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Introduction 

The set 6"(X) of homotopy classes of homotopy equivalences of a 
space X to itself forms a group under composition of maps. This group 
6"(X) has been investigated by several authors (e.g. [2], [7] and [12]). 

In the case where X is an Sm-bundle over sn, the group 6"(X) has 
been investigated for X = Vn•z and Wn•z by Y. Nomura [10] and for X 
with 3<m+l<n<2m-2 by S. Sasao [13], where Vn.z=O(n)/O(n-2) 
and Wn.z= U(n)/U(n-2) are the real and complex Stiefel manifolds 
respectively. 

In this note, we study the p-Sylow subgroup of 6"(X) for an sm_ 
bundle X over sn with a mod pH-structure such that i(p): S0,)~X(p) is 
an H-map, where m and n are odd integers, S0,) and X(p) are localizations 
of sm and X at {p} respectively and i(p) is the localization of the inclusion 
i: smcX at {p}. Our main result is as follows: 

Tbeorem4.5. Let m and n be odd integers such that 3<m<n-l, 

and let sm~x!!.sn be an Sm-bundle over sn. Let p be an odd prime. If 
S0,) and X(p) are H-spaces such that i(p): S0,)~X(p) is an H-map, then the 
group 6"(X) is a finite group with a unique p-Sylow subgroup Sp given by the 
semi direct product 

where aTf3=a+i 0 f3 0 q 0 afor a E lrm+n(X;p) and f3 E lrn(sm;p). 

In Section 1, we determine the p-Sylow subgroup of 6"(sm U en) 
(Proposition 1.3). In Section 2, we define a homomorphism p: 6"(X)~ 
6"(K) and study the p-Sylow subgroup of 1m p (Lemma 2.7). In Section 
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3, we prepare three lemmas and the above theorem is proved in Section 4. 
In the last section, Section 5, we calculate the p-Sylow subgroup of g(X) 
of some Sm-bundles X over sn for any odd prime p and determine the 
group g(X) as a group extension of a certain group by a 2-group. 

Throughout this note, all spaces have base points and all maps and 
homotopies preserve base points. For given spaces X and Y, we denote 
by [X, Y] the set of (based) homotopy classes of maps of Xto Yand by 
the same letter a map/: X-+Yand its homotopy class/e [X, Y]. 

§ 1. The p-Sylow subgroup of g(sm U en) 

Let /e it'n_l(sm) (2~m<n-l) be a given element and let K= 
sm U f en denote the mapping cone off Let.8 l : K = sm U en-+(Sm U en) V 
sn =KV sn be the coaction defined by shrinking the equator sn-I X {1/2} 
of en in sm U en to the base point. Then we can define a map 

by A(a) =17 0 (1 Va) 0.81> 

where 17 is the folding map and 1 is the class of the identity map of K. 
Let i': smcK be the inclusion. Then by composing i~: it'n(sm)-+it'n(K) 
with A, we obtain a homomorphism (cf. [11, Lemmas 1.4 and 1.8]) 

(1.1) 

We put 

Here r(f)('1) ='1) 0 S/+[em, '1)] 0 Sh(f) for '1) e it'm+l(sm) where em is the class 
of the identity map of sm, [em' '1)] e it'zm(sm) is the Whitehead product of em 
and '1) and h(f) e it',,_I(S2m-l) is the generalized Hopf invariant of / due to 
P. J. Hilton [3]. Then the homomorphism AI induces a monomorphism: 
H-+g(K) and we have 

(1.2) ([11, Theorem 3.15]) For a two-cell complex sm U fen (2<m< 
n -1), we have the exact sequence 

O~Hc-~g(sm U fen)~GI~I, 

HI =H if 2/=1=0, HI =D(H) if 2/=0, 

GI = {
Zz if 2/=a(f), or 2/=1=0 and a(f)=O, 

1 otherwise, 

where D(H) is the split extension O-+H-+D(H)-+Zz-+1 with action 0/ 
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Zz={I, -I} on H by (-I)·a= -a for a E Hand a(f)=f +( -I) of= 
[cm' cm] 0 h(f). 

From l!iSk-I)=Zz for k>4 and (1.2), we have immediately 

Proposition 1.3. Let 3~m<n-1 and let p be an odd prime. In the 
case where n m is even, we assume n::f:2m-1. Then,for the mapping cone 
K =sm U f en off E l!n_l(sm), the group C(K) is a finite group with a unique 

p-Sylow subgroup Sp given by 

Sp = A1l!n(sm; p) ~ l!n(sm; p), 

where l!n(sm; p) denotes the p-primary component of l!n(sm). 

§ 2. The p-Sylow subgroup of 1m / 

Let X denote an Sm-bundle over sn (2s'm<n-I). Then by James­
Whitehead [6], X has a cell structure given by 

(2.1) 

Since the inclusion j: KcX induces a bijection j*: [K, K]---..[K, X], the 
homomorphism 

(2.2) /: C(X)---+C(K) 

can be defined by the restriction to C(X) of the composite 

j* I*l 
[X, X]---+[K, X]~[K, K]. 

We define the coaction 

by shrinking the equator sm+n-l X {I/2} of em+n to the base point. Since 
l!m+n(sm) and l!m+n(sn) for 2s'm<n-1 are finite, l!m+n(X) is finite by 
the exact sequence associated with the Sm-bundle over sn: 

(2.3) 
i q 

sm---+x---+sn. 

Therefore, by the Blakers-Massey theorem and the exact sequence of the 
pair (X, K) we have 

(2.4) 

Hence, similarly to the way that we defined A in Section I, we can define 
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a homomorphism (cf. [11, Lemmas 1.4 and 1.8J) 

where a E 7rm+n(X), 17: XV X ~X is the folding map and 1 is the class of 
the identity map of X. Also, since the attaching element g E 7rm + n _,(K) of 
em + n in X =K U em + n is of infinite order, by Barcus-Barratt [2, Theorem 
6.1J, J. W. Rutter [12, Theorem 3.1 *J and (2.4) we have the following 
exact sequence: 

(2.6) 

where G={h E c&"(K) I h 0 g=eg (e= ± 1) in 7rm+n_,(K)}Cc&"(K). 

Lemma 2.7. (i) For a E 7rn(sm), A,(a) E c&"(K) given in (1.1) can be 
extended to an element of c&"(X) if and only ifi~[a, lm]=O, where i': smCK 
is the inclusion and lm is the class of the identity map of sm. 

(ii) Let m be an odd integer. Then for any odd prime p the subgroup 
G of c&"(K) in the above sequence is a finite group with a unique p-Sylow 
subgroup Sp2i:7rn(sm;p) given in Proposition 1.3. 

Proof (i) Let g be the attaching element of em+n in X =KU em+n 
given in (2.1). Then we have j*g = ± [0', i'], where j*: 7rm+n_,(K)~ 
7rm+n_,(K, sm) and 0' E 7rn(K, sm) is an element such that aO'= f, the at­
taching element of en in K =sm U en. So, by [4, Lemma 5.4], we have 

where £,: K~Kvsn is the coaction given in Section 1, k: K~Kvsn 
and k r: sr ~KV sn (r = m, n) are obvious inclusions. Therefore, for 
A,(a) (a E 7rn(sm) given in (1.1), we have 

A,(a) 0 g=17 0 (1 V(i' 0 a» 0 £, 0 g 

=17 0 (1 V(i' 0 a») 0 (k*g±[kn, kmD 

=g±[i' 0 a, i'] 

=g±i~[a, lm]. 

Since g is of infinite order and [a, lm] is of finite order, the above equalities 
imply that A/a) 0 g* - g for any a E 7rn(sm) and that A/a) 0 g=g if and 
only if i~[a, lm]=O. 

(ii) If m is an odd integer, then [a, lmJ =0 for any a E 7rn(sm; p) and 
so by (i) and Proposition 1.3, G has a unique p-Sylow subgroup Sp2i: 
7rn(sm; p). q.e.d. 
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§ 3. Some lemmas for an H-structure on· X(p) 

Let m and n be odd integers such that 3<m<n-1 and sm~x!..".sn 
be an Sm-bundle over S"'. In this section we assume that P is an odd 
prime such that the localized space X(p) at {p} is an H-space. Then we 
have the following lemmas which will be used in the next section. 

Lemma 3.1. Let a e 1':n(X;p), f3 e 1':n(X;p), r e 1':m+n(X;p) and e e 
1':n(sm; p), and let 1':: X ~X/K=sm+n be the collapsing map, where K is the 
subcomplex of X given in (2.1). Then we have 

(i) (1 +a(p) 0 q(P» + f3(P) 0 q(p) = I + (a(p) 0 q(p) + f3(p) 0 q(P»' 
(ii) (1 +a(p) 0 q(p»+r(p) 0 1':(p) = 1 + (a(p) 0 q(p) +r(p) o1':(P»' 
(iii) i(p) 0 ~(p) 0 q(p) + rep) 0 1':(p) =r(p) 0 1':(p) + i(p) 0 ~(p) 0 q(p), 

where + denotes the multiplication inducedfrom the H-structure on X(p). 

Proof Since [Y, X(P)] is an algebraic loop for any CW~complex Y 
by [5, Theorem 1.1], we can define an obstruction rp e [X(P) XX(p) X X(P) , 
X(P)] for the multiplication to be homotopy associative by 

(3.2) 

where Pi: X(p) XX(p) XX(p)~X(p) (i=l, 2,3) is the i-th projection. We 
put L = (X(P) X X(p) X {*}) u (X(p) X {*} X X(P» U ({ *} X X(p) X X(P». Using 
the Puppe exact sequence associated with the cofibering L~X(p) XX(p) X 

X(P)':::x(P) /\X(p) /\X(p), we see that there exists an element rp' such that 

(3.3) rp=rp' 0 1':', 

because in (3.2) we have «PI + pz)+ Ps)\L=(PI +(Pz+ Ps))lL. Therefore, 
by (3.2) and (3.3), 

(1 +a(p) 0 q(p» + f3(p) 0 q(p) = «(PI + pz)+ Ps) 0 (1 X a(p) 0 q(p) X f3(p) 0 q(p» 0 d 

=«PI+(PZ+Ps»+rp) 0 (1 Xa(p) 0 %) Xf3(p) a %» a d 

=(1 + (a(p) 0 q(p) + f3(p) 0 q(P»)+ rp' 0 (1 /\a(p) /\f3(P» 0 (1 /\q(p) /\q(P» 

01':' 0 d, 

where d: X(p)~X(p) XX(p) XX(p) is the diagonal map. Since, in the above 
equalities, (1I\q(p) I\q(P» 0 1':' 0 d: X(p)~X(p) /\ S(P) I\S(P) is homotopic to 
the constant map for dimensional reasons, we have the equality of (i). 

The proof of (ii) is similar to that of (i) and so we omit it. 
(iii) Let (J) e [X(P) X X(p) , X(P)] be an obstruction for the multiplica­

tion to be homotopy commutative defined by 

(3.4) 
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where Pt: X(p) XX(p)-?X(p) 0= 1,2) is the i~th projection. Using the 
Puppe exact sequence associated with the cofibering 

1':" 

X(p) V X(P)~X(p) XX(P)~X(p) 1\ X(p) , 

we see that there exists an element a/' such that 

(3.5) W=W" 0 1':", 

Therefore, by (3.4) and (3.5), 

i(p) 0 ~(p) 0 q(p) +r(p) 0 1':(p) = (PI +pJ 0 (i(p) 0 ~(p) 0 q(p) X rep) 0 1':(P» 0 d 

=«P2+Pt)+W) 0 (i(P) 0 ~(p) 0 q(p) X rep) 0 1':(P» 0 d 

= (r (p) 0 1': (p) + i(p) 0 ~ (p) 0 q (P» + w" 0 «i(p) 0 ~ (P» 1\ r (P» 0 (q (p) 1\ 1': (p» 0 1':" 0 d, 

where d: X(p)-?X(p) XX(p) is the diagonal map. Since, in the above 
equalities, (q (p) 1\ 1':(p» 0 1':" 0 d: X(p) -?S('P) 1\ S0,;n is homotopic to the con­
stant map for dimensional reasons, we have the equality of (iii). q.e.d. 

Lemma 3.6. Let a e 1':n(sm;p) and At(a) be an element of !!(K) given 
in (1.1), and let j: KcX be the inclusion and 1':: X -?XjK =sm+n be the 
collapsing map. Then we have 

(i) (1 +i(p) 0 a(p) 0 q(p» oj(p) =j(p) 0 At(a)(p), 
(ii) 1':(p) 0 (1 +i(p) 0 a(p) 0 q(P» =1':(p). 

Proof (i) Let m: X(p) XX(p)-?X(p) be the multiplication on X(p). 
Then we have the following homotopy commutative diagram: 

where 1':t: K-?Kjsm=sn is the collapsing map. Therefore we have the 
equality of (i), since At(a)(p) =17 0 (1 Vi~p) 0 a(p» 0 '&t(p). 

(ij) Consider the following diagram: 
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where h= 1 +i(p) 0 £rep) 0 q(p)' The left square of this diagram is homotopy 
commutative by (i) and so is the right square for some map e: S<:r-+ 
S(;'in. On the other hand, since £r induces the trivial homomorphism in 
reduced cohomology group, we have 

(1 + i(p) 0 £rep) 0 q (P»* = 1: H * (X(P) ; Z(p»~ H * (X(p) ; Z(p», 

where Z(p) denotes the ring of integers localized at {pl. Hence the above 
map e is homotopic to the identity. q.e.d. 

Lemma 3.7. Let £r e 1':n(sm;p) and r e 1':m+n(X;p), and let 1':: X-+X/K 
=sm+n be the collapsing map. If S(;,) and X(p) are H-spaces such that 
i(p): S(;,)-+X(P) is an H-map, then we have 

q(p) 0 «(1 +r(p) 0 1':(p»+i(p) 0 £rep) 0 q(P»=q(P) +q(p) 0 rep) 01':(p). 

Proof. USIng the Puppe exact sequence associated with the cofiber­

ing X(p) V S(;,) -+X(p) X S(;,)~X(P) /\S(;')' we see that there exists WI e [X(P) /\ 
S(;')' S('PJ such that q(p) 0 (PI + pJ 0 (1 X i(p) = q(p) 0 PI 0 (1 X i(p»+wI 0 1':1' 

where + denotes the multiplication induced from the H-structure on 
X(P) or S('P) andpi (i=I, 2) is the projection. Furthermore, since i(p): S(;,) 
-+X(p) is an H-map by the assumption, we see easily that there exists 
W2 e [(S('P) U e(;,in)/\S(;,), S('P)] such that WI =W2 0 1':2' where 1':2: X(P! /\S(;,)-+ 
(X(p)/S(;,»/\S(;,) = (S('P) Ue(;,tn)/\S(;,) is the collapsing map. Consequently 
we have 

q(p) 0 (PI +pJ 0 (1 X i(p» =q(p) 0 PI 0 (1 X i(P»+W2 0 1':2 01':1' 

Using this equality, by the similar way to the proof of Lemma 3.1, we 
have 

q(p) 0 «(1 +r(p) 0 1':(p»+i(p) 0 £rep) 0 q(P»=q(P) 0 (1 +r(p) 01':(P»' 

Furthermore, since 1 +r(p) 0 1':(p) = 12(r)(p) , where 12 was defined in (2.5), 

q(p) 0 (1 + rep) 0 1':(p» =q(p) 0 ([7 0 (1 Vr) 0 £2)(P) =([7 0 (q V q) 0 (1 V r)£2) (p) 

= (PI + P2) 0 (q(P) X q(p) 0 rep) 0 1':(P» 0 d 

=q(p) +q(p) 0 rep) 01':(p). 

Hence we have the equality of this lemma. q.e.d. 

§ 4. Main result 

In this section we study the p-Sylow subgroup of c&'(X) for an sm_ 
bundle X over sn by using an H-structure on X(P) and the method of 



266 M. Mimura and N. Sawashita 

localization. 
The following result due to Lieberman-Smallen will be used to obtain 

our main result. 

(4.1) (Lieberman-Smallen [7, Theorem 1.3]) Let P and P denote sets 
of primes such that PUP = {all primes} and P n P =~. Let Y be a simple 
finite CW-complex. Then localization induces the isomorphism 

where h(o) and h~o) are localizations of h and h' at the rational numbers Q 
respectively. 

Let m and n be odd integers such that 3 <m < n -1 and X denote an 
Sm-bundle over sn in (2.3). Let p be an odd prime. If S0,) and X(P) are 
H-spaces such that i(p): S0,)-+X(P) is an H-map, then we have 

Proposition 4.2. The p-Sylow subgroup Sp~7rn(sm;p) of G given in 
(ii) of Lemma 2.7 splits partly the exact sequence (2.6), that is, there exists 
a homomorphism 

such that pot = 1. 

Proof In Proposition 1.3 we identify 7rn(sm;p) with Sp by means of 
the homomorphism AI" We put h= 1 +i(p) ° a(p) ° q(p) for a E 7rn(sm;p), 
where + is the multiplication induced from the H-structure on X(p). Then 
hE <&,,(X(P)) by Lemma 3.6, and h(o) = 1 since a is of finite order. Therefore, 
using the isomorphism L in (4.1), we can define a map 

where a E 7rn(sm;p) and A1(a) ESp. First we show that ~I' is an homomor­
phism. For a E 7rn(sm; p) and j3 E 7rn(sm; p), 

(l + i(p) ° a(p) ° q(p)) ° (1 + i(p) ° j3(p) 0 q(P)) 

=(1 +i(p) ° j3(p) ° q(p))+i(p) ° a(p) ° q(p) 0(1 +i(p) ° j3(p) 0 q(p)) 

=(1 +i(p) ° j3(p) ° q(p))+i(p) ° a(p) ° q(p) by Lemma 3.7 

= 1 + (i(P) ° j3(p) +i(p) ° a(p)) ° q(p) by (i) of Lemma 3.1 

= 1 +i(p) ° (a+ j3)(P) 0 q(P). 

Hence t(A1(a)) ° t(Al(j3))=t(A1(a+j3)). Next we show j'ot=1. The 
naturality of localization gives the following commutative diagram: 
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cS'(X) ~ > {(h, h') e cS'(X(p) X cS'(X(P) I h(o) =h~o)} 
(4.4) lp lj~p)Xj~P) 

cS'(K) ~ > {(h, h') e cS'(K(p) X cS'(K(p) I h(O) =h~o)}, 

where both L's are isomorphisms in (4.1), andj~p) andj~p) are defined by 
the same way asp in (2.2). For a e 1r:n(sm;p) we have 

po (t(AtCa»)=L -I 0 (j~P) Xj~P) 0 L(t(A1(a») by (4.4) 

. =L -I 0 (j~P) Xj~Ji) 0 (1 +i(p) 0 alp) 0 %), 1) by (4.3) 

=L-1(A1(a)(p), 1) by (i) of Lemma 3.6 

= Ala), 

because AtCa)(p) = 1. Hence pot = 1. q.e.d. 

Now we consider the p-Sylow subgroup of cS'(X). 

Theorem 4.5. Let m and n be odd integers such that 3<m<n-l, 
and let X denote an Sm-bundle over sn in (2.3). Let p be an odd prime. 
If S(;,) and X(p) are H-spaces such that i(p): S(;,)~X(p) is an H-map, then 
the group cS'(X) is a finite group with a unique p-Sylow subgroup Sp given by 
the semi direct product 

where aT {3=a+ i 0 {3o q 0 a for a E 1r:m+n(X; p) and {3 e 1r:n(sm; p). 

Proof By (2.6), Lemma 2.7 and Proposition 4.2, we have the exact 
sequence 

(4.6) O~A2(1r:m+n(X» X t(Sp)~cS'(X)~Gj Sp~ 1, 
T 

where Sp~1r:n(sm;p), G is given in (2.6) and GjSp has the order prime to 
p., Let p' be a prime with (p, p') = 1. Then, using the isomorphism L 
in (4.1), for r E 1r:m+n(X;p') and {3 e 1r:n(sm;p) we have 

Noticing that A2(a)(p) = 1 +a(p) O1r:(p) for a E 1r:m+n(X; p), by Lemmas 3.6 and 
3.7 and the similar way to the proof of Lemma 3.1, we have 

(t(A1({3» 0 AzCa) 0 tCAI{f3))-I)(p) =((1 +i(p) 0 (- {3(P) 0 %))+a(p) 0 1r:(P)) 

+(i(p) 0 {3(p) 0 q(p) +i(p) 0 f3(P) 0 q(p) 0 alp) 0 1r:(P) =A2(a+i 0 f3 0 q 0 a)(p). 
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Also, obviously we have 

(1/r(J.l(j3» 0 ,Va) 0 1/r(A/j3»-l)CP) = 1 =(Ala+i 0 j3 0 q 0 a»cp). 

Hence, by (4.1) we have 

for a E 7rm+n(X; p) and j3 E 7rn(sm; p). Next we show that A2 is monomor­
phic on 7rm+n(X;p). Let L be the isomorphism in (4.1). Then LAlr) = 
(1 + rCP) 0 7rCp), 1) for r E 7rm+n(X; p). Therefore, we have 

Ker A2 n 7rm+n(X;p)~Ker {7r(';,): [Sur, XcpJ----+[XcP)' XCP)]} 

=Im {(Sg)(';,): [SKCP)' XCP)]----+[s(;,)n, XCP)]} 

=0, 

where g is the attaching element of em + n in X =K U em + n , because the 
middle equality is obtained by the Puppe exact sequence and the next one 
is obtained by the fact due to C. A. McGibbon [8, Theorem 1] that Sg has 
order at most 2. Hence, by (4.6), (4.7) and (4.8) we have the desired 
result. q.e.d. 

Let P be a set of odd primes p such that S(;,) and XCp) are H-spaces 
and icp): S(;,)---7XCp) is an H-map, and we put S P = L:PEP Sp for the p-Sylow 
subgroup Sp given in Proposition 1.3. Then Sp is the normal subgroup 
of G by Lemma 2.7 and (1.2) (see also e.g. [11, Theorem 2.11]), and the 
splitting homomorphism 1/r in Proposition 4.2 can be extended to S p. So 
by the same way as in (4.6) we have the exact sequence 

O----+Abm+n(X» X 1/r(Sp)----+Iff(X)----+GjS p----+1. 
T 

By Theorem 4.5 and (4.7), we have immediately 

Al7rm+n(X»X1/r(Sp)~(L: Sp)E8 L: Al7rm+n(X; r», 
T pEP rEP 

where Sp is given in Theorem 4.5. By (1.2) (see also e.g. [11, Theorem 
2.11]), we have the exact sequence 

Here 
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where PI = P U {2}, HI = {a E 1Cn(sm; 2) I i*[a, tm] = O} and r(f) is given in 
Section 1. Hence we have 

Theorem 4.9. Let m and n be odd integers such that 3 S:.m<n-l and 
X denote an Sm-bundle over sn in (2.3). Let P be a set of odd primes p 
such that SU,) and X(p) are H-spaces and i(p): SU,)~X(p) is an H-map. 
Then we have the following exact sequences: 

O~( L: Sp)E8 L: A2(1Cm+n(X; r))~g(X)~G/Sp~l, 
pEP rEP 

O~H~G/Sp~Z2E8Z2· 

Here Sp and G are given in Theorem 4.5 and (2.6) respectively, S P ~ 
L,PEP1Cn(sm;p) and H is given as above. 

§ 5. Two examples 

In this section, we give the following two examples in which the 
group g(X) is determined as a group extension of a certain group by a 
2-group. 

Example 5.1. Let m and n be odd integers such that 3 :s;;,m <n -1 and 
let X = sm X sn. Then, for any odd prime p, g(X) is a finite group with a 
unique p-Sylow subgroup Sp given by the semi direct product 

where (a', a")TI~=(a' + ~ 0 a", a") for (a', a") E 1Cm+ n(sm; p)E81Cm+ n(sn; p) 
and ~ E 1CiSm; p). Furthermore, let P be the set of all odd primes. Then 
we have the following exact sequence: 

O~C L, Sp) E8 H ~g(X)~G~ 1. 
pEP 

Here H=1Cm+n(sm; 2)/{[cm, 1Cn+l csm)]}E81Cm+nCsn; 2) and 

G ~{a E 1Cn(sm; 2) I [cm' a] =O} X (Z2E8Z2), 
T2 

In fact, since Sfp) (k=m, n) is an H-space for any odd prime p by 
J. F. Adams [1] and i(p): SU,)~SU,) X S(P) is an H-map, the first half of 
this example is obtained from Theorem 4.5. Also, by [14, Theorem 2.6] 
we have the exact sequence 
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where G~{a E it'n(sm) I [lm' a]=O}XT.(ZzEBZJ. Therefore, by noticing 
that elm, it'n+l(sm; p)] =0, the latter half of this example is obtained from 
Theorem 4.9 and the above exact sequence. 

Let r be an odd prime and let al be a generator of it'zr(S3; r)~Zr' 
Let 

be the principal S3-bundle over SZr+1 with a characteristic element al' 
Then we have the following 

Example 5.2. For any odd prime p, tC(B{r» is a finite group with a 
unique p-Sy!ow subgroup Sp given by the semi direct product 

Sp~it'2r+4(sa;p)EBit'2r+I(S3;p) (p*3 or r=3), 

Sa~(it'zr+4(sa; 3)EBit'zrH(S2r+l; 3»X it'2r+1(S3; 3) (r*3), 
Tl 

where it'2r+4(szr+l; 3) ~ Za, {a', a")Td3 = (a' + f3 0 a", a") for (a', a") E 

it'2r+4(S3; 3) EB it'2r+4{szr+l; 3) and f3 E it'zr+1{S3; 3). Furthermore, we have the 
following exact sequences: 

0~(L:Sp)EBit'2r+4(sa; 2)EBit'2r+4(S2r+l; 2)~tC(B(r»~G~I, 
pep 

where P is the set of all odd primes and it'2r+4(S2r+l; 2)~Z8' 

In fact, since (S5X'" XS2r - IXB(r»(r):::::SU(r+l)(r) by H. Toda 
[15] andB(r)(p) :::::(SaX S2r+I)(p) for any primep*r, B(r)(p) is an H-space for 
any odd prime p and i(p): S~p) __ B(r)(p) is an H-map for dimensional 
reasons. Therefore we can apply Theorem 4.5 to B(r) for any odd prime 
p, and by the same way as in [9, Example 3.3] the homotopy group 
it'2rH(B(r» is calculated and we have the first half of this example. Also, 
by [9, Theorem 3.1] we have the exact sequence 

where G=tC(S3 U al e2r+l) is given in (1.2). Therefore the latter half of this 
example is obtained from Theorem 4.9 and the above exact sequence. 
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