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Configurations and Invariant Theory
of GaufB3-Manin Systems

Kazuhiko Aomoto

Let £y, fis - - -, [ be polynomials. The integral

©.1) [oxp i, - AP - Suopnd, -,

satisfies Gaul3-Manin system or holonomic system as a function of coef-
ficients of f;, fi, - - -, fu. GL,(C) naturally acts on the space of coefficients,
so that the above integral is written in invariant expression. This is a
similar situation to D. Mumford’s geometric invariant theory [1]. (See
also [2] in relation to Cayley forms). ‘

Let T, X be non-singular algebraic spaces of dimension # and / res-
pectively. Let W be an analytic subset of codimension 1 such that the
complement V=TXX—W is affine. We denote by p the natural pro-
jection:

0.2) p: V=TXX—W—T.

Then by the isotopy theorem due to R. Thom ([3], See [4] for further
developments.) there exists a natural stratification of the morphism (V, 7,
o) satisfying the following property:

There exists an analytic subset T, of codimension 1 in 7 such that for
arbitrary t € T— T,, the morphism

p: fH(T—T)—>T—T,

is a topological fibre bundle whose fibre V,=p~'(¢) is non-singular:
We shall denote by 27(V, F) the space of rational p-forms in a com-
pactification of ¥ and holomorphic in V with values in a sheaf F.

§1.
Let a gl(m, C)-valued rational 1-form in 7 X X which is holomorphic
in ¥,
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olt, dt; x, dx) € QT X X—W)®gl(n, C),
(¢, x) e TX X, is given such that o satisfies the integrability condition
1.y do+o/No=0 in V.

0, =l,-1, defines a Gaull-Manin connection on p~'(t)=X— W, which
is denoted by V;:

(1.2) do. 4o, N\Nw,=0 in V,
Consider the linear diﬁ"erentidl system on V, of order m:
(e) dy=yo, (yeCm™)

and the twisted rational de Rham cohomology H*(V,,V,,) in V, with coef-
ficients in solution sheaves & of (¢):

1.3) O —> OV )RC™ L2 OV YRC™ —> - - -

Let &* be the dual sheaf of &% defined on V, (a local system in V, if
(¢) is regular singular and a relative local system in X modulo W, if (¢) is
irregular singular of simple type).

A systematic study of these kinds of cohomologies has been done by
several authors ([5]~[10]). By the comparison theorem we have the iso-
morphism ([5])

(1.4) H*(V, V,)~H*(V, &).

From micro local point of view many important results have been es-
tablished ([9], [10]). But from our point of view that they give “regulari-
zation” or “‘finite part” of integrals in the sense of J. Hadamard-J. Leray
([11]~[12]), these will be made clear in a concrete way in the foregoing.
We shall restrict ourselves to cases where the cohomologies H*(V,,
&) are finite dimensional.
Let Y,=*(y™", y®, - - -, ™) be fundamental solutions of (¢) such that

(1.5) Y1 dY,=w,.
Then the cohomology H?(V,, &) and H(V,, &¥*) are dual to each

other. The pairing of é=3¢,® 4, e H,(V,, ¥*) and Y-p e H*(V,, &),
@ € Q2(V) is given as follows:

(1.6) (& Ypy= EJJ L, §&- Yo
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where 4; denotes p-chains in ¥, and &, € &% (stalk over 4;) which is iso-
morphic to C™.

Let G be a connected algebraic group over C acting in 7, X and W
such that the following holds:

()  There exists @ e Q*(V,)Rgl(m, C) such that Y-@ has the invariant
property:

.n Y-@(g7't, g7'x; d(g7'x)=Y-O(¢, x; dx)- A(g), geG
where 2(g) denotes a representation of G into GL,(C). We put
1.8) d()=(¢, YO).

Then

@@”Q=ZIL54@@“nnd@

=y f &,Y0(g ', g 'x; d(g™'x)
(1.9) Z
=3[ | &0 xid9-28)

=31, &Y, x; d)- ()

because 2 ; £,®g4, is homologous to > ; §,Q4; in H,(V,, ¥*), seeing that
G is connected.

We shall only consider the forms Y@ satisfying (7).

We assume now that @(¢) satisfies the GauB-Manin system in 7'— T,
namely that there exists a system of matrix functions of integrals @,(¢), - - -,
@ (1) such that

(1.10) ad()=3 6,0, di)
7=1

where O@=(0,,(t, dt)),.,;-, satisfies

(L11) d6+0N6=0.

Then we have the following proposition.

Proposition 1.  O(¢, dt) is invariant with respect to the action of G in
T:

1.12) - O(g7't, d(g~)=06(t, dt).
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This invariant expression gives us a powerful tool for explicit expres-
sions of Gauf3-Manin systems for certain integrals of (0.1).

We shall give it from now on. We shall only consider the case where
m=1. So we may assume A(g) € C*.
§2. (Example 1) Configurations of hyperplanes in projective spaces

Let X=CP™ and f,, - - -, f,, be a sequence of linear functions
2.1) fi= gaj,x,+ajo-

We consider the integral
2.2) F(t)=j fe o findx, A - - - Adx,, for 4 € C.

The space T is isomorphic to C"*"™ consisting of points of coefficients
1=((@;,)1<j<mocv<n- The integral F(t) admits of the action of GL,(C) in
T and X respectively such that f;(x) is invariant.

W is defined as follows:

2.3) W={(t, x) e TXX|f,(x)=0, 0< j<m}

where f, denotes the hyperplane at infinity in CP*. The space T, consists
of points ¢ € T such that

i1 * Qyyn
@4 [i- - -in][= : ]¢o
Qi1 Qipn
Qo i1 " " Qign
@3) [ -z'n][= : ]#:o
Aio Qi1 * Qi

for 0<i, <. -<i,<mor 0<i,<i,<---<i,<m.
A basis of integrands are given by the forms

(2.6) oy - -i,)=dlog fu \ - - - Ndlog f,
with the fundamental relations
Q.7 j2=1 20(Jiy+ + +ip-1)~0

in H(V,,V,),).



Configurations Invariant GauB-Manin Systems 169

Then the Gauf3-Manin connection is simply given in invariant expression
by

9 =3 (~yarog (e l) 0, 1)

Sfor I=(iy, iy, - - -, i,), where 0,(i,, - - -, i,,) denotes the k-th deleted sequence
(G »+ 5 lemtyberys + =5 In). This is just a generalization of classical Poch-
hammer type ([14]).
§3. (Example 2) Configurations of a quadric and hyperplanes in C"

Let X=C",

_l_nx2
2 =

3EB.D fo=—

and f,, f;, - - -, [ be linear functions:
(3.2 fi= ;) Uy, %, + Uy

Let G be SO,(C) which leaves invariant f,. Let A be a symmetric
matrix consisting of basic algebraic invariants a,;, where we denote

(3‘3) {aij - (f;’ f']) = ; U Uy, '
Ay =Ayn=Uy

We normalize u;, such that

(3.4 a;, = i up,=1.
v=1

We abbreviate by A( 5 ) and A(J) the determinants

Qirjy * " " Quagy
3.5) .
Qipis " " Qipgy
and A( §> respectively. We denotes by T the determinantal variety de-
fined by
(3.6) T={A|AI)=0 for |1|>m}

and
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3.7 To,={A e T|A(I)=0 for some 7, |[T|<m}.
(See [15].)
Then the integral

(.8) F(t)= jexp LA - - -f2(x)dx, A - - - Adx,

satisfies the GauB-Manin connection on T'—Tj, which is expressed by

means of basic invariants a,;:
For (i,<---<ipc{l, 2, - -+, m}, 0<p<n we write

dr

3.9 =_ 4
(3.9 p()= f s

for de=dx,/\---Adx,. Then ¢(I) give a basis of > ™ ( ) linearly
independent forms in H"(V,, F,,). We firstly give a basic formula:

m , 1 oy
(3.10) dg(g) = ]431 da; 2,¢(j) + > 13j§c<m da . 2,2, jk).

More generally by using (3.10) we have for I=(, - - -, i),

A(z)d¢(1)=% Z 0(

jkyere

3.11 a(
G101 Ty ,,Z;p 3,01

+2 (a 1)S0(a D+ 2 M(k 1)90(1{’ D.

1<v<p

I
Ljk

)e.0 Dt 3 zka(

)Mksﬁ(l, J» ) +0(Da)

kol )so(k, a,0)

6( 1, k) #(I) and (9(6 5 I) denote rational 1-forms defined in- T which

depend only on f,, - - -, f;, and don’t depend on n. See [16] for the precise
expressions.

As for domains of integration, we assume that f; are all real and in
general position. Then a basis of H,(V, ¥*) can be chosen to be just con-
nected components of R"—\J7-,(f;=0) provided 2, - - -, 2, all greater
than —1.

§4. (Example 3) A degenerate case of Section 3
Let f; be the quadratic form > 7., x;,»,. Consider the integral
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@D FO=[ exp (<A ) - SEf)
L AN - Ndxy Ndy N - - Ndy,,

forf](x) Zv 1u]x andf;+k(y):Z:L=l us+k,uyv'

Then X=C*" and T becomes the affine space C** consisting of matrices
of (s+1) order:

-2 7= (& f)) ((((a?,j)) ((agl))»

where a;,=a;; = " 1 Uty
™V, V,,) is spanned by linearly independent forms ¢ (I,J")=
A< ;,)go*(l, J"), where ¢4(I, J) denotes

dx,/\ - -« Ndx,Ndy,/\ -+ - Ndy,
Sl S () (3) - - fi (D)

@3) 0uL, J)=

for I:(ll< T <ip)c{192’ ] S}: J/:‘(ji< ot <j1,7)c{s+19 o "S+t}‘
This number is equal to 3 2} (s; 1)<t; 1). The Gauf-Manin system for
@(I, J') is described as follows:

oI, 7)= 3. llilj,dlogA(_l/" I/)gb(i, 1", 7

i¢l,j'ed

F3 (= 1)r-idlog A(a I >¢(a 1,00
3T

i k, 8,0
+2 2 (~ 1y tog (> M otk 0.1 )
k =1

el

17|

s L Ve
+ 3 LD lk,dlogA<k/,auJ, oI K, 0.07)
+ "'z dlogA( ) 51 I

=1
+ ) dlogA( )@(I;J’)

for |I|=|J"|<n—1. (See [16] p. 280.)
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§5. Applications

Hypergeometric functions of Mellin-Sato type are defined by Mellin
transforms of products of I'-functions

3.D F(i:o a;s; + a0>

where «; € Q@ ([17]). They are described by means of convolution integrals
of elementary functions ([18]). We shall show that some of these are ex-
pressed by means of integrals discussed in the preceding sections.

1) (Pochhammer [19]) Goursat hyper-geometric functions are defined
by the following series.

Ay * 00 am - F(a1+n) F(am+n) n

By substitution of the well-known formula

T(atn) _

1
xa+n-1(1 _x)ﬁ—a—ldx

5.3
¢ [g+m TG J
we have
F Uy =0y Uy = ay+n-1 1 f1-a1-1
(‘Bla"':‘Bm ) Z:: n] 1F(AB.7—0(.7) J ( )
(5.4) R T L R~ VANRWAN” -4

H] 1F(19] a;) I L ;n1 (1 —x)Pimei~t

x0T (L —zxy e X)Xy dXoe
By change of variables of integration,
J1=Xy» 2 Xy
(5.5 P X Am
Yn=%n

we have

G

1
A=yt (py =y

5.6 = e
6 ]_[}'Ll F(tsi_af) o<ym<:[-<y1<1
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v '(ym—z—"ym—l)ﬁm—l_am_l_l(ym—l_ym)ﬁm_am—l -yi‘l“ﬂz

o yEmoa=fm pan=1 dy,- Ay 1Y .
1—zy,

This is a degenerate case of (2.2), where we put X=C™, T=C an

.7 W=@x=0U - - Uln=0U1—x,=0)U(x;—x=0)U - -+
UGpoi—xn=0U({l—zx,=0)

forzeCand (x,, --+,x,) e C™

Y2

M

A basis of linearly independent integrands in H™(V,,V,) can be
chosen among logarithmic forms, for example, as follows
dlog x;Ndlog x,/\ - - - Ndlog x,,
dlog(1—x)Adlog x,/\ - - - Adlog x,,,
5.7 dlog (1 —x)ANdlog (x;—x,)Ndlog x;\ - - - Adlog x,,,

\dlog (1—x)Ndlog (x;—x)/\ -+ - Ndlog (Xp_1—Xy)

[/ SRRy %
so that F(ﬁl' B

When 8, =1, then the integral is reduced to the (m—1)-dimensional
integral

z) satisfies the Gauf-Manin connection of order (m—+-1).

F(al ------ am z
‘31. . .‘Bm_l 1

1
(58) = p J‘. . .J (1 _._yl)ﬁl‘ux_l(yl__yz)ﬁg—aa—l
[17- I'(B;—exs) D ym< e <<l
°c '(ym-z_ym—l)ﬁm_l—am'l—l-y;'l‘ﬁz. . .y;’nm_—zz—ﬁm—l
B /aruetl C4 P § I s PUAN ) PV ANCRI AN}

spanned by



174 K. Aomoto

dlogyl/\ cre /\dlogym—b
dlog (1—y)Adlogy,/\---ANdlogyn_i,
dlog (1—y)Adlog (y;—y)/N\ - ANdlog (Ym_s—Ym-1)

so that F satisfies the Gauf3-Manin connection of order m. . Exact expres-
sions are both rather complicated although these are elementarily com-
putable. See [20] and [21] for other kinds of hypergeometric functions.

(5.9)

2) Lauricella hypergeometric functions are defined to be the fol-
lowing series ([17])

[CR0) D J—" L L ;
v1>0,§mzo o Q4 254v) - I'(2)
. xilx%z P x;jtn
which can be expressed by the integrals
1 1 n 2 7 ,
Gy [l [ (1= me) [ ey Ade.
Jj= Jj=
for X=C"and T=C",
where W is defined by
(1 N ]'Z=:1 xjgj: 0) U U (SJ - O) U n>LJ)21 (l —SJZO)

nzjzl
&
\*
n=2 \
7
0 &1

A basis of the cohmology H"(V,,F,,) can be chosen by means of
spin variables as follows:

TN TS N

Ei—& &—e &—ey

(5'12) SD(GD €5 0 s En):’

where ¢, denotes 0 or 1. Therefore H*(V,, &) is identified with the n-th

tensor product C*® - - -®C? Then the GauB-Manin connection in 7T~
S—————

T, is described as follows:
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/ /
(5-13) dtes o) = 3 g6l oo ep(% )
ey e,
where @:<<0<?‘ . E")» denotes the 2"-order matrix valued logarithmic
P
1-form
(5.14) @:Zn:Av.dlong_l_ZAo'é

v=1

through the formulae

A—1, 2,—1

A=2h®- - ®L+ 3 18- - @Le(% ] A
a1 ] s Ag ™

(5.15) —
=2h® - QL—2, 4,
o=1

)®12®. 81,

—a

(5.16) A,=—L®-- -®12®('*f‘1’ 25“1)®1r2®~ ..,
—_— A,—1, 2—1

a-1 n-a

and the diagonal 1-form O =(((e,, - - -, &), £,=0 or 1 with

é(sla Tty En):dlog (1 —XE— _xnsn)'
Here I, dnotes the identity matrix of 2nd order.

3) Correlation functions for random matrices.
Consider the integral

(5-17) F(xy -, leﬁ)z n (xi_xj)'edxl+1/\ < Ndx,, 122
1<i<j<n
X5 n=5, [=3
N
X3
X3
X1
X1 X3 X3 *4
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where X=C""* and T=C". W is defined by the equations
(5.18) x,—x;=0 for1<i<n, I+1<j<n.
We denote by
(5.19) Oy, By +++y I =dlog (x;;—x;, )/ - - - Nd log (x;,_,—X,)

for i,<1, i,<I+1, -+, i,_,<n—1. These are not linearly independent
in H*"Y(V,, V,,). Actually we can choose a basis as follows:

(5.20) 90(1'1, <o, i, )=dlog (xil_-xl+1)/\ ---Adlog (Xi,,_l—xn)
for i, <l -+, i,_,<n—1, so that H""* has dimension (I—1)- - -(n—2).
Lemma. Let Y(x) a matrix valued function of x satisfying

¥ _& U

(5.21) Y-! =
dx =1 x—ay

b

where U, denotes constant matrices of order n satisfying the equations of
Schlesinger-Lappo-Danilevski (See [22].)

(5.22) jZ [U,, Udlog (at;—a;)=0

for eachi. Lete, (1< u<n) be the p-th unit column n-vector. We put

(5.23) fi,ﬂzj Ye,dlog (x—a,).

Then the line vector $,=(J,1, - - -, J;,») satisfies a linear differential equation
of Pochhammer type:

(5.24) d¥;.= ; dlog (a;— o\ Fi,u— 1, U;

(See [23]).

By repeated application of this Lemma, we can prove the following

d¢(ila iz, St in-—l)= Z i Z ¢(j1’j2’ ° '9j'n—l)'
1<0,7<p, j <leejn—1<n—-1
(5.25) A
v(f e dtog (@, ~ )

s lyy

for i<l -+ -,i,_,<n—1. UQ are determined recursively by



Configurations Invariant GauB-Manin Systems 177

(5.26) U®= (e.(f?; - e5f’,3)®(U§f’;3+ B lN,,H)
+(— e+ eNQUEI L+ B Uy, )+ LOUE™

for 1<, t<p, I<p<n, N,=p(p+1)- - -(n—1), where we put UM =
and 2’ denotes the unit matrix of order p of (o, r) non-zero component.
The symmetric group &, _, acts faithfully on H*~YV,, ¥). (5.25) is not
invariant by this action. It seems interesting to compute the Gauf3-Manin
system for its invariant part [H"~Y(V,, &), for it is related to the cor-
relation functions for random ‘matrices ([24] ~[25])

(5.27) [ 1 w—xpas o, 122
sy

When =2, dim H(V,, &) is equal to (n—2)!, so that dim [H"(V,, S)]°" is
just equal to 1. Therefore from a result in [11], (5.27) is reduced to a finite
product of I'-factors. The exact expression has been known since [26).
It seems to be interesting to compute linear difference equations or GauB3-
Manin connections of (5.27) of the variable 8 or (x,, - - -, x;) in invariant
expression with respect to the action of &,,_,.

4) Correlation functions for random matrices ([24]).

(5.28) J‘exp [———;— fj X% (s —x)Pdx, /N - - - Ndx,

Jj=1 ]IS’i<an
as a function of x,, - - -, x, for 0<C/<{n. This is a degenerate case of the
integral (3.8).

X, T and W are defined as in the preceding case. A basis of
H"YV,V,) can be chosen as follows: for p=0,

dx;. /\ - - Ndx,
(xh_le t .(xip_xjp)
where i,<jy, - -+, ,<J, and I1+1<j,<<---<j,<n. Its dimension is
equal to (I+1)---n. In particular, when [=0, it is equal to n!. The

invariant part H"(V,, V, )* is just 1-dimensional. It is known that the cor-
responding integral is equal to a product of I'-factors ([25]).

(5.29) o((i1)) - - - (adp)) =

5) Correlation functions for 2-dimensional vortex system in statistical
mechanics ([27], [28]).

fexp [——% > zjz‘j] > \zy—z;\0dz, . dzy .- - - d2,d2,.

1<i<j<n

Here we have X=C*""b T=C" and
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w=U (Zi_zj:O)U'L{J (2,—2;=0).

i<
The cohomology HW(X—W,, V,,) has a basis of the forms

() - i) |GUD - - (pp))
= dzl+l/\dz_l+1/\"'/\‘dzn/\d2iz - , nggn
(zi,—z5) '(Zip“sz)(z_i;—zj; . '(Zi;,_zj;)
fOi‘ i1<j1a Tt ip<jp’ l{<]:{’ Tt 11/1<.]1;’ l+1£]1< e <jp£n: l-l" lg
Ji< - - <ip<n, so that its dimension is equal to {(I4-1)- - -n}’. The semi-
direct product of the group ©,_, and Z37* faithfully acts on H* '(V,,V, ).
In particular when /=0, we have

dim H*(V,, 7,)=(ny*>n! 2",

Namely dim H*(V,, 17%)“3“”‘23"’ >1. This fact strongly suggests that the
partition function of the 2-dimensional vortex system

j exp<—§"j zjzj) I |ze—2,Pdz Adz A - - - Adza Ndz,
cn Ji=1 i<J

can not be described by any product of ['-factors as a function of j,
although this satisfies linear difference equations over rational functions of
B (see [11]). From the view point of statistical mechanics it seems very
interesting problem to compute the GauB-Manin system of infinite order
for correlation functions when » tends to the infinity.
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