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A Necessary and Sufficient Condition
for a Local Commutative Algebra
to be a Moduli Algebra:
Weighted Homogeneous Case

Stephen S.-T. Yau*

Let 0,,,=C{z,, z,, - - -, z,} denote the ring of germs at the origin of
holomorphic functions (C**!, 0)—C. If (¥, 0) is a germ at the origin of
a hypersurface in C"**, let (V") be the ideal of functions in @, ,, vanishing
on V, and let f be a generator of I(V). It is well known that ¥—{0} is
nonsingular if and only if the C-vector space

AV)=0, .. J(/)+4(f))

is finite dimensional, where 4(f) is the ideal in @, ,, generated by the first
partial derivatives of f. A(V), provided with the obvious C-algebra struc-
ture, is called the moduli algebra of V. In [4] the following theorem was
proved.

Theorem 1 (Mather-Yau). Suppose (V,0) and (W, Q) are germs of
hypersurfaces in C"**, and V— {0} is nonsingular. Then (V, 0) is biholomor-
phically equivalent to (W, 0) if and only if A(V) is isomorphic to A(W) as a
C-algebra.

It is natural to raise the recognition problem: When a commutative
local Artinian algebra is a moduli algebra? How can one construct the
singularity (¥, 0) explicitly from the moduli algebra A(V). In this short
note, we shall answer the above questions in the case (¥, 0) is a weighted
homogeneous singularity. We thank Herwig Hauser for encouraging us
in writing up this note for publication.

Let 4 be a commutative Noetherian algebra with maximal ideal m.
Let x,, - - -, x,, be a system of minimal generating set of m such that their
images in m/m® form a basis. Consider the algebra homomorphism

0:Clzy, -+, z,}—>A4
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where ¢(z;,)=x, for all | <i<<k. Let 4 be the kernel of ¢. Then C{z,
- -+, z,}/4 is isomorphic to A. Therefore to determine whether 4 is a
moduli algebra, it suffices to determine when 4 is a moduli ideal, i.e., an
ideal of the form (f(z, ---, z,), (@ff0z)(z, - - -, 2,), - - -, (3f]0z )=y, - - -,
z,) in O,. : ‘

Theorem 2. Let 4d=(g(z, -+, 2), &{2Z» > 2, -+ &(z1, -+ -,
z )0, be an ideal in O, with | generators where 1 <I<k. A sufficient condi-
tion for A to be a moduli ideal is the following. There exists a k <1 matrix B
of rank | with entries in O, such that

OF, _ 9F

Vi<i, j<k
0z; 0z;

where

Fk bkl bkz"'bkl g1

and (F,, F,, - - -, F,)0, is a weighted homogeneous ideal, i.e., 3d,, d,, - - -, d,,
L, -+, 1, € Z such that for any 1<i<k

Ft®z, -, t1%z)=t"YF(z,, ---,z) VY(z,---,2)eC, teC—{0}

Proof. Ok _ OF, Vi<, j<k
0z, 0z,
>w=F(z, ---,z)dz,+ - - -+ Flz, - --, z,)dz, is a d-closed
holomorphic 1-form

=w=df for some f e 0, by the Poincaré Lemma
$Lf=Fl, ._QL=F2, af:Fk

b

0z, 0z, 0z,
@A(f)_c_(gla 8o -0 gl)'

On the other hand, the fact that the k X/ matrix B is of rank/ ifnplies that

(g, 82 - 80, S (F, B, - - -, F)O,=A(f).

Hence (g, 8, « - -, 8)0, =A(f). In order to prove that (g,, g, - - -, &)U
is a moduli ideal, it suffices to prove that f'is in 4(f).
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f(zls Zyy t vy Zk)=fo Wf(tdlzls T s tdkzn)dt
1
:I I:dlt‘il‘lzlif(tdlzl, AR £ A B SR
0 0z,
+dktdk_lzki(tdlzls ) tdkzk)]dt
0z,

. ;
.—_Jo [dltdl‘llel(tdlzl, s, 1%z ) d 2 F(t Yz, -, tdkzk)]dt

1
:.[0 [dit+ 7z Fi(zyy -y 2) 4 - At 5 g Fi(z,, - - -, 2,)ldt

d, d
= F(z, -, 44 L3 F , e,
d1 l1 “ 1(1 Zk) dk lk & k(21 Zk)
d, aof of Q
— Z, V4 Zyy o0 vy . ED.
T d +, 2161(1 d+l azk(1 %)

Theorem 3. Let

A=(g1(21’ ] Zlc)a gZ(ZU MR Zk)a R} gl(zl, MY Zk))@lc

be an ideal in O, with | generators where 1 <I<k. A necessary and sufficient
condition for 4 to be a moduli ideal of a weighted homogeneous function is
the following. There exists a k X I matrix B of rank 1 with entries in @, such
that

oF, _ oF;

Vi<i, j<k
0z; 0z,

where

F) |bu by bl e
and there exist d,, - - -, d,, d ¢ Z such that V1 <i<k
F(thz,, - -, t"%z)=1t""%F(z,---,z,) Y(z,---,z)eC* teC—{0}
We shall need the following lemma.

Lemma 4. Let I<k be two positive integers. Let A be a | X k matrix
and B be a k X1 matrix with entries in C. Then there exzsts a kx! matrix
C with entries in C such that the matrix



690 S. S.-T. Yau

C(I—AB)+B
has rank I, where I is the identity matrix of rank I.

Proof. Let a: C*—C" and . C'—C* be the linear transformation
corresponding to 4 and B respectively. Choose a basis e, - - -, e, of C*
such that pe,=0, i >r+1, where r is the rank of 8. Choose ¢} ,,, - - -, €}
in C* such that Be,, - - -, Be,, €., - - -, €}, is a basis of C*. Let7: C'—C*
be the linear transformation defined by 7e,=0, 1 <i<r and 7e,=¢], r+1
<i<l. Then

I3
[7(1—ap)+ fle) ={13"f +. 2 doe ifl<i<r
e, if r4-1<i<l

so 7(1 —ap)-+ B has maximal rank /. This proves the lemma, where we
take for C the matrix corresponding to 7.

Proof of Theorem 3. Necessary condition: Suppose 4=(g, -- -,
£,)0, is a moduli ideal of a weighted homogeneous function, i.e., there
exist d,, - - -, d,, d € Z such that

fQthzy, - t%2)=t(z,, - -+, 2) V(2 ---,2)eC* teC—{0}.
Since f'is in the Jacobian ideal of f, we have
(ﬁf_’ ) a—f)@kz(gb t '9gl)@k'
0z, 0z,
There exist /X k matrix 4 and k X/ matrix B with entries in ¢, such that
(fi] [bu by by ][&)
fe by by by || 8

.........

\fk, | by bkz"'bklj L& )

and

r S ~ ~ ~ ar 3
& (@, a,---a, ][/

&2 Gy Gy -0y || [

L& ) Ay Gy - - -ay, ska‘

Apply Lemma 5 to the matrices A(0) and B(0), we fined a k X / matrix
C such that
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C(I—A(0)3(0))+ B(0)

has rank /.
Now we take F,=4df}dz;, 1<i<k; and B=C(I—AB)+B. Then
clearly 6F,/0z,=48F,/oz, V1 <i, j<k and

F(t%z, - - -, t%z)=1""%F(z,, - -, 2,) VY(z,---,2,)eC* teC—{0}
It remains to check (F)= B(G) where
F g
(F)= FZ and  (G)= [f’?]
F, le ]
B(G)=[C(I—1§)+§](G)=C[(G)~Z§(G)]+§(G)
=C[(G)—A(F)]+(F)

=Cl(GO)—(G)]+F)
=(F).

Sufficient condition: By the proof of Theorem 2, we know that
(g - +» £)0, is a moduli ideal of a function f which satisfies the following
equation.

d,
f@uz e 2) =z e 2) %zkmzl, ez
éf(tdlzu ey tdkzk) = %(tdlzl)Fx(tdlzu ety tdkzk)+ s

—}—-%~(Zd’°z)Fk(t Gz -, 1%2)

:%tdZ1F;(Zxa ) Zk)+ S +%tdszk(Zl’ T Zk)

=t(z, 2, -+, 2,) Vte C—{0} (2, -+, 2) e C .
Therefore fis a weighted homogeneous function. Q.E.D.

Theorem 5. Let 4= (gl(zla Tt Zk)> gz(zla T Zlc)’ ) gl(zls Tt
200, be an ideal in O, with | generators where 1 <I< k. Suppose g|(z,, - - -,
z), -+ 8z, - - -, 2,) are homogeneous polynomial of the same degree d.
Then a necessary and sufficient condition for 4 to be a moduli ideal is the
following. There exists a k X I matrix B of rank | with entries in C such that
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oF; _ oF,

2 vi<i, j<k
0z; 0z;

where

F, by bkz“'bkz: g ).

In fact if 4 is a moduli ideal, it must be a moduli ideal of a homogeneous
polynomial of degree d+1.

Proof. Inview of Theorem 4, it is sufficient to prove the last state-
ment.
Suppose 4 is the moduli ideal of a function /. Write

o

f= 2. f

i=m+1

where f; is a homogeneous polynomial of degree i and m-+1 is the mul-
tiplicity of f. The fact that 4=moduli ideal of f implies d=m. Since 4
is a homogeneous ideal and

,af;z i %ed,

0z; i=m+1 0z;

We have 3f,,./0z;e 4 V1<j<k. So (3f,.4./0z,, =« 5 0fn1i/02)0, S 4.
On the other hand, for any 1<a</,

k
8= ajif where 4,,¢0,

j=1 4

Since the degree of g, is d, by degree consideration, we have
k
o= h(0) e
J=1 aZj

Therefore

(aferl afm-H afm+1>@ =/ QED
0z, ’ 0z, ’ ’ 0z, £
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Remark. To find f explicitly, we simply use the standard method in
Advanced Calculus.
Example 1. Let 4=(3x;—4x,X;, X,X;—2X, Xy, X3— XX, — 2X, X,
XgX,— 3X,X5, X3 —2X,%,)0;.
Is 4 a moduli ideal? We shall follow the above described procedure
and try to find f explicitly.
of

ox = a11(3x§ —A%X,X5) + a3, — 2X,X,) + ay3(X5 — X, 0, — 2X,X5)
1

+ (X%, — 3x,%5) + (] — 2x,X;)

af = Ay (3X5 — 4%,X3) + Apal(X5 X — 220, X,) + g (X5 — X, — 2X,X;)

ox,
+ (X3, — 3%, %) Ay (X — 2X,;)
o _ Ay (3%5 — 4x 05) + Ay, x5 — 2, %,) + g3 (XF — XX, — 2,X;)
3 + a5, (05, — 3%,%;) + A5 (X3 — 2x,%,)
gf: =a,(3x53—4x,%,) + a5 (X,50, — 2X,%,) + A5 (X5 — X, — 2X,X;)

~+ @, (x5, — 3x,5) + (X3 —2,X;)

af =, (3%5 — 4, %) + a6, — 26, x,) + a53<x§ — XX, —2X,X5)
s
+ 054(x3x4 - 3x2x5) + ass(xi - 2x3x5)

of _
=dy,(6X,) + a5 X, + s — X)) + a1 (—3X,)

0x,0X,
=@y, (—4x;) + e —2x,) + Ay —2X;)
0x,0X,;
f af
1 = a,;=0
(1) 23)(26‘)61 0x,0x, =

ap=— 4a21
a3 =2ay
a3 = %a‘zs

af =a,(—4x)+ ay(xs) +a,5(2x;) + a,(x)+ a;5(—2x;)
0x;0x,

2
(2) 5oL —au(—4x)+au(—2x)+as(—2x)
1 3
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- af >a,=0=ay,

axgax1 axlfix3

Q= —2ay
A= — 20y
a5 =0y,

*f _ .
= ay,(—2x,) + a,5(— X2) + @1(X,) + a,5(2x,)

0x,0x,
of
- =, (—4x;) + do( — 2%,) 4 a,5(— 2x;)
0X,0X,
o*f of
3 = a;,=0=a,=a
(3) oxox. o, =1 1o == Uy
a,=—4a,
A= —0y

of  _
=ayo(— 2x;) + a1 (— 3%,) - a5 (— 2x,)

0x,0x,
o _
(4) = a5, (—4%;) + A — 2x,) + a,( — 2x;)
0x,0x;
2 P
o _ 9 2=y =0=a,=4d;

axsax1 ox, ax5

i3 =4ay

*“izf;‘ =y, —4%,) + a(X5) + ap(2x5) + a(x,)+ (125( —2x;)

2
afx = a5, (6) + Ao (X5) + @y — X,) + @5 (— 3x5)

(5) - 40

axaax2 0X,0%,

g, =64,
Ay = 30y
Ay = — g,
a;=%a,

af =y —2,) + e — X;) + @ry(X5) F- a5(2x,)
0X,0X,

of
(6) 0X,0X,

= a,,(6X,) + aip(x) + @ — X,) + a,(— 3x,)
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32f - af $a22—0 ay

axﬁx2 0X,0%,

Ayy = — 0y

A=y
1

Uy = — 503

of
=y (—2x) F ay(— 3%,) + A (—2,)

0x;0x,
2
f =1, (6X,) + A5(x3) + Ao — X))+ a5(— 3x5)
0X,0X;
of _
7 = a4, =0=a,,=a
(7) ox, ax2 x,0%, = 54 53
dyy= — 2‘151
Qg5 = — %asz

2
7 =5, —2X,) + A — x,) + a,,(x,) + a35(2x4)
0Xx,0X,

af =y, (—4x) + dip(2) + Qp(23) + (X0 + s — 25)

0X30X,
(8) W - a0

0X,0X, 0X,0X,

Ay =2a,
Ay = — 0y,
Ay =24,
Q=730

35 = 544

- of <£a33(—2x1)+a34(—3xz)+a35(_2x3)

0X50%,
a:gf =d;,(— 4x,) + a5(X,) + A (2X,) 4 a,(x,) + ass( —2x3)
of _ of
9 —t = Ay =y =0
) 8x53x3 ax3ax5 = o=t
Ay =20y,
gy = — %0

Ay = — 3

695
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2.
TS (= 20) - (— 3) - l(— 2,)
0x,0x,

of
0x,0%;

ay - I 40

0x0x, - 0X,0%;

= dp(— 2X,) + e (— Xo) + a5, (X,) + a55(2,)

Ay =0ds,
Ay =3%ay
Q= — 50y,
— = — = —d. =2(1 =C
au&~wmsf5% u
a;;=0 otherwise
of _ c(x3—2x,x5)
0x,
—aL = — (XX, — 3%, X;)
0X,
a _ (X3 — xpx, — 2x,X5)
0X,
—ai = (XX, — 2X,X,)
ox,
Of _ € GBx—dxx,)
0x;
= = c(x0x5— 2, %3X5) + 1y (%2, X, X4y X;)
of _ oh
= ox, 0x;
3¢
= h(Xg, Xy Xy Xg) = — CXp XX, + —;—X;Xs—l—hz(xa, X5 X;5)

3¢
J = (06,5 — 2X,X,%;) — CXp XX, + __24‘ X35 hy(Xs, X4y X5)

= ﬂ = —2CX; X5 — CXo X, + —a'h'z(x.’s: X45 X5)
0x; 0%,

Oh, (X5, X4 X5)=0X3
X3

=

= hy(Xg, X, X5) = _6’3_)(3 +hy(xy X;)
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cxs

3
S=c(x,x]— 2, %,5) — X, %, + TCX§X5 + 3 +hy(x,, x5)

of _ 20X, %, — Xy X5 ok, (x5 xs)
0x, 0x,

= s (x,, x) =0
ox,
= hy(x,, x;) =h(x;)

S=c(,x]—2x,%,;) — X, XX, + ééc'"x§x5+ %x2+h4(xs)

of 3¢ dh
= 20X, xR T (x
:>8x5 g 2+dx5(5)
> ()—0
dx,
'-é h4(xs) =0
2 3 . x5
D f=c| XX — 2%, XX — XXX+ > XoX5+ 3
4 is a moduli ideal of the homogeneous polynomial x,x3—2x,x,x;,
3 x3
— XXy X+ Exéxs + ?3 .

Example 2. Let 4=(3x*+2)% yz—3xw, z2—2yw)0,. Itis an easy

exercise to prove that 4 is not a moduli ideal.
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