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Introduction

Let X be a connected compact Kahler manifold. Let b, be the Betti
numbers of X. Then we know that 1) b, is even if k is odd, and 2) the
inequalities b, <b, ., hold for 0<k<dim X. Indeed, these are immediate
consequences of the usual Hodge and the Lefschetz decomposition theo-
rems for the (complex) cohomology group of X respectively, which in turn
are obtained via Hodge’s theory of harmonic integrals (cf. [27] [28]). On
the other hand, Chern in [8] showed that the Lefschetz decomposition
theorem is actually a special case of a more general decomposition theo-
rem for harmonic forms which are formulated for a general compact
Riemannian manifold M with prescribed holonomy group G. Indeed,
the case where G is the unitary group U(n) corresponds just to the Kéhler
case, where 2n=dim,M; while the case G=Sp(n), 4n=dimzM, corre-
sponds in a certain sense (cf. below) to a compact Kahler symplectic
manifold, that is, a compact Ké&hler manifold which admits a non-
degenerate holomorphic 2-form. The main purpose of this paper is then
to obtain certain analogues in this context of the Hodge and the Lefschetz
decomposition theorems for a compact Kéhler symplectic manifold Y in
general (cf. Theorems 3.11 and 3.16). At least they give as corollaries the
following: 1) Every odd dimensional Betti number is divisible by four
and 2) the inequalities b, +3b,_,<3b,_,+b,_, for Betti numbers hold for
k<(1/2) dim Y. Moreover, with some more efforts we also obtain a more
specific topological property of Y to the effect that the homogeneous form
g of degree 2n on H*(Y, Q) defined by the cup product, g(x)=x*"[Y], is an
n-ple power of a nondegenerate quadratic form up to constant (Theorem
4.7), the result which might have been expected by the results of Beauville
[11.

We are also interested in the quaternionic Kahler case, that is, the
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case G=Sp(n)Sp(1) (cf. Salamon [22]). In this case we obtain an analogue
of the Lefschetz decomposition theorem in the positive scalar curvature
case, and as an application, show that for such a manifold the associated
quadratic form on the middle dimensional cohomology is always definite,
though the proof in this case depends on the results of [22] while the
harmonic theory as above serves only as a guide in formulating the
results.

Now the outline of each section is as follows. Section 1 is preliminary.
In Section 2 we consider a compact Lie subgroup G of SO(d) together
with its action on the complexified exterior algebra A F;, where F=R°.
Namely we study the canonical decomposition of AF, as G- and H-
modules, where H is a commutor of G in GL,(R). Our main interest
here is in the following three cases: 1) G=U(n), d=2n, 2) G=Sp(n),
d=4n, 3) G=Spn)Sp(l), d=4n.. Then in Section 3 using the results of
Section 2 first we formulate two decomposition theorems for a general com-
pact Riemannian manifold with holonomy group (contained in) G, and
then, corresponding to the above three cases, specialize successively to
the Kahler, hyperkéhler, and quaternionic Kéahler cases. In the Kahler
case they reduce respectively to the Hodge and the Lefschetz decomposi-
tions, and in the hyperkdhler and quaternionic Kéahler cases we obtain the
above mentioned results.. (Here we note that any hyperkdhler manifold
has necessarily a structure of a Kéhler symplectic manifold, and vice versa
in our compact case (cf. {1] [6] [14])). In Section 4 we treat compact Kéhler
symplectic manifolds and translate the above results for hyperkahler
manifolds into those for such manifolds. Also we prove Theorem 4.7
mentioned above. For the proof we use the unobstructedness theorem
for the Kuranishi family due to Bogomolov [3], for which we shall give a
simple alternative proof at the end of this section by using the Calabi
family; the latter is a holomorphic family of compact Kahler symplectic
manifolds parametrized by the projective line P!, naturally associated with
any hyperkdhler manifold (cf. [6] [22]). In Section 5 we study some of its
properties in connection with the results obtained in the previous sections.

Finally we note that all the above results including the Bogomolov
unobstructedness theorem should be true for any compact symplectic V-
manifold with Kéhler V-metric. Indeed, the arguments should work word
for word for V-manifolds under a suitable interpretation, though we have
not checked this in every detail. In view of the existence of natural
examples (cf. [10]) such a generalization would also be of some interest.

Notation. a) For a rational number 7, [f] denotes the greatest integer
which does not exceed 7. For integers a, b, m, “‘a==b(m)” means that m
divides a—b. Then for any nonnegative integer k we set
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©.D AER)={r; 0<r <k, k=r (2)}.

For an integer r we set r *=max(r, 0). b) For a complex vector space E,
P(E) will denote the projective space of lines of E. ¢) For an algebra 4
over a field X and an element ¢ of 4 the K-linear transformation of A4
defined by the left multiplication by a is called simply the a-multiplication
operator and will often be denoted by L,: 4—A4. d) @, R, C: the fields
of rational, real, and complex numbers, respectively. Q@*=Q—{0}, R*=
R—{0}, and C*=C—{0}.

§ 1. Preliminaries

Let H be the real quaternion division algebra with standard real basis
1,i,j, k. Let H*=H —0. We always consider H" as a right H-module
with standard quaternion inner product ( , >. Denote by P the real
subspace of pure quaternions. We have H=R®P, and accordingly
{ , > is decomposed into R- and P-parts

(1-1) < s >=( B )+< ’ >Pa

where ( , ) is the standard inner product on H*=R*" and { , > is a
P-valued real alternating form on H"=R*".

The unitary symplectic group Sp(n) is by definition the group of
H-linear automorphisms of H™ preserving { , >. Especially Sp(l) is
identified with the group of quaternions of norm 1. We set

C={1eSp(l); #¥=-—1}.

Then H* acts transitively on C by inner automorphisms, with stabilizer
at ie C given by C*={a+bi}S H*. Therefore we have the natural
identifications

(1.2) C=H*|C*=P'

which will be fixed throughout this paper, where P' is the complex pro-
jective line. Note that the naturally induced map =: H*—C is given by

(L.3) A=n(h)=hin"*, he H*.

Now we shall review some of the well-known facts on the (finite
dimensional) representations of classical groups. We refer to [5] for the
following terminology. A (complex or real) representation p of a group
G is said to be isotypical if it is equivalent to a direct sum of one and the
same irreducible representation, say p,. In this case p is also called p;-
isotypical, or V-isotypical if V, is the G-module corresponding to p;. Let
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R =R, be the set of equivalence classes of irreducible complex representa-
tions of G. Then, if G is a compact Lie group, any G-module admits a
unique direct sum decomposition
V=037,
pER

of V into “p-isotypical components” V,. The same is also true for real
representations. In general for any group such a decomposition, if any,
is called the canonical (G-) decomposition of V.

Representations of U(n) and Sp(n) (cf. [29; VII]): The set of equi-
valence classes of irreducible complex representations of the unitary group
U(n) (resp. the unitary symplectic group Sp(n)) is in natural bijective cor-
respondence with the set of non-increasing sequences

of integers (resp. nonnegative integers) f;. If p, is an irreducible repre-
sentation corresponding to f, then f is called the signature of p,.
Let D(n) be the subgroup of diagonal elements of U(n) (resp. Sp(n));

D(n)':{dlag (519 tt en) (resp' dlag (517 t s Epy 6;1’ DY 5;1));

(.49 &€ C, |e;|=1}.

Let X, be the character of p,. Then X5, is a Laurent polynomial of
€, * + 5 Eq 1.€., @ finite linear combination of the “Laurent monomials”
gr...gin i, e Z On the set of such Laurent monomials one puts the
lexicographical order with respect to their indices I=(,, - - -,i,). Then
the highest nonzero term which appear in the polynomial expression for
X, is just ef*- - -gf». This fact indeed characterizes p,.

B Representations of Sp(1) and H* (cf. [5; I1.5]): Irreducible complex
representations of U(1) (resp. Sp(1)) are up to equivalences indexed by
integers (resp. nonnegative integers), say r. In the case of U(l)=
{e e C; |e|=1} these are 1-dimensional and given by p,(s)=c". In the
case of Sp(1) they are described as follows. Let ¥, be the underlying
complex vector space of the right H-module H with respect to the inclu-
sion C={a-+bi}S H. V,isthen naturally a complex Sp(1)-module, and
the induced Sp(1)-modules

V,:=S"(V), r>0

are all irreducible, where S™ denote the symmetric products. We let
V,=C be the trivial Sp(1)-module. Then these V, give the desired repre-
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sentations p,. They are all self-conjugate in the sense that p, is equivalent
to its complex conjugate g, (cf. (1.7) (1.8)).

Consider C* and H* naturally as real algebraic groups Then any
rational complex representation of C*=U(1)X z,R* (resp. H*=Sp(1)
X 2,R*) is equivalent to exactly one of the following representations g, ,, 7,
ke Z r=0,k=r(2);

(15)  pen(®)=1%p, (&), g=(e, 1) € U(1) X 7,R* (tesp. Sp(1) X z,R¥).
We shall denote by V;,, the corresponding H*-module.

Real representations of Sp(1) and H*: i) When r=25s—1, s =1, is
odd, then the underlying real representation p, of p, is irreducible. The
corresponding real Sp(1)-module, denoted by VEF(=V,), has the natural
structure of a right H-module and the action of Sp(1) is H-linear. Cor-
respondingly we have

(1.6) dimgVE=4s
and
(1.7 0,®C = p.Dp,.

i) Letr=2s,5=0, be even. Then the right multiplication by j on
H =V, induces a C-antilinear involution j, on V,, r=1. Further we
define j, as the complex conjugation of C. Then the set VF of fixed
points of j, is a 2s+1 dimensional real vector space preserved by Sp(1).
The induced real representation p, of Sp(1) on V¥ is irreducible and

(1.8) 0, ®C=p,.

ili) The above representations p;, r =0, exhaust all the real irre-
ducible representations of Sp(1) up to equivalence.

iv) VF is equivalent to the Lie algebra 3p(1) of Sp(l) with the
adjoint representation.

Any real rational irreducible representation p of H* is up to equi-
valence of the form p(g)=t*p/(e) for some k € Z and r =0 in the notation
of (1.5). The corresponding real H*-module will be denoted by VE,.
We note in particular that for any irreducible representation of H* its
restriction to Sp(1) also is irreducible.

Hodge decomposition associated to a real representation of C* and H*:
A real (rational) C* (resp. HX) module W is said to be of weight k if
t € R* acts via the multiplication by t*. In the case of a C*-module, W
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then has the Hodge structure of weight k, i.e., the canonical decomposi-
tion of its complexification W has the following form;
W= Wra, Wpre—= Wap,
=L,

where W7 is the p, ,_,isotypical component. We set h*?=dim W»?
and call it the Hodge number of W. We shall say that W is regular if
h? =0 for p<0 or g<0.

Let W be a real H*-module of weight k. Any 1e C defines an
embedding of real algebraic groups;

(1.9) Ae: C*=—>H*, Aa+bi)=a+bi abeR.

Via 2, W has the structure of a real C*-module of weight k, and hence
we have the associated Hodge decomposition with respect to 1;

(1.10) We= @ W),  Wr(Q)=W**Q).
p+a=k
The Hodge numbers A% W (2)) are actually independent of 2 so that we
may denote it by A?4(W).
First we consider the case W=V F,. As the complexification of gp(1)
the Lie algebra 3(,(C) acts C-linearly on W,. Let

1 0 0 1 0 0
= 1) x=(0 o) *=(1 o)
be the standard C-basis of 8[,(C). For any 1€ C let

H,=ad()H, X,=ad(H)X, Y,=ad(h)Y

where 1 e H*SGL,(C) is any element with 2=n=(h) (cf. (1.3)) and ad
denotes the adjoint action. Then (1.10) is just the eigenspace decomposi-
tion of W, with respect to the action of H,, where W?%(J) corresponds to
the eigenvalue p—gq. Further, from the standard facts on the representa-
tions of 30,(C) (cf. e.g. [5] [28]) we see easily the following: For 0<p,
g <k, dim W*?2)=2 or 1 according as k is odd or even; otherwise,
W942)=0. In fact, the actions of X, and Y, have the property:

X W Qs Wwehai(p), 0Z p<k, X(W*%(2))=0

1.11
(-0 Yy WriQs wehei(), 0< p<k, Y (W*H2)=0.

Suppose next that W is isotypical so that W =(VE,)®" for unique
ke Z and r, h,=0. Then by (1.7) and (1.8) W, is again isotypical as a
complex H*-module with W=V, where h=h, if k is even and =24,
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if k is odd. Then by what we have seen above we get the next lemma
easily.

Lemma 1.1. If W is isotypical as above, then in the Hodge decomposi-
tion (1.10) of W¢, WP U2)+0 if and only if (k—r)[2<p, q<(k+r)/2;
moreover for any p, q in this range we have h*1=h ma’ependently of (p, q),
where h is even if k is odd.

In the general case, we say that an H*-module W is regular if it is
regular as a real C*-module via some, and hence for any, A¢ C. For a
regular H*-module W its canonical decomposition takes the following
form

W= @ Wk
TE4(k)
(cf. (0.1)), where W*" is the V¥, -isotypical component, and the Hodge
decomposition (1.10) of W is the direct sum of those of W%7. We set

BT (W) =(1/(r 4 1)) dim g W*.

This equals any nonzero Hodge number A?{(W*:7) of W¥*". Then in view
of Lemma 1.1 together with (1.6) and (1.11) we get the following:

Lemma 1.2. Suppose that W is regular of weight k as above. 1) If
k is odd, then any Hodge number h* (W) is even and 4|dimgW. 2) For
any p=q >0 with p+q=k we have the inequality h®{(W)=h?**"1"(W);
more precisely we have h?*Y(W)—h? LYW )=h*? "W). 3) An element
a of W) is contained in W*?~ if and only if X,a=0.

We also note the obvious relations between A 4(W) and A*"(W);

W)= 33 BT(W)

r22p-k

and
HSr (W)= ko 8- (W)= (W), p=(k+1)f2, q=(k—r)/2.

Returning again to the irreducible case of W=W,:=V,,,, we shall
consider the associated period map p,: C—P,:=P(W) defined by p,()=
the line W*°(2) in W.

Lemma 1.3. p, is isomorphic to the Veronese embedding P'—P*.
Further if we identify the tangent space of P, at p,A) canonically with
Hom(H*°(2), H*""'(AD- - -@H**(R)), the differential dp, of p, at 2
factors through the subspace Hom (H?***°(2), H*~"'(2)) and gives an isomor-
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phism T,sHomd(H*%(2), H*~"“'(2)), where T, is the tangent space of C
at A

Proof. Take any he H* with A=zn(h)=hih™" (cf. 1.3)). Then we
have 2h = hi; in other words the line AC is the eigenspace with
eigenvalue 4/ —1 of the 2-action on H=V,. Hence H>**(2)=S*(hC)
(symmetric product); this implies that p, is just the Veronese embedding.
Let C,=p,(C) and 2,=p,(2). Let n,: W —{0}—P, be the natural projec-
tion and C,=#;(C,). Let 1, be any point of z;'(2,). Now consider any
element A of 3[,(C) as a vector field on W with respect to its action on W.
Note that A is tangent to C, at any of its point. Then we see readily that
the image of Y;|s, by dr, at 1, is nonzero and thus generates the image
dp(T,) over C. The result then follows from (1.11).

Clebsch-Gordan formula: Recall finally the Clebsch-Gordan formula
(cf. [5]) which gives the isomorphism of Sp(1)-modules

(112) Vk@CVlE®st+l—2n 0§s§mln (ka l)

From this we get the irreducible decomposition of the symmetric product
SY(V,) of V, as an Sp(1)-modules;

(1.13) S(V)= D Vo,

s€4()

Let @, be any element of S*(V,) corresponding to the nonzero
element of ¥,=C in the above isomorphism S*(V,)=V,®V,. Then the
multiplication by @, gives an embedding of Sp(1)-modules S!~*¥V,)=—»
Si(V,) so that we have

(1.149 S (V) =0, - S V,)DV,,.
Using (1.12) and (1.13) we can also show the following:

Lemma 14. Let [=¢(2), where e=0 or 1. Let r be a nonnegative
integer. Then the canonical decomposition of the Sp(1)-module S{V)QcV,
is given by

S V)RV, =D Vi
where the nonnegative integer n(d)=n(d, I, r) is given by
a(d)=(min (( +¢)/2, [(r4d+2¢)/4) +[—(d —r|+2¢)/4] + 1)*.

In particular z(d)=+0 if and only if max(r—21I, |r,[)<d <r+2l, where r, is
defined by r+2e=r,(4) and —1<r,<2.
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§2. Representations on complexified exterior algebra

For a positive integer d let Vz:=R“ be the Euclidian space with the
standard inner product ( , ). Let VV'=C*? be the complexification of V5
and AV=@¢_,A\*V the exterior algebra of V over C.

Let G be a compact Lie subgroup of SO(d) acting naturally on V5.
The action extends to an action on AV as C-algebra automorphisms.
Let R=MR, be the set of equivalence classes of irreducible complex
representations of G. (We often identify a representation and its equi-
valence class.) Let
.1 NV=0] VE

PER
be the canonical G-decomposition of A*V into p-isotypical components
VEk Forany p e R weset V¥=@,,V*. Then we have AV=@@,s V}
Let 0 ¢ R be the class of the trivial representation. Then

VE=@VIEAYV
k

is a graded subalgebra of AV and each V¥ becomes a graded V;*-module.
Let H be a commutor of G in GL,(R). Then H acts naturally on

AV and we have again the canonical decomposition

2.2 NV =D V& R=Ry

HER

of A*V into p-isotypical components V%, Moreover, the decompositions
(2.1) and (2.2) are compatible with each other.
The inner product ( , ) and the standard orientation of ¥y induce

the Hodge x-operator

2.3 w: NV NP

It is G- and H -equivariant and induces the isomorphisms
%, VESVITE,

where H,=H N SO(d).
We also remark on the real structures of ¥, and V,.

Lemma 2.1. 1) V, is defined over R, ie., V,=V, if and only if p is
self-conjugate. 2) Suppose that p|g, is irreducible. Then V,, is defined over
R if and only if p|yg, is self-conjugate.

Proof. 1) The necessity is obvious. So suppose that p is equivalent
to its complex conjugate p. Let R, be the set of equivalence classes of
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real irreducible representations of G. Let AVr=@@, ¢, V,, be the (real)
canonical decomposition of AVg. Then there exists a unique p, € %,
such that V,&V, ¢ By our assumption either g, is irreducible\or Oo,c
=p,Pp, for some p, e R (cf. [5; 1. §6]). In either case we have V,=
V,..c- The proof of 2) is the same.

0

Now the purpose of this section is to study more closely the above
general construction in the following three special cases: 1) d=2n and
G=U(n), 2) d=4n and G=Sp(n), and 3) d=4n and G=Sp(n)Sp(1).

Case 1: d=2n and G=U(n) (cf. Chern [8; §4]): In this case we
consider Vp=R® as the underlying real Euclidian space of the complex
Euclidian space E=C™" with the standard Hermitian inner product { , .
Then the natural action of G on E induces the embedding G=—>SO(2n).
Then as a G-module V is the direct sum V' =E®E, where E is the complex
conjugate of E. ‘

In this case H=C* and the canonical H-decomposition (2.2) is just
the usual type decomposition

AV = @ yra Vp,q.;/\pE@/\qE,
P+a=k
which is also the Hodge decomposition associated to the real C*-module
A*Vg of weight k.

Let w € V%' be the fundamental 2-form associated to the Hermitian

inner product { , ». This is G-invariant, and in fact we have

2.4 VE=@ Co*
k20

in this case (cf. [2; IV. 2]). As usual let L: A V— AV be the o-multiplica-
tion operator and set A=x"'Lx. Then an element v of AV is called
effective (or primitive) if Av=0. Denote by V¥ the subspace of effective
elements of A*V, and set V22=FV¥ N V* Further for any integer p,q4=>0
with p+g=<n we denote by p(p, q) the representation of G of signature
(12, 0m~@+o —19 (cf. §1). Let W(p, q) be the corresponding G-module.
We know that (cf. [29; (5.14)])

@5 dmweo=("1")("T e+ 1-@+ona+.

Then the following is essentially due to Chern [8; § 4].

Proposition 2.2. 1) V¥£0 if and only if p=p(p, q) for some p, q as
above. 2) VP%is an irreducible G-module isomorphic to W(p, q) and we
have V,=@,LV??, 0<r<n—(p+q), for p=p(p,q). 3) The natural
map Co" Q¢ V2 i—L™V?1 is isomorphic for any r as in 2).
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Here are some consequences of the proposition. From 1) and 2) we
get the decomposition V=@, L V279", r=(p+qg—n)*, of V™ or
summing these up with respect to p, g get the decomposition
(2.6) ANV=P ( @ LV~ = ¢ LV

p+q=k r=z(k-n)t rz(k-n)+
The first equality gives the canonical decomposition (2.1) in our special

case and the third term gives the Lefschetz decomposition of the exterior
algebra (cf. [28; V.3]). 3) then gives the isomorphism

@2.7) L% ANV ARFY,  k<n

(the strong Lefschetz theorem for exterior algebra). The subsequent
proof of the proposition thus gives an alternative proof for these facts.

Proof of Proposition 2.2. Fix an orthonormal basis z,, - - -, z, of E.
Let D(n) be the diagonal group of U(n) as in (1.4). Then z, A--- Az,
NZy/N\ -+ - Nz, form a C-basis of AV consisting of eigenvectors of the
induced D(n)-action with eigenvalues ¢;,- - -¢;,¢;; - - -¢7," in the notation of
(1.4). From this and the characterization of representations by their
characters as mentioned in Section 1 one already sees that ,=0 unless
p=p(p, q) for some p and q.

Now fix p, ¢ =0 with p4+qg <n. Let

2(p, =2 N+ - NZAZy_gi N+ - - N2,

Then it is immediate to see that z(p, q) € V22 (cf. [27; 1, n°4]). Moreover,
the eigenvalue ¢, - - -,¢;%,,1- - -&;* corresponding to z(p, q) appears as the
unique largest term in the character polynomial in ¢, - - -, ¢, of D(n) on
V#in the lexicographical order of indices. This implies that there exists
a unique irreducible G-submodule, say W2:¢, of V2 containing z(p, q)
and isomorphic to W (p, g). Recall now that w can be written in the form
o= —=1/2) 31»_,z,Az, and hence if we set k=p+g,

0" *Nz(p, )= =1D" (T zAz)Nz(p, 9)#O0.

p+lsisn—q

Since W(p, q) is irreducible and L is G-equivariant, this implies that
L: Woi— "W is isomorphic for any r <n—k. Since p, g were arbi-
trary, we get the inequality

n\/n i min (p,q) .
( )( ):dlm |- dim W(p—r, q—r).

pP/\q r=(p+q—-n)*t

But, using (2.5) we calculate easily that this is actually an equality. Hence
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V¢ is the direct sum of L"W? 47 Since V%9 is a G-submodule of
V?e if it is not irreducible, it contains L"W?2?-"2-" for some r>0 other
than W29, and hence in particular L'z(p—r, g—r) € V29 However this
is impossible because AL"z(p—r, g—r)#0 as a simple computation shows.
Therefore V2% are always irreducible and we get the direct sum decom-
position V??=@,, 4-my+<- L VE™ 7977 and natural map Co'QcV2?—
L7V?4 is injective. From these all the assertions of the proposition follow.

Case 2: d=4n and G=Sp(n). In this case we consider V=R as
the underlying real Euclidian space of the right H-module H™ with the
standard quaternion inner product. Then the natural action of G on H"
induces the natural inclusion G=——>SO(4n) (cf. (1.1)).

The centralizer H of G is identified with H>* and H,:=H N SO(4n)
with Sp(1) with the actions induced by the right H-module structure of
H" via the inclusions Sp()ESHXSH. Any e C defines a complex
structure J, on V' via the right multiplication. Associated to J, we get
the usual type decomposition

NV= P V»()
pta=k
of AV into (p, g)-covectors, and this coincides by definition with the
Hodge decomposition of the H*-module A*V with respect to A (cf.
(1.10)). It follows that A*¥V is a regular H*-module of weight k, and the
canonical H *-decomposition of A*V takes the form
(2.8) ANVep= @ V%,  k=min(k, 4n—k),
redk)
where V%7 is the V¥ -isotypical component (cf. (0.1)). Here the ine-
quality » <4n—k comes from the x-isomorphism (2.3).
Now for any 1 ¢ Clet w, € V3 N V(1) be defined by

2.9 w,(x, y)=(x, y2), x,yeVp=H",

where we have identified V', with its dual via the inner product ( , ). (o,
is just the fundamental 2-form associated to ( , ) and the isometric com-
plex structure J,.)  Then Vg is generated by w,, 4 € C, as an R-algebra
(cf. [2; IV. 2]). More precisely we have the following:

Lemma 2.3, Vi=0ifk is odd. If k=2l is even, then V=S V,,)
as an H*-module if k <2n and in general the canonical H *-decomposition
of VE takes the form VE=®, ¢ 4 V>, [ =min (I, 2n—1), where V=
VR Inparticular Vi=VE,

Proof. The first assertion is clear. So let k=2/. Then we have the
natural surjection S*(V,)—V%. For k<2n, in view of (1.13) it thus suffices
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to show that dim V§=dim SY(V,)=(s+1)(s+2)/2. This in fact will be
shown in a more general setting in the proof of Proposition 2.4, 5) below.
(So we omit the proof here.) The case k>>2n then follows from this and
the x-isomorphism (2.3).

We next study the structure of each ¥, as a Vy-module. For any
AeC let L;: ANV— AV be the w,multiplication operator and set A,=
#«"'Lyx. Then an element « € A\*V is said to be universally effective if
A;a=0 for any @« € C. We denote by V* the subspace of all the universal-
ly effective k-covectors. Then V¥ is G-invariant, each 1 being G-invariant.
Moreover, since g(w;)=w,-1,, for any 2& C and any g ¢ H*, V* is even
an H*-module. Therefore if we set V*"=V*N V%" we have the can-
onical decomposition of V'* as a complex H*-module;

(2.10) Vie @ VE
red(k)

We also set V= P,s, V2.
Define the set ¥ of pairs of integers by

(2.11) U={(k,r); redk), k+r=<2n}.

For any pair of integers (k,r) € ¥ we denote by p(k;r) the irreducible
representation of G of signature (2%~7/% 17, 0®~*®+"/%) (cf, §1). Let
W(k; r) be the corresponding G-module. We denote by

(2.12) Sp(n)Sp(1)
the subgroup of SO(4n) generated by G=Sp(n) and Sp(1).

Proposition 2.4. 1) For any p e R, V¥+0 if and only if p=p(k; r) for
some (k,r)e ¥. V¥ is always defined over R. 2) V" if and only if (k, r)
e U. 3) If, further, k <n, then V*7 is an irreducible #0 Sp(n)Sp(1)-module
isomorphic to W(k; rYQ¢V,. In particular VE' SV, ¢..,. 4) AV is gen-
erated by V¥ as a V¥-module. Further for any ¥ <n and any p=p(k;r),
VY is generated by V™ as a V§-module; Vi=V{*A\V¥". 5) For any
triple (I, k, r) of integers such that (I,r) e ¥, k e A(), r € A(k) (cf. (0.1))
and k<n the natural linear map Vi *QVE Vi AVE" is isomorphic.

Remark 2.5. It seems that 3) is true for any (k,r) € ¥. Then the
proof below would show that 4) is also true for any / and 5) is true
without the assumption that k<rn (though the assumption on (/, r) is
necessary).

The above proposition completely determines the structure of A’V
for / <n as an Sp(n)Sp(1)-module; namely we have
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/\lVZ @ Vf;(k;r)’ lél’l-[—l

kedQl) red(k)

where for /<n
Vian =V @V e =(Vi " QcV IQcWik; r)

as an Sp(n)Sp(1)-module. Further the structure of Vi *®@V, as an
Sp(1)-module can be determined completely by Lemmas 1.4 and 2.3.

Before the proof of Proposition 2.4 we make some preliminary con-
siderations. Choose the orientation of the space P of pure quaternions
by requiring i, j, k to be an oriented basis of P. Let 2 be any element of
C. Take 2, 2, € C in such a way that {4, 2,, 4,} is an oriented orthonormal
basis of P. We set

(2.13) =0+~ — g,

(Up to multiplicative constants a with |a|=1, ¢, depends only on 2 but
not on the choice of 1, 4,.) Then we have

214 02 € V'), e V3'd), ¢ e Vo'(d);

in particular ¢,, @,, , form a C-basis of V%, where §,=w, —+ — la,, is
the complex conjugate of ¢;.

In what follows we shall consider only the case =1, and accordingly,
we omit the index 2 in the relevant notation, for instance V? %= FV29(2)
and (2.14) will be denoted by p € V>%, w e V!, g e V*%. We set E=V"°
and E=V"'. Let L, (resp. L,): A\V— AV be the ¢- (resp. ¢-) multiplica-
tion operator and set 4,=x"'L,x. Then /A, sends V% into ¥?">%  Then
we have the following:

Proposition 2.6. 1) We have the direct sum decomposition

@.15) V= @ LV, r2(m—p)*

rz(n-p)+
which is orthogonal with respect to the natural Hermitian metric on V™°,
where Vil :={a e V*° A,a=0} is the space of ¢-effective holomorphic
s-forms. 2) The linear map L2~?: V2 ' V=20 s jsomorphic for any p<n.

Proof. (cf. also [5; p 2711f]). As in Weil [27; I, n° 3.4] one can
readily show that for any p=0

(L,, 4,):=L,A,—A,L,=4(p—n)id, on y»°

where id denotes the identity. As usual, this implies the existence of the
natural action of the Lie algebra 3[,(C) on the vector space /\E and this
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leads to the results 1) and 2) (cf. [28; V]). Note that the orthogonality of
(2.15) follows from the fact that L, and /, are adjoint to each other with
respect to the metric on V'°,

As in [27; p. 28, Cor.] we obtain the following:

Corollary 2.7. 1) V250 if and only if 0<p<n, and 2) in this
range a p-form « is @-effective if and only if L7 " *'a=0.

We now fix once and for all a basis
(2.16) 219"'327”2{’""21’2

of E such that with respect to this basis ¢ and w are written in the form
Q17 ¢=3zAZ and o=(— 1'/2)(2"3 AL+ S z;./\z-;).
i1 i=1 =1

We also need the following lemmas.

Lemma 2.8. Let X — (8 (1)) € 80,(C). Let X,: E—E be the C-linear

isomorphism with respect to the action of 3(,(C) on V=E®E induced by
the action of 3p(1) on Vg (cf. (1.11)). Then there exists a nonzero constant
¢ such that X (2,)=cz; and X (2})= —cz, for any i and j.

Proof. Let ¢,: E~E* and w,: E~E* be the C-linear isomorphisms
induced respectively by ¢ and w, where ¢ (resp. ) is considered as a non-
degenerate alternating (resp. Hermitian) form on E and E* is the dual of
E. Since both X, and ¢,w3' are Sp(n)-isomorphisms and since both E
and E are Sp(n)-irreducible, by Schur’s lemma X, =cp.w;' for some
nonzero constant ¢. The lemma then follows from this and (2.17).

Lemma 2.9. Let G be a group acting on a complex vector space F.
Let F be the complex conjugate of F as a G-module. Suppose that there
exists a G-invariant Hermitian inner product { , ) on F and a decomposition
F=F®- . -®F, of Finto a direct sum of G-modules. Then if dimg(FQF)*¢
=k, each F, is an irreducible G-module, where ( )¢ denotes the set of G-
invariants.

Proof. { , ) induces the natural G-isomorphism of F with the dual
F* of F. 1t follows that the condition of the lemma is equivalent to:
dim;End, F=k, where End, F is the vector space of G-linear endomor-
phisms of F. Then from
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k
> dim¢End, F,<dim;Endg F
i=1

we see that dim,End, F;=1; hence F; is irreducible.

Lemma 2.10. Let G, H be compact (real) Lie groups. Let U, V and
W be complex (G X H)-modules. Let f: VQ W —U be a (G X H)-homo-
morphism. Suppose that V is (GX H)-irreducible and W is G-trivial.
Suppose further that there exists a nonzero irreducible H-submodule V' of
V such that the induced homomorphism f|yg w: V'QcW—U is injective.
Then f itself is injective.

Proof. From the (G x H)-irreducibility of V follows the existence of
an irreducible G-module ¥, and an irreducible H-module V, such that
there exists an isomorphism A: V—V,®cV, of (G X H)-modules. More-
over, we can find a nonzero vector u ¢ V; such that A(V)=Cu®V,. The
kernel K of fis a (G X H)-submodule of V@ W =V.@(V:®W). Hence,
since V, is H-irreducible and W is G-trivial there exists an H-submodule
M of V,®;W such that K=V,Q M. Then by our assumption, Cu® M
=V QcM)N(Cu®V,)=0. Hence M=K=0.

Proof of Proposition 2.4. We use the basis (2.16) of E. Then the
totality of z AziAzxAz, where I=(, ---,i), J=(j, -, jo), K=
ky -, k), L=, ---,1,), s, 5, t, ' =0, are any increasing sequences of
integers from {1, - - -, n}, forms a basis of AV consisting of eigenvectors
for the action of the diagonal group D(n) of Sp(n) with eigenvalues
e67%z'e;. Here the multi-index notation is used. Now set for any 0< p,
g=n

(2.18) =2\ AZAZA - N2

If ¢g<p, the eigenvalue ¢} - -ce,.;- - ¢, Of a,, appears as the highest
term in the character polynomial in ¢, - - -, ¢, of the induced action of
D(n) on the Sp(n)-module V'?¢ with respect to the lexicographical order.
From these we conclude as in the proof of Proposition 2.2 the first asser-
tion of 1).

The second assertion can be seen as follows. Forany pe®, V¥is
also an Sp(1)-module. Since any complex Sp(1)-module is self-conjugate,
by Lemma 1.4 V% is defined over R.

Next we show 2). For any pair (k, r) of nonnegative integers with
r e A(k) we set p=(k-+r)/2 and g=(k—r)/2. Suppose first that k+r<2n,
ie,(k,r)e¥. Then a=«a,, makes sense and we compute readily that
A=A o0=A,0=0. Since A, is linear with respect to 5 and {p, &, w} is
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a basis of Vj, this implies that we V2U:=V»IN\ V% Moreover by
Lemma 2.8 we get that X, (w)=0, by noting that X, operates on AV as
a derivation. Hence by 3) of Lemma 1.2, « € V%", and hence V%70.
Suppose next that k+r>2n, i.e., p>n. Then by 2) of Proposition 2.6
L,: V?=»9—} ™2 is surjective. Hence its Hermitian adjoint A,: V>
VP-4 is injective so that the Hodge (p, q)-component of V%’ must
vanish. In view of Lemma 1.1 this implies that V'¥"=0as V'¥"is V¥, -
isotypical.

Proof of 3): For simplicity we consider only the case where k is
even. Write k=2s. Denote by V, V¥, V%7 the Hodge (s, 5)-components
of N*V, V% V%" respectively. First we shall show that V&7 is Sp(n)-
irreducible. From (2.8) we have the direct sum decomposition V*=
Dre sy V7 where, since k<n, each summand P®" is nonzero by 2) so
that the number of summands equals s-+1. Set

B=V!®/ % and C=V*QV*.

Then by Lemma 2.9 it suffices to show that dim,B%<s41 for G=Sp(n).
First we note that B C¢. Set

o=@l & VHQV®, 0,=1Qp e V'V, w,=w®] e V"QVo
F=¢®L e VQV™, 6,=1Q5 ¢ V" '@V*, 0,=1Qwe V*@V" .

We regard C as a subspace of AEQAERQANERAE via the natural
isomorphism C= N EQ/N'ERQNEQ/NE. Let K be the subspace of C
generated by those elements which are multiples of any of ¢, @, w; €
(NEQAERNERE)S. By the orthogonality of the Lefschetz decom-
positions (2.6) and (2.12) we see that K is orthogonal to B with respect
to the natural induced metric on C. Therefore it suffices to show that
dim,C%K¢<s+1. Infact, we can find s+ 1 elements of C¢ which gen-
erate C%/K¢ as follows. Let j,: AEQAE-S>NANEQNERQNERNE be
the inclusion defined by j,,(x® ) =xRI®1Qy,x ¢ AE,y e /AE. Similarly,
we define the inclusions j,, jis, /o Then we set

0u=ji(0), wu=ju(w), (2N :jla(SD), ¢24=j24(S0)
under the identification
we EQESANEQNE and ¢e N'ECEQES NEQAE.

Then by using the classical invariant theory [29] one sees readily that the
elements

0l 'Quiy 'Qpl,®¢l, 0=j<s
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have the required properties. Thus V%" is Sp(n)-irreducible.

Since any nonzero Hodge component W$* of V%" are Sp(n)-isomor-
phic to one another (cf. (1.11)), this implies in particular that W27 is
Sp(n)-irreducible, where p=(k+r)/2 and g=(k—r)/2 as before. Then
since a,,, € W9, by the first part of the proof we see that W= W(k;r)
as an Sp(n)-module (cf. the proof of Proposition 2.2). Finally since
VEr=WriQ.V, as an Sp(n)Sp(1)-module, 3) follows.

Proof of 4). Let a be any element of A'V. Then by using the
Lefschetz decomposition (2.6) with respect to w, for 1=1, j, k, we conclude
easily that there exists a (non-commutative) polynomial &(X, ¥, Z; X/, Y/,
Z'’) with rational coefficients such that if we set a,=®(L,, L,, L,; 4,, 4,
A, then ay € N*V, Aay=0 for A=, j, k and « is written in the form
a=LL'Lta, for some s, t, u==0, where k=1-—2(s+1t-+u) (cf. [27; p. 26,
Th. 3], [28; V. Th. 3.12]). Since 4, is linear with respect to 2 and i, j, k
form a basis of V7] p it follows that «, e V% This shows the first half of
4). Further, in this argument if « € V' for some p, then we have again
a, € V% since both L, and 4, are Sp(n)-invariant. In particular if p=p(k; r)
and k<n, this implies that o, e VXN VE=V%" by 3). This proves the
second statement.

Proof of 5). Let p=(k+r)/2 and g=(k—r)/2 as before. Let m=
n—p. Set u;=z,.;, Uj=2,,;, 1<i<r. Further we set f=[]%L,z;\z].
For any 0<u, v<r with u+v=r we define

Zuvzﬂ/\ZI S(I)HI/\ﬂ;,

where the summation is over all the ordered u-tuples I=(i,, - - -, i,) with
1<t < <62 I'=(jy, » -+, o), 125 < - - <Jjp<r with {1, -+, r}=
{is, -+ s dus Jis + + +5 Ju}» S(I) is the signature of the permutation (Z, I’) of
{1, -+, r}, and uy=u, A --- Auy, up=uj,\---A\uj. Let V' be the
smallest complex Sp(l)-submodule (or equivalently, 3(,(C)-submodule) of
V¥ containing Z,,= *a, , € V5" (cf. (2.18)). In view of Lemma 2.8, it
then readily follows that Z, ,_,, 0=<u<r, form a C-basis of V. Since
(I, r) e ¥ we have

2.19) (I—k)2=n—(g+r).

Let s=(/—k)/2. For any integers a, b, c=0 with a+b+c=s, we set
R45.=0"¢"0°. Let B be the set of all such 2,,,. Then Bis a C-basis
of V§* (cf. the proof below for the case k=0 so that V%"=V §°=C).
Therefore 4:={2,,:®Z,,; 2.,. € B, u+v=r} is a C-basis of Vi *QV".
Now by 3) we can apply Lemma 2.10 to the case where G=Sp(n), H=
Sp(l), V=V%", W=V}"* fis the linear map of the proposition and ¥’
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- is as above; thus it suffices to show the injectivity of the natural map
ViT*QV’'— A'W. Let

E'_:{‘Q(Lbc/\zu’u; ‘Qubc®Zu’u € A}'

We have only to show that the elements of A4 are linearly independent;
indeed, among the elements of 4, ,,.N\Z,, is characterized, as one sees
readily from (2.19), by the property that it contains the term
o 7 a a+b m
sn(TTu) (L&) AT wrw ) A(TT mAm)A( T )
1 w+1 1 a+1 a+b+1

with nonzero coefficients in the expansion in z;, z;, where w,=z,.; and
W=z, 1<j<m.

Case 3: d=4n and G=Sp(n)Sp(1) with Vy=H" as in Case 2 (cf.
(2.12)). In this case H={=1} and the H-structure is uninteresting. The
structure of V¥ is as follows. Let Sp(1) act on P by the inner automor-
phism. Then ( , >r: H*X H"—P is Sp(l)-equivariant (cf. (1.1)). We
set

(2.20) =N, >p)

where N is the quaternion norm. If we consider { , >, as a P-valued
2-form on ¥Vy=H" by identifying V with its dual via ( , ), then @ may
be regarded as a G-invariant 4-form on V. We call @ the Kraines form
(cf. [19]). Then it is well-known and easy to verify that

(2.21) Vg":(VSP(n’)sP“’:06—)S Ccos.
SSEn
Let L, be the @-multiplication operator on AV. Let Ad,=%"'L,*.
Then L, and A, are adjoint to each other with respect to the natural
Hermitian inner product of AV. We call an element v e A Vy @-effective
if A,u=0. Let V¥, be the subspace of @-effective k-forms, which is
clearly G-invariant. We set V&5 =V, N V%", where V%" is as in (2.8).

Proposition 2.11. For [<n the linear map Ly,: N'V-—->A\'*"V s
injective and for [<n-+3 we have the natural direct sum decomposition:
NV = @ogsstt/ﬂ Ly Vé(_m‘if'

This is essentially due to Kraines [19], where she has shown the
injectivity for /<n—3.

Proof. The second assertion follows from the first as in [19; Th.
2.6]. So we shall prove the first assertion. First we note that for any
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integer n<t <2n and i ¢ A2n—1t) if we set Vi =P, 0 V3"* then we
have

(2.22) yaet— [¢-orp

where V2%% are as in Lemma 2.3. In fact this follows from the considera-
tion of the natural surjections u,: S*(V,)— V¥ with the help of (1.14) and
Lemma 2.3. Note that @, in (1.14) is mapped by u, to @ up to multipli-
cative constants.
We show more precisely the injectivity of L%: Vi*—Vi*4s for any
s € A(), where a=n—(I+s)/2. This is equivalent to the injectivity of
2= %7 LGk VATl pan-i-dae o being isomorphic.  Since L% and A%
are adjoint to each other, the latter is further equivalent to the injectivity
of Ly: y*r-i-tssp*n-tis . Hence it suffices to show that for each p e i
=Repm the induced linear mapping Lj: Vi~i-*=s— P4 -bs i3 surjective.
By Proposition 2.4 and (2.3) we may assume that p=p(k;r) for some
(k,r) e ¥ with k e A(]), so that V&"=V%".  Moreover, by 4) of Proposi-
tion 2.4, we have a) VI*C Vi *AVE" and b) V-8 C Vit * AVE". In
view of (1.12) from a) we get k+r <s-+/, and from b) we see that ¥ ~u*
Cpnri-kirssre AYET where e=0 or 2 is determined by k-+/+s+r=

p >

e (4). Then we have o< g with
p=n—(k+I1+s+r+e)/d.
Hence by (2.22) we get Vi B S LV * ¢ AV5"CIm Lj as desired.

§ 3. Decomposition theorem for the cohomelogy group of a Riemannian
manifold

Fix a compact connected oriented C*= manifold M of dimension d.
Let 7% be the cotangent bundle of M. Let G, be a closed subgroup of
GL,(R). The examples of G, we have in mind are: Case 1, GL,(C)
(d=2n); Case 2, GL,(H) (d=4n); and Case 3, GL,(H)- H*(d=4n).

A Gy-structure is by definition a reduction of the structure group of
T%in G,. Set Vp=R" Let A:=End; Vp be the R-algebra of G -linear
endomorphisms of V. Then A naturaily operates on T# by bundle
endomorphisms. The structures of A in the above three cases are given
respectively by: Case 1, C; Case 2, H; and Case 3, R. Accordingly, in
the first two cases we call the corresponding G,-structure almost complex
structure and almost quaternionic structure, respectively. In the thrid case
we call the G,-structure a twisted almost quaternionic structure.® In fact,

* In [22] this is rather called the almost quaternionic structure (when n>1).
The present usage of “almost quaternionic structure” is in accordance with [25].
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in this case the bundle End,T% of algebras contains a subbundle of
algebras whose fiber is isomorphic to H (cf. [22]). In these cases if,
further, the G,-structure admits a torsion-free connection, we shall call it a
complex structure, quaternionic structure, and twisted quaternionic structure,
respectively. In fact, in Case 1, then the almost complex structure defined
by ie C is known to be integrable. Similarly in Case 2 the almost
complex structures defined by 1 ¢ CC H are all integrable, and hence we
obtain a family of compact complex manifolds {M,},., parametrized by
C=P" (cf. [15, IX. 3]). We shali call this family the Calabi family asso-
ciated to the given quaternionic structure (cf. [6]).

Now fix a Riemannian metric g on M. Let ( , ) be the standard
Euclidian inner product of V. Let K be the linear holonomy group of the
Riemannian manifold associated to the Riemannian connection I" con-
sidered as a subgroup of SO(d) (with respect to some reference point
X, e M and an isometry u:(T%, g.)=3(Vg, (, ) (cf. [15]). Then the
structure group 7'} is naturally reduced to K; in particular if K is con-
tained in G:=G,NSO(d), M has naturally the associated G,-structure
with a torsion-free connection (cf. [15]). In the above three cases,
G=U(n), Sp(n) and Sp(n)Sp(1), respectively. In these cases we call the
Riemannian manifold (M, g) a Kdhler manifold, a hyperkdihler manifold
(cf. [6]) and a quaternionic Kdhler manifold, respectively, except that in the
last case we assume that n>1 for some reason (cf. [22]). In fact in Case
1, g becomes a Kihler metric in respect to the underlying complex
structure, and similarly in Case 2, g becomes a Kéhler metric on each
M, so that {M} is now a family of compact Kéhler manifolds.

The importance of the above three cases comes from Berger’s
holonomy classification theorem [2], which tells us that if the identity
component K, of K acts irreducibly on V5, and if (M, g) is not locally
symmetric, K, is equivalent to one of the following subgroups of SO(d):
i) SO(d), ii) U(n) or SU(n) (d=2n), iii) Sp(n) or Sp(n)Sp(1l) (d=4n) iv)
Spin(7), v) G,.

Now we shall fix a compact Lie subgroup G of SO(d) and assume
that the holonomy group of (M, g) is contained in G. Let V be the
complexification of Vj with the induced Hermitian inner product. Let
T*=T%R®C be the complexified cotangent bundle of M. Let A*T* be
its k-th exterior power, which is considered as a C= complex vector
bundle with typical fiber A*V and with structure group G. Then for any
G-invariant subspace F of A*V we have the naturally associated vector
subbundle of A®*T* with typical fiber F and with structure group G,
which we shall call the subbundle associated to F. In general, we call such
a subbundle of A*T* admissible.

Now let A, be the Laplacian associated to the metric g operating on
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the space A*(M) of C> k-forms on M. Let (M) be the subspace of
harmonic k-forms with respect to A,. For any subbundle W of A*T* a
section of W will be called a W-form (of degree k). We denote by % (M)
the space of harmonic W-forms. The following theorem of Chern [8] is
fundamental for our purposes.

Theorem (Chern). Let W be any admissible subbundle of N*T*.
Then the Laplacian 4, commutes with the orthogonal projection py: N*T*
—> W (with respect to the natural Hermitian structure of \*T*). If N\*T*
is a direct sum of admissible subbundles W,;, 1<i<s, then we have the
direct sum decomposition Q*(M)=D,<i<, Ok (M).

Let W be any complex (resp. real) C= subbundle of A*T* (resp.
NA¥*T%). Then we denote by HE(M, K) the subspace of H*(M, K) con-
sisting of those classes which are representable by d-closed C=W-forms,
where K=C (resp. R). Then the de Rham isomorphism §*(M)—H*(M,
C) induces the natural injection j, : 95(M)—H% (M, C). As an imme-
diate consequence of the above theorem we note the following:

Lemma 3.1. If W is admissible, then j, is isomorphic so that 9% (M)
= H%(M, C) naturally.

Proof. Let a be any d-closed C* W-form. Let Ha be the harmonic
part of «. Then by the above theorem He is again a W-form. (Since
A, commutes with py,, the harmonic projection operator H also commutes
with py, (cf. [27; IV]).) This implies the surjectivity of jy.

Now in the two theorems below we shall summarize some of the
consequences which we shall draw from the above theorem. First, note
that associated to the canonical G-decomposition A*V =@, ¢q V¥ of (2.1)
we have the natural decomposition of complex vector bundles

/\kT*= @ WI;’
PER

where W is the subbundle associated to the subspace V% Then for any
p € R we set H¥(M, C)=H3;, (M, C).

Theorem 3.2. In the above notation and assumptions there exists a
natural direct sum decomposition

3.1 H*(M, C)= 62» H*M, C).

Moreover, if 0 € R is the class of the trivial representation, then H¥(M, C)
is a subalgebra defined over R of the cohomology ring H*(M, C) naturally
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isomorphic to V§, and each H¥(M, C) is naturally a graded HF(M, C)-
module so that (3.1) is a decomposition as an HF(M, C)-module.

Let H be the commutor of G in GL,(R) and G, the commutor of H
in GL,(R). Then H operates naturally on T} and this action induces
the C-linear action on the bundle A*T*. Then associated to the canoni-
cal H-decomposition A*V =@ ,.q V% of (2.2) we have the canonical
decomposition
3.2 NiT*= @ Wk

LER’
of C= vector bundles, where W* is the subbundle associated to the sub-
space V'§. Then we set Hj(M, C)=H73, (M, C).

Theorem 3.3. In the above notation and assumptions H*(M, C) has
the natural structure of an H-module defined over R such that H¥(M, C)
and H¥(M, C) are all H-submodules for any p e R and pp e R'.  Further,
the canonical H-decomposition of H*(M, C) is of the form

(3.3) H*M, C)= @ HIM,C),

where H*(M, C) is the p-isotypical component. Moreover, (3.3) depends
only on the underlying Gy-structure, but not on the particular choice of the
metric g.

Remark 3.4. The decompositions (3.1) and (3.3) are compatible; for
instance if we set H} (M, C)=H (M, C)YNH}(M, C), then we have

(34 H¥(M,C)=@ H,(M,C).
pPER
The following result due to Lichnerowicz is useful for our argument.

Lemma 3.5. 1) Let «/be any parallel k-form and B a C= I-form.
Then AMaAB)=aAAB, where A is the Laplacian. In particular, a is
harmonic. 2) Let hbe a C* endomorphism of the bundle \*T*. Suppose
that h is parallel as an element of the bundle End N\*T*. Then for any C*
k-form o we have A(ha)=hA«.

For the proof see Lichnerowicz [20] (cf. also [21; (4.3.88)]). We
write §5(M)= iy ,(M). Using the above lemma we show the following:

Lemma 3.6. 1) A C* k-form « is in SE(M) if and only if it is paral-
lel. 2) For any peR, any a e QM) and B e QL(M) we have a\B e
Qi+H(M).



128 A. Fujiki

Proof. 1) If « is parallel, then « is a W{-form and further is
harmonic by Lemma 3.5. Thus « € §¥(M). Conversely, suppose that «
is in §F¥(M). We use the argument of Bochner-Yano for which we refer
to Goldberg [11; p. 88]. Let

a=(1/k!) 3 tpooydiic, A - - - Adity,

be the local expression of « with respect to local coordinates u,, - - -, ug,
where «,,...;, are skew-symmetric in their indices. Let Rz, R;;, D; be
the local expressions with respect to u; of the Riemannian curvature tensor,
the Ricci curvature tensor, and the covariant differentiation associated to
the Riemannian connection I, respectively. Then the following is true
(cf. [11; (3.2.9)]D);

(3.5) j (F(@)+Da,.. . Dl #)x1 =0,
M
where
Fla)=R, ot "l +({(k—1)[2)R; 0075 ™ .

(If k=1, the second term is assumed to be zero.) However, the argument
there certainly shows that if, further, « is parallel, then even the integrand
of (3.5), which reduces to F(«) then, vanishes indentically on M. Since
every element of each fiber of the bundle W is obtained as the restriction
of some parallel k-forms, this in turn implies that even for any C~ WE-
form B, F(B) vanishes identically on M. Then we apply this fact to an
arbitrary harmonic W{-form « and then use (3.5) to conclude that
D,ay,....,=0, i.e., that « is parallel.
2) By 1) ais parallel. Hence the result follows from Lemma 3.5.

Corollary 3.7. Let a € QX(M) and @ corresponding cohomology class.
Let L, (resp. L,) be the a- (resp. @-) multiplication operator on $*(M)
(resp. H*(M, R)). Then the de Rham isomorphism $*(M)—H*(M, R)
induces the isomorphism of Ker L, and Ker L,, where Ker denotes the
kernel.

Let P*(M) be the space of parallel forms. By Lemma 2.6 we obtain
the canonical isomorpnisms

3.6) HEOM, O i (M) = P>V,

where d is the de Rham-Hodge isomorphism, the middle equality is just
the content of 1) of Lemma 3.6 and r is obtained by restriction to the
fiber (A\*T,,) over x, identified with A*¥V by A*u. Now the proof of
Theorem 3.2 is immediate.
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Proof of Theorem 3.2. (3.1) is an immediate consequence of the
theorem of Chern and Lemma 3.1. The second assertion follows from
(3.6), since P*(M) is a C-subalgebra of 4¥(M) and r is an algebra iso-
morphism. Finally, the last assertion follows from Lemmas 3.1 and 3.6,
2).

Proof of Theorem 3.3. The definition of H¥(M, C) depends only on
the underlying G~structure (which determines H as the commutor of G,);
hence the same is true for (3.3) if such a decomposition exists. For the
remaining assertions, by identifying §F(M):=95 (M) with H}(M, C)
and $¥(M) with H¥(M, C) by Lemma 3.1, we have only to prove the
corresponding assertions for the corresponding space of harmonic forms,
First, we note that each 4 ¢ H, regarded as a section of the bundle End
A*T of endomorphisms of A*T*, is clearly parallel with respect to I.
Then by Lemma 3.5 the action of H preserves $“(M) and is defined over
R. On the other hand, the action of H clearly preserves each subbundles
W and W% and hence the spaces $%(M) and $*(M) also. Further, as
an H-module $%M) is clearly pg-isotypical. Hence the direct sum
decomposition (M) =P ,cq QM) associated to (3.2) by the theorem of
Chern is just the canonical decomposition of *(M).

Remark 3.8. HX*(M,C) is defined R over if and only if p is self-
conjugate. Similarly, if y|g, is irreducible, H¥(M, C) is defined over R if
and only if gz, is self-conjugate. These facts follow from the above
proofs and Lemma 2.1. In these cases we can speak of the real coho-
mology groups H¥(M, R) and H}*(M, R).

Let V,,i=1, 2, be G-invariant subspaces of AV with k,<k, such
that the exterior product induces the linear map 7: Vi®V,—V,, where
s=k,—k, Let W, be the associated subbundles of A*V with fiber V,.
Then 7 induces a bundle map W@ W,—W,, and then by Lemma 3.6 it
further induces linear map 74: QIM)QOW(M)—Qi.(M) of the corre-
sponding spaces of harmonic forms. Let 7;: H{(M, C)QHY (M, C)—
H#.(M, C) be the corresponding map of cohomology groups (cf. Lemma
3.1.

Lemma 3.9. If7 is injective, then 15 also is injective. If 7 is isomor-
phic, then 1y also is isomorphic.

Proof. The first assertion is clear. We have only to show that 7 is
surjective assuming that 7 is isomorphic. Let 8 be any element of §*(M).
Fix a basis {&, ---,a,} of $i(M). Since the restriction induces the
isomorphism of (M) with each fiber of Wi— M, the assumption that 7
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is isomorphic implies that we can write g=73 2., ;A for some C* W;-
forms B, ---, B,. Applying the Laplacian A to this equality and using
Lemmas 3.5 and 3.6, we obtain 0=Ag=3""_, ¢, AAB,. Since AB, is again
a W,-form by the theorem of Chern, by the injectivity of 7 we get that
AB,=0 for anyj. This implies that 3; are harmonic as desired.

Note that the lemma is still true if we replace V7§ by any of its sub-
spaces and H{(M, C) by the subspace correponding to it via (3.6). This
is clear from the above proof.

Let H,=HNSO(d). Then the Hodge x-operator x: AT A\?°*T
is both G- and H-equivariant. Therefore for any p e i it induces suc-
cessively H,-isomorphisms $%(M)=H¢*(M) and

(3.7 x: HYM, C) = H"%(M, C).

This reduces in principle the study of the structure of H*(M, C) to the
case k<d/2. We note, however, that the definition depends explicitly on
the choice of the metric.

It is interesting to ask if the following statement is true in general:
Any element 4 of H acts on H*(M, R) as an algebra automorphism. If
this is the case, then the Poincaré duality makes H*(M, R) and H? *(M, R)
into dual H,-modules.

We now specialize the previous considerations to the three cases
mentioned at the beginning of this section. We start with:

Kihler case (cf. Chern [8; §4]): In this case d=2n, G=U(), H
=C* and G,=GL,(C). Further (M, g) has naturally the structure of a
compact Kdhler manifold, which we denote by (X, g). In this case
Theorems 3.3 and 3.2 reduce to the usual Hodge and the Lefschetz
decomposition theorems for X, respectively. We shall give these reduc-
tions briefly.

Let H?%(X) be the subspace of H?*Y(X, C) of those classes repre-
sentable by d-closed (p, q)-forms. Then we have the Hodge decomposition
HX,C)= @ H»(X), H»(X)=H"(XY),

p+g=
which depends only on the underlying complex structures. This is just
the canonical decomposition (3.3) of the C*-module H*(M, C) defined
over R.

Let » be the Kéhler class corresponding to § Then we have
H¥X, R)=®;>, Ro* by (2.4) and (3.6). Let L be the o-multiplication
operator as usual on H*(M, R). For k<n we set

HY(X, Ry={a ¢ H*(X, R); L" **'a=0}
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(the set of w-effective (or primitive) classes) and set H>4X)=H%(X, C)N
H?”4X). Then for the representation p=p(p, q), p+qg<n, we have
H¥X, C)=@,», L"H?%(X) and H*(X, C) is a direct sum of such sub-
modules; in particular H¥(X, C)=H#(X, C)- H?%(X). This follows from
Proposition 2.2, Theorem 3.2 and Lemma 3.8. Moreover, adding with
respect to (p, ¢) and taking the real part, we get the Lefschetz decomposi-
tion
HYX,R)= & L"™H!**(X,R).

(E-n)+=r
Moreover by (2.7) and Lemma 3.9, we have the isomorphism
L™ *: HYX, Ry H™ X, R) (the strong Lefschetz theorem).

These depend only on the Kahler class but not on the metric itself.

Recall also two corollaries of the above decompositions for com-
parison with the hyperkéhler case. Let b, be the k-th Betti number of X.
Then

(3.8) b, is even if & is odd
and
(3-9) bk—bk-zzblc,ezo

where b, ,=dim H%(X, R).
We also quote the following fact (cf. [27; p. 74, Th. 4]):

Lemma 3.10. H=C* acts as algebra automorphisms on the coho-
mology ring H*(M, R).

Hyperkihler case: In this case d=4n, G=Sp(n), H=H* and G,=
GL,(H). (M,g) is a hyperkihler manifold of dimension 4n and admits
a family of compact Kéhler manifolds, {M};c, the Calabi family asso-
ciated to (M, g). In this case our results will be summarized in the two
theorems (Theorems 3.11 and 3.16) below, which correspond to Theorems
3.3 and 3.2, respectively. The decomposition (3.2) in this case takes the
form
(3.10) NTE = @ WH”

redk)
corresponding to the canonical H*-decomposition (2.8) of A*Vy. We
set H*"(M, Ry= H% (M, R).
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Theorem 3.11. Let (M, g) be a compact hyperkihler manifold of
dimension 4n. Then the real cohomology ring H*(M, R) has the natural
structure of an H*-algebra, where the elements of H* act as algebra auto-
morphisms. With respect to this dction the canonical H *-decomposition of
H*(M, R) is given by

(3.11)  HYM, R)= @E H®" (M, R), k=min(k, 4n—k),
red(k)

where H*"(M, R) is the V&, -isotypical component. Moreover, the above
structure depends only on the underlying quaternionic structure but not on
the particular metric g.

Remark 3.12. It is known that g is necessarily an Einstein metric
which becomes a Kihler Einstein metric on each M,. Therefore the
apparent freedom of g asserted in the last part of the theorem would
actually be very little, unlike the Kéahler case.

By Lemma 1.2 and Theorem 3.11, corresponding to (3.8) in the
Kahler case we get:

Corollary 3.13. Every odd dimensional Betti number of M is divisible
by 4.

Theorem 3.11 follows immediately from Theorem 3.3 and Remark
3.8 except possibly the following:

Lemma 3.14. Any element of H* acts as an algebra automorphism
of H*(M, R).

Proof. Let i be any element of H*. We may write A=a-+bA for
unique @, b ¢ R and 2 ¢ C. On the other hand, A defines a natural almost
complex structure J, on M and the triple (M, g, J,) with g as above
becomes a compact Kahler manifold as we have already remarked. Then
by Lemma 3.10 4 acts as an algebra automorphism of H*(M, R).

For any 2 e C let @, be the parallel 2-form on M corresponding to
the fundamental form w, ¢ V73 5 (cf. (2.9)) by the isomorphism of (3.6).
We shall denote again by the same letter w, the de Rham class of @, in
H*M, R). Then @, is just the Kahler form, and hence w, the Kahler
class, associated to the Kahler metric defined by g on M, (cf. [6] [15; IX.
4)).

Definition. We call the real 3-dimensional subspace F of H*M, R)
generated by w, for 2e C the hyperkihler (HK) 3-space associated to
(M, g).
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Note that F is an H*-submodule of H*(M, R) isomorphic to VE,;
further, H¥(M, R) is an H*-submodule by Theorem 3.3. From Lemma
2.3 and the isomorphism (3.6) we get the following:

Proposition 3.15. H{(M, R)=F, and H¥(M, R) is generated by F as
an R-algebra. If k=2I, HX(M, R) is isomorphic as an H*-module to S'(F)
if k=<2n and in general HY(M, R) = ®,csq V Fss [=min (I, 2n—1).

For any 1 e C let L, be the w,-multiplication operator on H*(M, R).
For any k< 2n we set

H (M, R)={a € H*(M, R); L***'¢=0, 1 ¢ C}.

An element of H*¥(M, R) is said to be universally effective. Since F is
H*-invariant, H}(M, R) is an H*-submodule of H*(M, R). Hence if we
set H5"(M, R)=H*M, R) N\ H*"(M, R), the canonical H*-decomposition
of H% M, R) is clearly given by

(3.11) HYM, R)= H%"(M, R).

rE4(k)

For simplicity we set N*=HF¥(M, R).

Theorem 3.16. Let (M, g) be a compact hyperkihler manifold of
dimension 4n as above. Then we have the following: 1) As an N*-module
H*(M, R) is generated by the graded submodule H*(M, R). 2) If I<n,
we have a natural direct sum decomposition of H*-modules;

(3.12) HYM,R)= @ N'*HYM,R).

ked(l)y
Moreover in this case, the natural map
(3.13) N *QeHYM, R)— N'"*H*(M, R)

is an isomorphism of H*-modules. 3) H¥"(M, R)=0 unless (k,r)e¥.
4) All the above structures depend only on the hyperkdhler 3-space F asso-
ciated to (M, g) but not on the particular metric (cf. Remark 3.12, however).

Remark 3.17. 1) (3.12) and (3.13) correspond, respectively, to (a
weak version of) the Lefschetz decomposition and the strong Lefschetz
theorems in the Kéhler case. (3.12) is expected to be true in general,
while (3.13) is in general not true for />n; the problem would then to
determine the kernel of the map exactly. 2) If /<n, any element of
HY(M, R) is written uniquely in the form =73, ; ,», 0iwioia,, by 3),
where «,,, are universally effective; moreover wiw'a,,, is o,-effective etc.
as follows from the uniqueness of the expression.
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Proof of Theorem 3.16. Let $*(M) be the space of real harmonic
k-forms « with L3***'¢=0 for any 2 e C. Then by Corollary 3.7 the
natural injection j: 9¥(M)— H (M, R) of H*-modules is isomorphic.
Further, by considering the isotypical components of both sides, we see
that j induces an isomorphism 9% (M) H%"(M, R), where §¥"(M)=
DM N HEwir(M). 3) then follows from Proposition 2.4.

For 1) we repeat formally the proof of Proposition 2.4, 2) with the
l-covector « there replaced by a harmonic k-form in $*(M) and with o,
considered as the corresponding Kahler class on M,. Then we have
S(M)=N'""*NQ¥ M), where N* is identified with F(M) via (3.6). In
view of the above isomorphism $*(M)= H*(M, R), this gives 1).

The proof in fact shows more; namely, we have HL(M) =
NUEASE (M) for any p e R, where §F (M)=95M)NH(M). On the
other hand, by Proposition 2.4, if / <n, then ¥ .(M)=0 unless p=p(k; r)
for some r € 4(k), and in this case V'* ,=V¥". Hence % .(M) coincides
with §%7(M). In particular, we have obtained: .,,(M)=N'"* AQ%"(M),
or H, (M, C)=N'""*H¥"(M, R). Hence by Theorem 3.2, Remark 3.8
together with Proposition 2.4 we have the direct sum decomposition

Hl(Ma R): @ @ Hf:(k;r)(Ma R)-

ked(l) red(k)

Hence by (3.11)

HZ(M: R)= Nl_k( @ HZ;T(M’ R)): @ Nl_kH’sc(M’ R)
7T €4(k) k

ke 4(l) €4()

This shows (3.12). Finally by Lemma 3.9 the injectivity of
N'"*QpH (M, R)— N'"*"H{(M, R)

would follow from the injectivity of Vi *@pV%"— AV, and hence of
Vi-®QgVE-> A'V, which is in fact true by Proposition 2.4. 2) is proved.
Finally 4) is clear from the definitions.

By the above theorem and (3.11), as an H*-module
HMR= & & N QgH"'(M,R), I<n.
ked(l) redk)
Therefore if A%7:=dim H%"(M, R) are given, the structure of H*(M, R)
as a real H*-module, namely the dimension A*"=dim H*"(M, R) of its
isotypical components are determined by Lemma 1.4:

3.149 rM)= 3. > 2iald, (—k)/2, r)hE".

ked(ly red(k) d

(See Lemma 1.4 for the definition of z.)
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In addition to Corollary 3.13, the theorem imposes some more
topological restrictions on the underlying C~ manifold of a hyperkihler
manifold. Let b, be the betti number of M and we set b, ,=dimzH*(M, R).
Then from Proposition 3.15 together with (3.12) (3.13) we get the follow-
ing:

Corollary 3.18. Suppose that | <n. Then we have
(3.15) bl=k§l) A8 —k+2)(I —k+4)b,,..

Taking the first, second and third differences of the sequence {b,}
with unit difference 2, we successively get the formulas

b—b,_,= >, (12 —k+2)b,,
kEA(l)
bz—2bz-z+bz-4= Z blc,e
kEA()

bz"‘3bz-2+3bz—4—bt—6=bz,e,

where b, =0 if k<<0. In particular, corresponding to (3.9) in the Kahler
case we get:

Corollary 3.19. If [ <n, we have the inequality
b,+3b,_,=3b,_,+b,_,.
Also from (3.15) we get for instance:
by, Z(s+ (b, —Ds+2)2=(s+ (s +2)/2, 2s=n,
by 1 =8(s+ 1)by/2  if b=0, 2s+1<n.

The above results show the rapidly increasing character of the Betti
numbers of a hyperkahler manifold.

For any 1 e C we have the Hodge decomposition

(3.16) H'M,C)= @ H™Y(M),

pra=k
with respect to A associated to the regular H*-module H*(M, R) (cf.
(1.10)). The geometric interpretation of this decomposition is as follows.

Proposition 3.20. Let {M)};cc be the Calabi family associated to
(M, g). Then H™YM), coincides with the Hodge (p,q)-component
H?YM)) of the Kdihler manifold M,; H”(M),=H™%M,). In particular
(3.16) is just the Hodge decomposition of M.
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Proof. This follows immediately from the definition of the H*-
module structure of H*(M, R) and from the definition of the complex
structure on M, as that induced by the multiplication by 2 on T'%.

From Lemma 1.2 we get the following:

Corollary 3.21. The Hodge number h* (M) is even if p-+q is odd.
For any p=q =0 we have the inequalities h**{(M,) =h?*"2"(M,)).

Quaternionic Kihler case: In this case d=4n, G=Sp(n)Sp(l), H=
R*, and G,=GL,,(R). (M, g) is a quaternionic Kéhler manifold. Such
a manifold has recently been investigated by Salamon [22] extensively. In
order to give the reader an idea what the manifold is like, and also for
later reference we shall recall some of its properties from [22] first: 1)
(M, g) is an Einstein manifold so that in particular its scalar curvature ¢ is
constant. If £ >0, then M is simply connected and every odd dimensional
Betti number of M vanishes. 2) To (M, g) there is naturally associated a
compact complex manifold Z with a C~-submersion z: Z—M with each
fiber a complex projective line P* (called the twistor space of (M, g)). If
t>0, Z is a (projective) Fano manifold (i.e., ¢,(Z) is positive) with holo-
morphic contact structure. Further, the Hodge numbers satisfy

(3.17) mUZ)=0 if p#q,

the fact which holds for any Fano manifold with holomorphic contact
structure. 3) When ¢ >0, certain compact Riemannian symmetric spaces
constructed by Wolf are the only known examples.

Now since H=R*, Theorem 3.3 is uninteresting in this case. We
shall see certain consequences of Theorem 3.2. Denote by the same letter
@ the parallel 4-form corresponding to the Kraines form @ e V3 5 (cf.
(2.20)). Let [@] be the de Rham cohomology class of @ in H*(M, R).
We call [@] the Kraines class of (M, g) (cf. [19]). Let L, be the [@]-
multiplication operator on H*(M, R). Set A,=x"'L,*, where x is defined
by the isomorphism H*(M)=H*(M, R). Then a class « of H*(M, R) is
called @-effective if Ayae=0. Let HF, (M, R) be the space of @-effective
classes. Then the following is true:

Theorem 3.22. Let (M, g) be a quaternionic Kdhler manifold of dimen-
sion 4n. Then 1) for any k<n, the linear map L,: H*(M, R)~~H***(M, R)
is injective. In particular we have b,<b,., in this range, where b, denotes
the Betti number. 2) We have the direct sum decomposition H*(M, R)=
(‘Bosss[k/q L;H?&,‘ﬁs(M, R), k§n+3.

Proof. By (2.21) and (3.6) we have HF(M, R)= P s, R[O}. The
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theorem then follows easily from Proposition 2.11, Theorem 3.2 and
Lemma 3.9.

Note that 1) of Theorem 3.19 for k<n—3 is already in Kraines [19],
where the theorem of Chern is already used. Note also that since the
decomposition (2.8) is Sp(n)Sp(1)-invariant, by Theorem 3.2 the direct
sum decomposition H*(M, R)=@, 15 H*"(M, R) of Theorem 3.11 still
holds though there is no natural action of H* in this case. On the other
hand, 2) of the above theorem has the obvious disadvantage in that the
definition of H%,,(M, R) depends explicitly on the metric and is not expres-
sed purely in cohomological terms. In this respect it is interesting to
consider the following variation of the definition of @-effectivity: We set

Hf (M, R)={a e H*(M, R); L3 **'a=0}.

The definition clearly depends only on the Kraines class [@] and not on
the particular choice of the metric. In any case, we can get the ‘“‘strong
Kraines” and “Kraines decomposition” in either definition of @-effectivity
when the scalar curvature ¢ is positive, by using directly the results of
Salamon mentioned earlier.

Theorem 3.23. Let M be a quaternionic Kdhler manifold of dimension
4n with positive scalar curvature. Then: 1) for any 0<k<n, L% * induces
an isomorphism L% %: H*(M, R)—H"**(M, R), and 2) for any k=0 we
have the direct sum decompositions

H™(M, R)y=@®,L,H{5"(M, R), (k—n)*<r<[k/2].

Remark 3.24. As mentioned above, 2) also is true with HZ%, (M, R)
replaced by H¥;'"(M, R). Indeed, this can be proved in the same way
as in [19; Th. 2.6] by using 1) and Corollary 3.7. It is expected that
H*(M, R)=H"(M, R) for any k=0 in this case.

Proof. We shall write H*(X) for H¥*(X, R), X=M, Z, where Z is
the twistor space of M. Let w=c(Z). Then w is a K&hler class on Z.
As usual let L be the w-multiplication operator on H*(Z). Since
*: H¥(M)—H*(Z) is injective by Leray-Hirsch, we consider H*(M) as a
subring of H*(Z). Then we have the canonical direct sum decomposition

(3.18) HY{(Z)=H{M)®LH*"*(M)
and @’=a[@] for some positive number >0 so that

(3.19) L*=al, on H*(Z)
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(cf. [22; (2.6) and p. 151]). The strong Lefschetz theorem on Z gives us
the isomorphism

(3.20) Lers-t: FY(Z) = H***D-Y(Z), {<2n-1,
In particular, we have the inclusion
(3.21) L=t HY(Z)=—>H*"""YZ).
Now we consider the case i =2k. Then by (3.18) (3.19) and (3.21) we get
the inclusion
L-k: H¥*(M)=—>H*""%*(M).

By the Poincaré duality this is actually isomorphic. This proves 1).

Next we show 2). We consider the Lefschetz decomposition on Z;
(3.22) H*(ZY=®,L H*"*(Z), (k—2m—1)"<r<k.

Claim: For any 0</<n we have the inclusion H2(Z)S H*(M)
with respect to the decomposition (3.18).

Proof. First we note that for any 2/ <2n and ue H*(Z), u is an
element of H¥(Z) if and only if L¥#-i*hy=—=[@m+h-2+1y—(  On the
other hand, by (3.19) we have L¥»-1#D—=gr-i+1[%=1+1  Hence L*®~i*1
preserves each factor of (3.18). Therefore it suffices to show that
L¥e-i+n) . (M) is injective. Indeed, this follows from the strong
Lefschetz theorem on Z:

[An-l+y 1 J (Gr+1)-(@L-2) . H”"Z(Z)’_‘;H“"*z)"”'Z)(Z)
and the inclusion H*-%(M)S H*"%Z).

Now for any o ¢ H*(M) write
a=>,L'e,, a,e H¥*(Z)

according to (3.22). Then by Claim above «, € H*~*(M). Hence if
we set a’=> ,.qen L7, and a”’=3 .. L 'a,, then o’ ¢ H*(M) and
o e H* (M) in view of (3.19) and @¢=a’+ La”. From (3.18) we get
Lo =0. Therefore a=a'=> ,.cen Ly dr, &, =a,/a’* uniquely. Moreover
from (3.18) and (3.19) we get &, € H¥;"(M) with r even. This completes
the proof.

Remark 3.25. The method of the above proof also gives another
proof of the fact that b,(M)=0 for any odd i. Indeed, from (3.20) we
get the isomorphism Lj~%: H**Y(M)= H*®n+0-CED(My= H*" -2+ M),
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1=i=2k4+1=2n—1. Hence by the Poincaré duality b,,, (M)=
bin-skss(M)=by,_ (M) for 0<k<n—1. Thus by, (M)=b_,(M)=0.

Note also that the following fact is proved in the course of the proof
of the theorem:

(3.23) HH(Z)=Ho(M).

Now we shall prove a theorem concerning the index of M as an ap-
plication of the above theorem, just in the same way as the Hodge index
theorem is proved by means of the Lefschetz decomposition (cf. [12] [27)).
Recall first that M is naturally oriented so that the signature r=z(M) of
M can be defined as the signature of the quadratic form h: H*"(M, R) X
H*™(M, R)y—H*"(M, R)=R.

Theorem 3.26. Let b,, (M) be the 2n-th Betti number of M. Then
we have by, (M)=(—1)"c(M). In other words, h is positive or negative
definite according as n is even or odd.

The theorem is due to Salamon when n=2 ([22; Th. 7.3]). See also
[13] for the corresponding result when n=1. Now for any integer k=0
define a symmetric bilinear form 4 on H*(M, R) by

A(a, b)=Lji *ab[M] € R,

where [M] denotes the evaluation on the fundamental cycle of M. A4
reduces to % in the case k=n. Hence Theorem 3.26 is a special case of

the following:

Theorem 3.27. The symmetric bilinear form (—1)*A(a, b) is positive
definite on H*(M, R).

Proof. We write H: for H,,(M, R). The theorem clearly would
follow if we show the following two facts: 1) With respect to A, L, HZ-*"
and Ly H?-*" are orthogonal to each other if r £r’. 2) (—1)*4 is positive
definite on Ly H*~*" for any r.

Proof of 1). Let ae H¥*™* and be H¥**' be arbitrary elements.
We may assume that r’<<r. Then n—k-r+4r’'>n—k-+2r’+1, which
implies that L3-#+7+7 H2*-*""=(., Hence Ly *LyjaLyb=aLy **"*"'b=0.

Proof of 2). Let a be as above. Let C be the Weil operator on Z,
i.e., the action of i e C* on H*(M, C). Since a is real of type (k—2r,
k—2r) by (3.17), we have Ca=a. Moreover by (3.23), a is w-effective.
Therefore by [27; p. 77, Cor] if @==0 we have

(___ l)kL?Qn +1-(2k —4T)a2[Z] — (__ l)kL?pn+l -(2k —4r)aCa[Z] >0.
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On the other hand, if we put R:j »>0 for x e M (which is inde-

=1(z)

pendent of x) we have by (3.19)
A(Lya, Lya) = L3k -An g X ] = (I/Ran—k+21)L2n+1-(2k—4r)a2[Z]'
Thus 2) follows.

A(a, b) is defined for any quaternionic Kahler and hyperkédhler mani-
folds. Tt is interesting to study the properties of A(a, b) in the general
case.

§4. Compact Kihler symplectic manifolds

. Let X be a compact Kéahler manifold of even dimension 2n. Then X
is said to be symplectic if there exists a holomorphic 2-form ¢ on X which
is nondegenerate, i.e., its n-th exterior power " is nowhere vanishing.
In partiuclar, in this case the first Chern class ¢,(X) of X vanishes. On
the structure of such a manifold the Bogomolov splitting theorem is funda-
mental (cf. [4] [1] [14]).

Theorem. Let X be a compact Kihler symplectic manifold. Then
there exists a finite unramified Galois covering X—X such that X is isomor-
phic to a product TX Y, X ---XY,, where T is a complex torus and Y,,
1<i<r, are simply connected Kihler symplectic manifolds with h*°(Y;)=1
and K*9(Y,)=0 for any k=1. Here the direct factors are uniguely
determined by X up to permutation.

Remark 4.1. If dim T=0 in the above theorem, then X itself is
already simply connected so that it is isomorphic to YV:=Y,X --. X Y,;
this is the case, for instance, if the fundamental group is finite, or if A*°(X)
=1 and dim X >>2. This can be deduced from the following two facts:
1) If Aut denotes in general the group of automorphisms, then Aut Y is
naturally a semidirect product of the product of Aut ¥;, 1<i<r, by the
finite group of “permutations” of those factors which are isomorphic to
each other. 2) For any 7, Aut Y, contains no finite symplectic automor-
phism groups acting freely on Y.

If (M, g) is a hyperkdhler manifold, then in the associated Calabi
family {M}},., each M, is a Kiahler symplectic manifold; indeed, if ¢, is
element of V§-%(2) defined by (2.13), then the parallel 2-form on M which
corresponds to ¢, with respect to the isomorphism in (3.6) is a non-
degenerate holomorphic 2-form on M,. We shall denote this form still
by the same letter ¢, and call it the canonical holomorphic 2-form on M,.
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Conversely, any compact Kahler symplectic manifold X determines natu-
rally a family of hyperkdhler structures on the underlying oriented C*~
manifold M, as was shown by Beauville [1], Kobayashi [14] and others by
using the result of Yau [30]. To be more precise, let 2 be the open cone
of H*!(X)z consisting of Kéhler classes. For any class w € 2 there exists
a unique Kiahler metric § with the vanishing Ricci curvature by Yau.
Then the underlying Riemannian manifold of (X, &) is a hyperkahler
manifold and gives rise to a quaternionic structure on M, which is unique
exactly when X is simply connected (cf. Remark 4.1); moreover in this
case the quaternionic structure depends only on the corresponding point
@ of the projectified cone Q/R*. We also note that the Calabi family
{M} associated to any quaternionic structure on M as above contains
(X, &) as one of the members. Now combining the above facts with those
of Section 3 we get the following:

Theorem 4.2. Let X be a compact Kihler symplectic manifold. Then
associated to any quaternionic structure on the underlying C= manifold M
of X constructed as above we have the natural decompositions of H*(X, C)
and H*(X, R) as stated respectively in Theorem 3.11 and Theorem 3.16.
They are compatible with the Hodge decomposition of H*(X, C).

Remark 4.3. Let + be the canonical holomorphic 2-form on X= M,
forsome 2 € A. Let 4, 4, be the real and imaginary parts of 4 respectively.
Then the space H%(X, R) of universally effective classes in Theorem 3.16
can be described in terms of the holomorphic structure of X by H*(X, R)
={a ¢ H*X, R); Lia=L% a=L} =0}, where d=2n—k+1.

We put together some consequences of the above theorem which is
independent of the choice of quaternionic structures.

Proposition 4.4. Let X be a compact Kdihler symplectic manifold of
dimension 2n. Let b, be the Betti numbers of X. Then the following are
true: 1) For any 1<n, b,+3b,_,=>3b,_,+b,_; and hence also b,+b,_,
=>2b,_,. We have by, = (s+1)(b;—1Ds+2)/2 for 2s<n and by, =
(s+1D(s4+2)b,/2 for 2s4+1<n, if b,=0. 2) b, is divisible by 4, if i is odd.
A Hodge number h*? of X is even, if p--q is odd. 3) For any p=q=0,
we have the inequality h? 9 >h?+-21,

We shall next give another result on the Hodge cohomology group
H(X, 2%) of X. Let ¢ be a nondegenerate holomorphic 2-form with
class ¢ € H>%(X). Let L,: HY(X, 2%)—H%X, 2% (resp. Ly: HY(X, £2%)
—H*%(X, 2%)) be the - (resp. 4-) multiplication operator on the graded
ring H*(X, 2%). We then define for 7=+, ¢ the space of r-effective
Hodge classes by
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Hipn(X, Q%)={a € HY(X, 0%); L;™*"a=0},

where s=p (resp. q), if ¥ =1 (resp, V).

Theorem 4.5. 1) The linear maps L3 7: HY(X, Q%)—HYX, 2%°?)
Sfor p<nm, and Ly %: HY(X, 0%)—-H*~YX, %) for q<n, are both isomor-
phic. 2) We have for any p, q =0 the direct sum decompositions
H'X, %)= & LHL,(X, 25, and
rz(n-p)+
HY(X, 2= & L HF X 2%).
rz(n-q)+
Proof. Let L,: 2%—%"* be defined by the exterior multiplication
by ¢. Then by Proposition 2.6 together with its corollary, we see that
Lr-? induces the isomorphism of Oz-modules L7} ?: Q5=0%°?, p<n,
and moreover, that if 07, is the kernel of L;~?*', we get the direct sum
decomposition of Oy-modules
4.1) Q= & Ly
rz(n-p)+
From the first assertion, 1) for L, follows at once. As for 2), we first
note that from (4.1) we have the direct sum decomposition
HYX, Q%)= @ HYX, L2230,

rz(n—-p)t+

Hence it suffices to show that
4.2 HYX, L0, )= LyH (X, 2%)

for general p. First we show that the natural inclusion (cf. (4.1))
HYX, 22,)—>H,,(X, 0%) is isomorphic. For this purpose we fix any
hyperkahler structure (M, g) on X such that the associated HK 3-space
contains . Take any element & of HY,,(X, 2%) and represent it by a
harmonic (p, g)-form a. Let A?°T* and A%?T* be the bundle of (p, 0)-
and (0, g)-forms. Let A% T* be the subbundle of A?°T* correspond-
ing to the subsheaf 27, of 2%. Let W»%= AL T*QA%‘T*. Then by
Corollary 3.7 applied to the parallel form ¢" ?*! we see that L} ?"'a=0
on M and hence « is a harmonic W% ?form. This implies that @ e
HY(X, §2,,) as desired. (4.2) then follows from Lemma 3.9 and the
ensuing remark. Finally the results for +- is obtained, if we take the
complex conjugation of the results for 4. '

Corollary 4.6. 1) hi»9(X)=/""2YX)=h"*""YX). 2) For any p<n

and any q =0, h»Y(X)h?*»9X); for any p=0 and any q<n, h*(X)<
hP (X)),
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The corollary implies that among the Hodge numbers 4#>9X) of X
those with 0<p, ¢<n are really essential. In view of 1) above the ine-
qulaities in 3) of Proposition 4.4 for p>n follows from the relation A*¢<

kbl st <2n, which holds for any compact Kdhler manifold.

Next, using the fact that H* acts on H*(X, R) as algebra automor-
phisms, we shall prove a remarkable topological property of a compact
Kahler symplectic manifold. Namely we show the following:

Theorem 4.7. Let X be a compact Kdhler symplectic manifold with
W (X)=1. Let g(x) be the homogeneous form of degree 2n on H*X, Q)
defined by g(x)=x"[X], x e H¥(X, Q), where [X] denotes the evaluation on
the fundamental class of X. Then there exist a constant ¢ e Q* and a non-
degenerate quadratic form f of singnature (3, b—3) on H¥X, Q) such that
g=cf™, where b=h,(X).

We remark that by Beauville [1] it has already been known that g is
divisible by a quadratic form f as above. Further, the theorem is known
for two typical series of known examples of compact Kahler symplectic
manifolds (cf. [1]).

For the proof we use the Bogomolov unobstructedness theorem [3].
Let X be a compact complex manifold. We say that X is unobstructed
(under deformation) if the parameter space S of the Kuraniashi family
(f: X—S, X,=X,0eS) of X is (reduced and) nonsingular. Then the
theorem is as follows.

Theorem. Any compact Kihler symplectic manifold is unobstructed in
the sense defined above.

Using the Calabi family we shall give a simple alternative proof of
this theorem at the end of this section. We shall also recall some basic
facts on the period map of a symplectic compact Kéhler manifold X with
r(X)=1 (cf. [1] [10; § 4)).

Let E=H*X, C). Let P=P(E) be the associated projective space.
Let g € P be the line H*°=H*%X) of E. Then the (holomorphic) tangent
space T, of P at g is naturally identified with Hom (H™>°, H"'®H*?).
Now let (f: X—S, X,=X, 0 ¢ §) be a deformation of X. Let 7T be the
Zariski tangent space of S at o. Let p: T—>H'(X, O5) be the Kodaira-
Spencer map [17]. Let p: (S, 0)—(P, g) be the period map associated to
2-forms for . Then dp factors through the subspace Hom(H?>°, H"') of
T,

a>

4.3) dp: T—Homg(H>°, H"Y).
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The cup product H(X, 03) X HY (X, 2%)—HY(X, %) defines a natural
isomorphism «: H'(X, ©5)—Hom (H>°, H"'). Moreover we have the
commutativity dp=ap. If, further, fis the Kuranishi family of X, then p
is isomorphic; hence (4.3) is isomorphic and p is an embedding. Note
also that the Kuranishi family is universal for any compact Kahler
symplectic manifold (cf. [10]).

On the other hand, let g be the homogeneous form of degree 2z on
E defined in Theorem 4.7. Let N be the (reduced) hypersurface of P
defined by g=0. Then g € N and the image of P is contained in N;

4.4) p: (S, 0)—(N, q).

By considering the dimensions we see that (4.4) is isomorphic if S is non-
singular; in particular N also is nonsingular at g.

Now we shall fix once and for all a Kéahler class w on X and a
Kihler form @ which represents it. Let (M, g) be the hyperkdhler
manifold associated to w by Theorem 3.1, where M is the underlying C*
manifold of X. Let FC H*(M, R) be the corresponding HK 3-space. Let
{M},cc be the Calabi family associated to (M, g). Let w, be the canonical
Kiébhler class on M, and ¢, the canonical holomorphic 2-form on M, with
class 4, € H*°(M,). Then in the canonical H*-decompostion H*(M, R)
= H%(M, RR®H**(M, R) of H*(M, R) (cf. (3.11)), we have H** (M, R)
=F and

(4-5) F= (C‘IH@C\TH)R@R‘UZ

for any 2 € C; in particular the Hodge decomposition of H*(M,, C) is of
the form

H¥(M;, C)=Cy,@(Ca,@H* (M, C)DCY.

Now {M,} forms a C= trivial holomorphic family f;: Z,~C, M,= f'(2),
by Salamon [22] (cf. Sect. 5 below). So we get a globally defined period
map p,: C—P, which factors through P(F,))S P by (4.5). Then the
resulting map p;: C—P’:=P(F;) may naturally be identified with the
period map associated to the Hodge decomposition of Fp=xV; , considered
in Lemma 1.3. In particular, by that lemma the differential dp, of p at
4 € C gives an isomorphism

dpo: TysHom (H®(M)), Cw,)

(4.6) CHom (H>(M)), H*'(M)DH" (M),

where T is the tangent space of C at 2.
We shall fix some more notation. Let Ep=H*M, R). Let Gr,
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(resp. Gr) be the Grassmann manifold of 3-dimensional real (resp. com-
plex) subspaces of Eg (resp. E). We identify an element of Grp or Gr
with the corresponding subspaces of Ex with E, respectively. Further, by
identifying F e Gry with F, € Gr we consider Gry as a real submanifold
of Gr. Indeed, Gr may be considered as a complexification of Gry along
Grp in the sense that for any x € Gry we have an isomorphism

(47) (GI', GrRa x)E(CNa RN’ 0): N= 3(b'—3)5

as a germ of real analytic manifolds.
On the other hand, consider the triple

(4.8) (Y, wy, u)

consisting of a compact Kéahler symplectic manifold ¥ with A>%(Y)=1, a
Kaihler class w, on Y and a diffeomorphism u: M Y. Let &, be the
Kahler-Einstein metric corresponding to the class wy,. Then by Theorem
4.1 if we set g =u*gy, (M, gy) is again a hyperkahler manifold. In this
case (M, g), the corresponding HK 3-space, the induced Sp(l)-action on
H*(M, C) etc. are all said to be associated to (Y, wy, u). If Y=X, wy=0
and u=identity, we denote by F(X) the associated HK 3-space. Further,
we call a 3-space F ¢ Grp HK if it is the HK 3-space associated to some
triple (Y, oy, u) as in (4.8).

Now we shall first show the following assertion (A) weaker than
Theorem 4.7:

(A) There exists a quadratic form h on E such that g=h".

For this purpose it clearly suffices to prove the following three
lemmas. (We identify g with its extensions to E» and to E as above.)

Lemma 4.8. If F e Gry is HK, then there exists a definite quadratic
form hy on F such that glp= +hj.

Lemma 4.9. Let B={F e Gry; F is HK}. Then B is open in Grg
so that in particular B is Zariski dense in Gr.

Lemma 4.10. Let B be any Zariski dense subset of Gr. Suppose
that for any F € B the conclusion of Lemma 4.8 is true. Then there exists
a quadratic form h on E such that g=h".

Proof of Lemma 4.8. Let F be any HK 3-space associated to the
triple (Y, wy, ) as in (4.8). Then with respect to the associated Sp(1)-
module structure, F is isomorphic to 8p(1) with the adjoint representation
(cf. Proposition 3.15). On the other hand, g is Sp(1)-invariant by Lemma
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3.14, and hence, g| is an Sp(1)-invariant homogeneous form of degree 2n
on F. Since the invariant polynomial ring of 8p(1) is generated over R by
the Killing form of 3p(1) (cf. [15; XII)) it follows that we may write g|z=
+ 4% for some quadratic form 4, on F.

Proof of Lemma 4.9. Let F be the HK 3-space associated to a triple
(Y, wy, v) as in (4.8). It suffices to show that for some neighborhood U
of F in Grg, any element F’ e U is again an HK 3-space. (The last
assertion would then follow from (4.7)). Without loss of generality we
may assume that Y=X, wy=0, and u=identity, so that by (4.5) Fo=
(H>(X)DH"*(X))®Cw. Letnow (f: X—S, X,=X, o e S) be the Kura-
nishi family of X. By the Bogomolov unobstructedness theorem S is
smooth. Let (S, 0)—(N, ¢q) be the associated period map (4.4). Let Gr, be
the Grassmann manifold of 2-planes in E5. Let Li=(H>(X)®H"*(X))r
¢ Gr,. Then the map /—e(l):=(@®I)y is easily seen to define isomor-
phism e: (¥, q)=(Gr,, L,) of germs of real analytic manifolds.

On the other hand, let y: H—S be a real C*~ vector subbundle of
the trivial bundle E, X S—S such that H;=H""(M),SE;. Let ¢ bea
C= section of H such that ¢(0)=w € H,. Then in view of the direct sum
decomposition Ep=L@H"(M)g, by considering the differential at u,
one sees readily that the map v: (H, w)—(Grg, F) of real analytic mani-
folds defined by v(B)=ep(i(B)PRAS Ey is a submersion, where e H,
CEXs=E.

Now we shall actually construct a vector subbundle H—S and a C~
section ¢ as above. Fix a C~-family {u,},. of diffeomorphisms u,: X—
X,:=f"!(s) with u,=1identity. This induces the trivialization of the local
system:

(4.9) Rf R = EzXS.

Let {@},cs be a C= family of Kahler forms &, on X, with @,=a&. Let §,
be the space of harmonic forms of type (1, 1) on X, with respect to the
Kahler metric associated to @&,. Then H:=|J,.s 9,—S has the natural
structure of a C>-vector bundle on S, and ¢(s):=a, € §, defines a C=-
section ¢ of H. Identifying §, with H>!(X,), naturally, and using (4.9),
we may view H as a vector subbundle of EpXS—S. Then it suffices to
show that for the submersion v: (H, w)—(Gr, F,) associated to H and g,
the 3-spaces in the image of v are all HK. In fact, if we take a neighbor-
hood U of ¢(S) in H in such a way that any fe U;:=UNS"'(s)is a
Kaihler form on X,, by our construction of v above it follows readily that -
for any § e U,, v(B) is just the HK 3-space determined by the triple X, B
u,), where § is the de Rham class of j.
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Proof of Lemma 4.10. For any complex space Y let Y., denote the
underlying reduced subspace. Let P=P(E) as above. Let Z be the
hypersurface of degree 2n in P defined by g so that Z,.,=N. For any
P e Gr we set Z,=ZP. Then by our assumption, for any Fe B we
have

(4.10) V4 re= nZ ¥ gored with Z e smooth.

Suppose first that N is reducible. Then there exists a nonempty Zariski
open subset U of Gr such that for any P e U, we have P Z Z and Np .4 is
reducible, where N,=NNP. By (4.10) we must have B<S Gr— U, which
contradicts the Zariski density of B. Hence N is irreducible. In par-
ticular, we may write Z=kN for some £k>0. Now take any Zariski open
subset V" of Gr such that for any P ¢ V, we have PZ N and N is reduced
and irreducible. Then again by the Zariski density of B we have BN U
+@. Take any P=F;e BNV. Then by (4.10) we get Z,=n(Zp),ca=
kN,; hence k=n and Z=nN. Thus we have g=h" for a suitable
quadratic form on E which defines N.

Next we show the following assertion (B):

(B) There exists a quadratic form f on Ey:=H*(M, Q) and a constant
¢ e QX such that g=cf™.®

We first prove a lemma. Let ¢,=c,(X) e HY(M, Q) be the (rational)
second Chern class of X. Then define a homogeneous form g, of degree
2n—2 on E, by

g()=x""c[M],  xeE;=H'M,Q).

Lemma 4.11. Let h be the quadratic form on E obtained in (A). Then
there exists a nonzero constant d € C such that gy=dh™'.

Proof. First we note that g, is nonzero, since g,(f) 0 for any
Kahler class 8 on X by Chen-Ogiue [8]. Let Fbe an HK 3-space asso-
ciated to some triple (Y, wy, u) as in (4.8). Then since ¢ (Y)=0, u¥cy,(Y)
= —p,(M)/2, where p,(M) is the first rational Pontrjagin class of M (cf.
[12]). Since ¢, is always of type (2, 2), from this (cf. Lemma 5.4 below)
we see that c, is, and hence by Lemma 3.14 g, also is, invariant under the
Sp(1)-action associated to (Y, wy, ). Hence if Ay is as in Lemma 4.8 we
can show that

*® Professor Kazuya Kato kindly informed me a purely algebraic proof of
(B) (based on (A)). The proof here nevertheless seems to be of some geometric
interest (cf. Remark 4.12 below).
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4.11) Golp=rhp?

for some nonzero constant r, by the same argument as in Lemma 4.8.
Hence if Z, is the hypersurface of P of degree 2n—2 defined by g, then by
the same proof as in Lemma 4.10 we see that we may write Z,=#n—1)N
for N:=Z, . On the other hand, by (4.11) for any Fe B we have
Nzoy=Ny, in the notation of the proof of Lemma 4.10. Then again by
using the Zariski density of B we see that N=N. Hence Z,=(n—1)N.
The lemma follows from this at once.

Proof of (B). By Lemmas 4.10 and 4.11 we have g=A" and g,=dh""!
in the complex polynomial ring C[E]. Since g and g, e Q[E,), f:=g/g,=
hld e Q[E,], where Ea=H*X, Q). Then we have g=cf" with c=d" e Q%
as desired.

Remark 4.12. Let C*(X) be the subring of H*(X, Q) generated by
the rational Chern classes ¢;(X) ¢ H*(X, Q) of X. Note that since the
structure group of X is reducible to Sp(n, C), ¢,(X)=0 for any odd i (cf.
[15; XII]). Thus we may write C*(X)=®,C*(X). Note further that
since ¢,(X)=0, each ¢, (X) is expressible in terms of universal rational
polynomials of the Pontrjagin classes of M (cf. [12]). Thus C*(X) actu-
ally depends only on M, but not on the particular Kéhler symplectic
structure X on M. So denote it by C*(M). Now any homogeneous
element o of C*(M) defines a homogeneous form g, of degree 2(n—k) on
H*(M, Q) by g, (x)=ax*"-®[M]. Then by the same argument as above
we see that g,=c,f"* for some ¢, ¢ Q and for the quadratic form f as in
(B) which is independent of «. This defines a rational linear form a—c,
on the vector space C*(M) naturally associated to M.

In view of (B), Theorem 4.7 now follows from the next assertion (C).
(This is essentially contained in Beauville [1], but for completeness we
shall give a proof in our context.)

(C) Letfbeasin(B). Thenfisnondegenerate and its signature can
be made into (3, b—73) if we replace f by —f if necessary.

Proof. Let W be the subspace of w-effective classes of type (1, 1) in
Ep. Let F=F(X) be the HK 3-space associated to (X, w,idy). Then we
have the direct sum decomposition

(4.12) Ep=F@W,
which coincides with the canonical H*-decomposition

Ep=H%(M, RSH*(M, R)
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associated to (X, w,idy). (Note that ¥*°= V%% in the notation of Section
2.) In particular, (4.12) is orthogonal with respect to f; since f is Sp(1)-
invariant as well as g. We know already that (cf. Lemma 4.8) £ is definite
on F. Hence by replacing /by —fif necessary, we may assume that fis
positive definite on F. (C) then follows from:

Lemma 4.13. fis negative definite on W.

Proof. Let E(w)={a e E; o 'a[X]=0} be the hyperplane of E
consisting of w-effective classes and P(w):=P(E(w)) the associated hyper-
plane in P. Let N be the quadric in P defined by f=0. Set N(w)=
P(@)NNESP(w). Let (f: X—S,X,=X, 0eS) be the Kuranishi family
of X and p: (S, 0)—(N, q) the period map, which is isomorphic since S is
nonsingular by the unobstructedness theorem.

Let {u,} be as in the proof of Lemma 4.9. Let w,=(u;")*we
H*(X,,R). Let S(w)={seS; w,is of type (1,1) on X,}. Then o ¢ S(w)
and S(w) is a smooth hypersurface in S (cf. [10; Prop. 4.2], [1]). Then p
maps S(w) into P(w) and hence into N(w) because w2 '4[X,]=0 for any
element +, of H>°(X,). Since N(w) is also a hypesurface, we see that p
induces an isomorphism of germs

(4.13) (8(@), )=(N(), 9);

in partiuclar, N(w) is smooth at g.

Now we define another quadratic form f, on E by f,(x)=o>2x[X].
Since f,(w) >0, f,£0. Let N°={f,=0} be the quadric in P defined by f,.
Let N°(w)=N°*NP(w). Since N° is irreducible as one sees by restricting
f., to F, N°(w) is again a quadric in P(w). Now for any s € S(w), p(s) € N*
because 4, is of type (2,0). Therefore for the same reason as above p
induces an isomorphism

p:(S(0), 0)=3(N*(w), 9).

It follows from this and (4.13) that N“(w)=N(w) because both are irre-
ducible. Hence f=c,f, on E(w)g for some nonzero constant ¢, ¢ R. On
the other hand, we know that E(w)p=(H>(X)DH"*(X)g®W and f, is
negative definite on W and positive definite on F (cf. [27; p. 78, Cor.]).
Therefore ¢,>0 and the lemma, and hence Theorem 4.7 also, is proved.

Finally we shall prove the Bogomolov unobstructedness theorem
stated after Theorem 4.7. We use the following lemmas.

Lemma 4.14. 1) Let r: X—X be a finite unramified Galois covering
of compact Kihler symplectic manifolds. If X is unobstructed, then so is X.
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2) Let Y and Z be compact complex manifolds. Let X=Y XZ. Suppose
that H\(Z, O,)=H%Z, 0,)=0. Then if both Y and Z are unobstructed, X

also is unobstructed.

Proof. By Kodaira-Spencer [18] for the unobstructedness of X it
suffices to construct a deformation of X whose Kodaira-Spencer map is
isomorphic. 1) Let G be the Galois group of z. By the universality of
the Kuranishi family 7: £—8, X,=X, 0 ¢ S, G acts naturally on § (cf.
[10; §3]). Let S:=S5¢ be the set of fixed points, which is nonsingular
since S is. Let X=X,/G and let f: X—S be the natural projection. Then
as a deformation of X=X, the Kodaira-Spencer map of fis isomorphic in
view of the natural isomorphism H'(X, O5)¢= H'(X, 0). 2) follows from
the fact that the Kodaira-Spencer map of the product of the Kuranishi
families of Y and of Z as a deformation of X is isomorphic in view of the
natural isomorphism H'(X, O3) = H'(Y, ©,)DH'(Z, 0,), which in turn
comes from the Kiinneth formula and the assumption.

Let S=(S, 0) be a germ of complex spaces. Let T be the Zariski
tangent space of S at 0. An element § ¢ T is said to be unobstructed if
there exists a smooth analytic subspace A of S such that its tangent space
T, contains # with respect to the natural inclusion T, & T.

Lemma 4.15. Let U be the set of unobstructed elements of T. Sup-
pose that T has a real structure in the sense that it admits an antilinear
involution and that U contains an open subset V of the real part Tg. Then S
is smooth.

Proof. Choose an embedding of S into 7 and consider S as a sub-
space of 7. Let C be the tangent cone of S (in T). We may naturally
consider C as a subspace of 7. Then it suffices to show that C=T. For
any smooth analytic subspace A4 of S we have the natural inclusion 7, C.
Hence C contains ¥ so that any homogeneous polynomial fin the ideal of
C vanishes on V. Since V is open in the real part Ty, f must vanish
identically even in a neighborhood of ¥ in T. This forces fto be iden-
tically zero on the whole 7. Thus C=T as desired.

Proof of the unobstructedness theorem. By the Bogomolov splitting
theorem together with Lemma 4.14 we see that it suffices to show the
theorem only for those X with A*(X)=1. Let Q={we H"'(X)p;wisa
Kabhler class}, which is open in H*'(X)g. Take any element o of £2. Let
Joi Z—C be the Calabi family associated to (X, w) and 2 e C the point
corresponding to X, i.e., X= M, (cf. Theorem 4.1). Let (f: X—S, X,=X,
0 € S) be the Kuranishi family of X and z: (C, )—(S, 0) the universal
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morphism associated to f;. Let T; and T be the (Zariski) tangent spaces
of (C, 2) and (S, o), respectively. Let p and p, be the period maps asso-
ciated to fand f, respectively. Then we have p,= pr with p, an embed-
ding. Hence 7 also is an embedding, and in the natural identification of
T with Hom (H>(X), H"(X)), dz(T;) is identified with the subspace
Hom(H>(X), Cw) (cf. (4.3) (4.6)). Now fix once and for all a nonzero
element +» of H*°(X). Then since #*%(X)=1, we may further identify T
with H*'(X) and do(T;) with Cw. Since w was arbitrary, with this
identification we have shown that any element of QC T is unobstructed in
the sense defined before Lemma 4.15. Since £ is open in the real part
H"(X)p of H"'(X) with its natural real structure, S is smooth by Lemma
4.15 as desired.

§ 5. Calabi family associated to a hyperkihler manifold

Let M be an oriented C= manifold of dimension 4n. Then a quater-
nionic structure on M gives rise to a family of complex structures on M,
{M};¢ ¢, parametrized by C, which we have called the Calabi family asso-
ciated to the structure. Salamon [22] further showed that there exists a
natural structure of a complex manifold on the union Z:=| J;M, such
that the natural projection f: Z—C is holomorphic. He also showed
some remarkable properties of the complex manifold Z as in the case of
the Penrose twistor construction when n=1. Especially we see that asso-
ciated to any quaternionic structure on M we get canonically a triple

(f: Z—P,x, 1)

consisting of 1) a smooth morphism f: Z—P' of complex manifolds,
2) a C= submersion n: Z—M such that pui=aXfi Z—>MXP' is a
diffeomorphism, and 3) an antiholomorphic involution z of Z such that
prp”'=idy X 7, where z, is the antiholomorphic fixed point free involu-
tion on P! induced by the right multiplication by j on H with respect to
the identification (1.2); further, f and # are required to have the following
property: Let Z,=xz""(m) be the fiber over me M. Then 1) Z, is a
complex submanifold of Z (which is mapped isomorphically to P* by f) and
2) the holomorphic normal bundle N,, of Z, in Z is isomorphic to the
direct sum H®*" of the hyperplane bundle H on P*;

(5.1) N, =H®",

Here, if (f’: Z'—P!, 7/, /) is another such triple, then we say that
(f, =, z) and (f’, o/, ¢/) are isomorphic if there exists a biholomorphic
map g: Z—Z’ such that f=f’g, r=r'g and gr=<'g. In the next theorem
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we shall show that the above correspondence is invertible. When n=1,
this is a part of Penrose twistor programme (cf. [13] [24]) and the idea is
essentially the same in the general case.

Theorem 5.1. There exists a natural bijective correspondence between
the set of isomorphism classes of quaternionic structures on M and the set of
isomorphism classes of the triples as above.

Let V,= H, considered as a complex vector space as in Section 1. Let
J1 be the antilinear isomorphism on V; induced by the right multiplication
byj. The commutor K, of j, in GL,(¥V,) is naturally identified with H*;

(5.2) K,=H*.

We may naturally identify the dual V¥ of ¥V, with H%(P!, H) as an Sp(1)-
module. For any 2 e C=P* we get an exact sequence of complex vector
spaces

0—>K,——>H(P', H)—2>H,—>0

where r, is the restriction map to the fiber H, over 2 and K is the kernel
of r,. Since 1 e Sp(1) fixes 2 e C, 2 acts on this sequence.

Lemma 5.2. K, is just the eigenspace of 2 with eigenvalue — ' —1 in
HY(P', H).

Proof. The tautological line L, F is just the eigenspace of 1 with
eigenvalue v/ —1 as we have seen in the proof of Lemma 1.3. On the
other hand, K, is just the annihilator of L, with respect to the above
identification V}=H°P', H). From this the lemma follows immediately.

Proof of Theorem 5.1. First we recall how to construct Z from a
given quaternionic structure on M [22]. We first define an almost complex
structure J on M X C as follows. Let (m, 1) be an arbitrary point of
MXC. Then J,, is the direct sum J, ,=J; .®J, where J, is the
almost complex structure of M defined by 1 e C and J is that induced on
C by the complex structure of P'. Then by Salamon [22; Th. 4.1] J is
integrable; further, if we define f: Z—C and n: Z—M by the natural
projections and set r=1id, Xz, then we see that (f, r, 7) is a triple with
the desired property (cf. [22; 4.2]) for (5.1)).

Suppose conversely that we are given a triple 7 =(f: Z—P', x, 7) as
above. We shall construct a quaternionic structure on M naturally asso-
ciated to 7.
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a) Let D, be the Douady space of Z which parametrizes the uni-
versal family of compact complex subspaces of Z. Since M is naturally a
parameter space of the C* family {Z,,},,., of compact submanifolds of Z,
M is naturally considered as a subset of D,. By (5.1) for any m we have

(5.3) HZ,, N,)=0 and dim HYZ,, N,)="4n.

Hence D, is smooth of pure dimension 4n along M by Kodaira [16]. Let
U be a sufficiently small smooth neighborhood of M in D,. Let (o: B—U,
BZ U X Z) be the universal family restricted to U:

BCUxZ

(5.4 p l /ﬁ pi: first projection.

U

We set Z,=p~'(u) for u e U consistent with the previous notation Z,,.

b) Let N, be the normal bundle of B in UXZ and A", the Op-
module of holomorphic sections of Ny. Then by (5.3) py A"y is locally
free and if E is the corresponding holomorphic vector bundle, then for
any u the fiber E, is naturally identified with H(Z,, N,), where N, is the
normal bundle of Z, in Z. Further, there exists a natural isomorphism
©: Oy—>pe Ny of Oy-modules, where @, is the sheaf of holomorphic
vector fields on U (cf. [17; (12.2)]). We denote by ¢: T,—E the corre-
sponding isomorphism of vector bundles. Here 7, denotes the holomor-
phic tangent bundle of U.

¢) Since 7 is antiholomorphic, it induces a natural antiholomorphic
involution of the universal family (5.4), and hence in particular, of B and
D,, denoted respectively by r; and z,. Then z, and ¢, lift to anti-
holomorphic involutions 7z, and z,y on the bundles T,—U and N,— B,
respectively, which are antilinear on the fibers (z,-(v) =1, 4(v)), v € Ty etc.).
On the other hand, since ¢ preserves each Z,, r; fixes any point of M &
D,, and in fact one sees easily that M is precisely the fixed point sub-
manifold of z,, on U (by restricting U if necessary). Let T, be the (real)
tangent bundle of M. Then T, is identified with the fixed point bundle
of ¢, on Ty |y, namely, T, is the real part of the real structure on Ty |,
induced by 7. .

d) Identify p~'(M)SB with Z by the second projection in (5.4).
Let N be the restriction of N, to Z. Then r, preserves Z and z, acts as
an antilinear involution on N—Z. Let E,, be the restriction of E to M.
E, isa C= complex vector bundle on M such that for any open subset
U of M a C= section of E on U is naturally identified with a C*= section
of the bundle N on p~'(U) which is holomorphic when restricted to each
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fiber Z,,. It follows then that ¢, induces naturally an antilinear involu-
tion 7, of the bundle E; further, from the naturality of the isomorphism
¢ we infer readily that ¢ is (rr, rg)-equivariant, i.e., preserves the real
structures. Thus we have obtained the natural identification of T, and
the real part E’, with respect to 7.

e) Foreachue U, let G, be the group of bundle automorphisms of
the vector bundle N,—B,. Then G, can be put together to form a
complex Lie group over U, G—U. By restricting U if necessary, we may
assume by (5.1) that (B,, N,)=(P!, H®*") for any u so that in particular
there exists a natural smooth morphism «,: P(N,)—P**~* defined up to
automorphisms of P?*"~!, Therefore we get naturally a projective bundle
P,—U with fiber P*~' and a smooth morphism «: P(N,)—P, over U
inducing «, on P(N,)= P(Ny),. Let 4,: N,—{0}—>P(N,)—P"" be
the composite map, where {0} denotes the zero section. Let K, be the
subgroup of elements of G, which induce the identity on P*"~! via +,.
The existence of « shows that K, can be put together to form a complex
Lie subgroup K—U of G—U.

/) The involution z, on N, induces naturally an antiholomorphic
involution on G—U (cf. (5.5) below). Further, if we let ¢ act on P,
trivially, « is r-equivariant; it follows that = preserves K under this action.
Let K, be the fixed point set of z on K. Then K| is a real Lie subgroup
over M of the restriction of K— U to M. By our construction G
operates on E—U naturally and the induced action of K, on E,—M
preserves the real part E%, by the definition of K;,. Thus via the identi-
fication T,,=E% in d), K—~M becomes naturally a bundle of automor-
phisms of the tangent bundle T,.

g) By restricting what we have obtained over each fiber Z,, we see
that K,—M is a C= fiber bundle with typical fiber H* and with structure
group H* acting by adjoint action on itself. Indeed, we have by (5.2)

Gu = GLZ(C) X C* GLZn(C)’ Ku = GLz(C):

(5-5) Ko,u=H><={<x _J:) e GL(C); x,y e C}.
y X
Since the structure group of K;—M factors through PSp(1)= H*/R* and
the corresponding principal PSp(1)-bundle is associated to the C= P'-
bundle z: Z— M which is trivial by our assumption, K,— M is actually
trivial. Thus we get a global action of H* on T,.
h) For any m € M, as a complex H*-module we have

TU,mEEmEHO(Zm’ Nm)EHO(Plﬂ II)@ZHE ng?%n

and hence as a real H*-module T, ,=(VF)®". Therefore the action
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actually comes from an H-module structure of T, i.e., M has a natural
almost quaternionic structure. We denote by J, the associated almost
complex structures on T, for any 1e¢ CS H.

i) Let ¢ be the almost complex structure on M X P! induced from
Z by p. Foreach 21e C=P!, ¢ induces an almost complex structure 7,
on M=MxA. We shall show that under a natural identification,

(5.6) Si=F

Let m be any point of M. Let T, be the tangent space of M at m, and
N,, the holomorphic normal bundle of Z,, in Z. Note that N, =Ny, .
Now u induces the real linear isomorphism N, ,=T,, and the resulting
complex structure on T, is just the one given by _#,, where N,, , is the
fiber of N,, over (m, 4). On the other hand, the complex structure on T,
induced by J, is induced via the isomorphisms

TmEE;nEHO(an Nm)R (:=HO(Zm9 Nm)zN)

and the natural action of 1 ¢ H* on H%Z,,, N, with 2= —1.

J) By the definition of E we have a natural homomorphism z*E—N
of C= complex vector bundles on Z. On the fiber over (m, 1) this reduces
to the A-linear surjection

v: HO(Z'IM Nm)—_)Nm,l'

(Since 2 ¢ C is fixed by 1€ H*, 2actson N,,;.) In view of the descrip-
tion of J, and ¢, in i), it suffices for (5.6) to show that v induces by
restriction an isomorphism

(5.7 (HZ > Nuw)gs S Nz

of complex vector spaces. Let V' be the eigenspace with eigenvalue
++/—1 for the action of 2 on HYZ,, N,). Then we claim that the
kernel of v coincides with V';. In fact, taking a suitable isomorphism in
(5.1) we see that v is A-isomorphic to the direct sum of 2n-copies of the
surjection r;: H(P', H)—H,; and then our claim follows from Lemma
5.2. Then v induces a C-linear isomorphism V;=N, , and (5.7) then
follows from the natural isomorphism (H%Z,,, N,))g, )= V}.

k) (5.6) in particular shows that each J, is integrable. Then it
follows from Proposition 5.3 just below that our almost quaternionic
structure is actually a quaternionic structure. Thus we have associated to
any triple (f, z, z) naturally a quaternionic structure on M. Finally in
view of (5.6) and the construction at the beginning of the proof we see
that the above correspondences “‘quaternionic structures” <> “triples’ are
inverses to each other, thus completing the proof of the theorem.
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Propositien 5.3. Let M be an oriented C* manifold with an almost
quaternionic structure. Let {J,} be the associated family of almost complex
structures on M. Then the almost quaternionic structure admits a torsion-
free connection if and only if J, are all integrable.

For the proof we need some preliminaries, which will be given in
a more general form than is needed for the proof of the proposition.
Let AX(M), 0=g=][k/2], be the space of C= sections of the subbundle
WhE-2® .C S A*T* (cf. (3.10)). Then we have a direct sum decomposi-
tion A*(M)=®, A%M), where A*(M) is the space of C= k-forms on M.
Define a decreasing filtration {E'} of A*(M) by the complex vector sub-
spaces

EYA(M))=AYM)DA; (M)D- - - @Af(M), 0=q=[k/2].
We set EY(A*(M))=0 for ¢ >k/2. Then clearly we have
(5.8) Gri(A*(M)):= EY(A* (M) E* (A" (M) = AX(M).
Then {E} is clearly defined over R, since each A%(M) is.

Lemma 54. A k-form « e A¥(M) is in EY(A*(M)) if and only if for
any 2 € C its Hodge (k—t, t) component o*~%*(2) with respect to 2 vanishes
whenever t<gq.

Proof. The necessity is obvious from the definition of E?. Restrict-
ing ourselves to fibers over each point of M, the sufficiency is easily seen
to reduce to proving the following assertion: If x is an element of V ,
for any (k, r) with respect to r e 4(k) (cf. (0, 1)) then its Hodge (s, t)-
component x**(2)=0 for some 1 if (k—r)/2<s, t<(k+r)/2. Indeed, the
subspace V(s, t):={x € V; p; x"Y(1)=0, 2¢ C} is an H*-submodule of
the irreducible ¥, . so that V(s, 1)=0.

From the above lemma we deduce the following:

Lemma 5.5. Suppose that J, are integrable. For any integer g =0,
EY(A*(M)) is a subcomplex of the de Rham complex A'(M).

Proof. Let a be an arbitrary element of E%A*(M)). Then for any
t <q and any 1 € C we have

(do()k+1—t,t(2)=él(ak +1—l,t—1(2))+al(ak—t,t(2))zo

by the above lemma and the integrability of J,, where 3, and 3, are the
(1, 0)- and (0, )-components of d for 2, respectively; hence du € E "A“‘(M )
again by the above lemma.
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Therefore (4°(M), E*) becomes a filtered complex and the associated
complex induced on each graded module Grz(4'(M)) is isomorphic to

(59 (Ay(M), d,),

where d, is the restriction of d to A,(M) followed by the projection
ENA(M))— A (M).

Proof of Proposition 5.3. By Salamon [23; Th. 2.2] the almost qua-
ternionic structure in question admits a torsion-free connection if and only
if (4(M), d,) is a complex. By the above argument the condition is
certainly satisfied if J, are all integrable. See e.g. [15; IX, § 3] for the
converse.

Note in passing that the filtered complex (4'(M), E°) gives rise to a
spectral sequence

(5.10) EPY(M):=HY A (M))= H*(A'(M)), k=p-+q
with
ERYM)=Gri(H"(4'(M))),

where we denote by the same letter E the induced filtration on H'(M, C)
= H'(A4'(M)). Note also that the above objects are all defined over R
with respect to the standard complex conjugation, since each 4%(M) is.

Now let (M, g) be a compact hyperkihler manifold of dimension 4n.
Let (f: Z—C, x, t) be the triple associated to (M, g) via Theorem 5.1.
Theorems 3.1 and 5.1 suggest that the decomposition

3.11) H¥M,R)= @ H%(M,R)
rédk)
of H*¥(M, R) should be described in terms of the associated triple (f, x, 7).

Let 23,0 be the relative Poincaré complex for the smooth morphism
f: Z—C. We have the associated spectral sequence of hypercohomology

(.11) Ep:=HYZ, 25,0)=> H""Z, Qo).

Let F* be the associated decreasing filtration on the abutment H'(Z, 27%,.).
Then concerning the above question the following holds.

Proposition 5.6. 1) There exists a natural C-linear isomorphism
u: HY(M, C)—H(Z, 2,,,) for any k=0. 2) For any re A(k) we set
q=(k—7r)/2. Then we have an inclusion u(H*"(M, C)) S FY(H*(M, C))
which induces an isomorphism u*": H""(M, C)— Gri(H*(Z, 2%,5)) by
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passing to the associated graded module. 3) There exists a natural real
structure on H¥(Z, 2,c) such that the filtration F', and u and u*" are all
defined over R.

Proof of 1). Let 'O, be the sheaf-theoretic inverse image of the
structure sheaf O, of C. Then 97, is a resolution of f°O,. Hence we
have a natural isomorphism

(.12) HXZ, 24,0)=H"(Z, 1" 00).

On the other hand, since Rf,(f"0O;) =R, C&¢ O, for any q and since
Rif,C is naturally isomorphic to the constant sheaf associated to the
trivial local system HYM, C)X C—C, we see that the Leray spectral
sequence E2%:= H?(C, R, (f 0y)= H?*YZ,f 0,;) degenerates and
gives natural isomorphisms

HYZ, f 0)=H(C, R* f,C®;0.)=H(S, O)Q:H* (M, C)=H"(M, C).

Then 1) follows from this and (5.12).

Before proving 2) and 3) we make some preliminary considerations.
We first recall how the spectral sequence (5.8) is realized. Let .2/ (resp.
7% be the sheaf of germs of C= (0, g)- (resp. (g, 0)-) forms on Z. We
consider the double complex ™" : =02%,,Q,," which gives the Dolbeault
resolution of the relative Poincaré complex £2%,,. Let K"=I'(Z, %)
and let K* be the associated simple complex. Define as usual the Hodge
filtration {F?} of K* by FX(K")=@p2p,20K?"¥. Then (5.11) is nothing
but the spectral sequence associated to the filtered complex (K°, F").

Let O7,; be the antiholomorphic relative Poincaré complex. Then
using the antiholomorphic involution z of Z we define an antilinear
involution ¢, , of K™? by

0, )=1%(), aecKP

where z*(«) is the pull-back of « by z considered as an element of
K»:=T(Z, 2%,:8,,9% and then *(a) is its image under the complex
conjugation considered as an antilinear isomorphism K??—K?% Then
0p,, altogether induce a natural antilinear involution ¢ of the filtered
complex (K°, F’), which then defines the natural real structures on
various spaces naturally involved in the spectral sequence (5.11) such as
Hq(Za ‘Q%/C), H.(Z, ‘Q.Z/C)a GI'pH.(Z, Q.Z/C)*

Now the pull-back by n induces a homomorphism of the filtered
complexes

7*: (4 (M), EY— (K", F).
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In fact for any element o of E%(A'(M)), n*w, restricted to the fiber Z,,
has the vanishing Hodge (p’, ¢”)-component for any ¢’ <g by Lemma 5.4.
Further, since the elements of z*A4(M) are c-invariant and z*4(M) is
preserved by the complex conjugation, z* is compatible with the natural
real structures. It follows that z* induces a homomorphism of the spectral
sequences compatible with the real structures

Ee-o(M)  Eg*-
(5.13) HYA(M)——>H*"%(Z, 0%,,)

%
HY(M, C) —~>H"(Z, Qy,0).
The map n* on the bottom line is factored as
HYM, C)—H%Z, C)—>H"Z,["0c) 5 HY(Z, 2%,

and from this one sees easily that this isomorphism z* coincides with the
one obtained in the proof of 1). Now we use the hyperkahler structure.

Lemma 5.7. For any (k,r) with re A(K) set q=(k—r)/2. Then
there exists a natural inclusion j,: H*"(M)—E%*~ (M), where H*"(M) is
the space of harmonic W¥*"-forms. Moreover, if we set j,=n¥j,, where
n¥: EQ*Y(M)—E%*Y2Z), then j, also is injective.

Proof. Recall that

EL*'={a ¢ E{(4*(M)); da=0}/{g+dr; p e E**'(4(M))

(5.14) ) .
with d=0, 7 ¢ A*"'(M) with d7 ¢ E%}.

It is then clear that we have a natural map j,: H*"(M)—E%L*4(M). It
now suffices to show that j, defined as above is injective. Let @ be a
nonzero element of H*7(M) such that j,(a)=0. By the formula for
E?Y(Z) similar to (5.14) we see that

(5.15) a=p+dr

for some fe F**'(K*(Z)) and 7 € K*~(Z) such that d7 e F*. Then by
Lemma 5.4 there exists a 2 € C such that the Hodge (g, k— ¢)-component
a®%-9(2) of a with respect to 2 is nonvanishing;

(5.16) a®*=9(2) 0.
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Let a, and B, be the restrictions of z*a and z*§ to Z,, respectively. Then
from (5.15) «, and B; are cohomologous. Then since «; is harmonic,
H,B,=a; and hence

(HB)  t=af ' =a®"" (),

where H,p, is the harmonic part of 5;,. Since the harmonic projection H,
preserves the Hodge components and g9*-¢=0 as g e F1*}(K%(Z)), we
have (H;8,)%*~?=0. This contradicts (5.16).

Now we can complete the proof of Proposition 5.6.
Proof of 2), 3). By Lemma 5.7 above we have an inequality
(5.17) dim Hs"(M)<dim EZ*-9X) for X=M, Z.
On the other hand, from (3.11) we have
(5.18) bk(M)=Z: dim H*"(M),
while from 1) we have
(5.19) bk(M)zzq; dim EZ*9X) for X=M, Z.
From (5.17), (5.18) and (5.19) we get that the inclusion j,, j, of Lemma
5.7 are actually isomorphic. Since j, factors through E%A4'(M)), and

hence j, through F4K'(Z)), by identifying H*"(M) with H*"(M, C) we
obtain 2). 3) is then clear since (5.13) and j,, are defined over R.

Remark 5.8. The above proof shows that
E%*-9X)=0 forany q>[k/2] for X=M, Z.

It is not clear whether the map z* for the ED%terms n*: H*(4(M))—
HYZ, $%;8) are isomorphic or not. We only note that we have again
inclusions j: H*"(M)—H*A(M)) and j': H*"(M)—H%Z, 2%;4) with
Jj'=r*j. When g=k, above is isomorphic by Salamon [23] and by using
this and the result of the next proposition we can conclude that both
j and j’ are isomorphic in this case. In particular, the elements of
H*(A4,(M)) are represented by harmonic forms; this is reminiscent of the
Kéhler case, where the Dolbeault cohomology classes are representable by
harmonic forms.

Next we shall calculate the E?-%-term of the spectral sequence (5.11).
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Proposition 5.9. Let f: Z—C be the Calabi family associated to a
hyperkdhler manifold (M, g). Let h®%:=h*Y(M,) for any 1 & C (which is
independent of 2). Then RY 2%, is isomorphic to the direct sum of h¥?
copies of Oq(H? ?); R, 2%, = O,(H"?)®**. Further, h»(Z|C):=
dim HYZ, 0%,,) is given by h»YZ/C)=(q—p-+Dh"? if gq=p and
=(p—h*" if ¢<p.

The fact HY(C, /,2%,c)=0 has been shown in [25] and [13]. The
above result is a generalization of this. However, the Hodge numbers
h?»YZ) of Z are yet to be determined. The proof of the proposition will
be given after a lemma.

For any 4 € C consider V,, as a complex S*-module via the embedding
251 S'>Sp(1) of (1.9). Let Vi=@D,i(»,irisx Vi;r(A) with dim V() =1
be the canonical decomposition as an S*-module, where V. .(2) is the
eigenspace with eigenvalue &7, ¢ € S*. Define a decreasing filtration {F}
on V, by

Ff(Vk)z @ Vk;r(z)-
r22p-k
Denote by Gr2(V,) the associated graded modules. Now we fix an
Sp(1)-invariant nondegenerate symmetric bilinear form fon V. Then for
any 1 € C and nonzero u € V;.,(2) and v € V. (1) we have

(5.20) S, v)=0 if r+s5+0, and 0 if r+s5=0.

Lemma 5.10. Gr?(V,) depends holomorphically on 2 so that it defines
a holomorphic line bundle on C, denoted also by the same letter Gri(V,).
As a line bundle Gr2(V,) is isomorphic to H* .

Proof. Under the identification C=P'=H*/C* of (1.3) if n(h)=2,
then V,,,(2) =hC by the proof of Lemma 1.3. This implies that {V,,;(D}icc
defines a holomorphic line bundle isomorphic to H . Then for any p>>0,
S?(V,,.(2)), and hence S?(V,,,())R¢ V5 -, also, depends holomorphically on
2 and S?(V,.,(2))= H ~? as a holomorphic line bundle, where S?( ) denotes
the symmetric product. On the other hand, one sees readily that F?(V})
coincides with the natural injective image of

SP(V DRV =S (V1,:(NRS*2(Vy) in SH(V)=V,
and therefore that
Gri(V,) =SV (D)RT1Y(V - ) = H PQGry(Vi - p)-

Finally by (5.20), the quadratic form f induces in general a duality between
the line bundles GrZ(V,) and Grt-2(V,). In particular, Gri(V,_ )=
Gr¥?(V,_,) '=H*?. The lemma follows.
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Proof of Proposition 5.9. Let E®? be the vector bundle on C corre-
sponding to the locally free sheaf Rf, 0% .. Set W,=H*M, C), con-
sidered as a regular H*-module of weight k. Then {F3} with F2(W)=
@p<pr H?"¥(M)) defines a decreasing filtration on W, and in view of
Lemma 5.10 the associated graded module GrZ(W) vary holomorphically
with 2 and isomorphic to E?¢; indeed if W, =@, ¢ s, W., is the canonical
H*-decomposition of W,, then Gr{(W)=®, Gri(W,.,), while, because of
shifts in weights, Gri(W,.,) is isomorphic to a direct sum of copies of
Gr2~®+n2(Y ) which is isomorphic to H*"?* by Lemma 5.10. The first
part of the lemma thus follows. The second part then follows from the
exact sequence

0— HYC, R"'f,0%,)— HYZ, 2%,.))— I'(C, R, 2%,0)—0
coming from the Leray spectral sequence for f.

Finally we shall study the structure of the general members of the
Calabi family. In general for a complex manifold X and for an analytic
subset 4 of pure codimension k of X we denote by c(4) the associated
cohomology class in H*(X, Q). A class fe H*(X, Q) is said to be
analytic if f=c(A4) for some A as above. Our purpose is to show the
following:

Proposition 5.11. Let (M, g) be a compact hyperkihler manifold with
the associated Calabi family {M};c.. Let B be any element of H*(M, Q).
Let C(B)={1e C; B is analytic on M,}. Then 1) if k is even, C(8)=C,
{4}, or =@ and 2) if k is odd, then C(B)={2} or =@, where 2=2(p) is
some point of C.

Corollary 5.12. Except for countable numbers of 1, M, contains no
analytic subvariety of odd dimension; in particular, it contains no curves and
hypersurfaces, and hence the algebraic dimension a(M))=0 and f: Z—C is
the algebraic reduction of Z. If, further, h*°(M))=1, then M, is even
simple (cf. below for the definition).

Remark 5.13. 1) The proposition is inspired by Calabi [6; Th. 4.1],
where the case of K3 surfaces is treated. 2) For an even k the case
C(B)=C can actually occur even if A*°(M,)=1. Roughly speaking any
hyperkahler submanifold (A, g’) defines a family {M{} of complex sub-
manifolds M/ of M,. 3) By [10; § 4] there exists a countably many 2
such that M, is projective. However, a simple example shows that for
some intermediate value 0<{k<{dim,M, it can happen that a(M,)+k for
any A.
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First we prove an algebraic lemma. Let x be any element of VE.
For any 1e C we set [(x)=min {d; x € B, ,<s V%2)}, where V?(J) is
the Hodge (p, g)-component with respect to 4 of V,,;=(VE),. By defini-
tion, s</[(x)<2s. For any d let Cy(x)={2¢€ C; [(x)=d}, and n,(x)=
$Cy(x). Since V-2 =TV7"YQ), “Ae Cyux)” implies “—21e Cy(x)".
Hence n,(x) is always even.

Lemma 5.14.  With the above notation we have ny,_,(x)+2n,,_,(x)+
oo sn(x)=2s. In particular n(x)=0 or 2.

Proof. We argue in the framework of Lemma 1.3 and its proof, so
we freely use the notation there. Let Q(x)=|J,<q<s5-1Co(x). Then by
(5.20) we have Q(x)={2; f(x, 2,)=0}, where 2,=p,(2) € P, and 1, is any
point of z;7(2,). Let P, be the hyperplane of P, defined by f,(2):=
f(x, )=0. For any 1 e C let m, be the intersection multiplicity of C, and
P, at 2,; m;=(C,-P,),,. We claim that m,=2s—d whenever 1 e C,(x).
Since deg C=2s, this would prove the lemma.

Note first that m, is just the order of zeroes of f, restricted to C,.
Since Y, is tangent to C, at 1, and dr(Y;)0 at 2, we have m,=
min {8; (¥/,,0)(1)=0}. Now by (L11) Y2£(1)=/(¥21) =AY, x),
1, € H*°(2); further by Lemma 5.4, the (25— d, d)-component (with respect
to 2) of x is nonzero because x is real. Therefore by (5.20) we see that
Y?f(A)=0if b<<2s—d and #0 if b=2s—d. Hence m,=2s—d as desired.

Lemma 5.15. Let 8 be any element of H™(M,R). Let Cy(f)=
{A€ C; Bis of type (k, k) on M)}. Then one of the following three cases
can occur: Cy(f)=C, ={x 1} for some 2 ¢ C, or =.

Proof. Let @.E, be a decomposition of H?(M, C) into Sp(l)-
irreducible components. In particular, E,=V,, as a complex Sp(1)-module
for some 0</<k. Let =) ,B; be the corresponding decomposition of
B. Then we have Cy(B)=N,Cy(B); therefore it suffices to prove the
lemma for each B, while since E,=V,,, the lemma for C,(3,) follows
immediately from Lemma 5.14.

Proof of Proposition 5.11. By the above lemma we have only to
show that if k is even (resp. odd) and g is analytic on M, then it is also
(resp. never) analytic on M_,. Let 4, be an analytic subset on M, with
c(4)=p. Then A_;:=r;"n(4,) is an analytic subset of M, with original
(resp. reversed) orientation. Hence c(4_;)=p (resp. —p). This already
takes care of the even case. In the odd case, f=—(—pf) cannot be
analytic on M _,, since M _, is a Kédhler manifold.

As for the corollary, only the last assertion needs a proof. First we
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recall the following definition (cf. [9]). A compact complex manifold X is
said to be simple if there is no analytic family {4,},. » of compact complex
subspaces of X with 0<{dim 4,<dim X which covers the whole X in the
sense that X =|_J,cr4,. It clearly suffices to prove the following:

Proposition 5.16. Let X be a symplectic compact Kihler manifold
with h*%(X) =1 and containing no divisor. Then X is simple.

Proof. Letdim X=2n. If n=1, the lemma is well-known. So we
assume that n>>1. Then as follows easily from the Bogomolov splitting
theorem (cf. § 4), X has the finite fundamental group, i.e., in that theorem
the torus factor does not appear in the decomposition of X. Therefore
by replacing X by its universal covering we may assume from the beginn-
ing that X is simply connected. By our assumption, a(X)=0. Suppose
that X is not simple. Then by [9; Lemma 9] we can find surjective
morphisms z: Z—X and p: Z—T of compact complex manifolds such
that dim Z=dim X and dim X >dim 7">>0.. Then since X is simply con-
nected and contains no divisors, by the purity of branch loci z* must
actually be bimeromorphic. Then, since A*(T)Z<h*%(X)=1 and X is
symplectic, #>°(T) must vanish. Then by a theorem of Kodaira T must
be a Moishezon manifold since by [26] T is bimeromorphic to a compact
Kahler manifold. Then we have a contradiction: 0=a(X)Za(T)=dim T
>0. Hence X is simple.
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