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Introduction

This article is a survey of the Gromoll-Meyer theorem [13] on the
number of closed geodesics and some theorems related to their theorem.
The following is the theorem Gromoll and Meyer proved in 1969,

Theorem. Any compact 1-connected riemannian manifold M has in-
finitely many closed geodesics if the sequence of the Betti numbers for the
free loop space of M is unbounded.

Though there is a long and rich history on closed geodesics on a
compact riemannian manifold since Poincaré [38], Lusternik and Schnirel-
mann [30], etc., our survey covers an only small portion of the history.
However the author believes that it is worth while introducing their me-
thod of proving the Gromoll-Meyer theorem and how the theorem has
given influence to some theorems of closed geodesics. Note that no sym-
metric spaces of rank one satisfy the hypothesis on the Betti numbers.
But there are many manifolds satisfying the assumption. Note also that
the assumption is a topological one. It would be interesting to estimate
the number of closed geodesics on a compact riemannian manifold, the
quantity of differential geometry in terms of topological properties of
manifolds only. From this point of view, it should be referred that Lus-
ternik and Schnirelmann proved in 1929 that there exist at least three
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closed geodesics without self-intersections on a 1-connected compact sur-
face [30]. And it should be referred also that Fet and Lusternik proved
in 1951 that there exists at least one closed geodesic on a compact rieman-
nian manifold [10]. Klingenberg claims that the hypothesis of the Betti
numbers in the Gromoll-Meyer theorem can be removed, and he gave a
proof of the claim in his lecture note [24]. But the proof is still incom-
plete. In Finsler manifolds case this hypothesis can not be removed. In
fact Katok [23] constructed a Finsler metric on a 2-sphere which has only
two closed geodesics. In 1980 Matthias proved that any Finsler manifold
M has infinitely many closed geodesics if the sequence of the Betti numbers
for the free loop space of M is unbounded [31]. In [12] Gromoll and
Meyer defined local homological invariants, characteristic invariants and
characteristic submanifolds for isolated critical points and they applied
these invariants to prove their theorem [13]. It is difficult to estimate the
number of closed geodesics in case closed geodesics lie on degenerate
critical orbits. In their proof the above invariants are very useful to
handle degenerate critical orbits. A related but more general theory than
that of closed geodesics is the one of isometry-invariant geodesics devel-
oped by Grove [15], [16]. A non-constant geodesic c¢: R—M is said to
be invariant under an isometry 4 on M if Ac(t)=c(¢t+1) for all ¢t € R.
Thus closed geodesics of period 1 are invariant under id,,, the identity map
on M. Grove and Tanaka extended the Gromoll-Meyer theorem by
means of isometry-invariant geodesics [18], [42]. Local homological in-
variants play an important role to estimate the number of isometry-invari-
ant geodesics. From chapter I to III this article is written for those who
are not familiar with infinite dimensional manifolds. Chapter I is oc-
cupied by theorems from functional analysis necessary for calculus on
infinite dimensional manifolds. Chapter II is devoted to Morse theory
on Hilbert manifolds developed by Palais [37]. In Chapter III various
path-spaces are introduced and it is given the structures of Hilbert rieman-
nian manifolds to the path-spaces.. As an application it will be given an
outline of a proof of Fet-Lusternik theorem mentioned above. In Chapter
1V, it will be stated an outline of the proof of the Gromoll-Meyer theorem
and an outline of the proof of the generalized theorem by Grove and
Tanaka. Some theorems related to the Gromoll-Meyer theorem are stated
without proof. Our reference is not complete, cf. [24] for a complete
reference. [11] and [24] are good textbooks to understand infinite dimen-
sional manifolds.

Chapter I. Reviews from Analysis

In this chapter all the theorems and propositions will be stated
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without proofs. The proofs can be found in [9], [29], [43].

§ 1. The open map theorem and the spectral theory

Let E, E,, - - -, E, and F be Banach spaces and let L(E,, - - -, E,; F)
be the set of all bounded r-multilinear maps from E, X - - - X E, into F.
In particular when E,=..-=FE,=E, L(E, F) will be used instead of -
L(E, ---, E; F). The operator norm || T| of Te L(E,, - --, E,; F) is de-
fined by

HT”:Sup {HT(xls Tt xr)” | Hxi||<1 for all is 1<i<r}'

Then L(E,, - - -, E,; F) becomes a complete normed space by the norm,
i.e. a Banach space.

Theorem 1.1 (open map theorem). If fe L(E, F) is surjective then f
is an open map.

Theorem 1.2. Let H be a real (resp. complex) Hilbert space with an
inner product { , >. For each bounded real (resp. complex) valued linear
map f, there exists a unique element a € H such that f(x)={x, a) for all
xe H.

As corollaries we have

Corollary 1.3. If A is an element of L(H, H), there exists a unique
A* € L(H, H) satisfying ||A¥||=|A4|| and {Ax, y>={x, A*y) for all x,y
€ H.

Corollary 1.4. Let A, B be bounded linear maps on H and let z be a
complex number. Then the following hold.

(i) (4+B)*=A4*4B*

(ii) (zA)*=zA*, where 7 denotes the complex conjugate of z.
(i) (AB)*=B*A*

(iv) (4%)*=4

(v) Ao 4*|=[4].

If a bounded linear map A satisfies 4*=A then A4 is called self ad-
Jjoint. A projection P is defined as the bounded linear map on H satisfy-
ing P2=P=P*, Actually a projection P is the orthogonal projection
onto P(H). Let Li(H, R) be the Banach space of all symmetric bilinear
maps in L*(H, R).

Proposition 1.5. There exists a canonical linear isomorphism between



4 ’ M. Tanaka

LXH, R) and {A € L(H, H)| A* = A}.

Let A be a bounded linear map on a Hilbert space H. The spectrum
of A is defined by

o(4)={1e C| A—21d does not have a continuous inverse}.
Theorem 1.6. sup {|2]|1 € a(A)} <[ 4]l

Let F(A) be the set of all complex-valued functions which are holo-
morphic on a neighborhood of a(4). For each fe F(A4), f(4) is defined
by the Dunford’s integral (p. 225 in [43]).

Theorem 1.7. If A is self adjoint then the spectrum of A is closed
subset of R.

Theorem 1.8. If f, g€ F(A) then af+pge F(A) for any complex
nzlmberS) a, B, (af+pe)(A) = af(4) + Bg(A), fg ¢ F(4) and (fg)4) =
S(A)g(4).

§ 2. Frechét derivatives and integrals

Let U be an open subset of a Banach space E and let f be a map
from U into a Banach space F. If there exists a T e L(E, F) satisfying

tim || f(p+x) —f(p) = TCll | ¥[}=0

then f is said to be differentiable at p € U. If T exists, it is unique. Hence
T will be denoted by df,. Let I be an open interval of R. If f: I—>F is
differentiable at ¢ ¢ I, then df, ¢ L(R, F) and f(¢) will denote df,(1).

Propoesition 2.1. If fe L(E, E,; F) then f is differentiable at each
point of E;X E, and df ,,,(s, t)=f(x, ) +f(s, ).

Proposition 2.2, Let A (resp. B) be an open subset of a Banach space
E(resp. F). If a map f: A—F is differentiable at x, ¢ A and a map g: B—
G is differentiable at f(x,) € B, then g o f is differentiable at x, and d(g o f),,
=g o) Ufno:

Suppose that a map f: A—F is differentiable at each point of the
open subset 4 of a Banach space E. Then df is a map from A4 into
L(E, F). Ifdfis continuous on A, then fis called of class C'. If dfis
differentiable at a point p € A then d*f,=d(df), is an element of L(E,
L(E, F)). If we identify L**'(E, F) and L(E, L*(E, F)) for each positive
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integer k, then d*f is a map from A4 into L*(E, F). Inductively suppose
that d*f: A—L*(E, F) exists and differentiable at p € 4. Then d**'f, is
defined by d**'f,=d(d*f),. If d**'f, exists at each point pe 4 and
d*+'f: A—L**'(E, F) is continuous then f is said to be of class C**!, If
fis of class C* for every positive integer k, f is said to be of class C*.
A continuous map will be called of class C°.

Proposition 2.3. Suppose that f: A—F is of C>. Then d*f: A—L*E,
F) is symmetric at each point of A.

Proposition 2.4. Suppose that f: A—F is of class C' and that A is
convex. Then the inequality

@)= FCI <1z sup [l FGr-+ Hz—x))
holds for each x, z € A.

Theorem 2.5 (Inverse function theorem). Suppose that f: A—F is of
class C* (k>1) and that df,, is a linear homeomorphism for a point x, € A.
Then there exists an open neighborhood V of x, such that the map f|V: V—
f(V) is a C*-diffeomorphism.

Proposition 2.6. Let U;(i=1, 2, - - -, n) be an open subset of a Banach
space E; and let f be a continuous map from U, X --- XU, into F. fis of
class C* if and only if d,f: U, X - - - X U,—I(E,, F) is of class C*~* for
any 1<i<n. Here d,f denotes the partial derivative with respect to the i™
component.

Proposition 2.7. Let E and F be Banach spaces which are linear iso-
morphic. If GL(E, F) denotes the set of all linear isomorphisms of E onto
F, then GL(E, F) is open in L(E,F) and a map ue GL(E, F)—u'e
GL(F, E) is of class C~.

Let I be an interval of R whose end points @, b may be + oo or — co.
A map ffrom Iinto a Banach space F is called a step function if there
exist finite points x,=a<x,;<x,<---<x,=b such that fis constant on
each open interval (x;, x;.,) 0<i<n—1). A map f:I—-F is called a
regulated function if f(x+0) (x=£b) or f(x—0) (x+a) exists for any x € .

Proposition 2.8. Suppose that I is a compact interval [a,bl. Then a
map f: I—F is a regulated function if and only if f can be uniformly ap-
proximated by step functions.

A continuous map g: I—Fis called a primitive function of a map f
from I into F if g¢= f except for a countable subset of I.
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Proposition 2.9. Let I be an interval of R. If amap fof I into F is
regulated, then f has a primitive function.

Definition of integrals. Let f be a regulated function from an interval
[«, B] into F and let g be a primitive function of . Then the integral of f
from « to f is defined by

[ royai=ee)—s@.

From Proposition 2.4 g(8)—g(«) is independent of the choice of primitive
functions. .

Proposition 2.10. Suppose that a map f'is a regulated function of [«, 5]
into E and that u is a bounded linear map of E into F. Then

[ utrende=u([ )

holds.
Proposition 2.11. Let f be a regulated function of [, B] into F. Then

Hﬁf(t)d’ ” <r I|.f(@)l|dt <(ﬁ—06)ns§£ﬂ||f(t)||

holds.
Proposition 2.12. Let A be an open subset of E. Iff: [a, f] X A—F

8
is continuous, then g(z):J‘ f(t, 2)dt is a continuous map from A into F.

Proposition 2.13. Under the same assumption as the above proposition,
6
the function g is of class C' and dgzzf Ay fu.»dt if d, f exists and it is con-
tinuous on [a, B1 X A.

Proposition 2.14. Let U be a convex open subset of E. If a map f of
U into F is of class C?, then

Se+N=O)+ a1+ - - - +d* £ H(p—1)!
+[ A—epart.. o7l p 1!

where y* stands for (v, - - -, y) (k times).
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§ 3. The existence and uniqueness theorems for differential equations on a
Banach space

Let U be an open subset of a Banach space E and let f be a C?(p>0)
map from JX U into E, where J is an open interval containing 0 in R.
By a local flow for f at a point x, ¢ U, we mean a mapping

a: X U—>U

where J, is an open subinterval of J containing 0 and where U, is an open
subset of U containing x, such that for each x in U,

a ()=alt, x)

is an integral curve for f with initial condition x. Here an integral curve
for f with initial condition x is a mapping S of an open subinterval J;, of
J containing 0 into U such that

BO=1@, p1t),  pO)=x.

Theorem 3.1. Let J be an open interval of R containing 0 and let U
be an open subset of a Banach space E. Suppose that a map f from JX U
into E is of class C? (p=1). Then there exists a unique local flow, which
is of class C?**, for f at each point x, e U.

Definition of a Banach manifold. Let X be a topological set. An
atlas on X is a collection of pairs (U,, ¢,), i € I, satisfying the following
condition:

1. Each U, is an open subset of X and U, cover X.

2. Each ¢, is a homeomorphism of U, onto an open subset ¢, (U;)
of a Banach space E,.

3. The map ¢,0¢;': o{U,NU)—e,(U,NU,) is of class C~ for
each pair of 7,j e I.

A Hausdorff space X with a maximal atlas will be called a Banach
manifold. v

Each element (U,, ;) of the atlas will be called a chart and U, (resp.
;) will be called a coordinate neighborhood (resp. a coordinate function).
E, will be called the target of ¢,. On each connected component of X
we may assume that the E,’s are some fixed E, because the differential of
¢, 007" gives a topological linear isomorphism between E; and E; when
U, and U, have a common point. Let I be the set of all coordinate func-
tions at a point pin M. Let E denote the set [[,.; E, where E, denotes
the target of ¢, and let z, be the natural projection of E onto E,. Then
the tangent space M, at p to M is defined by
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fv € E|d(p o)y in(mv)=,0 for any o, € I}.

M, becomes a Banach space induced from the map =, | M,. Each element
of M, will be called a tangent vector at p. Let M and N be Banach
manifolds and let f be a continuous map from M into N. If yrofop'is
smooth (C*) for any chart (U, ¢) for M and any chart (¥, ) for N with
FU)YCV, then f will be called a smooth map. In case f is smooth the
differential map df, at p is defined by

df @)= o fo 0™ Vo @V e

for any v e M,, where J denotes the set of all coordinate functions at f(p).
Then df, is a linear map of M, into N,,. The tangent bundle TM of M
is defined by the Banach manifold TM=|_J,., M, with the atlas induced
from the atlas for M. Let X be a smooth vector field on M. An integral
curve of X is defined by a smooth map ¢ of an open interval into M such
that do,(1)=X,,- In what follows dg,(1) will be denoted by &(¢) or by
a ().

Theorem 3.2. For each p € M there is an integral curve o, of X with
o,(0)=p such that every integral curve of X with initial condition p is a
restriction of a,. The integral curve o, will be called the (maximal) inte-
gral curve of X with initial condition p.

The above theorem is proved by means of Theorem 3.1.

Chapter II. Morse Theory on Hilbert riemannian Manifolds

§1. The generalized Morse lemma

Let M be a Banach manifold and let fbe a smooth function on M.
If df,,#0 then p is called a regular point of f and otherwise p is called a
critical point of f. For a critical point p of f, a bilinear form H(f), on
M, which is called the Hessian of f at p, is defined by

H(f)p(U> W) :dz(.f’ €D—1)¢ (p)(U<p9 wgo),

where ¢ is a coordinate function at p. This definition is independent of
the choice of ¢ and H(f), is continuous and symmetric [Proposition
2.3 in Chapter 1}. If H(f), is non-degenerate, i.e. the map ve M,—~
H(f),(v, -) e L(M,, R)is a linear isomorphism, p is called non-degenerate.
Otherwise p is called degenerate. We define the index of p to be the
supremum of the dimensions of subspaces W of M, on which H(f), is
negative definite. The null space of p is defined by the vector space of all
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tangent vectors v satisfying H(f),(v, w)=0 for any we M,. The nullity
of p is defined by the dimension of the null space. Let F be a smooth
function on a Hilbert space (H,{ , »). If the origin 0 of H is a critical
point of F, a self adjoint operator 4 on H is determined by

{Ax, y)=H(F)(x, y)

[Proposition 1.5 in Chapter I]. F will be called a Fredholm function at 0
when A-Id is a compact operator. Hence the index of 0 is finite if F is a
Fredholm function at 0. The following lemma was proved by Palais [37]
and Gromoll, Meyer [12].

Lemma 1.1. Let f be a Fredholm function at the origin defined in a
convex neighborhood U of the origin in a Hilbert space (H,{ , ). Then
there exist an origin preseving diffeomorphism @ of some neighborhood of 0
in H into H and an origin preserving smooth map h defined in some neigh-
borhood of 0 in N=Xker H(f), into E=N2, the orthogonal complement of
N, such that

So@(x, y)=|Px|*—||(Id—P)x [P+ 1 (h(»), y)
with an orthogonal projection P: E—E.

Proof. Define ¢: EODN—E®N by o(x, »W=(P,Ff,.») ¥) where
P,: H—E denotes the orthogonal projection to E and where Ff;, ,, is the
gradient vector of f at (x, y), i.e. it is characterized by the property that
iz, Vy=df (5,,5(U) for any ve H [Theorem 1.2 in Chapter I]. Since
d(P(Ff))=P.A at the origin, the differential of ¢ at the origin has the
form dp,=P,ADIdy. Here 4 denotes the self adjoint bounded linear
operator determined from the Hessian of f at the origin. Since A|Eis a
linear isomorphism of E onto itself, dp, has a continuous inverse [Theo-
rem 1.1 in Chapter I]. From the inverse function theorem [Theorem 2.5
in Chapter I, ¢ is locally invertible in a neighborhood of 0 in H and the
equation ¢~'(0, »)=((y), y) defines a function #: U—FE in some neigh-
borhood U of 0 in N, #(0)=0. Observing (0, y)=¢(k(¥), y) we obtain
Plfow,»n=0, ie. (i(»),y) is a critical point of f{EDy. Set g(x, y)=
SCo, »—f(y), y) and (x, p)=(x—h(y),y). + is a diffeomorphism,
govi(x, ¥) = f(x + A(3), ) — f (), ¥), g o+ *(0, ) = 0. Furthermore
(0, ) is a critical point of go~'| E@y. Let dr denote the partial differ-
ential for functions on H with respect to the E-component. For (x, y) €
E®N, we define a continuous bilinear form B,, on E by

1
Boy= [ (1=0)5g o 4 Vel
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and an operator A4,,: E—E by {A4,,x, x,) = B, (X, x;), clearly 24, =
P,A|E is invertible. From Proposition 2.14 in Chapter I, we have

g ° /‘!r_l(‘xi y):B.zy(xn x):<Azyx, x>'

Define D,,= A5 Ay. Since the inversion is a smooth map of the open
set of the invertible operators onto itself [Proposition 2.7 in Chapter IJ,
D is a smooth map of some neighborhood of the origin into L(E, E) and
each D, is invertible. Now Dy,=1d; and since a square root function is
defined in a neighborhood of Id; by a convergent power series with real
coefficients we can define a smooth map C: U—L(E, E) with each C,,
invertible, if U is taken sufficiently small, by C,,=(D,,)"*. Since 4,, and
A, are self adjoint we see easily from the definition of D,, that D} A4, =
A, D,,= Ay and clearly the same relation then holds for any polynomial
in D, hence for C,, which is a limit of such polynomials. Thus C%A4,,C,,
=A,(C, )'=A4,,D,,=Ay. If we write ¥(x,y)=(C;'x,») then ¥ is a
local diffeomorphism, because d¥,=Cy'@1dy=1Id;. Hence we have
go o THx, y)=(Auwx, x) and fo yr =" o (X, y)={ Ay, x)+1(A()), ).
Let T=|A4y|""* so that A, T?=P—(Id—P) where P=X(4,) and X the
characteristic function of [0, co) [Theorem 1.8 in Chapter I]. Then @ de-
fined by @(x, y)=+""o ¥ ~'(Ix, y) is the desired local diffeomorphism.

Remark. In case 0 is a non-degenerate critical point of f the above
claim holds without the assumption on 4 [37].

Corollary 1.2. The index of f at the origin is the dimension of the
range of 1d— P.

Proof. The proof is easy to note that the Hessian of f(h(y), ) at
the origin is completely vanishing and that Id — P is injective on any sub-
space on which the Hessian of f is negative definite.

§2. Hilbert riemannian manifolds

Let M be a Hilbert manifold, i.e. M is a Banach manifold whose
targets are separable Hilbert spaces and let (H, { , }) be a target of M.
Foreachpe M let { , >, be an admissible inner product in M,, i.e. a
positive definite, symmetric, bilinear form on M, such that the norm | v||
={v, vy} defines the topology of M,. We will call the map p—(, >, a
riemannian structure for M if for any chart (D(p), ¢) the function G?(x),
which is defined by {G*(x)u, v) = {dp;'(u), dp;'(v)), for u,ve H, is
smooth on D(p). A Hilbert manifold with a riemmannian structure will
be called a Hilbert riemannian manifold.
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If 0: [a, b]—M is a piecewise C'-map then

Lio)= a0

is well defined and is called the length of 0. We can define a metric p in
each connected component of M by defining p(x, y) to be the infimum of
the lengths of all piecewise C*-paths joining x and y. The topology given
by this metric is the given topology of M [37]. Let f be a smooth real
valued function on a Hilbert riemannian manifold M. Given p € M, df,
is a continuous linear functional on M, hence there is a unique tangent
vector Vf, € M, such that df,(v)= (v, V'f,), for all v e M, [Theorem 1.2 in
Chapter I]. FVf: pe M—Vf, e TM is called the gradient vector field of f.
Note that Ff'is smooth [p. 313 in 37].

Infinite dimensional manifolds are not locally compact. Therefore
in order to develope Morse theory on such a manifold, we need assume
the following condition which is called Palais-Smale Condition (C).

(C) If S is any subset of M on which f'is bounded but on which || /f]|
is not bounded away from zero, then there is a critical point of f adherent
to S.

With Condition (C), analogous claims to the case of finite dimensional
manifolds [33] can be concluded. Refer to [37] on the proofs of the
claims in this section and the next one.

Proposition 2.1. Suppose that f satisfies Condition (C) and that any
critical point p of f with a< f(p)<b are non-degenerate for real numbers
a,b. Then there are at most a finite number of critical points p of f with
a< f(p)<b.

Proposition 2.2. Suppose that M is complete and that f satisfies Con-
dition (C). If there is no critical point in the closed interval [a, b], then
M ={xe M| f(x)<a} and M are diffeomorphic.

If a smooth function f on M satisfies Condition (C) and all critical
points of f are non-degenerate, then f will be called a Morse function.

Theorem 2.3. Let M be a complete Hilbert riemannian manifold, f a
Morse function, c a critical value of f, p,, - - -, P, the critical points of finite
index on f~'(c), and let d, be the index of p,. If c is the only critical value
of fin a closed interval [a, b, then M® has the same homotopy type as M*
attached with cells of dimension d,, - - -, d,.

Remark. The critical points of infinite index on the level ¢ is homo-
topically invisible since the unit sphere is a strong deformation retract of
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the unit disc in a separable Hilbert space of infinite dimension.

§ 3. Additional results and critical submanifolds

In this section M will denote a Hilbert riemannian manifold and f
will denote a smooth function on M satisfying Condition (C). Let K be
the set of critical points of f and let K be the frontier of K.

Theorem 3.1. f|K is proper, i.e. for given real numbers a, b, KN
f~Ya, b] is compact.

Theorem 3.2. If f is bounded below on a connected component M, of
a complete manifold M, then f| M, assumes its greatest lower bound.

Corollary 3.3. If K has no interior point and if f is bounded below on
M then f assumes its greatest lower bound.

Let W be a connected submanifold of M. If each point of Wisa
critical point of f, then W is called a critical submanifold [7]. Moreover
if the null space of the Hessian of f at each point p of W is included in
W,, then W is called non-degenerate. The indexes of any points of W
are constant if W is a non-degenerate critical submanifold [32]. In [7],
[32] Morse theory for f, whose critical sets decompose non-degenerate
critical submanifolds, were developed by Bott and Meyer. Morse theory
for such a function will be useful to estimate the number of closed geo-
desics on finite dimensional riemannian manifolds. In fact closed geo-
desics will be characterized by nonzero valued critical points of the energy
function on a certain path-space and such a critical point lies in a 1-
dimensional compact critical submanifold of the path-space.

Chapter III.  Various Path-Spaces

8 1. Preliminaries

A map o of the unit interval I into R" is called absolutely continuous
if either and hence both of the following two conditions are satisfied:

(1) Given ¢>>0 there exists >0 such that if 0, < - <t,,,<1
and > % %4, — ;| <d then

> ot — ()| <.

(2) Thereis a ge LI, R™) (the set of summable functions of I into
R™) such that
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a(t)=0(0)+ j: g(s)ds.

The equivalence of these two conditions is a classical theorem of
Lebesgue. It follows from (2) that ¢’(¢) exists for almost all ¢ € I and that
o’ € L(I, R™) and :

o(t)= a(0)+j: o(0)dt.

Let Hy(I, R™) be the set of measurable functions ¢ of I into R" such
that

(o, 0%=| a0t <oo.

Then Hy(I, R") is a Hilbert space with the inner product{ , ),. We shall
denote by H (I, R") the set of absolutely continuous maps ¢: /—R" such
that ¢’ € Hy(I, R®). Then H,(I, R*) is a Hilbert space under the inner
product { , ) defined by {a, p)=<a(0), p(0)>+<d’, p’>. The proofs of
the claims without proofs in this section will be found in [37].

Lemma 1.1. If o e H(I, R") then
o) —a@I<It—s]| o'l

We shall denote the set of continuous maps of 7into R” by C°(Z, R"),
considered as a Banach space with norm || - ||, defined by

lloll.=max {|a(®)]|| £ & T}.
Corollary 1.2. If g € H,(I, R") then
loll.<2ll|a][|=2v(a, 7).

Corollary 1.3.  The inclusion maps of Hy(I, R*) into C%I, R*) and
H(I, R") are compact.

Theorem 1.4. If ¢: R"—R? is a C***-map then o—>¢o is a C*-map
$: H(I, R)y—H\(I, R*). Moreover if 1<m<k then

dmsza(zb Sty Rm)(t)zdmsov(t)(zl(t)’ DY 2m(t))

§2. Hilbert manifolds of curves on manifolds

If Vis a finite dimensional manifold we define H,(Z, V) to be the set
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of continuous maps ¢ of 7 into ¥ such that ¢ o ¢ is absolutely continuous
and ||(¢ » )] locally square summable for each coordinate function ¢ for
V. For each oe H(I, V) we define H(I, V),={Xe H(L, TV)|X(t) e
V, forall te I}. If Nis a submanifold VX ¥V we define 2,(V)={o e
H(I, V)| (60), (1)) e N} and if oce 2,(V) we define 2,(V),={Xe
H(L V), |(X(0), X(1)) € Niyoy, 0 }-

Theorem 2.1. If V is a closed submanifold of R* and if N is a closed
totally geodesic submanifold of VXV, then Q2y(V) consists of all ¢ e
H(I, R™) such that o(I)C V and (a(0), o(1)) € N and is a closed submanifold
of the Hilbert space H(I, R"). If oe 2,(V) then the tangent space to
0x(V) at ¢ (as a submanifold of H,(I, R™) is just £2y(V),.

Proof. The first claim is trivial. Since V' and N are closed in R*,
R™ X R™ respectively, it follows that £2,(V) is closed in C°(, R*), hence in
H,(I, R") by Corollary 1.3. In the same way we see that 2,(V), is a
closed subspace of H,(I, R”). Since V'is a closed submanifold of R”, we
can construct a riemannian metric for R” such that V is a totally geodesic
submanifold. Then let E: R* X R*—R" denote the corresponding expo-
nential map. For each ¢ € 2,(V) define exp,: H(I, R")—H(I, R*) by
exp,(X)=E(s, X). Then by Theorem 1.4, exp, is smooth and exp,(0)=
g. Moreover d(exp,)o(X)(t) = d,E(a(t), X(¢)) = X(¢t) by Theorem 1.4.
From the inverse function theorem (Theorem 2.5 in Chapter I) exp, maps
a neighborhood of zero in H,(J, R") diffeomorphically onto a neighbor-
hood of ¢ in H(I, R"). Since V and N are totally geodesic it follows that
for X near zero in H(I, R*) exp, X e 2,(V) if and only if X e 2,(V),.
Consequently exp;* restricted to a neighborhood of ¢ in 2,(V) is a coor-
dinate function in 2,(7) which is the restriction of a coordinate function
for H,(I, R™), so £,(V) is a closed submanifold of H,(Z, R") and its tangent
space at ¢ is 2,(V),.

Remark. £2,(V)is a closed submanifold of H,(I, V)=, .,(V) for
any closed submanifold N of VXV, because £2,(V) is the inverse image
of the submersion defined by ¢ ¢ H\(I, V)—~(¢(0), (1)) e VX V. But the
restriction of exp;* to £,(V) cannot be a coordinate function unless N is
totally geodesic.

Theorem 2.2. Let V and W be closed submanifolds of R" and of R™
respectively and let ¢ be a smooth map of V into W. Then ¢: H(I, V)—
H(I, W) defined by @(a)=q o ¢ is a smooth map of H\(I, V) into H(I, W).
Moreover dg,: H(I, V),—H\(I, W), is given by dg,(A)(t)=dp,,(A()).

Proof. Extend ¢ to a smooth map of R™ into R™. Then Theorem
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2.2 follows from Theorems 1.4 and 2.1.

Let (M, g) be a finite dimensional riemannian manifold and let j be
an imbedding of M as a closed submanifold of a Euclidean space R™.
Then from Theorem 2.2 the differential structure induced on H,(I, M)
from the manifold H,(Z, j(M)) is independent of j. Moreover for a closed
submanifold K of M X M, the differential structures induced on 2 ,(M)
from 2,,,x,(j(M)) is independent of j. Let d denote the distance function
on j(M). For each ¢ e H(I, j(M)) and a positive number ¢ we define

{ec e H(I, j(M))|d(e(t), a(t))<e for any t € I}
(resp. {X e H(I, j(M)), ||| X |||<e for any ¢ & I})

by B>(@) (resp. B>(0,)). By exp and exp we define the exponential maps
of M and j(M) with the induced riemannian metric from R™ respectively.

Proposition 2.3. For any & ¢ H(I, j(M)) (B=(3), exp;") is a chart for
a sufficiently small positive . Particularly (BZ(0), exp,") is a chart for
H(I, M).

Proof. It follows from Corollary 1.2 that BZ(s) is open in
H(I,j(M)). Let U, be an open neighborhood of ¢(¢) such that its closure
is contained in a normal convex neighborhood. Since () is compact,
there exist a finite covering U,,, - -+, U, of ¢(I). From the construction
of U, there exists a positive ¢ such that if d(p, ¢)<le and if p € U,, for
some i, 1<<i<k, then p and g are in a normal convex neighborhood.
For such an ¢, exp,' maps B?(¢) homeomorphically, thus diffeomorphi-
cally onto B=(0,). If we take j as an isometric imbedding, then exp;'o
exp, is smooth. Note that the map dj of H,(I, M), onto H,(I,j(M)),, is
a continuous linear isomorphism, i.e. smooth.

A canonical riemannian structure { , >, of H,(J, M) is defined by
means of the riemannian metric tensor g of M [11]. If we identify the
tangent space to H,(I, M) at ¢ with H,(I, M),, then { , >, is defined by

(X, Y ) =L X, Y 4L X, Y7,

where X7, Y’ denote the covariant derivatives along ¢ and where (X, Y ),
1

=I g(X(t), Y(t))dt. From now on we will define 2,(M) with the
0

riemannian structure { , > by AyM. || - | (resp. || - |) will denote the

norm induced from the inner product { , », (resp. g). We define d,, by

d.(o, 7)=max d(a(t), =(¢)), g, 7€ H(I, M).
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Lemma 2.4. Let o, ¢ be elements of Ay u(M). Then
d(,,(O', T) < ﬁdl(ga 7'-)
where d, denotes the distance Sfunction on Ay (M).

Proof. Let ¢ be any piecewise C' curve connecting ¢ and z in
Ayw(M). Then we can consider ¢ as a map ¢ of I X1 into M by &(z, s)
=o(s)(t). Choose t, € I such that d..(s, 7)=d(a(t,), =(t,)). Then

ds)2

op
3; )

a0, ) =a(o(e). s <( [, [ 2 9
(|2 olo) (] o] )

=2L(p)’
for any piecewise smooth curve ¢. Note that it follows from Lemma 1.1
that

0p
99 (1, s
aS( )

max
t

0P
7 (¢,
os @)

<220

1

for each fixed s. The above inequalities imply d..(o, ) <+ 2 di(s, 7).

Theorem 2.5. If M is a complete riemannian manifold and N is a
closed submanifold of M X M, then Ay(M) is a complete Hilbert rieman-
nian manifold.

Proof. 1t is sufficient to prove the case when N=M X M, since
Ay(M) is a closed submanifold of A, (M). Let {c,} be a Cauchy se-
quence in Ay, (M). From Lemma 2.4 {c,} is a Cauchy sequence in
(C'I, M), d,). Thus {c,} converges uniformly to c,, € C°(Z, M). Since
Ay(M) is dense in C°(I, M), we can assume that for sufficiently large m,
¢, is contained in a fixed natural chart (BZ(c), exp;?). Put X,,=exp;'(c,)
and let P(2), - - -, P,(t) be an orthogonal parallel basis along ¢. Then
we get X,(0)=>, Xi@®)P(t) and x,=(X,, ---, X5 e H(, R*). The
sequence {x,} is a Cauchy sequence in (H,(Z, R"), ||| - ||]), since

o, 0),/3<(o, o) <30, o)1
Thus x,, converges to (f*, - - -, f*) and X,, converges to >, f*P,.
Let E be the energy function on 4,(M), i.e.

E(@)=1)2 f ; (s, o)dt.
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To check that E is smooth, embed M isometrically into a Euclidean
space R” [34]. Let J be the bounded symmetric bilinear form on H,(I, R")
defined by

Ho=112 ey
Clearly J is smooth, because
ar.0={ <, X,
&I, V)= I : CXQ), YO dt, d*J,=0 (k=3).
If we denote the isometric embedding by j, E=Joj. Thus E is smooth.
Proposition 2.6. For each c € Ay(M),
dEc(X)=I: (), X'(O)dt, X € Ax(M)..

Proof. Let ¢ be a smooth curve in 4,(M) with ¢(0)=c, ¢(0)=X.
We have

dEX0=(-2)  E)

(o5 e0 Beo)).
SRCIEE TR

[ s, x'wpa,

where ¢(t, s)=¢(s)(¢) and I’/ds denotes the covariant derivative along the
curve ¢(t, 5), t=const.

Let 4 be the diagonal of M. By 4AM, we denote the manifold, whose
differential structure is induced from that of A,M, of all maps ¢ from R
into M with ¢|[0, 1] € A,;M and with ¢(¢) =0(¢+1).

Theorem 2.7. ¢ e AM is a critical point of the energy function if and
only if ¢ € AM is either a constant map or a periodic (or closed) geodesic.

Proof. Only if part is trivial. Suppose that ¢ is a critical point.
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Let Z be the parallel vector field in AM, satisfying Z(1) = A(1), where A(z)
is the unique solution of the differential equation defined by

A=), A0)=0.

Since ¢ is square summable, the solution A(¢) belongs to H\(I, M),. Put
B(t)=A(t)—tZ(t). Then B(0)=0,«,, B(1)=0,, and B’(¢t)=<(t)—Z(z).
Hence 0=dE(B)=<{¢, B' Y, ={¢ ¢—2Z% and (Z,¢—Z% =<z, B')y=

1
I dldt {Z, B)dt=0. Tt follows from these two equations that ¢=Z.
0

This implies that c is either a geodesic or a constant map. Thus for any
XedM,,

0=dE.(X)=(¢, X"y={é(1)—(0), X(0)).

Since X(0) can be taken arbitrary, ¢(0)=¢(1). Therefore ¢ is periodic.
The following two theorems may be proven by the similar way as
above.

Theorem 2.8. Let K and L denote closed submanifolds of M. Then
c € Axy (M) is a critical point of the energy function if and only if ¢ is a
constant map in KN L or a geodesic which intersects orthogonally to K at
¢(0) and to L at c(1).

Let 4 be an isometry on M and let G(A) be the graph of 4. We
shall define {¢: R—M|0|[0, 1] € Ag,)(M), Aa(t)=0(t+1)} by A(M, A).
A(M, A) can be introduced the differential structure and the riemannian
one by Ag,(M). A geodesic ¢ of R into M is called A-invariant if Ac(t)
=c(t+1) [15], [40]. Note that a closed geodesic is an id,-invariant
geodesic.

Theorem 2.9. ¢ e A(M, A) is a critical point of the energy function if
and only if ¢ is a constant map in the fixed point set of A or an A-invariant
geodesic.

If M is non-compact, the energy function on 4yM does not satisfy
Palais-Smale Condition (C) in general. But the energy function in the
following case satisfies Condition (C).

Theorem 2.10. Suppose that M is a complete riemannian manifold
and that N is a closed submanifold of M X M. If p(N) or p,(N), where
Dy (resp. p,) denotes the projection of M X M to the first (resp. the second)
component, is compact, then the energy function on AyM satisfies Condition

(©).

The above proof is given in [15]. A short proof in case N is totally
geodesic is given in [22].
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Let Cy(I, M) be the space with the compact-open topology of all
continuous maps x of Jinto M with (x(0), x(1)) € N. Then the following
theorem is proved in [11], [15].

Theorem 2.11.  The inclusion map of AyM into CY(I, M) has a homo-
topy inverse. Hence AyM and C3(I, M) are the same homotopy type.

In what follows we will denote the energy function on A(M, A) by
E“, where A is an isometry on M.

Theorem 2.12. For any critical point ¢ of E, the Hessian of E* at ¢
is given by
1
DEXX, )= (6", Y)—g(RCX, ¢)¢, Y))ds
[

for X, Y e A(M, A)., where R denotes the curvature tensor of (M, g).

Proof. Since D*E? is symmetric bilinear form [Proposition 2.3 in
Chapter I], it is sufficient to prove the case where X=7Y. Notice the
equation

2DEAX, Y)=DEXX+Y, X+ Y)—D*EAX, X)— D'EAY, Y).

Let ¢ be a smooth curve of (—e¢, ¢) into A(M, A) with p(0)=c, $(0)=X.
Then

DAY, )= 2L Ep(e)|
:ﬁ_‘<La¢t 9% )dt
o o8 oo @ )L

:ﬂ (2(X’, X)—g(R(X, &), X))dt.

For the above detail calculation, see [33].

A(M, A) has a natural R'-action, i.e. the translation of parameters of
the curves in A(M, A). Clearly the action preserves the energy and it is
an isometry. The following theorem was proved by Grove [16].

Theorem 2.13. The R' -action on A(M, A) is continuous.
Theorem 2.14. E4 is a Fredholm function at each critical point of E4.

Proof. Suppose ¢ is a critical point of E4. Let .S denote the opera-
tor defined by (SX, Y ), =D*EXX, Y). Then {(S—IdX, Y),=—(X, Y,
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—{R(X, ¢&)¢, Y, Thus there exists a positive constant K such that
I(S—Id)X|,<K| X||, for any X e A(M, A),. Suppose that {X,} is a
bounded sequence in A(M, A),. It follows from Corollary 1.3 in III that
the sequence has a convergent subsequence. Note that we can imbed
A(M, A), isometrically as a closed subspace of H,(I, R™), n=dim M, by
means of orthonormal parallel vector fields along ¢. Thus {(S—I1d)X,}
has a Cauchy subsequence, hence a convergent subsequence in A(M, A)..

Lemma 2.15. Let U be an open subset of R® and let ¢ be a piecewise
smooth map of UXI into R in the following sense. There exist finite
numbers 0=1,<t,<...<t,=1 such that ¢ is continuous on UXI and
smooth on UX[t;, t;.,] for each i, 0<i<k—1. Then the induced map & of
U into H(I, R™) defined by @(x)(t)=q(x, t) is smooth. Furthermore the
differential map of ¢ at x is given by

Ao 0)(6) =37 h, 99 (x, 1),
B ox;

Proof. Since d¢p/dx, is piecewise smooth for each 7, the map a;/\a?ci
from U into H,(I, R") is defined. For a fixed x e U, let T denote the

bounded linear map of R? into H,(I, R™), T(W)=>_, hi('a;%;i)(x). Since
lo(x+ B)y—o(x)— T(B)|},/|| || tends to zero at ||A|| goes to zero, ¢ is differ-
entiable at x and its derivative d¢, is 7. From the following inequality

1
Idg.—dg, < max {[ o, D=, e

+£} l@s(x, ) —@u(p, l)||2dt},

where ¢,=08¢/0x;, ¢;,,=0%/0x0t, d@,is continuous and hence ¢ is C*.
Suppose that ¢ is C*~'(k>1) for any piecewise smooth map ¢. Since
dp(h)=2, hp(x), dp, is C*~' and hence ¢ is C*. This implies ¢ is a
smooth map of U into H(I, R").

As in [33] or in [4], AM can be approximated by finite dimensional
manifolds. £2(%, -- -, ¢,) denotes the set of all curves ¢ € AM such that
c|[t: t;+.] is a minimizing geodesic for each 0<{i <k—1. If we choose a
sufficiently fine subdivision of [0, 1] for each real number a, 2(z, + - -, 1)
=E-0, )N 2(,, - - -, 1) can be realized as an open submanifold of M*.
We obtain the following theorem from the above lemma.

Theorem 2.16. The inclusion map of 2°(ty, -+ -, t,) into AM is an
embedding map.
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Remark. V. Bangert kindly gave the author another proof of the
above theorem.

§ 3. Applications

Theorem 3.1. If M is a compact, connected and non-simply connected
riemannian manifold, then M has a closed geodesic.

Proof. Since the connected component of CY(I, M) corresponds to
the conjugate classes of =,(M), the fundamental group of M, CY(I, M) is
not connected. Thus it follows from Theorem 2.11 that AM is not con-
nected. From Theorem 2.10, the energy function E= E!¥ satisfies Condi-
tion (C). Hence it follows from Theorem 3.2 in II that E assumes a
positive minimum on a connected component 4, of 4M which has no
common points with the set of all constant curves. The point which gives
the minimum of E|4, is a positive E-valued critical point, i.e. a closed
geodesic.

Any l-connected compact riemannian manifolds also have closed
geodesics. The proof of this case is more difficult. The following lemma
is useful to prove it [15].

Lemma 3.2. Suppose that A is an isometry on a compact riemannian
manifold with fixed points. Then Fix (4)=(E#)~'(0) is a union of non-
degenerate critical submanifolds of A(M, A) and there exists a positive ¢
such that Fix (4) is a strong deformation retract of A(M, A)*=(E*)7'[0, ¢].

Theorem 3.3. Any l-connected and compact riemannian manifolds
have closed geodesics.

The above theorem is generalized by means of isometry-invariant
geodesics [15]:

Theorem 3.4. If an isometry A on a 1-connected compact riemannian
manifold M is homotopic to id,,, then there exists an A-invariant geodesic
on M.

Chapter IV. The Gromoll-Meyer Theorem on Closed Geodesics
and Some Theorems Related to their Theorem

§ 1. An outline of the proof of the Gromoll-Meyer theorem and some
related theorems about closed geodesics

Among various problems about closed geodesics, one of the most
prominent questions is whether or not there exist infinitely many closed
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geodesics on an arbitrary compact riemannian manifold. The main inter-
est lies in the question of whether it is possible to estimate the number of
closed geodesics in terms of topological properties of the manifold only.
In 1969 Gromoll and Meyer succeeded to find such a criterion [13].
They obtained the following result:

Theorem 1.1. Let M be a 1-connected and compact riemannian mani-
fold. Then M has infinitely many closed geodesics if the Betti numbers for
the space C°(S', M) (= C%(I, M)) are unbounded.

Let us note that any symmetric space of rank one does not satisfy
the above topological condition about the Betti numbers. In 1977,
Sullivan and Vigué-Poirrier found the necessary and sufficient for AM to
have a unbounded sequence of rational Betti numbers [39].

Theorem 1.2. Let M be a compact and 1-connected manifold. The
sequence of the rational Beiti numbers for C°(S', M) is unbounded if and
only if the number of generators for rational cohomology of M is not less
than two.

As a corollary we get,

Corollary 1.3. If a compact riemannian manifold M has the same
homotopy type as the product manifold of two 1-connected compact mani-
folds, then M has infinitely many closed geodesics.

In 1977, Ziller calculated the Betti numbers for the free loop spaces
of all compact symmetric spaces and he obtained [44]:

Theorem 1.4. Let M be a compact and 1-connected riemannian mani-
fold which has the same homotopy type as a compact symmetric space of
non rank one. Then the sequence of the Betti numbers for C(S', M) is
unbounded. Hence M has infinitely many closed geodesics.

The R'-action on AM induces S'-action, because c(t+41)=c(¢) for
any c € AM. Here $'=[0, 1]/{0, 1}. If S'.cis a non-degenerate critical
submanifold (cf. p. 12) for any non-constant critical point ¢ € AM, then the
proof of Theorem 1.1 is much simpler. When S*.¢ is non-degenerate,
the closed geodesic ¢ will be called non-degenerate. In such a case
Gromov proved the growth estimate for N(¢), the number of geometrical
different closed geodesics of length<(¢ [14]. This result was improved by
Ballmann and Ziller [5]. The following theorem gives another proof of
Theorem 1.1 in the case where all closed geodesics are non-degenerate.

Theorem 1.5. Let M be a compact and 1-connected riemannian mani-
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Jfold all of whose closed geodesics are non-degenerate. Then there exist
positive constants «, 8 depending on the riemannian metric such that

N()=a max dim H.(AM, R)
1<k< Bt
Jfor any principal ideal domain R and all t sufficiently large.
In Finsler metric case the assumption on the Betti numbers in Theo-
rem 1.1 can not be removed; Katok found an example of a 2-sphere with
Finsler metric which has only two closed geodesics [23], [45].

A Katok example. Let S* be the unit 2-sphere in R® with center at
the origin. Define ¢, by the rotation of angle ¢ around z-axis. Then o,
is a 1-parameter of isometries such that ¢,=¢,.,,. Let ¥V be the vector
field generated by ¢,. Define H,, H,: T*S*—>R by Hy(x)=|x|, and
H,(x)=x(V) where || - || is the dual norm of the riemannian metric of SZ.
Let H,=H,+«aH, for areal «. Then N,=H,L;' defines a Finsler metric
on S% where L, is the Legendre transformation of 1/2 H?,

Theorem 1.6. If « is irrational and sufficiently small then the closed
geodesics of N, are 7., ()=7((1+a)t) and ¥ _(t)=7(—(1—a)’t). The pe-
riods of T, and 7 _ are 2z/(1+ @)?, 2r/(1 — &)* respectively and their lengths
are 2r/1+a, 2n/1 — a respectively. Here 7(t)=/(cos ¢, sin t, 0).

Remark. The geodesics of N, are given by ¢,, o 7,(¢/|| x||4), where 7,
is the great circle, i.e. the geodesic of the unit 2-sphere, with 7,(0)=the
dual tangent vector of x.

In 1980 Matthias extended Theorem 1.1 by means of Finsler manifolds
[31].

Theorem 1.7. Let M be a compact and 1-connected Finsler manifold.
Then there exist infinitely many closed geodesics if the sequence of the Betti
numbers for C%(S*, M) is unbounded.

Morse theory for the energy function E on AM is used to prove
Theorem 1.1. Non-constant critical points of F correspond to closed
geodesics on M, but the correspondence is not injective. Closed geodesics
on M correspond to towers of critical orbits injectively. This makes it
difficult to estimate the number of closed geodesics. Formulas for indexes
and nullities of iterated closed geodesics are crucial to overcome the diffi-
culty. Let ¢ be a non-constant closed geodesic and ¢™ be the m times
iterated closed geodesic of ¢, i.e. ¢™(t)=c(mt) for t € R. Then the follow-
ing formulas of indexes A(c™) and nullities v(c™) of S*-c™ were found by
Bott [7].
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Theorem 1.8. There exist nonnegative integer valued functions N(z),
A(z) on {z e C|||z||=1} such that

o= T 4@, AeM= T NG)

for any positive integers m.
From the above formulas we obtain

Lemma 1.9. If A(c™)=0 for some positive m, then there exist positive
¢, a such that
Me™)— ™) =(my—my)e—a
Jor any positive integers m,=>m,>0.

In [12] Gromoll and Meyer defined a characteristic invariant for an
isolated critical point, 5#°(c), which has a very useful property.

Lemma 1.10. Suppose that v(c™)=yv(c) for some positive integer m
and that S*-c™ is an isolated critical orbit. Then 5#°(c) is isomorphic to
H(c™).

From Lemma 1.8 we can guarantee the assumption of the nullities in
the above lemma:

Lemma 1.11. There exist positive integers ki, - - -, k, and sequences
{mi}tise, j=1, - - -, s of positive integers such that any positive integer m has
a unique decomposition m=m’k; and

v(c™) =v(c*7).

Combining Lemmas 1.9, 1.10, 1.11 and Morse inequalities, we can
prove the boundedness of dim H,(AM) for any k=2 dim M if M has
only finitely many closed geodesics.

§2. Isometry-invariant geodesics

In 1976 Grove and Tanaka proved the following theorem [18].

Theorem 2.1. Let M be a compact, 1-connected riemannian manifold
and let f M—M be an isometry of finite order. Then there are infinitely
many f-invariant geodesics on M if the sequence of the Betti numbers for the
space A(M, f) is unbounded.

Note. Any f-invariant geodesics are closed geodesics. The case f=
id, in the above theorem is the Gromoll-Meyer theorem.
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In 1981, Tanaka extended Theorem 2.1 [42] which is optimal.

Theorem 2.2. Let M be a compact, 1-connected riemannian manifold
and let A: M—M be an arbitrary isometry. Then there are infinitely many
A-invariant geodesics on M if the sequence of the Betti numbers for the
space A(M, A) is unbounded.

In [19], a necessary and sufficient condition on 4 and on M for
A(M, A) to have an unbounded sequence of rational Betti numbers was
obtained by Grove, Halperin and .Vigué-Poirrier. Recently Grove and
Halperin found a sufficient condition on. M for A(M, A) to have an
unbounded sequence of rational Betti numbers for any isometry 4 [20].

Theorem 2.3. Let M be a 1-connected and compact riemannian mani-
fold.  Then the sequence of rational Betti numbers for A(M, A) is unbound-
ed for any isometry A if M is rationally hyperbolic. Thus there are infinitely
many A-invariant geodesics for any isometry A on M.,

Note. M is called rationally hyperbolic if the integers g,=2,<,
dim 7, (M)®Q grow exponentially in p.

Let us sketch out a proof of Theorem 2.2. Suppose that 4 has only
finitely many invariant geodesics. Then all A-invariant geodesics are
closed. This fact was proved by Grove [16]. Let ¢ be a nonconstant
critical point for E4. Let a(=1) denote the least period of ¢. Then for
any nonnegative integers m, ¢™*** also is a critical point for E4, and the
critical point lies in a critical orbit, orb (¢™**")={T,(c™**")|u e R}. Here
T, ()(t)=c(t+u). Let 2(c™*") and y(c™**!) denote the index and the
nullity of orb (c™*") respectively. Then we obtain the following formulas
like Theorem 1.8.

Proposition 2.4. There exist finitely many nonnegative integer valued
Sunctions A(p), N*(p) defined on the unit circle {p € C||p|=1} and finitely
many complex numbers z, of absolute value 1, i=1, - - -, p such that

Hem =37 3T A¥p)

i=1 pM=2z;

)J(Cma+l)= é pz_ Ni(p).

Mm=z;
From Proposition 2.4 we have

Lemma 2.5. If A(c™**") =0 for a nonnegative integer m, then there
exist positive numbers e, a such that
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z(cmla-fl)_Z(Cm2a+l)z(m1__m2)e__a

Jfor any integers m,=m,>0.

In case where A is of finite order, i.e. 4*=id, for some positive
integer k, the iteration maps can be defined of A(M, A) into A(M, A™).
There are only finitely many path-spaces A(M, A™), me Z. In this case
we can compare the characteristic invariants of ¢™*** by the iteration
maps like in the case of the Gromoll-Meyer theorem. Hence the proof of
our theorem in the case is similar to that of Gromoll-Meyer theorem.
However we do not have any suitable iteration maps any more in an
arbitrary isometry case. The action of 4 on an invariant closed geodesic
is very complicated. If the least period of ¢ is rational (resp. irrational)
then we say 4 acts rationally (resp. irrationally) on c. {¢™**!|m e Z,} will
be called the rational tower (resp. irrational tower) of c if 4 acts rationally
(resp. irrationally) on ¢. These terminologies were suggested by Grove.
The characteristic invariants of a rational tower are reduced to those
restricted to a totally geodesic submanifold Fix (4%). Hence the following
lemma is proven by reducing to the case of a finite order isometry.

Lemma 2.6. Let c¢™*' be a rational tower. Then there are only
Sinitely many characteristic invariants among all characteristic invariants of
the tower if orb (¢™**"), m € Z, are isolated critical orbits.

In an irrational tower case we use a complete different method to
prove that there are only finitely many characteristic invariants among all
of them of an irrational tower. Roughly speaking the proof is done by
approximations of E4 by other energy functions in a topological sense.
The nullity formulas in Proposition 2.4 tell us which energy functions are
suitable approximations of E4. The following property of Jacobi fields
are crucial in the approximations.

Lemma 2.7. There exists a constant m,, such that any Jacobi fields Y
along ¢ with A, Y(t)=Y(t-+ma+1) are periodic if m is a greater integer
than m,,.

Lemma 2.8. Let ¢c™**',me Z, be an irrational tower. Then there
are only finitely many characteristic invariants of the tower if orb (¢c™**")
are isolated critical orbits.

Combining Lemmas 2.5, 2.6, 2.7, 2.8 and Morse inequalities we can
conclude the boundedness of dim H,(4(M, A)) if A has only finitely many
invariant geodesics.
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