimal desingularizations. There are then special markings ¢,: H*(S;, Z)—
A, 4, Sing X;—{1, - - -, n} and we may assume (by changing one of the
markings by an element of I”, if necessary) that g=¢;* o ¢,: HY(S,, Z)—>
H(S,, Z) is an 1somorph1sm of Hodge structures; note that ¢(c,(¢F(Z))))
=c,(uf(Z,). Let r=q;'0: Sing X,—Sing X, be the induced isomor-
phism. An easy computation shows that ¢(c,(u'(P)))=ci(ys " (Y (P))) so
that ¢ sends the effective curves pi'(P) to effective curves p;'(Yy(P)).

We now use the weakly polarized global Torelli theorem [19; p. 329]
(cf. also [24]): since ¢(c,(p* L)) = c,(pF.Z;) and since each irreducible curve
2 '(P) which is contracted by g, is mapped to an effective curve by ¢, there
is an isomorphism @: X,—X, such that @*=¢. Since O*(¥)=%,, O
induces an isomorphism between the pairs (X;, &;) for i=1,2; we con-
clude that the natural map from the moduli space of such pairs to D /I,
is injective.

To prove that the map is surjective, take an arbitrary point w € Dy.
We use the surjectivity of the period map for algebraic K3 surfaces in the
form given in [19; p. 325] (and due essentially to Kulikov [11]): there is a
K3 surface with rational double points X, an ample line bundle % on X and
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an isometry ¢: H*(S, Z)— /A with ¢ (o) € H**(S) and ¢~'()=c,(p*(¥))
where p: S—X is the minimal desingularization. By composing ¢ with
reflections in some of the classes ¢, if necessary, we may assume that each
é'(e;) is the first Chern class of an effective divisor.

If E is the class of an irreducible curve contracted by g, then ¢,(E) lies
in ¢~(M,) (since we selected a point from D) so that ¢,(E) must coincide
with ¢~*(e;) for some ie{l, ---,n}. Hence, X has exactly n nodes; let
Yr: Sing X—{1, - - -, n} be the isomorphism compatible with ¢.

Suppose that the linear system |.#] is not free; then |p*.#| is also not
free. Since p*Z is nef, by Mayer [14], ¢*.# has the form p* £ =0,2F + C)
for some elliptic curve F and rational curve C with F- y* % =1; this cannot
happen since we selected a point from D;;.

Hence, | #| is free, (X, &) is a K3 surface of Cremona type n, and
(4, V) is a special marking sending it to the class of the chosen point of D,.

Q.E.D.

§5. Degrees of period maps

In the moduli problems for sextic curves with nodes studied in the last
section, and in the moduli problem for Todorov surfaces studied in [20],
we have encountered families of polarized K3 surfaces whose moduli spaces
have a similar type of description. In each case, there is a lattice M primi-
tively embedded in the K3 lattice 4 with orthogonal complement N such
that M®Q is generated by classes A and {e;|i e I} with 2-2>0, 21-¢,=0,
and e,-e;= —2§;;. The natural period space for such a moduli problem is

D={0 e PIN®C)|w-0=0, v->0, Re (0) AIm (o) & 1]}

once a sign structure [v] has been fixed on N; D classifies polarized Hodge
structures on N with the given sign structure. The group Aut, (D)=
O_(N)/(£1) acts on D and the quotient D/Aut, (D) parametrizes equiva-
lence classes of Hodge structures on N, where two Hodge structures are
equivalent if there is an automorphism of N preserving the bilinear form
and sign structure which induces an isomorphism from one Hodge struc-
ture to the other.

Associated to M is a group © which is the set of permutations ¢ of 1
such that the automorphism 21— 1, e;—e,(;, of M@Q induces an automor-
phism of M; this formula defines a natural homomorphism j: &— O _(M).
If we define

I'={(,0) € O(DHXB|TD)=2, T(e)=¢,0}

and I'=TImage (I"—Aut, (D)) then the moduli space of the K3 surfaces
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considered was described as M =D°/I", where D° is a certain open subset
of D.

Note that in the case of K3 surfaces of Cremona type n, M, itself is
generated by 1 and {e;}. Thus, the group & is the full symmetric group
©,; we denote the corresponding group for K3 surfaces of Todorov type
(o, k) by €, ;. Note also that the index set [ is {1, - - -, n} in the Cremona
case, and Sing 2, ; in the Todorov case, where 2, , is the fixed K3 surface
of Todorov type (&, k) chosen in [20; Section 2].

Since D/Aut, (D) is the natural classifying space for the Hodge struc-
tures being considered, there is a natural “period map” p: M— D°/Aut,(D),
which we will now study. In the two cases of primary interest to us, we
denote the period maps by

Pn: M,—D;[Aut,(D,) and p,,: M, ,—D,,/Aut, (D, ).

Theorem (5.1). Let p: M—D°/Aut, (D) be a period map built from
MC A as above, and let & be the image of the natural homomorphism i:
S—>O0(Gp/(£1). Suppose that M satisfies:

(1) for any two primitive embeddings ¢,, ¢,: M— A, there is some
T € O_(A) such that 7 o ¢, =¢,, and

(2) the natural map O(M)— O(G ) is surjective.
Then degp=|0(G,)/(=1)|/|.7].

Proof. Let N=M"L. We first claim that
I'={8eO_(N)| +£G; e (D).

For if 8 e O_(N) then =8¢ I' if and only if there exists some (7, g) € r
with 7|y=(—1)*8 for some k; in that case, G, =i(g) in O(Gy). If we
use the standard isomorphism (G, ¢,,)=(Gy, —gy) to identify O(G,,) with
O(Gy) then for a given ¢ € © and B e O_(N), the sum j(o)®(—1)*Be
O_(M@®N) comes from some 7 e O_(/4) if and only if G,q,,=(—1)*G,.
Since i(e) =G, a given =+ thus lies in [” if and only if +G, e Image (7),
proving the claim.

Since deg p=[Aut,(D): I'], it only remains to show that the natural
map O_(N)—O(Gy)/(£1)issurjective. Letr € O(Gy)=O(Gy); thereisthen
some B € O(M) with Gy=t. Now —1, ¢ O_(M) so that(—1)*8 e O_(M)
for some k. Let ¢: M C A be the inclusion; then ¢ o (—1)*8: M— gives
another primitive embedding. There is then some 7 e O_(A4) such that
7o ¢=¢o(—1)*B, in other words, 7|,,=(—1)*8. But then G, ,,=(—1)*8
i O(Gy); hence, (7|y) € O_(N) is the required element mapping to =+ 8.

Q.E.D.
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Corollary (5.2). If 2<n<10, the degree of the period map p,: M,—
D2 [Aut,(D,) is given by deg p,=|O(G,)|/n!.

These degrees are computed explicitly in Table 6.

Table 6. Degree of p,

n 106 ! deg pn

2 2 2 1

3 22.3 2.3

4 23.3.5 2.3 5

5 27.3.5 28.3.5 2!

6 21.34.5 24.3%.5 2.3

7 210,3¢.5.7 24.32.5.7 2°.3

8 918,35, 52.7 27.32.5.7 28.3%.5

9 9%.35.52,7 27.3¢.5.7 2'.3.5
10 92,35.52.7.17.31 28.34.5%.7 2%.3.17-31

Proof. By Theorem (3.2) (1), the embedding M,C A is unique up to
action by O_(4). Moreover, [22; Theorem 1.14.2] together with our com-
putation of (G,, ¢,) in Section 3 shows that the map O(M,,)—O(G,) is sur-
jective, so we may apply Theorem (5.1). Since G, is a 2-elementary group,
-1 is the trivial element of O(G,) and |O(G,)/(£1)|=]|0(G,)|]. Now G, is
generated by 1/2, ¢,/2, - - -, e,/2 mod M,, so that every nontrivial permuta-
tion ¢ of {¢;} induces a nontrivial permutation of {e,/2mod M,}. This
implies that the map &,— O(G,) is injective, so that deg p, =|0(G,)|/|S,].

Q.E.D.

To compute the degree of p, , we must study the finite group &, ;.
Since k<15, by [20; Proposition 6.1], the Todorov lattice M, , is generated
by the double point lattice L, , and p=(1+> ep)/2. Thus, a permutation
¢ of Sing X, ,* induces an automorphism of M, , by the rule 121, ep—
e,p if and only if ¢ induces an automorphism of the double point code
€. Hence, &, ,=Aut(%,,.); by [20; Lemma 1.3] there is an exact
sequence

4 In [20], X.,r was introduced as a K3 surface with k& ordinary double points
D1, *++, px Whose double point lattice is isomorphic to L., » and which has a line bun-
dle % such that (z*(#))2=2k—16 and (z*(L)+ 3 =Y p))/2 ¢ HX(S, Z), where =: S—
e, % is the minimal desingularization. An'example of Y., » is given by a partial
desingularization of the Kummer surface of a principally polarized abelian surface.
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1—>(Bu-)*" ' X&,—>8, ,—>GL (o, F;)—>1

where / =k—2*"%(2*—1). We have used this exact sequence to compute
the orders of the groups &, , in Table 7. (The computation involves the
order of GL («, F,), which can be found for example in [25; p. 81].)

Table 7. Order of &, ,

a k I 1Sl
9 9 91—07.34.5.7
10 10 10!1=28.3%.5%.7

111=28.345%.7.11
81.21=28.32.5.7
81.31=28.3%.5.7
81.41=21.3%.5.7
6-(41)*-01=21.3¢
6-(41)*- 11=21.3¢
168-(21)-01=21.3.7
20160-(11)*.01=2¢.32.5.7

B W NN =R -0 00
—
NN

O O = O B+ W N =

Corollary (5.3). The degree of the period map p,.: M,,—
D, ./Aut;(D,,,) is given by

Iol(@Ga!T)l if (o, k)=(0, 9) or (1, 10)

|0(G..,0|
2|8, .l

deg Deax=
otherwise.

These degrees are computed explicitly in Table 8.

Proof. By [20; Theorem (6.3)] the embedding M, ,C /A is unique up
to action by O_(4). Moreover, [22; Theorem 1.14.2] together with our com-
putation of (G, ;, 4.,;) in Section 3 shows that the natural map O(M,,,)—
0(G,,) is surjective, so that we may apply Theorem (5.1).

Let ", , be the kernel of the homomorphism i: S, ,—O(G,,)/(£1).
If 6 € £, then ¢ acts as (—1)™ on G, for some m; thus, there is some
(0,7 e I, with T]y,,=(—1)". By [20; Lemma 7.5], the natural map
I, ,—O0_(N,,) is injective, and —1 is in the image of that map if and only
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Table 8. Degree of p,

a k |0(G.+)| 1S, | degp..:
0o 9 2'3.3%.5%.7 27.3*.5.7 28.3.5
0 10 217.35.5%.7.17 28.34.5%.7 28.3.17
0 11 2%2.38.5%.7.11-17 28.3%.5%.7.11 218.3%.17
1 10 21.3%.5.7 28.32.5.7 2.3

1 11 214.34.5.7.17 28.3%.5.7 25.3.17
1 12 2%.3%.5.7.17 21.3%.5.7 21.3.17
2 12 21.3%.5 210,34 2%.5

2 13 214.34.5.7.17 210.3¢ 28.5.7-17
3 14 21.34.5.7 21.3.7 3%.5

4 15 28.3%.5.7 26.32.5.7 2

if (@, k)=(0, 9) or (1, 10). Thus, if ¢ is nontrivial then m=1 and («, k)=
(0,9) or (1, 10). Moreover, in these cases, there is a unique g, € &, ; which
acts as —1 on G, ;. Since G,, is 2-elementary, —1 acts trivially on it;
this implies that g, is the identity when (a, k)=(0, 9). Since G, , is not
2-elementary, the action of —1 on it is nontrivial, so that ¢, is nontrivial
when («, k)=(1,10). We conclude that £, , is trivial when («, k)(1, 10)
and that 27", ,, has order 2.

To compute the degree of p, ,, suppose first that (e, k)(0,9) or (1, 10).
Then f, =€, /X, =S, Moreover, since G, is not 2-elementary,
|0(G,,)/[(=D)]|=|0(G, )]/2. Thus, by Theorem (5.1),

_10G.I(£D] _|0(G, 0|
KA 2[8, |

If (o, £)=(0,9) then G, , is 2-elementary so that O(G, ,)/(£1) = O(G,,,).
In addition, £, ;=8 o[£, , =8, ,, so that

_10Go (D] _ 0G|
|j0,9| I@O,9I

Finally, if (@, k) =(1,10) then | O(G, ,,)/(+1)|=|O(G, 1»)|/2. This time,
however, | S} 1| =|S; 14/ 1,10|=|@1,5//2. Thus,

deg p, o= 10(Gy,)/(£D)] — |0(G,10)| .
|7 11| 1S4 ,10] QED.

deg p..x

deg py,o
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§6. Cremona transformations and the period maps

Let M,=D; /I, and M, ,=D, /", ; these are coarse moduli spaces
which parametrize the projective equivalence classes of certain plane sextic
curves with nodes or polarized K3 surfaces with rational double points (the
polarization comes from the line bundle .#). Since the period maps p, and
D..: have finite degree greater than one, in contrast to the case of the usual
global Torelli theorem for polarized K3 surfaces, the period point does not
determine the projective equivalence class. A natural question arises: What
is determined by the period maps p, and p, ,? The following theorem pro-
vides a partial answer to this question.

Theorem (6.1). Let (X, ¥) and (X', &’) be two polarized K3 surfaces
coming from M, (n>2) or M, , and let p: S—X’ and p/: S’—X’ be the
minimal desingularizations. - If (X, &) and (X', ') give the same point in
the period space, then there is an isomorphism @: S 3S8’. In particular, the
surfaces X and X' are birationally isomorphic.

Proof. Let M(X)and M(X’) denote the natural sublattices of H*(S, Z)
and H*(S’, Z) respectively, which are isomorphic to one of the Cremona
or Todorov lattices. Let N(X) and N(X”) denote the orthogonal comple-
ments of M(X) and M(X”) in H¥X, Z) and H¥ X', Z), respectively. By
the definition of the period map, if (X, %) and (X’, &’) give the same point
in the period space, there is an isometry 7: N(X)—N(X") which preserves
the Hodge structure and positive sign structure. - We first claim that the
isometry 7 extends to an isometry 7: H¥(S, Z)—H*(S’, Z) which preserves
the sign structures. Since H*(S, Z) and H*S’, Z) are isomorphic to the
K3 lattice 4, this follows from Theorem (3.2) (2) in the Cremona cases, and
Theorem (3.3) in the Todorov cases. Now the extended isometry 7 maps
M(X) to M(X’); since M(X) and M(X’) are contained in NS (S) and
NS (S’) respectively, 7 preserves the Hodge structures. But then by the
weak global Torelli theorem for K3 surfaces [12], S and S’ are isomorphic.

The second statement is an obvious consequence of the first. Q.E.D.

Note that this theorem does not guarantee that the isomorphism @
between S and S’ preserves the polarization; typically, @*(x'*(#")) and
#¥(&) are distinct line bundles on S.

Let (X, &) be a polarized K3 surface coming from M, or M, ,, and
let U C P¥ be the image of X under the morphism defined by the complete
linear system |#|. In the Cremona cases, U = P? and the map X—U al-
ways has degree 2. In the Todorov cases, if (a, k)7(0, 9) or (1, 10) and X
is generic, then the map X—U is an isomorphism; if (a, k)=(0, 9) then
U =P* and the map X— U has degree 2; and if («, k)=(1, 10) then U =F*
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is a quadric cone in P*® and the map X —U again has degree 2. (See [20;
Lemma 5.4 and Corollary 7.6]; the fact that the image is a quadric cone
when (e, k)=(1, 10) is due to Catanese and Debarre [2].)

If (X, &) and (X, &’) are two polarized K3 surfaces coming from
M, or M, , which are sent to the same point in period space, we have seen
above that X and X’ are birational. We now refine our previous question
and ask: Is the induced birational map U--->U’ given by a Cremona trans-
formation of the ambient projective space P"?

We address this question in two of our cases in the next two sections.
We will in fact deal with a restricted version of the question, in which the
only Cremona transformations considered are the “regular’’ Cremona trans-
formations. - We begin by reviewing the facts about these transformations,
following Dolgachev [8]. Let Cr, denote the group of all Cremona trans-
formations of P¥. :

~Let us choose projective coordinates Z,, Z,, - - -, Z on the source P¥

(resp. Z4, Z1, - - -, Z/y on the target P¥) and let p,, - - -, py be the coordi-
nate vertices of P¥. Consider the Cremona transformation T,...,, defined
by the following formula:

Z)=ZyZyoroZy o Zse- -+ Zy  fori=0,1,.--,N.

A composition of such a transformation T,...,, with a projective automor-
phism of P? is called a standard Cremona transformation of P¥. Together
with the projective automorphism group, the standard Cremona trans-
formations generate a subgroup Cri® of Cry, called the group of regular
Cremona transformations (cf. [3], [4], [8]). A regular Cremona transforma-
tion T: P¥--->P¥ has a fundamental set which is completely determined by
a finite set of points p,, p,, - - -, p, (called the fundamental points of T) in the
sense that all other base conditions follow from assigning certain multi-
plicities at the given set of points. The inverse transformation T-! has the
same property, and it has the same number of fundamental points ¢,, q,,
-+,q,as does T. Let

A V1=B(P1, ° '9pr)—>PNa 22: V2=B(qla Tty qr)___)PN

be the blow ups of the fundamental points of 7and 7! respectively. Then
there exists a pair of birational morphisms v,: V—V¥, and v,: V—V¥, such
that as birational mappings, T o 4, o y; =21, 0y,.

Vv,

zll lzz

S
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In the case that N =2, Max Noether’s theorem on the decomposition
of birational automorphisms of P* says that Cr,= Cr}°, that is, all Cremona
transformations of P? are regular. However, if N is greater than 2, it is
well known that Cry is a very big group which contains Cri® as a proper
subgroup.

§7. Cremona equivalence of irreducible sextic curves with nodes

Let C be an irreducible sextic curve in P? with n nodes p,, - - -, p,.
Consider the standard Cremona transformation 7,,,,: P’--->P* whose
fundamental points are the first three points p,, p,, p,. The transformation
Tpupaps 18 DOthing but the usual quadratic transformation and it is easy to
see that it maps the curve C to another irreducible sextic C’ with » nodes.’
(See Figure 1.) Since an arbitrary Cremona transformation 7" e Cr, can
be expressed as a composite of standard Cremona transformations, 7" has
the same property: it maps any sextic curve with nodes at its fundamental
points to a sextic curve with nodes. We call two irreducible sextics C and
C’ Cremona equivalent if there exists a Cremona transformation T € Cr,
whose fundamental points are contained among the nodes of C, such that

T(C)=C".

Let MS" denote the set of Cremona equivalence classes of irreducible
sextics with # nodes for 2<<n<{10. Recall that M, is the moduli space of
projective equivalence classes of irreducible sextics with n nodes. There is
a natural map Cr: M,—M?S" which associates the Cremona equivalence
class of C to the projective equivalence class of C.

The following theorem provides a positive answer to the question
asked at the end of Eection 6 in this case.

Theorem (7.1). Let (X, &#) and (X', #’) be two polarized K3 surfaces
in M, (n>2). Let p: S—X and p/': S’—X’ be the minimal desingulariza-
tions and let C and C’ be the associated irreducible sextics with n nodes.
Assume that the Picard numbers of S and S’ are both equal to n+1. Then
(X, &) and (X', £') have the same period in D, [Auty(D,) if and only if C
and C' are Cremona equivalent.

Let M denote the subset of M, which consists of polarized K3 surfaces
whose minimal desingularizations have Picard numbers n--1 and let M,

5 Here we implicitly assume that C is a “general” sextic with n nodes. The
meaning of “general sextic with n nodes” is as follows: the line p;p; (i ) through
the nodes p; and p; of C intersects C transversely at the two residual points in
Cnpspjfor all pairs (i, j). If the minimal resolution S of the associated K3 sur-
face X in M, has Picard number n--1, the curve C is general.
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V =B(p,p.Py)
=B(4.9.45)

L=y =-1.

A

E,
E, E,

9

D, P

Figure 1.

denote the image of M, under the map Cr. Then M (resp. M%) is an
open dense subset in M, (resp. MS"). Similarly, we can define an open
dense subset Dy * of the period space D, such that D.*/I", is isomorphic
to M.

Then from Theorem (7.1), we get:

Corollary (7.2). The set M " is isomorphic to D;*[Aut,(D,) and the
period map p,: M, —D, */Aut, (D,) can be naturally identified with the map
Cr: M. —>M_7c"

Proof of Theorem (1.1). If (X, &) and (X', #’) have the same period,
by Theorem (6.1) there exists an isomorphism @: S=S’. Since we assume
that the Picard numbers of S and S’ are both equal to n-+1, we have
NS (S)=M(X) and NS (5’)=M(X"); in this case, @ induces isomorphisms
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O*: M(X)sM(X)and *: N(X')=N(X). Letp,---,p,(resp.q, - - -,q,)
be the nodes of C (resp. C’) and let 2: V =B(p,, - - -, p,)—>P? (resp. 1': V' =
B(gs, - - -, q.)—P?) be the blow up of P*atp, ---,p, (tesp. ¢, - - -, g,).
We then get finite maps g: S—V and g’: S’— V"’ of degree 2; let ¢: S—S
and ¢: §’—S’ be the corresponding involutions. Since g*H¥V, Q)=
MX)®Q, M(X) is the invariant part of the cohomology H*(S, Z) under
the action of ¢*; a similar statement holds for S’. Thus, ®* maps the in-
variant part of H*(S’, Z) to the invariant part of H*(S, Z), so that the
isomorphism @ descends to an isomorphism @: V= V7, which maps the
proper transform of C to the proper transform of C’. Hence C and C’ are
Cremona equivalent. The converse statement in the theorem is obvious.
Q.E.D.

Remark (7.3). A K3 surface X of Todorov type (0, 9) is the double
cover of P? branched along two cubics D, and D, intersecting transversely
(when X is general in moduli). Under the Cremona transformations whose
fundamental points are contained in D, N D,, D; and D, are mapped to
cubics D] and Dj. Let MS% denote the Cremona equivalence classes of
pairs or cubics. Then as in Theorem (7.1) and Corollary (7.2), the natural
morphism Cr: Mg,—M¢;, can be identified with the period map p,,:
M D, /Aut, (D, ). Here we denote by M;, the moduli space of K3
surfaces of Todorov type (0, 9) whose minimal desingularizations have
Picard numbers 10.

We now explore the relationship between the degrees of the period
maps and “Coble’s numbers”. Let P2 denote the set of projective equiv-
alence classes of unordered n-tuples of points in P>. The Cremona group
Cr, acts on P2 in a natural manner (cf. [3], [8]). Letp, ---,p, denote a
set of n points in P2 We let Cob(p,, - - -, p,) denote the number of
projective equivalence classes which are Cremona equivalent to the given
set (p,, - - -, p,) and call this the Coble number of the set of points.

The following theorem is due to Coble [3], [5].

Theorem (7.4). (1) For 5<n<10, let p,, - - -, p, be the n nodes of a
general irreducible sextic curve C with n nodes in P*. Then the Coble
number Cob=Cob (p,, - - -, p,,) is given as follows:

n56‘7l8 9i1o

{

Cob 1 72 ] 288 ‘8640 2°.960 ‘2‘3-31-51

(2) Ifp., - - -,p, are the base points of a pencil of cubics, then the Coble
number Cob (p,, - - -, p,) is equal to 960.
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Note that for n<8, there exists a sextic curve C with nodes at any
specified set of n points p,, - - -, p,; for n=9 and 10 the sets of points we
are considering are rather special.

Comparing Table 6 and the Coble numbers, one would expect to find
some relations between the degrees of the period maps p, and p,, and the
Coble numbers.. In fact, we can reprove this theorem of Coble by using
our computations of the degrees of these period maps.

Let +,: M,— P2 denote the natural map which associates to the pro-
jective equivalence class of the nodal sextic C the projective equivalence
class of its set of nodes. If n is less than or equal to 8, the map +, is
generically surjective, and if » is greater than 8, the image of 4, is a proper
subset of P2. Let P2°" denote the set of Cremona equivalence classes of
unordered n-tuples of points in P? and let W,: P2—P2°" be the natural
map. We have the commutative diagram

M, s p2
Crl an

Mg —>Pyor,

Let 2: V—P* be the blow up of n points p,, - - -, p, which are either
the n nodes of an irreducible sextic curve C or the 9 base points of a pencil
of cubic curves |D]. (We refer to the latter situation as the *“(0, 9) case”.)
Consider the linear system | —2K,|, which contains the proper transform
of Con V (or the proper transform of D,+D, for D, e |D] in the (0, 9)
case). One can easily see the following lemmas (cf. [8]):

Lemma (7.5). Let Aut(V) denote the automorphism group of V. If
C (or | D)) is generic, we have the following:

() Ifn=S5, Aut (V)=(Z[2Z)" and all non-trivial elements in Aut (V)
act on | —2K,| non-trivially.

) Ifn=6, Aut(¥V)={1}.

(B) Ifn=17, Aut(V)=2Z/[2Z and it acts non-trivially on | —2K|.

4) Ifn=8,9, or 10, all elements of Aut (V) act trivially on | —2K,|.

(5) In the (0,9) case, all elements of Aut (V) act trivially on | —2K,|.

Proof. A proof of this lemma for n<{8 can be found in Dolgachev
[8]; we will treat the (0, 9) case and the cases n=9 and n=10.

In the (0, 9) case, the pencil of cubics | D] lifts to an elliptic pencil
| — K| on V which has a section.. Moreover, Sym* H(— K,)= H(—2K;),
so it suffices to show that Aut (V) acts trivially on |—K,|=P'. If7e
Aut (V) acts nontrivially, by composing with a translation along the fibers
we may assume that 7 preserves some specified section of the pencil.
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Suppose that | D] is generic. It must then be a Lefschetz pencil so
that the elliptic pencil | — K| together with a choice of section gives ¥ the
structure of a (rational) Weierstrass fibration over P, and this structure
is preserved by the action of 7. A moduli space for such fibrations has
been constructed by Miranda [16] (using geometric invariant theory) from
their description in terms of a pair of sections g, € Sym* W, g, ¢ Sym® W,
where W= H(P!, 0,.(1))). To construct the moduli space, one must form
the quotient of the space U =Sym* W@Sym® W by the group G=SL (W) X
C*, which acts via the natural actions of SL (W) in the first factor, and the
action A~ (2% 2°) in the second factor; Miranda shows that the set of stable
points for this action is nonempty. In particular, the automorphisms of
the generic rational Weierstrass fibration are given by the elements of G
which act trivially on U. But from the standard representation theory of
SL, it follows that the only elements of G acting trivially on U are those of
the form (1) X (==1); since these elements act trivially on P' as well, we
conclude that the generic rational Weierstrass fibration has no automor-
phism acting nontrivially on P'. This means that 7 must act trivially on
P* when |D| is generic, proving (5).

If n=9,|—2K,|is an elliptic pencil with one double fiber; by a result
of Dolgachev [7] (cf. also [23; pp. 22-24]), V is the logarithmic transform
of a Weierstrass fibration f: W-—P'. Conversely, by [23; Proposition 1.5]
the logarithmic transform of order 2 along a single smooth fiber of a ge-
neric Weierstrass fibration has a minimal model isomorphic to P?, and so
must coincide with the blow up of the nodes of some sextic curve in P2
Our results in the (0, 9) case now imply that when W is generic, the set of
singular fibers of f is not invariant under any nontrivial automorphism of
P'. Since the set of non-multiple singular fibers is preserved under loga-
rithmic transform, ¥V has the same property; this implies that every auto-
morphism of V acts trivially on | —2K,|= P".

Finally, if =10 and V is generic, the linear system | —2K,| has (pro-
jective) dimension zero, so any element of Aut (}) acts trivially on | —2K;|.

Q.E.D.

For an automorphism g of ¥, we define a Cremona transformation
hy=20 g o 27" which makes the following diagram commutative:

Let C € M, denote an irreducible sextic curve with # nodes at the given
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points p,, - - -,p, and let 4,(C) be the image of C under the Cremona trans-
formation /,. Then we have the following:

Lemma (7.6). Let n be an integer such that 4<n<10.

(1) For any element g in Aut (V), the curve h(C) is an irreducible sextic
with n nodes at the same set of points p,, - --,p,. In particular, we have
Cr (C)=Cr (1,(C)) and 1,(C)=r,(,(C)).

(2) Assume that all non-trivial elements in Aut(V) act on|—2K,|
nontrivially and C is general. Then for a non-trivial element g in Aut(V),
the curve h,(C) is not projectively equivalent to the original curve C.

(3) Conversely, let C’ be an irreducible sextic with n nodes at the same
set of points p,, - - -, p, which is Cremona equivalent to C. Then there exists
an element g in Aut (V) such that the Cremona transformation hy==20 g o 2™
maps C to C’.

Proof. The assertion (1) follows directly from the definition of the
Cremona transformation #,. To prove (2), let C be the proper transform
of Cby 2. Then we have C €| —2K;|. The assumption means that for
a non-trivial element g in Aut(V), g(C)#C. This also implies that
h(C)+C. If we take the set of » points p,, - - -, p, in general position
(this is possible since ,C is general), there are no non-trivial elements in
Aut (P?) which stabilize the set of n nodes p,, - - -, p, if n>>4. Since the
set of n nodes of 4,(C) coincides with that of C, (i.e., p;, - - -, p,), this
implies that /,(C) is not projectively equivalent to C. (3) By assump-
tion, there exists a Cremona transformation A: P*--->P*? with base points
Di» -+ -, P, Wwhich maps Cto C’. Then there exists a birational morphism
2’1 V—P? which makes the following diagram commutative:

Since & maps Cto C’, h also maps the set of n points p,, - - -, p, to the
same set. Hence A’ is also the blow up of » points p,, - - -, p,. By the
universality of the blow up, there exists an automorphism g: V—V such
that =20 g. Thus we have 1=210 g o 17! as desired. Q.E.D.

From these lemmas and the commutative diagram above, we have the
following

Proposition (7.7). Let W,: P2—P%% be the natural map so that the
degree of W, is equal to the Coble number.
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Q) Ifn=6,deg W,=degp,.

(3 Ifn=7, deg W,=(degp,)/2.

(4) Ifn=_8, deg W,=degp,.

(5) Ifn=9 or 10, on the image of r,, deg W,=degp.,.

(6) In the (0, 9) case, on the image of the natural map r, o2 M, .—P},
deg W,=degp, ;.

Proposition (7.7) and Tables 6 and 8 now reprove Coble’s Theorem
(7.4).

§8. The Cayley Symmetroid

In this section, we study K3 surfaces of Todorov type (0, 10): these are
related to quartic K3 surfaces with 10 nodes in P®. By using the period
map of these K3 surfaces, we will find an interpretation of Coble’s classical
results [4] on the Cayley symmetroids. Coble’s results have recently been
given another modern interpretation by Cossec and Dolgachev [6]; our
treatment of this topic depends heavily on their work, and will be relatively
brief.

Let (X, &, 2) be a (polarized) K3 surface of Todorov type (0, 10).
We call (X, &, 2) simple if the linear system |.#| is not hyperelliptic, and if
there are exactly 10 irreducible rational curves C,,- - -, C,,, on S which are
orthogonal to p*%. (The generic K3 surface of Todorov type (0, 10) is
simple by [20; Corollary 7.6]). For a simple surface, the distingnished
partial desingularization &' of X actually coincides with X| so that the pair
(X, &) contains all the information we need to discuss the moduli. X'is
embedded by |.#| as a quartic hypersurface with exactly 10 ordinary double
points; such a quartic hypersurface is called a Cayley symmetroid.

The original definition of a Cayley symmetroid was as follows (cf. [4]):
take a 4 X 4 symmetric matrix 4 whose entries are linear forms on P°. The
quartic hypersurface X defined by the equation det (4)=0 is then a Cayley
symmetroid. But one easily checks that on the minimal desingularization
1 S—=X, (1/12)(c, (¥ (L) + 2 ¢(C))) € H(S, Z). Hence, (X, Z,X) is a
K3 surface of Todorov type (0, 10) as well.

Lemma (8.1). If X is a Cayley symmetroid whose minimal desingulari-
zation has Picard number 11, then no four of the nodes of X are coplanar.

Proof. Assume that four nodes p,, p,, p;, p, of X are coplanar. Pro-
jecting from the point p, to a complementary P?, we get a morphism +r:
B,,(X)—P* of degree two, where B, (X) denotes the blow up of X at p,.
The branch divisor of this morphism is a plane sextic curve with 9 nodes.
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Since the four nodes on X are coplanar, three of the nodes in the branch
curve must be collinear. If / denotes a line containing three nodes, then /
meets the branch curve only in those three nodes so that the inverse image
of / in B, (X) has two components /, and /,. [,—/, then lifts to a divisor
class on the minimal desingularization g: S—X whose first Chern class is
not in the linear span of ¢,(¢*.#) and the exceptional classes ¢,(C,), so that
S has Picard number greater than 11, contrary to hypothesis. Q.E.D.

Let X be a Cayley symmetroid with ten nodes p;, - - -, p,, and let p:
S—X be the minimal desingularization; suppose that the Picard number of
Sis 11. Let #=p*0p(l) and C,=p"'(p,;). Choose four of the points
P, Ds» DPs» D since these are not coplanar, we can define the standard
Cremona transformation T, ... : P*—P* with fundamental points p,, p,,
P> D. (as in Section 6). It is easy to see that the image X’ C P® of X under
Ty papsp, 18 2lso a symmetroid and that there is a morphism p/: S—X". Let
q + - <5 gy denote the nodes of X’ and put ¥'=p'*(0p(1)) and C)=
(«)'(g)). For a suitable numbering of the ¢,’s, we then have the following

relations in the Picard group of S:

P =FBR0(—2C,—2C,—2C,—2C,)
O0(CH=LR0—C,— C,—C,—C,+C) for 1<i<4
05(CH=04(C) for 5<i<10.

We shall now relate the action of regular Cremona transformations in
Cr*® on the Todorov lattice M, ,, to the action of the Weyl group W, ,,
associated to the Dynkin diagram T, , . (cf. [8], [6]). Fix an isomorphism
a:{l,---,10}—Sing %, ,,, and let e, denote e,;,. Define the “roots” g,
in M, as follows:

Bo=2—e —e,—e;—e,

Bi=e,—e,,  for 1<i<9.

If we define a new bilinear form on M, by (x, y)=—(x-»)/2, then
(B:> B) =2; the Dynkin diagram of the (generalized) root system spanned
by B B - - s B (With respect to the bilinear form (,)) is given by the
diagram T, ,, in Figure 2.

B cb—o——o—t[——o—o—o_o—o Bs
B

Figure 2.
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Define the simple reflection s;, 0<Cj<{9 on M, ,, as follows:

§,(x)=x—(B;, x)B;-.

It is easy to check that s, defines an isometry of M, ,,; the Weyl group W, ,;
is the group of isometries of M, ;, generated by these simple reflections s,,
j=0,.--,9.

The simple reflection s,, j =1, - - -, 9 acts on M, ,, by leaving e, fixed
fori=j,j+1, and interchanging e; and e,,;. The simple reflection s, acts
on M, by the following formula:

5o(A)=32—2(e;+e,+e;+e,)
sie)=2—(e;+e+e+e)+e; for 1<i<4
sfe)=e; for 5<i<10.

Let a;=ao(j,j+1)oa™ e Aut(Sing 2, ,,), where (j,j +1) denotes a
simple transposition.

Proposition (8.2). Let (X, ) be a (simple) K3 surface of Todorov type
0, 10), let p: S—X be the minimal desingularization, let ¢: H*(S, Z)—4,
: Sing X —Sing X, ,, -be a special marking of X, and suppose that S has
Picard number 11.

(1) For1<j<9, (5;0¢, a;o) is a special marking of X.

(2) Let X’ be the image of X under the standard Cremona transforma-
tion Ty popep,e Then (8,0 @, ) is a special marking of X'.

(B) If we W, there exists a regular Cremona transformation T
whose fundamental points are contained in Sing X and a permutation ¢ € &, ,,
such that (w o @, g o ) is a special marking of the image X' of X under T.

@) If Tis aregular Cremona transformation whose fundamental points
are contained in Sing X, and X' is the image of X under T then there exist
we W,,qand c € S, such that (w o §, g o ¥) is a special marking of X'.

Proof. (1) follows directly from the definitions of special marking.
(2) is a consequence of the formulas we have given above for the actions
of s, on M, ,, and of T} ,,,,, on the Picard group of S. (3) follows from
(1) and (2), by the definition of W, ,,. For (4), it is enough to prove the
statement when 7 is a standard Cremona transformation whose funda-
mental points are contained in Sing X. But any such transformation can
be expressed as the composite of a permutation of Sing X and the trans-
formation T, ,,,,,,; the statement now follows from (1) and (2). Q.E.D.

The reflections s, all lie in O_(M, ,,), so there is a natural homomor-
phism W,, ,—O0_(M,,). Weletf: W, ,—O0(G, /(1) be the composite
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of this homomorphism with the canonical homomorphism O_(M, )—
O(G,,10)/(£1). The following lemma is originally due to Coble [4] (a recent
modern proof has been given by Cossec and Dolgachev [6]):

Lemma (8.3). W,,, contains three distinguished elements K, B, and G
(called the Kantor, dilated Bertini, and dilated Geiser involutions) such that
the smallest normal subgroup W(2) of W, containing K, B, and G satisfies
Woasd W(2) = Sp(8, 2).

We use Lemma (8.3) to deduce
Lemma (8.4). The homomorphism f: W, , «—>O(G, )] 21 is surjective.

Proof. By using the explicit generators of G, ,, given in [20; Proposi-
tion 6.2], one can check that the homomorphism fis non-trivial but that
K, B, and G (the involutions from Lemma (8.3)) all lie in Ker f; by Lemma
(8.3), W(2) is contained in Kerf. Since W,, /W (2)=Sp(8, 2) is a simple
group, we have W(2)=XKerf and f(W,,, ) =Sp(8,2). On the other hand,
by Corollary (2.4), there is an exact sequence

1—>Z2Z —>0(G,,1)—>Sp(8, 2)—>1

and it is easy to see that the Z/2Z subgroup (which comes from the wj,
summand in the normal form decomposition of G, ,,) is generated by — 1.
Thus, O(G,,,,)/(£1)=Sp(8, 2), so that f must be surjective. Q.E.D.

We can now give an answer to the question posed at the end of Sec-
tion 6 in the Todorov case (0, 10).

Theorem (8.5). Let (X, &%) and (X,, %,) be two K3 surfaces of To-
dorov type (0, 10), regarded as Cayley symmetroids in P®. Suppose that the
minimal desingularizations of X, and X, have Picard number 11. Then
(X1, &) and (X,, &) have the same period in D, /Aty (D, ) if and only if
there exists a regular Cremona transformation T e Cri* such that T(X,, %))
=(Xp, L)

Proof. Suppose that (X,, %)) and (X,, .%,) have the same period. By
Theorem (6.1), the minimal desingularizations of X,'and X; are isomorphic;
we use the isomorphism to identify them with a single smooth K3 surface
S, with g, S—X, the desingularization maps for i =1, 2.

Let ¢,: H¥(S, Z)—A, 4, Sing X—Sing X, ,, be special markings of X,
for i=1,2. By Lemma (8.4), there is some w € W, , , which has the same
image in O(G,,,)/(£1) as does (@yo 7|, .- By Proposition (8.2) (3),
there is a regular Cremona transformation 7 and a permutation ¢ € &, ,,
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such that if (X,, £)=T(X,, &) then (wo ¢, g0 is a special marking
of X;.

By construction, (o (W o ¢;)™)|x,,, maps to (—1)* in O(G,,,) for
some k; let z=(1,1, ,)®(—1)*(d;0 (W 0 ) Dyor- Thenc e O_(4), so that
if we define ¢,=zowo¢, and yr;=aoy, then (&, 4, is also a special
marking of X;. But since (¢; © 7 |w,,.0=(—lx,..0)% ¢ and ¢, correspond
to the same point of Dy /I 1; hence (X;, L5)=T(X,, %) is isomorphic
to (X;, Z,).

The converse statement is an obvious consequence of Proposition (8.2)
@). Q.E.D.

Let M¢%, denote the moduli of regular Cremona equivalence classes of
Cayley symmetroids X C P°, and let Cr: M, ;,—M¢%, be the natural map
(assigning the Cremona equivalence class to the projective equivalence
class). From Theorem (8.5) and Table 8 in Section 5, we have the follow-
ing corollaries which explain the relation between Cremona transformations
and the period map for K3 surfaces of Todorov type (0, 10).

Corollary (8.6). Let My, denote the moduli of the Cayley symmetroids
whose minimal resolution have Picard number 11, and let

Po,ot My 10—>Dy 1o/Autz (Dy 1)

be the period map. Then the image of Mg, under p,,, and under the map
Cr are isomorphic, and the period map can be identified with the natural map
Cr. In particular, the degree of Cr is equal to 2°-51.

Corollary (8.7) (Coble [4]). The number of distinct projective equiv-
alence classes of Cayley symmetroids which are regular-Cremona-equivalent
to a fixed general Cayley symmetroid is equal to 2°.51.

The reader will notice that the key step in the proof of Theorem (8.5)
was Lemma (8.3). This lemma was implicitly used by Coble [4]. Cossec
and Dolgachev [6] have recently clarified the relationship between the Weyl
group W, ,,and the Reye congruences, and they proved that the automor-
phism group of the generic “nodal” Enriques surface is isomorphic to the
group W(2) which was described in Lemma (8.3). Note that the covering
K3 surface of such a “nodal” Enriques surface is the minimal desingulari-
zation S of a Cayley symmetroid X.

Coble [3] also proves that under regular Cremona transformations of
P?, a set of eight points which are the base points of a net of quadrics in
P? are transformed to 36 distinct projective equivalence classes of such sets
of eight points., This fact is related to the period map p, ,, for K3 surfaces
of Todorov type (1, 10), which has degree 36.
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We close this paper by posing a problem. For K3 surfaces of To-
dorov type (a, k), let N =k—7 so that the linear system |#| maps X to P?.
Does there exist any explanation of the degree of the period map p, , in
terms of regular Cremona transformations of P¥; when N is greater than 3?
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