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Introduction 

The classical class field theory studies abelian extensions of algebraic 
number fields. Since it was constructed by Takagi [23], it has been a 
fundamental tool in the study of algebraic number fields. In the modern 
number theory, it became recognized that finitely generated fields over the 
prime fields, which we call arithmetical fields, are important as their clas
sical example, the algebraic number field. Recent development of alge
braic K-theory enables us to begin the construction of the class field theory 
of general arithmetical fields. Is the generalized class field theory powerful 
as the classical one, in the study of arithmetical fields of higher dimen
sions? In this paper, we construct the class field theory of a two dimen
sional arithmetical field K, that is, an arithmetical field of transcendental 
degree one over Q, or of transcendental degree two over F p' Take a 
regular connected scheme X with function field K which is proper over Z. 
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Then, the class field theory of K is stated as follows (cf. Chapter II Section 
3 Theorem 4 and Section 4 Theorem 5). We do not explain here the 
definitions of the modulus and of the idele class groups Cm(X) and Cm(X) 
with modulus m, but we remark. that these groups are defined by using 
K2-grOUPS of various "local fields~' of k.. L~t Kr!b be the maximum abelian 
extension of K. 

Theorem 1. (l) Assume ch (K) = 0. Then, there exists a canonical 
isomorphism 

lim Cm(X)~Gal (Kab/K) 
+
m 

where m ranges over all admissible moduli on X. 
(2) Assume ch(K)=p>O, and let Gal(Kab/K), be the dense sub

group of Gal (Kab/K) defined to be the inverse image of the subgroup of 
Gal (Fp/ Fp) consisting of all integral powers of the Frobenius automorphism. 
Then, there exists a canonical isomorphism 

lim Cm(X)~Gal (KRb/K)' 
+
m 

where m ranges over all moduli on X. 
Let U be a two dimensional regular connected scheme of finite type 

over Z. Then, the class field theory of unramified abelian coverings of U 
is described in a similar way. Take a regular scheme X proper over Z 
which contains U as a dense open subscheme. Then, we shall show th~t 
the theorem above also holds when we replace Gal (Kab/K) by the abelian 
fundamental group tr~b(U) of U, and restrict the moduli m to those with 
supports outside U. 

For this global class field theory, we need one "purely local" theory 
and three "semi-global" theories. The first one is the class field theory of 
a complete discrete valuation field whose residue field is a usual local field. 
The three semi-global theories are, the class field theory of a complete 
discrete valuation field whose residue field is a usual global field, that of 
the field of fractions of a two dimensional arithmetical complete local 
ring, and that of a function field in one variable over a usual local field. 
These theories were studied in Bloch [3], Kato [5] and Saito [17] [18], and 
we shall review these theories in Chapter I adding some necessary com
plements and reformations. The global class field theory will be obtained 
in Chapter II by gluing these local theories together, and by applying the 
two dimensional unramified class field theory which was mainly accompli
shed by Bloch [3] and completed by our previous paper [8]. 
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The K-theoretic generalization of class field theory was first studied 
by A. N. Parsin ([26], [27]). There have been various accomplishments 
without K-theory in the generalization of the class field theory. An im
portant one is the class field theory of varieties over finite fields by Lang 
([9] [10] [20]). In Chapter III, we study the relation of this theory with ours. 

We express our sincere gratitudes to Professor Y. Ihara for his hearty 
encouragements. 

Conventions 

For a scheme X, Xi denotes the set of all points x of X such that the 
closure {x} is of dimension i. For x E X, J\:(x) denotes the residue field of 
x. H*(X,) means the etale cohomology unless the contrary is explicitly 
stated, and rrtb(X) means Hom (Hl(X, Q/Z), Q/Z). If X=Spec (A), 
H*(X, ) is often denoted by H*(A, ). 

For a field k, ch (k) denotes the characteristic of k, kab denotes the 
maximum abelian extension of k, k, denotes the separable closure of k, 
and k denotes the algebraic closure of k. 

For a discrete valuation field (resp. an algebraic number field) k, Ok 
denotes the ring of integers in k. 

Rings are always assumed to be commutative except graded rings. 
For a ring R, RX denotes the group of all invertible elements in R. 

Chapter I. Local theories 

As is explained in the introduction, the nature of this chapter is a 
review of previous papers, and we give here only the proofs of new com
plementary results. 

§ 1. Preliminaries 

In the generalization of class field theory, two types of abelian groups 
associated with arbitrary fields play important roles. 

The first is Milnor's K-group K?!(k) (q~O) of k. It is defined by 

Kf(k)=Z, Kf(k)=kX, 

K?!(k)=(kx ® ... ®kX)/J for q>2 
~ 

q times 

where J is the subgroup of the tensor product generated by elements 
a1®·· ·®aial' "', aq E kX) such that ai +a j =l for some indices i~j. 
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(Cf. Milnor [14].) An element ali!)·· ·®aq mod J of K:(k) is denoted by 
{ai, .. " aq}. We denote the group law of K:(k) additively. The direct 
sum EBq",o K:(k) has a natural ring structure and is called the Milnor ring 
of k. In the case q~2, we shall often use the notation Kq instead of K:, 
for Milnor's K-group coincides with the standard K-group Kq of Quillen 
in this range of q. 

The second is a sequence of torsion abelian groups Hq(k) (q>-O, k is 
a field), which contain as members important groups such as the Brauer 
group Br(k) of k. If ch(k)=O, Hq(k) is defined to be the Galois coho
mology group lim Hq(Gal (k,/k), prf!(q-l), where pn denotes the group of 

--+ 
n 

all n-th roots of 1 in the separable closure k, of k, prf!(q-I) denotes its 
(q-l)-th tensor power over ZjnZ, n ranges over all integers ~ 1, and the 
transition maps of the inductive system are the homomorphisms induced 
by the canonical injections prf!(q-I)--+p~(q-I) given in the case n I m. If 
ch (k)=p>O, let 

Hq(k) = lim Hq(Gal (k,/k), prf!(q-1)EB lim H'JAk) 
--+ --+ 

n r 

where n ranges over all integers >-1 which are prime to p, r ranges over all 
integers ~O, and where H~r(k) is defined as follows. (Cf. [5] II Section 
3.2. An alternative definition is H~r(k)=Hl(Gal(k,/k), WrQ~~iog». Let 
Wr(k) be the group of all p-Witt vectors of length rover k (Serre [21] 
Chapter II Section 6). Let 

H~r(k) = (Wr(k)®k x® . .. ®kX)jJ 
~ 

q-l times 

where J is the subgroup of the tensor product generated by elements of 
the following forms (1)-(3). 

(1) (w(P)-w)®b l ® .. ·®bq_1 (w E Wr(k), bl , •• " bq_1 E kX) where 
for w=(ao . .. " ar-I), w(P) denotes (ab • .. " af-I)' 

kX). 

(2) (0,···,0, bl> 0, .. " O)®bl®· .. ®bq_1 (O~ i <r, bl , •• " bq _ 1 E 
'---v---" 

i times 

(3) w®b l ®·· ·®bq_1 such that bi=bJ for some indices i~j (w E 

Wr(k), bl , •• " bq_1 E kX). 
We define H~r(k)=O. An element w®b l ®· .. ®bq_1 mod J of H~r(k) 

is denoted by {w, b l , "', bq _ I }. The transition maps are the homomor
phisms H~r(k)--+H~r+l(k); 

{(ao, .. " aT-I), bl , •• " bq_I}~{(O' ao, .. " ar-I), bl> .. " bq_I}. 

For any field k, HI(k) is isomorphic to the group of all continuous 
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homomorphisms Gal (kab/k)~Q/ Z where kab denotes the maximum abelian 
extension of k, and H2(k) is isomorphic to the Brauer group of k. 

The direct sum E9q ;;;o Hq(k) has a structure of a graded right 
E9q ;;;o K:(k)-module. Indeed, ifn is an integer invertible in k, the canonical 
isomorphism 

induced by the exact sequence 

is uniquely extended to a homomorphism of graded rings 

EB K:(k)~ EB Hq(k, P~q)· 
q;;;O q;;;O 

Via this homomorphism and the cup product from right, E9 q ;;;o K:(k) acts 
on E9q ;;;o lim Hq(k, pr!<q-I) where n ranges over all natural numbers in-

~ 
n 

vertible in k. On the other hand, if ch(k)=p>O, E9q ;;;o H~r(k) has a 
structure of E9 q ;;;o K:(k)-module characterized by 

(Cf. [5] II Section 3.2.) 
Now, let K be a discrete valuation field with residue field F. In the 

following, we analyze the groups K: (K) and Hq(K) by using various groups 
associated with F. 

In this paper, we use the following notations. Let 

ordK be the normalized additive discrete valuation of K, 

OK={X E K; ordK(x»O} the valuation ring of K, 

mk={x E K; ordK(x)~i} for i E Z, 

m K = mk the maximal ideal of OK' 

UI2=Ker((OKY~(OK/mkY) for i>O, 

UK= UYP=(OKY· 

For q~ 1 and i> 1, let UiK:(K) be the image of 

U<i)iVlKM (K)~KM(K) K ICJ q-l q. 

On the other hand, let UOK:(K) be the image of 



108 Kazuya Kato and Shuji Saito 

UK®·· .®uKllK:(K). 
~ 

q times 

Then, we have inclusions 

Proposition 1 (Bass and Tate [1] Chapter I Proposition 4.3). Let K 
be a discrete valuation field with residue field F. Then, 

(1) K:(K)/uoK:(K)~K:_I(F). 
(2) UOK:(K)/UIK:(K)~K:(F). 

The isomorphism in (1) sends {aI, ... , aq _ l } E K:_I(F) to the class of 
{aI, ... , aq - h 1L} E K:(K) where a denotes any lifting to OK of an element 
a of F, and 1L denotes any prime element of K. The isomorphism in (2) 
sends {ah ••• , aq } E K:(F) to the class of {ah ••• , aq}. The surjective 
homomorphism a: K:(K)----';K:_I(F) given by (1) is called the tame symbol. 

For a field k and q~O, let Q% be the q-th exterior power over k of 
the absolute differential module Q%/z. The following result is contained 
in Bloch [2] (in the positive characteristic case) and in [5] II Section 1.3. 

Proposition 2. Let K and F be as in Proposition I and let i > 1. Fix 
a prime element 1L of K. Then, there is a well defined surjective homomor
phism 

(0 dbl 1\ 1\ dbq _ 2 ) {I ~ i b~ b~ } ,aT ... -b-- ~ +a1L, I,···, q_2,1L 
I q-2 

(a E F, b l , ••• , bq _ 1 E FX). 
Next we consider the group Hq(K). If K is complete, there is a 

canonical injection i: Hq(F)~Hq(K) defined in a standard manner ([5] 
II Section 3.2 Definition 2). The following Theorem 1 (1) is a well known 
result, and (2) is proved in [6]. In the following, for a torsion abelian 
group A and a prime number p, A{p} denotes the p-primary part of A. 

Theorem 1. Let K be a complete discrete valuation field with residue 
field F. Let p be a prime number. 

(1) If ch (F) ~ p, there is an exact sequence 
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in which a is characterized by the property that a({i(X), 7r})=X for any X E 

Hq-I(F){p} and any prime element 1C of K. 
(2) Assume ch(F)=p>O and [F: p]=pn<oo. Then, Hq+I(K){p} 

and Hq(F){p} vanish for q>n+ 1, and there exists a canonical isomorphism 

characterized by a({i(X), 7r})=X for any X E Hn+I(F){p} and any prime ele
ment 7r of K. 

Remark 1. If ch (F)=p>O and O<q<logP([F: PD, Hq+I(K){p} is 
very big and it can not be presented in terms of the groups H*(F). 

§ 2. Higher dimensional local fields 

In this section, we call a field K an n-dimensional local field if a 
sequence of fields ko, ... , k n are given satisfying the following conditions. 

(1) ko is a finite field. 
(2) For i= 1, ... , n, k i is a complete discrete valuation field with 

residue field k i - I • 

(3) kn=K. 
If n = 0, K is a finite field. In this case, there is a canonical isomor

phism 

in which an element X of HI(K) regarded as a continuous homomorphism 
Gal (KabjK)---+QjZ corresponds to X(FK) E QjZ, where FK denotes the Fro
benius automorphism in Gal (KabjK). For n arbitrary, by Section 1 Theo
rem 1 and by induction on n, we obtain a canonical isomorphism 

for an n-dimensional local field K. This isomorphism induces the canon
ical pairing 

for O::;;:q;;:;;n+ 1 by the right EBq;;;oK:(K)-module structure on EBq;;;o Hq(K). 
In the following theorem, the word "continuous" is used in a topo

logical sense only in the case n::;;:2. In the case n~3, the group K:(K) 
seems to have no appropriate topology, and we define the continuity in 
this theorem from a new point of view ([7]). 

Theorem 2 ([7]). Let K be an n-dimensional local field. Then, Hq(K) 
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=0 for q>n+ 1. For O:S:q:S:n+ 1, Hn+l-q(K) is isomorphic to the group 
of all "continuous" homomorphisms K~f(K)-+Q/Z offinite orders. 

Proposition 3. ([5] II Section 3) Let K be as above. 
(1) For a finite extension L of K, the canonical map Hn+l-q(K)-+ 

Hn+l-q(L) (resp. the trace map Hn+I-q(L)-+Hn,l-q(K)) corresponds to the 
norm map NL / K: K:(L)-+K:(K) (resp. to the canonical map K:(K)-+ 
K:(L)) in the duality of Theorem 2. 

(2) If n::2: 1 and F is the residue field of K, the canonical injection 
i: Hn+l-q(F)-+Hn+l-q(K) corresponds to the tame symbol a: K:(K)-+ 
K:_1(F). 

Corollary. Let K and F be as in (2) above, and let X E HI(K). Then, 
X is unramified (i.e. the corresponding cyclic extension of K is unramified) if 
and only if the homomorphism K:[(K)-+Q/Z induced by xfactors through the 
tame symbol a: K~I(K)-+K:[_I(F). 

Because only the case n = 2 and q = 2 of these results is used in this 
paper, we do not explain the definition of the continuity in Theorem 2 for 
the general case. In the following, we give the precise form of Theorem 2 
in the case n=2 and q=2 (see Theorem 3 below). To treat similar fields 
R«T)) and C«T)) in a uniform manner, throughout the rest of this section, 
K denotes a complete discrete valuation field whose residue field F is a 
non-discrete locally compact field. We define the topologies of KX/U'/i) 
and K2(K)/U i K2(K) (i>O) as follows. 

Case 1. Let i::2: 1 and assume that F is non-archimedean. Suppose 
that we are given a subring A of 0 K/mir. satisfying the following conditions 
(1) (2) (3). 

(1) A is a Noetherian complete local ring. 
(2) The image of A in OK/mK=F is an open subring of OF. 
(3) The total quotient ring of A is 0 K/mir.. 

Then, we endow KX/U'/i) with the unique topology which is compatible 
with the group structure and for which AX is an open subgroup with its 
mA-adic topology (mA denotes the maximal ideal of A). We endow 
K2(K)/UiK2(K) with the finest topology which is compatible with the group 
structure and for which the map 

is continuous. Such ring A always exists, and is often given canonically 
in each example treated in this paper. 

Case 2. Next assume that we are given a subfield k of OK such that 
F is a finite extension of k via k-+OK/mK=F. Then, 0K/mir. is a vector 
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space over k of finite rank and hence has a natural topology. We endow 
KX/UIj{) with the unique topology which is compatible with the group 
structure and for which UK/UIj{) is an open subgroup having the topology 
as a subspace ofOK/mk. For i> 1, we define the topology of KzCK)/UiK2(K) 
by the same method as in Case 1. Such field k exists if and only if ch (K) 

=ch(F). If k~F, the topology of KX/UIj{) defined above has a very 
simple description; the map 

ZXkX XkX ... Xk--+Kx/UIj{) 
~ 

i-I times 

is a homeomorphism for any fixed prime element 7r of K. 
In both Case 1 and Case 2, we endow KzCK)/UoKzCK) with the quo

tient topology. Then, the isomorphism KzCK)/uoK2(K)~FX of Section 1 
Proposition 1 (l) becomes a homeomorphism. 

We have to add remarks concerning the question whether the topo
logies of KX/UIj{) and Kz(K)/UiKz(K) defined above are independent of 
the choice of A or k. If ch (F)::'I;: 0, it is easily seen that they coincide with 
the topologies defined in [5] I Section 7 and hence independent of the 
choice of A or k. If ch(F)=O and i~2, they actually depend on the 
choice of A or k. However, in each example such that ch (F)=O in the 
latter applications in this paper, we are always given a canonical choice 
of k, and furthermore, if A is also given in such example, A is finite over 
an open subring of Ok and the topologies given by A will coincide with 
those given by k. Even in case ch (F) = 0, the topology induced on the 
quotient K2(K)/U IKz(K) is independent of the choice of A or k. 

The precise form of the case n=q=2 of Theorem 2 is the following 
Theorem 3. In the case F=R or C, let h be the composite map 

H3(K)~HZ(F)~Q/Z, where hF is the well known Hasse invariant. 
This induces the canonical pairing HI(K) X Kz(K)-+Q/ Z, which is the zero 
map in the case F = C. 

Theorem 3 ([5] I, II). Let K be a complete discrete valuation field 
whose residue field F is a non-discrete locally compact field. Concerning the 
homomorphism HI(K)-+Hom(KzCK), Q/Z) induced by the canonical parir
ing, we have; 

(1) Assume ch(F)::'I;:O. Then, HI(K) is isomorphic to the group of 
all homomorphisms <p: Kz(K)-+Q/Z such that <p(UiKzCK»=Ofor some i and 
such that the induced map K2(K)/UiK2(K)-+Q/Z is continuous. 

(2) Assume ch(F)=O and F::'I;:C. Then, HI(K) is isomorphic to the 
group of all homomorphisms KzCK)-+Q/Z offinite orders. 
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Remark 2. In the case ch (F) = 0, the group U 1 K 2(K) is divisible and 
annihilated by any homomorphism KlK)----,;Q/Z of finite order. In this 
case, for i>O, any homomorphism K2(K)/UiK2(K)----,;Q/Z of finite order is 
continuous for the topology on K2(K)/UiK2(K) defined by any choice of A 
or k. 

The following lemma would be a slightly better description of the 
topology. 

Lemma 1. Assume F is non-archimedean, let AcOK/mi be as in 
Case I, and let tr be a fixed prime element of K. Then, the topology on 
G=Kz(K)/UiKlK) defined above with respect to A coincides with the finest 
topology .'T which is compatible with the group structure and for which the 
maps AX X AX----,;G; (a, b)----,;{a, b} and AX----,;G; a~{a, tr} are continuous. 

Proof It is sufficient to prove that for each g E KX and for each 
neibourhood U of 0 in G for the topology .'T, there is a neighbourhood V 
of I in AX such that{V, g}c U. Since KXjUjP is generated by tr and 
An UKjU!J;.)cOK/mi, we may assume g E An UK/U!J;.). Then, the sub
groups l+gnA(n~l) form a fundamental system ofneibourhoods of 1 in 
AX. Let U' be a neighbourhood of 0 in G for the topology .'T such that 
U'+U'+U'+U'cUand U'=-U'. Then, {l+gnA, l+gnA}cU' for 
some n~ 1. We claim {I +g2n+1A, g}c U. Indeed, for each a E 1 +g2n+1A, 
we can take elements b1, b2, c1, C2 E 1+ g n A such that 

Then, we have 

Similarly, 

n{a, g}=n{1-gnb1, g}+n{l-gnb2, g} 

={1-gnb1, gn}+{1-gnb2, gn} 

= -{l-gnbj> b1}-{1-gnb2, b2} E U'+ U'. 

(n+ I){a, g}=(n+ 1){1-gn+lc1, g}+(n+ 1){1-gn+lc2, g} 

E U'+U'. 

These prove {a, g} E U as is claimed. 

§ 3. Local fields with global residue fields 

From this section, we call the fields R(T» and C«T» also two 
dimensional local fields. 



Two Dimensional Class Field Theory 113 

Let F be an A-field in the sense of Weil [25]. That is, F is an alge
braic number field, or an algebraic function field in one variable over a 
finite field. Let P be the set of all places of F. For each v e P, let F. be 
the completion of F at v. 

In this section, K denotes a complete discrete valuation field with 
residue field F. To describe the class field theory of K, we define a family 
{K.}.EP of two dimensional local fields which are called the "local fields of 
K". 

First, assume ch (F) = O. Then, OK contains a unique subfield k such 
that tk~OK/mK=F is a bijection. We identify k with F, and for each 
ve P, let 

Then, K. is a complete discrete valuation field with residue field F. and 
with valuation ring OK.' Because F. is canonically embedded in OK., we 
obtain a canonical topology of K2(K.)/ Ui K2(K.) (Section 2 Case 2). 

Next, assume ch (F)~O. Then, there exists a unique two dimensional 
local field K. containing K having the following properties (1) (2). 

(1) OKCOK• and OK.·mK=mKV' 
(2) The residue field of K. is identified with Fv as a complete discrete 

valuation field containing F. 
(Cf. [5] III.) As is explained in Section 2, K2(Kv)/UiK 2(K.) has a canonical 
topology also in this case. 

For i>O, we define the idele group I(i)(K) and the idele class group 
C(t)(K) of modulus i as follows. First, assume i> 1. Take an irreducible 
scheme Y with generic point 7J which is of finite type over Z and which 
has an isomorphism my,~~OK/m1:-. (The existence of Yis clear.) If v is 
a closed point of Y such that the reduced part Yred of Y is regular at v, 
we identify v with the corresponding place of F. For such v, we have a 
canonical isomorphism 

where (fly,v denotes the completion of my,.. Furthermore, the image of 
(fly .• in OK.lm}.. satisfies the condition of A in Section 2 Case 1. Fix a 
prime element 1C of K and a non-empty regular open subset U of Yred• 

For each ve Uo(Uo denotes the set of all closed points of U, see Conven
tions), let H. be the subgroup of K2(K.)/UiK2(K.) generated by elements 
of the forms {a, b} and {a, 1C} such that a, be Image «(fly,.)X~(OK.lm1:-Y). 
By Section 2 Lemma 1, H. is an open subgroup of K2(K.)/UiK2(K.). Now, 
let I(t)(K) be the subgroup of the direct product IT .EP K2(K.)/UiK2(K.) 
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consisting of all elements (aV).EP such that a. e H. for almost all ve Uo. 
We endow I(t)(K) with the unique topology which is compatible with the 
group structure and for which 

Il Hv X Il K2(K.)/UiKz(Kv) 
vEUo vEP-Uo 

is an open subgroup with the product topology. It is easily seen that the 
group I(t)(K) and its topology thus defined is independent of the choices 
of Y, lL, and U. 

The diagonal image of Kz(K) in Il.EP K2(K.)/UiK2(K.) is contained 
in I(t)(K). Let 

and define the topology of C(t)(K) to be the quotient of the topology of 
I(t)(K). Let C(K)=lim C(t)(K), and endow it with the inverse limit to-

pology. 
~ 
i. 

Let I(O)(K) be the idele group of F and let C(olK) be the idele class 
group of F with their natural topologies. Then, via tame symbols, I(olK) 
(resp. C(O)(K)) is regarded as a quotient topological group of I(i)(K) (resp. 
C(t)(K)) for i> 1. 

For 0< i<j, let UiJ(j)(K)=Ker (J(j)(K)---+I(i)(K)) and UiC(j)(K)= 
Ker(C(j)(K)---+C(t)(K)). For i?O, let 

UiC(K)=Ker (C(K)~C(i)(K))= lim UiC(j)(K). 
~ 

j 

Now, we state the class field theory of K. First, consider the com
mutative diagram 
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in which the two horizontal sequences are exact sequences given by Section 
1 Theorem 1, and the vertical sequence in the right side is the well known 
Hasse's exact sequence. The left vertical arrow is bijective by Tate [24} 
Theorem 3.1 (c). From this diagram, we obtain an exact sequence 

0~H3(K)~ EB H3(Kv)~Q/Z~0. 
vEP 

Let X E HI(K). Then, there is an integer i:2: 0 such that the image 
XKv of X in HI(Kv) annihilates UiKz(Kv) for all v E P ([5] III Section 3 Lemma 
10). Furthermore, if i is such integer and (av)vEP E I(t)(K), hKv({XKv' av}) E 

Q/Z is zero for almost all v E P by [5] III Section 3 Lemma 9. Hence X 
defines a homomorphism 

By the above exact sequence, this homomorphism factors through C(t)(K) 
and hence we obtain a canonical pairing 

HI(K) X C(K)~Q/ Z. 

Theorem 4. Let K be a complete discrete valuation field whose residue 
field is an A-field. Then, HI(K) is isomorphic to the group of all continuous 
homomorphisms C(K)~Q/ Z of finite orders. 

In this class field theory, the analogue of Section 2 Proposition 3 holds 
if we replace the KM-groups by the idele class groups. In particular, X E 

HI(K) is unramified if and only if it annihilates U°C(K), i.e. if and only if 
the homomorphism C(K)--+Q/ Z induced by X factors through the idele 
class group of F. 

The above Theorem 4 is proved in [5] III in the case ch (F)~O. In 
the case ch (F) = 0, this result is easily deduced from the following 
theorem of Moore. For a field k, let p(k) be the group of all roots of 1 
in k. 

Theorem (Moore [15]). (1) Let k be a non-discrete locally compact 
field and assume k~ C. Then, the Hilbert symbol Ok: K2(k)--+p(k) is sur
jective and its kernel is a divisible group. For any discrete abelian group G, 
a homomorphism f: Kz(k)--+G factors through p(k) if and only if the map 

is continuous. 
(2) Let k be an A-field. Then, Ker (Ov) = K2(Ok.) for almost all non-
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archimedean places v of k. Let PI(k) be the set of all places v of k such 
that kv~ C. For each v E PI(k), let nv = Lu(kv): ,u(k)] and let nv: ,u(kv)~ 
,u(k) be the homomorphism x>-+ xnv. Then the sequence 

is exact. 

Now, we prove the case ch(F)=O of Theorem 4. By Section 1 
Theorem 1 (1), we have an exact sequence 

(A) 

Note HO(F)=Hom (,u(F), Q/Z). On the other hand, UIC(K) is a divisible 
group in this case, and is annihilated by any homomorphism C(K)~Q/ Z 
of finite order. Furthermore, the group C(1/K) has the following structure. 
Let n ~EP KlFv) be the subgroup of the product n vEP K(Fv) consisting of 
all elements (av)vEP such that av E KZ(OF.) for almost all non-archimedean 
places v. Let RF be the cokernel of Kz(F)~ n ~EP Kz(Fv), and let CF be 
the idele class group of F. Then, we have an exact sequence 

(B) 

Compare the exact sequences (A) and (B). By Moore's theorem, HO(F) 
is isomorphic to the group of all continuous homomorphisms RF~Q/ Z, 
and by the class field theory, HI(F) is isomorphic to the group of all 
continuous homomorphisms CF~Q/Z of finite orders. Theorem 4 for 
the case ch (F) = ° follows easily from these facts. 

The following lemma will be used in Chapter II. 

Lemma 2. If ch (F) ~ 0, a discrete quotient group of U°C(K) is finite. 
If ch (F) = 0, a discrete quotient group of UOC(l)(K) is finite. 

Proof Let i be any non-negative integer in the case ch (F) ~ 0, and 
let i = ° in the case ch (F) = 0. Let G be a discrete quotient group of 
U i C(i+1)(K). It suffices to prove that G is finite. 

First, we consider the case i =0. Let RF be the "Kz-idele class group" 
of F defined as above. By Moore's theorem, the composite RF2!:. UOC(1lK) 
~G factors through the canonical surjection RF~,u(F), and this shows 
that G is finite. 

Next, assume i ~ 1 and ch (F) = p > 0. Take an element g of UK 
such that the residue class of g in F is not contained in FP, and let 1': be a 
prime element of K. By Section 1 Proposition 2, we have a continuous 
surjection for each v E P; 
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F/fjFv~UiK2(Kv)/Ui+lK2(Kv) 

(a, b)----+{l +aITi, g}+{l +bITi, IT}. 
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Take Yand U as before. Then, the image of g (resp. IT) in DKjmt is 
contained in the image of (@y.vY (resp. @y.v) for almost all v E Uo. This 
fact shows that there is a continuous surjection 

IT' F/:B IT' Fv~UiJ(i+l)(K) 
vEP vEP 

where IT ~EP Fv denotes the adele group of F. This induces a continuous 
surjection 

( IT' Fv)/F(fJ( IT' Fv)/F~UiC(i+I)(K). 
vEP vEP 

Since (IT ~EP Fv)/F is compact, a discrete quotient group of U i CU +1)(K) is 
isomorphic to a discrete quotient of a compact group, and hence is finite. 

§ 4. Arithmetical two dimensional local rings 

Let A be a normal complete Noetherian local domain with finite re
sidue field k, and let K be the field of fractions of A. Let P be the set of 
all prime ideals of height one of A. For each Z E P, let K z be the z-adic 
completion of K, which is a two dimensional local field. 

The second semi-global theory is the class field theory of K. To de
scribe this, we define the idele group Im(K) and the idele class group 
Cm(K) with modulus m. 

Definition 1. Let X be a normal Noetherian scheme. A modulus m 
on X is a family (m(z))z of non-negative integers m(z) given for each point 
z of co dimension one of X, such that m(z) = 0 for almost all z. 

For a modulus m on Spec (A), let 

Im(K)= EB K2(Kz)/um(z)K2(Kz), 
zEP 

(the map K2(K)-+Im(K) is the diagonal map). The complex of Bloch
Gersten -Quillen 

K2(K)~ EB Kl(K(Z))~Ko(k)~O 
z 

and the tame symbols K2(Kz)-+Kl(K(Z)) give a canonical homomorphism 
dx: Cm(K)-+Ko(k)=Z, which is an isomorphism ifm=(O) and A is regular. 
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Let C(K) = lim Cm(K) where m ranges over all moduli on Spec (A). 
+-
m 

We endow Cm(K) with the discrete topology, and C(K) with the topology 
as the inverse limit. These topologies are appropriate because; 

Lemma 3. For any modulus m and Z E P, the canonical homomorphism 
KzCKz)/Um(Z) K2(K.)~Cm(K) is continuous for the discrete topology on Cm(K). 

Here, the topology of Kz(Kz)/UiKz(Kz) is defined with respect to the 
image of A in OK.Jmt (cf. Section 2 Case 1). 

Proof. Fix a modulus m and Z E P. By Lemma 1, it suffices to 
prove the following fact: For each element h of KX, there is an open 
neighbourhood Vof 1 in AX such that all elements of Kz(Kz)/UiKz(Kz) of 
the forms {a, b} (a E V, bE AX) and {a, h} (a E V) have zero images in 
Cm(K). Indeed, let JI be the ideal of A consisting of all elements a satis
fying the following conditions (1) (2). 

(1) ordK.,(a)~m(z') if z' E P-{z}. 
(2) ordK,,(a)> 1 if z' E P-{z} and ordz,(h)=,<=O. 

On the other hand, let Jz be the ideal of A consisting of all elements a 
such that ordK.(a)~Sup (m(z), 1). Let Gi=Ker (AX~(A/Jy) for i= 1,2. 
Then, for z' E P-{z}, 

{a, b}={a, h}=O 

for any a E GI and b E AX. Hence, the images in Cm(K) of 

vanish by the definition of Cm(K). But the subgroup GIGZ is open in AX. 
Q.E.D. 

We explain the class field theory of K. First, the group H 3(K) satis
fies the following reciprocity law: The image of H3(K)~ n zEP H 3(Kz) is 

contained in EBzEP H3(Kz) and the composite HacK)~EBzEP H3(Kz)~ 
Q/Z is the zero map (cf. Saito [24] Chapter I). Let X E HI(K). Then, 
the image XK , of X in HI(K.) induces a homomorphism KzCKz)/UiKzCKz)~ 
Q/Z for some i (which depends on z), and annihilates UOKz(Kz) if XK , is 
unramified (Section 2 Corollary to Proposition 3). Since XK • is un
ramified at almost all z, there exists a modulus m such that X defines a 
homomorphism Im(K)~Q/Z. The above reciprocity law shows that this 
homomorphism induces Cm(K)~Q/Z. Thus we obtain the canonical 
pairing 

HI(K) X C(K)------)oQ/ Z. 
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The induced diagram 

C(K)~ Gal (Kab/K) 

dl c 1 ~ 
Z ~ Gal (k/k)=Z. 

is commutative, where the right vertical arrow is induced by the restriction 
to the unramified part. 

Theorem 5. The image of Hl(K)~Hom (C(K), Q/Z) consists of all 
continuous homomorphisms of finite orders, and its kernel is isomorphic to 
the direct sum (Q/ zy of r copies of Q/ Z for some non-negative integer r. 
If A is regular, we have r=O. 

The part of this theorem concerning the kernel was proved in Saito 
[18], and the part concerning the image was proved under a certain con
dition on A also in [18]. (In [18], a restricted product IT ~EP KzCKz) is used 
instead of the above idele group Im(K).) This complete form of the theorem 
is proved by using a recent result of Merkuriev-Suslin [12]. In fact, the 
complete form of Theorem 5 is not necessary for the purpose of this paper. 
We need in Chapter II only the existence of the canonical pairing and 
some other facts explained in this section. 

§ 5. Curves over local fields 

Let k be a non-discrete locally compact field, X a regular proper 
connected curve over k, and let K be the function field of X. The third 
semi-global theory is the class field theory of K. (We call the fields K 
treated in Section 3,4 and 5 semi-global fields.) Let P be the set of all 
closed points of X. For u E P, let Ku be the u-adic completion of K, 
which is a two dimensional local field. Since the residue field of Ku is a 
finite extension of k, we obtain the topology of KzCKu)jUiKz(Ku) with re
spect to k (Section 2 Case 2). Let m be a modulus on X in the sense of 
Section 4 Definition 1. We define 

Im(K)= EB Kz(Ku)/um(u)Kz(Ku), 
UEP 

Since Kz(Ku)/UOKz(Ku) = tc(u)X, C(o)(K) is isomorphic to the group which is 
usually denoted by SKI (X). We endow Cm(K) with the finest topology 
which is compatible with the group structure and for which the canonical 
maps Kz(Ku)/um(u)Kz(Ku)~Cm(K) are continuous for all u E P. Let 
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C(K)=lim Cm(K) with the inverse limit topology. 
~ 
m 

The group H 3(K) satisfies the following reciprocity law; for each 
X E H8(K), hKu(XK.J E Q/Z are zero for almost all u E P, and .L;uEP hKu(XK.J 
= 0 (XKu denotes the image of X in H8(Ku». This fact is proved in [17] in 
the case where k is non-archimedian and X is smooth over k. In the case 
ch (k)=O (which contains the cases k=R, C), this reciprocity law follows 
from the exact sequence 

H 8(K)--+ EB H;(X, Q/Z(2»--+H4(X, Q/Z(2» 
uEP 

«2) denotes the Tate twist) and from the fact that hKu coincides with the 
composite 

H8(Ku)--+H;(X, Q/Z(2»--+H4(X, Q/Z(2» 

--+H2(k, H2(X®kk., Q/Z(2»)--+H2(k)cQ/Z. 

If ch (k)=p>O, by using the trace map of H3 (cf. [5] II Section 3.2), the 
reciprocity law is reduced to the case X is smooth (even to the case X = PD. 

Just as in Section 4, we obtain the canonical pairing 

Theorem 6. The image of the homomorphism Hl(K)---+Hom (C(K), 
Q/ Z) consists of all continuous homomorphisms of finite orders. If k is non
archimedian, its kernel is isomorphic to (Q/ZY for some interger r>O, and 
r=O if X has good reduction. 

The part of Theorem 6 concerning the kernel was proved in [24]. 
(In the good reduction case, it is due to Bloch [4].) Partial results con
cerning the image were proved in [4] [14], and again the result of Merkuriev
Suslin enables us to complete them. We do not use this theorem in this 
paper though some partial precise results in Theorem 6 were necessary in 
[3] [8] for the study of the two dimensional unramified class field theory. 

The following result is also not used in this paper, but is stated here 
to complete the description. 

Theorem 7. Let K be a field of the type considered in Section 4 (resp. 
in Section 5 and assume that k is non-archimedean). Then, we have an exact 
sequence 

O--+(Q/ zy --+ H 3(K)--+ EB H3(Kp)--+Q/ Z--+O. 
pEP 

Here, r is the integer in Theorem 5 (resp. Theorem 6). 
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Chapter II. Global theory 

§ 1. Localizations 

Let k be an A-field, i.e. an algebraic number field or an algebraic 
function field in one variable over a finite field. In the former case, let S 
be a non-empty open sub scheme of Spec (Ok)' In the latter case, let S be 
a smooth connected (not necessarily proper) curve over a finite field with 
function field k. In both cases, denote by P(k) the set of all places of k, 
and let 2) be the finite set of all places of k which are not contained in S. 

Let X be a proper flat S-scheme which is normal, connected, and of 
dimension two. We assume that Xk=X®sk is geometrically irreducible 
over k. The main purpose of our global class field theory is to describe 
the abelian fundamental groups 7r~b(U) of regular open subschemes U of 
X, and the maximum abelian Galois group Gal (KabjK) of the function 
field K of X, by using the Kz-idele class groups of X. In this section, we 
observe how two dimensional local fields and semi-global fields of Chapter 
I are associated with X. As in Conventions, for a scheme T and i > 0, Ti 
denotes {t E T; dim {t}= n. 

10. For each Y E Xl' let @X,y be the completion of the discrete valua
tion ring @X,y, and let Ky be the field of fractions of @X,y. Then, Ky is a 
"semi-global field" of Chapter I Section 3 whose residue field is the global 
field II:(Y). 

Next, for each x E Xo, let @x,x be the completion of the two dimen
sionaIlocal ring@x,x, and let Kx be the field of fractions of@x,x' Then, @x,x 
is normal by EGA., Chapter IV Section 7.8, and Kx is a semi-global field 
studied in Chapter I Section 4. Each Z E Spec (@X,X)1 defines the two
dimensional local field Kx,., the z-adic completion of Kx. 

Lastly, for each v E P(k), let Kv be the function field of X kv = X®skv. 
(kv denotes the completion of k at v.) It is a semi-global field of Chapter 
I Section 5. Each U E (XkJo defines a two dimensional local field Kv,u, 
the u-adic completion of K v• 

20 • We next observe how the two dimensional local fields Kx,z and 
Kv,u are related to the semi-global field Ky (y E Xl)' 

For x E Xo and Y E Xl> let the set y(x) be the inverse image of Y under 
the map Spec (@x,x)---+X. This set y(x) is not empty if and only if x E {y}. 
It is a finite subset of Spec (@X,X)I' and is identified with the set of "bran
ches" of {y} at x (Figure 1). For each z E y(x), the residue field lI:(z) of z 
is the completion of II:(Y) at some place, and in this way, we identify y(x) 
with a subset of P(II:(Y)) (P(II:(Y)) is the set of all places of lI:(y)). The field 
Kx,z (z E y(x)) is thus identified with the "local field" Ky,z of Ky defined in 
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Chapter I Section 3. 
For v E P(k) and Y E Xl' let the set y(v) be the inverse image of Y 

under the map Xkv-+X, It is not empty if and only if {y} is a horizontal 
divisor of X with respect to the fibration X-+S. For each Z E y(v), Il:(z) 
is a completion of Il:(Y) at some place, and we thus identify y(v) with the 
finite subset of P(Il:(Y)) consisting of all extensions of v to Il:(y). The field 
Kv.u (u E y(v)) is thus identified with the "local field" Ky.u of Ky defined in 
Chapter I Section 3. 

For example, let k=Q, S=Spec (Z), and X=P}=Spec(Z[TD U 
Spec (Z[T-I]). If y is the point in Xl corresponding to the prime ideal 
(T) of Z[T], we have Ky=Q«T)). If p is a prime number and x is the 
point in Xo corresponding to the maximal ideal (p, T) of Z[T], Kx is the 
field of fractions of Zp[[T]] and the T-adic completion of Kx is the local 
field Qp«T)) of Ky. If v is the place of Q, Kv=Qv(T) and the T-adic 
completion of Kv is the local field Qv«T)) of Ky. 

For y E YH the set P(Il:(Y)) is the disjoint union of the subsets y(x) 
and y(v), where x ranges over all closed points of {y} and v ranges over 
2 = P(k) - So. If {y} is horizontal, P(Il:(Y)) is also the disjoint union of sub
sets y(v) where v ranges over P(k). If {y} is vertical, P(Il:(Y)) is the disjoint 
union of y(x) (x E {ylo). In any case, we obtain a complete system 
Ky.z (z E P(Il:(Y))) of local fields of the semi-global field Ky. 

3°. Lastly, we observe that for v E So, some of the two dimensional 
local fields Kx.z are regarded as local fields of the semi-global field Kv' 
Let Yv be the fiber XQ9sll:(v) of X on v, which we identify with the closed 
fiber of the scheme XQ9 S 0k. over Ok.' For x E (Yv)o, @x.x is isomorphic to 
the completion of the local ring of XQ9S 0 kv at x, and hence, we have a 
morphism Spec(@x.x)-+XQ9s0kv' Let v(x)ver (resp. V(X)hor) be the inverse 
image in Spec (@X.X)1 of the closed fiber Yv (resp. the generic fiber Xk.) of 
XQ9 S 0k.' The set v(x)ver is finite, and we have 

V(X)ver= U y(x). 
yE(Y.h 

On the other hand, we have a canonical bijection 

If Z E V(X)hor and u is the corresponding point in (XkJO' the natural homo
morphisms Kv-+Kx-+Kx.z induce a canonical isomorphism 

K -::::::.K v,u- x,z (Figure 2). 
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v(x).u={z', z'}. 

y(x)={z', z'}. 

~. 
~pec (ko) Spec (.t{v)j 

Sped(O,J 

Fig. 1 Fig. 2 

§ 2. The idele class group 

Let k, Sand Xbe as in Section 1. Let m=(m(y))yEX, be a modulus 
on X in the sense of Chapter I Section 4 Definition 1. We define the support 
Supp(m) of m to be the closure in X of the finite set {y E Xl; m(y)::'s;:O}' 
In this section, we define the Kz-idele class group Cm(X/S) of X with 
modulus m. This group will be related to the class field theory of abelian 
coverings of X which are unramified outside Supp (m). 

For each x E Xo, m induces a modulus mx on Spec (0x .x ) as follows. 
If the image of Z E Spec (0X•X )1 in X is y E Xl> let miz) = m(y). If the image 
of z in X is the generic point of X, let mx(z) = O. (The second situation 
actually occurs. For example, if S=Spec(Z), X=P} and 0x.x =Zp[[T]] 
as in the example in Section 1, the image in X of the prime ideal (T -a) of 
0x •x for a E pZp is the generic point of X if a is transcendental over Q.) 
Define 

which is the idele class group of Kx with modulus mx defined in Chapter I 
Section 4. In the case (!)x.:c is regular and x ~ Supp (m), we identify Cm(x) 
with Z=Ko(x) as in Chapter I Section 4. 

For v E P(k), m induces a modulus mv on Xkv as follows. For U E 

(Xk)o, let mv(u)=m(y) if the image of u in X is y E X" and mv(u) = 0 if the 
image of u in X is the generic point of X. Let 

(see Chapter I Section 5). We have Cm(V) = SK,(Xk ) if Supp (m) has only 
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vertical components. 
Let y E {x}. As was explained in Section 1, 

P(IC(y»)=( U y(x» U ( U y(v» (2 = P(k) - So). 
XEXo VEI 

This gives a homomorphism 

IT K2(Ky.v)/ um(y) K2(Ky.v) 
vEP«(y)) 

= IT IT K(K )/Umx(Z)K(K ) 2 X,Z 2 x,z xEXo zEy(x) 

EB IT IT K2(Kv •u)/ Umv(U) K2(Kv •u ) 
vEX uEy(v) 

---+ IT Cm(X)EB IT Cm(V). 
xEXo vE X 

Lemma 4. The image of the idele group I(m(y))(Ky) (Chapter I Section 
3) in fLExo Cm(x)EB IT vel: Cm(v) is contained in EBXExo Cm(x)EB EBvEl: Cm(v). 
The first projection I(m(y))(Ky) ---+ EBxExo Cm(x) is continuous if we endow 
EBXExo Cm(x) with the discrete topology. 

Definition 1. Let Cm(X/S) be the cokernel of the composite map 

We endow Cm(X/S) with the finest topology which is compatible 
with the group structure and for which the canonical maps Cm(v)---+Cm(X) 
are continuous for all v E ~ (Cm(v) has the topology defined in Chapter I 
Section 5). We obtain canonical homomorphisms 

which are continuous by Lemma 4. 

Proof of Lemma 4. Let I be the ideal of (!) x defining the reduced 
closed subscheme {y} of X. Then, the closed subscheme Y=Spec «(!)xjIi) 
of X satisfies the condition of Y in Chapter I Section 3. Take an element 
rr of K which is a prime element in K y , and take a sufficiently small non
empty regular open subset U of Yred satisfying the following condition: 
If y' E X\-{y} and if y' satisfies either ordK.,(rr)=,\=O or m(y')=,\=O, then 
un {y'} = ¢. For any x E Uo and the unique element v of y(x), the 
elements 

have zero images in Cm(x) (see the proof of Chapter I Section 4 Lemma 3). 
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By the definitions of I(m(y)/Ky) and its topology, and by Chapter I Lemma 
3, this fact shows that the image of I(m(y)/Ky) in IT xEXo Cm(x) is contained 
in EBXExo Cm(x), and that the image of some open subgroup of I(m(y))(Ky) 
in EBXExo Cm(x) is zero. Q.E.D. 

Lastly, we vary the base S. Let S' be a non-empty open sub scheme 
of S, let Xs,=XXsS', and denote the restriction of m (as a function on XI) 
to (Xs') I also by m. Then, we obtain a surjective continuous homo
morphism 

Cm(XS'jS')~Cm(Xj S) 

as follows. For each v E So, let Yv=XQ9sK(V), and let Cm(v) be the 
cokernelof 

ffi K2(Ky)~ ffi Cm(x). 
yE (Y"lt xE (Y ")0 

Then, Cm(XjS) is isomorphic to the cokernel of 

and Cm(XS'jS') is isomorphic to the cokernel of 

ffi K2(Ky)~( ffi Cm(v))EB( ffi Cm(v)), 
yE(X')hor vE(S')o vEP(k)-(S')o 

where (XI)hor denotes the subset of Xl consisting of all points y such that 
{y} are horizontal divisors. The desired homomorphism Cm(Xs,jS')-+ 
Cm(XjS) is induced by the surjective homomorphisms Cm(v) -+ Cm(v) 
defined as follows. 

Let v E So. For x E (Yv)o, let 

be the decomposition given in Section 1, 3°. Since v(x)ver is a finite set, 
the projection 

K2(Kx)~ ffi K2(Kx,z)j Umx(z) K2(Kx,z) 
zEv(x)ver 

is surjective by the usual approximation theorem for a finite family of 
valuations. Hence, 

ffi K2(Kx,.)~Cm(x) 
zEv(X)hor 

is surjective. The commutative diagram 
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defines a surjective homomorphism between the cokernels of the two 
horizontal arrows; Cm(v)---+Cm(v). It is continuous by Chapter I Section 
4 Lemma 3. 

§ 3. The class field theory 

In this section, we prove main results of this paper. Let S and X be 
as in Section 1. For a commutative topological group G, let G* be the 
group of all continuous homomorphisms G---+Qj Z of finite orders. 

Theorem 1. Let U be a non-empty regular open subscheme of X. 
Then, there exists a canonical isomorphism 

Hl(U, QjZ)~U Cm(XjS)* 
m 

where m ranges over all moduli on X such that Un Supp (m) = ifJ. 

Theorem 2. Let K be the function field of X. Then, there exists a 
canonical isomorphism 

Hl(K)~U Cm(XjS)* 
m 

where m ranges over all moduli on X. 
In these results, if m and m' are moduli such that m' ~ m, we regard 

Cm(XjS)* as a subgroup of Cm,(XjS)* in the natural way. 
10. First, we define a homomorphism 

Hl(U, QjZ)--+ U Cm(XjS)*, 
unSupp(m)~~ 

or equivalently, a continuous homomorphism 

for a non-empty open sub scheme U of X. The definition of 

Hl(K)--+ U Cm(XjS)* 
all m 
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will follow from this, for Hl(K) = UU Hl(U, Q/Z). 
Let X E Hl(U, Q/Z). For y E XI> X E X o, and v E ~=P(k)-So, by 

the class field theories of K y, Kx, and Kv (Chapter I Sections 3, 4, 5), X 
induces elements of C(Ky)*, C(Kx)* and C(Kv)* respectively. Since X is 
unramified over U, the induced element of C(Ky)* annihilates UOC(Ky) 
for any y E U1• For Y E U1, let m(y)=O, and for y E X 1 - UI> let m(y) be 
any positive integer such that the induced element of C(Ky)* factors 
through C(m(y))(Ky)' Let m be the modulus (m(y))YEX,' Then, by the 
identifications of "local fields" of K y, Kx and Kv explained in Section 1, 2 0, 

the induced elements of C(K:r)* and C(Kv)* factor through Cm(x) and Cm(v), 
respectively. The induced homomorphism EBxExo Cm(x)EB EBvo' Cm(v)---+ 
Q/Z annihilates the images of K2(Ky) (y E Xl), and hence it defines an ele
ment of Cm(X/S)*. 

By this definition, we see 

Lemma 2. For x E Uo such that (i)x.x is regular, the image of 1 E Z 
under 

coincides with the Frobenius substitution of x. 
2°. Let U be a non-empty open subscheme of X. We prove that 

the homomorphism 

Hl(U, Q/Z) ---+ U Cm(X/S)* 
unSupp(m)~¢ 

IS Injective. Indeed, an element X of Hl(U, Q/Z) of order r defines a 
cyclic etale connected covering Ux of U of degree r. If X is in the kernel 
of this homomorphism, Lemma 2 shows that the covering Ux/U splits 
completely over any closed point of a non-empty regular open subscheme 
U' of U. This implies that the Hasse-Zeta functions of U: = Ux X uU' and 
U' (cf. Serre [22]) satisfy 

Z(U:, s)=Z(U', s)' in Re (s»2. 

Since both Z(U:, s) and Z(U', s) are analytically continued to the range 
Re(s»3/2 and have simple poles at s=2 ([22] Theorem 2, Theorem 3), 
we have r= 1 and hence X=O. (Cf. Lang [10] for this method using 
Zeta functions.) 

3°. Let Ube as above and let Uk = U®sk. We obtain a canonical 
homomorphism 

Hl(Uk , Q/Z)---+ U Cm(Xs·/S')* 
m,S' 
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where Xs'= Xx sS', m ranges over all moduli on X such that un Supp em) 
= rp, S' ranges over all non-empty open subschemes of S, and where we 
define the inclusion Cm(Xs,jS')*eCm(Xs"jS")* for S"eS' as at the end 
of Section 2. Since the group Um,S' Cm(Xs,jS')* depends only on the 
curve Uk over k, we denote it simply by D( Uk)' We now prove 

Theorem 3. H 1(Uk, QjZ)~D(Uk)' 
By 2°, it suffices to prove the surjectivity. 
First, we consider the case Uk=Xk. The unramified class field theory 

of Xk is studied in Bloch [3] Section 4 and Kato-Saito [8] Section 6. We 
proved in [8] that there exists a canonical isomorphism 

assuming that Xk is smooth over k (this condition is automatically satisfied 
in the case ch (k)=O), where Cx• is the idele class group defined as follows. 
We shall soon see that this isomorphism is extended to the case where X k 

is not necessarily smooth. Let TI ~EP(k) SK1(Xk) be the subgroup of the 
direct product TI vEP(k) SK1(Xk) consisting of all elements (av)vEP(k) such 
that av belongs to the kernel of the (surjective) boundary map SK1(Xkv)---+ 
CHo(Yv ) for almost all v E So, where Yv=X®sK(V) and 

CHo(Yv)=Coker( EB K(YY~ EB Z). 
YE(Yvh xE(Yv)o 

The definition of C Xk is 

CXk=Coker(SK1(Xk)~ TI' SK1(Xk)). 
vEP(k) 

Assume ch(k)=p>O and X k is not necessarily smooth. For some r::2::0, 
the integral closure X' of X k in the composite field K· k p - r is smooth over 
k p - r • We have a commutative diagram 

The left vertical arrow is bijective by SGA 1, Chapter IX Theorem 4.10, 
and the right vertical arrow is injective since the norm homomorphism 
CX,---+CXk is surjective as is easily seen. Thus, the bijectivity of the upper 
horizontal arrow is reduced to that of the lower horizontal arrow. 

Now, we show that in the case Uk=Xk, Theorem 3 is deduced from 
the above unramified class field theory of X k • Take sufficiently small S' 
such that X s' is regular. Then, we have (cf. the last part of Section 2) 
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=Coker{SKI{Xk)~{ EB CHo{Y.»EB{ EB SKI{Xk.)). 
vetS'). vEP(k)-(S'). 

This gives a canonical homomorphism 

having dense image. Thus, we obtain homomorphisms 

whose composite is bijective and the second arrow is injective. This 
proves the bijectivity of the first arrow. 

Now, we consider the general case of Theorem 3. Let Ybe the finite 
set Xk- Uk which is regarded as a subset of XI' For each y e Y, we have 
a complete discrete valuation field Ky with residue field K{Y), If we take 
S' sufficiently small so that Y={XS')I-(US .)l0 we have an exact sequence 

EB U°C(Ky)~Cm{Xs'/ S')~C(O){Xs'/ S')~O 
YEY 

for any modulus m such that un Supp (m)=ifJ. Consider the following 
commutative diagram, in which the above exact sequence gives the lower 
horizontal complex except the part p{k) * . 

O-+HI(Xk' Q/Z)-+HI(Uk, Q/Z)-+ EB H;(Xk' Q/Z)~H2(Xk' Q/Z) 

(A) ~lIl 1 i yEY ale b 1 
o~ D{Xk) ~ D(Uk ) ~ EB (UOC{Ky»*~ p(k) * 

yEY 

Here, the upper horizontal sequence is the localization sequence in etale 
cohomology theory, and is exact. The lower horizontal sequence is exact 
at DeXk ) and D{Uk), and p(k) denotes the group of all roots of I in k. 
The definitions of the homomorphisms a, band c are as follows. First, 
the class field theory of Ky defines a homomorphism HI(Ky)-+C(Ky)* and 
the unramified part HI(K(Y» of HI(Ky) annihilates UOC(Ky). Hence, the 
exact sequence 

defines the homomorphism a. Next, the spectral sequence 
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gives the homomorphism b; 

Lastly, let IT ~EP(k) K2(kv) and Rk = Coker (K2(k)---+ IT ~EP(k) K2(kv)) be as in 
Chapter I Section 3. For y E Y, the family of diagonal homomorphisms 

{K/kv)----+ EB UOK2(Kv,u)}vEP(k) 
uEy(v) 

(y is regarded as an element of Xl) induces a homomorphism IT ~EP(k) K2(kv) 
---+uoJw(Ky) (i2:0), and furthermore, a homomorphism Rk---+UOC(Ky)' 
By Moore's theorem introduced in Chapter I Section 3, this last homo
morphism induces 

Lemma 3. An element in the kernel of b is annihilated by the homo
morphism H2(Xk' Q/ Z)----+ H2(Xk" Q/ Z) for some finite Galois extension 
k' of k, where Xk,=X®kk'. 

By using the spectral sequence, this is deduced from the fact that each 
element of Hq(k, Hr(Xk" Q/Z)) with q >0 is annihilated by a finite Galois 
extension of k. 

Now, we prove the surjectivity of the homomorphism of Theorem 3 
by using the diagram (A). Let cp E D(Uk ). For y E Y, via the homo
morphism C(Ky)----+Cm(Xs'/S') (cf. Section 2), cp induces an element of 
C(Ky)*. By the class field theory of Ky (Chapter I Section 3), it comes 
from HI(Ky). Hence, i(cp)=a(r) for some r E EBYEY H;(Xk' Q/Z). By 
Lemma 3 and the diagram (A), we can take a finite Galois extension k' 
of k such that the image of j(r) in H2(Xk" Q/Z) is zero. Since the 
diagram 

HI(Uk, Q/Z)----+HI(Uk" Q/Z) 

D( tk) by norm) D( tk,) 
is commutative ("by norm" means "induced by norm homomorphisms of 
K-groups", see Chapter I Section 2 Proposition 3), the diagram (A) for Xk , 

shows that the image CPk'=CP a normk'/k of cP in D(Uk,) coincides with the 
image of an element X of HI(Uk" Q/Z). To prove that cP itself comes 
from HI(Uk, Q/Z), we may assume that the order of cp is a power of a 
prime number p. Let H be a p-Sylow subgroup of Gal(k'/k), and let kH 
be the fixed field of H in k'. By using the commutative diagram 
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(Tr means the trace map), we are easily reduced to the case k H = k. So, 
assume that Gal (k'/k) is ap-group. We can take fields k=kock1c··. 
ckr=k' such that k i +1 is a cyclic extension of degree p of k i for 0< i 
:::;;: r-1. We show by descending induction on i that cp" comes from 
Hl(U."Q/Z). Let G=Gal(ki+1/ki ). Since G is cyclic, the spectral se
quence 

induces the upper horizontal exact sequence of the following commutative 
diagram. 

Here, for a G-module M, 

MG={x EM; gx=x for all g E G}. 

By the hypothesis of the induction, CP'w is the image of an element X of 
Hl(U'i+1' Q/Z). Since Cp"+1 is fixed by G and Hl(Uk i+1' Q/Z)~D(U'<+l) 
is injective, X is also fixed by G. By this fact and by the diagram above, 
we see it suffices to prove that the sequence 

(B) 

is exact. Let Y' =X.,- U.,. For Y E Y', let K; be the field of fractions 
of @Xk"U. Let i[t be an element of D(U.) which vanishes in D(Ukw). 

Then, i[t induces an element of C(K;)* for each Y E Y'. Since this element 
is annihilated by the unramified extension K;ki+l of K;, the class field 
theory of K; shows that i[t annihilates UOC(K;) for all Y E Y'. By the 
lower horizontal sequence of (A) applied to X"" this implies that i[t comes 
from D(X.J Now, the exactness of (B) follows from the exactness of 

O~G*~D(X"i)~D(X"i+1) 
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which follows from the case Uk =Xk of Theorem 3. This completes the 
proof of Theorem 3. 

4°. We deduce Theorem 2 from Theorem 3. By making U smaller, 
we have 

HI(K) ~ U D( Uk)' 
u"" 

But this isomorphism is the composite of two injective homomorphisms 

HI(K)--+ U Cm(X/S)*--+ U D(Uk )· 

alim U"" 

Hence, the first homomorphism is bijective. 
5°. Lastly, we prove Theorem 1. Let'P E Cm(X/S)*, U a non-empty 

regular open subscheme U of X, and assume un Supp (m) = cp. We 
prove that 'P comes from HI( U, Q/ Z). By Theorem 2, the image of'P in 
Uali m Cm(X/ S)* is induced by an element X of HI(K). It remains to 
prove that X comes from HI(U, Q/Z). Since U is regular, it suffices to 
prove X is unramified at any y E Up We have a commutative diagram 

Since m(y)=O for y E UI , the image of'P annihilates UOC(Ky ). By the class 
field theory of K y , this proves that X is unramified at y E Uj • 

Remark 1. If ch (k)=O, any homomorphism of finite order Cm(v)~ 
Q/ Z is continuous, and hence any homomorphism of finite order Cm(X/ S) 
~Q/ Z comes from Efl. 

Remark 2. What relation exists between the modulus of a ramified 
abelian covering X, of X and the conductors of associated L-functions? 
It seems that the conductor of an L-function contains terms concerning 
closed points of X, besides the terms m(y) which concern only the points 
of codimension one. 

Lastly, in the case k is a number field, S = Spec (Ok)' and X is regular, 
we give more precise forms of Theorem 1 and Theorem 2. For a modulus 
m on X, let Cm(X) be the quotient of Cm(X) defined to be the cokernel of 

EB K2(Ky)--+( EB Cm(x»EB( EB Cm(v)/2Cm(v» 
yEXl xEXo v real 

where "real" means the real places of k. We call a modulus m on X 
admissible if m(y)::;l for any y such that ch(h:(y»=O. 
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Theorem 4. Assume that k is an algebraic number field, S = Spec (Ok)' 
and X is regular. 

(1) For any admissible modulus m on X, the group Cm(X) is finite. 
(2) Let U be a non-empty open subscheme of X. Then, as a topolog

ical group, 7r~b(U) is canonically isomorphic to lim Cm(X) where m ranges 
+
m 

over all admissible muduli such that un Supp (m) = cjJ. 
(3) As a topological group, Gal (Kab/K) is canonically isomorphic to 

lim Cm(X) where m ranges over all admissible moduli. 
+
m 

This result is similar to the classical class field theory of Takagi-Artin. 
We have the ray class group Cm(X) which is a finite group generated by 
canonical generators corresponding to closed points outside Supp (m), the 
corresponding ray class field Km which is a finite abelian extension of K 
such that Um Km=Ka\ and the Artin isomorphism Cm(X)~Gal(Km/K). 

Proof of Theorem 4. If v is a complex place of k, Cm(v) is a divisible 
group for any modulus m. If v is a real place of k, Cm(v)/2Cm(v) is dis
crete as is easily seen, and the norm argument for the extension G/R shows 
that 2Cm(v) is divisible, for any modulus m. Furthermore, if y e Xl and 
ch (lC(y))=O, UIC(Ky) is a divisible group. By cutting off these divisible 
groups, Theorem 4 is reduced to Theorem 1 and Theorem 2 if we prove 
the finiteness of Cm(X) for m admissible. For m=(O), the regularity of X 
implies 

Coker ( EB KzCKy)~ EB CCO)(x)) ~ Coker (EB Ii:(Y)X~ EB Z) 
yEX, xEXo yEX, XEXo 

and the latter group is finite by Bloch [3]. On the other hand, for a real 
place v of k, Ccolv)/2Cco)(v)=SKI(Xk)/2SKlXk) is finite as follows. If 
the residue fields of all closed points of Xkv are the complex number fields, 
SKI(Xkv) is divisible. If Xkv has a kv-rational point, there is an exact se
quence 

([3]JSection 1), where J(kv) is the group of all kv-rational points of the 
Jacobian variety of Xk • The finiteness of CCO)(v)/2Ccolv) follows from the 
finiteness of J(kv)/2J(kv) and k?;/(k?;)2. Thus, we have shown that Cco/X) 
is finite. 

For any modulus m, we have an exact sequence 

EB UOCm(Ky)~Cm(X)~CCO)(X)~O. 
yEX,nSUppCm) 
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Since Cm(X) is discrete, the image of the first arrow is finite by Chapter I 
Section 3 Lemma 2 if m is admissible. This reduces the finiteness of 
Cm(X) to that of C(O)(X), 

§ 4. The case of surfaces over a finite field 

Let k be a field, and let X be a proper normal surface over k. Then, 
we define the idele class group Cm(X) for a modulus m on X as follows in 
the way similar to Section 2. 

For Y E Xl' let Ky be the field of fractions of @X,y. For x E ~, let Kx 
be the field of fractions of @x,x, and for Z E Spec (@x,x)l> let Kx,z be the 
z-adic completion of Kx. For a modulus m on X, the groups Cm(x) (x E Xo) 
and the homomorphisms K2(KY)~EBxExo Cm(x) (y E Xl) are defined in the 
same way as in Section 2. Let Cm(X) be the cokernel of the induced 
homomorphism 

EB K2(Ky)-----+ EB Cm(x). 
yEXl xEXo 

If X is regular and m = (0), 

C(OlX)~Coker( EB K(Y)x-----+ EB Z)=CHo(X), 
VEX! XEXo 

where CHoCX) is the Chow group of zero cycles on X modulo rational 
equivalence. 

Most of topological arguments in the previous sections can be applied 
to this situation. We define the topology of K2(Kx,z)/Ui KzCKx,z) by using 
the image A of @x,x in OKx,,!mkx.z (see Chapter I Section 2 Case 1). We 
define the idele group of Ky and its topology by using Y = Spec «!) x/Ii) 
where I is the ideal of (!) x defining the reduced closed sub scheme {y } (the 
condition "of finite type over Z" on Y in Chapter I Section 3 is replaced 
here by "of finite type over k"). We regard Cm(X) and Cm(x) as discrete 
groups, and then, all the homomorphisms KzCKx,z)/umx(z)KzCKx,z)~Cm(x) 
and C(m(y))(Ky)~Cm(X) are continuous. 

Assume now that k is a finite field. Then, as in Section 3, we obtain 
a canonical homomorphism 

for any dense open subscheme U of X. If X is connected and K is the 
function field of X, we obtain a canonical homomorphism 

lim C(X)-----+Gal (Kab/K). 
~ 
allm 
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Theorem 5. Let X be a smooth projective geometrically irreducible 
surface over a finite field k with function field K. Then, 

(1) For any modulus m, the kernel Cm(X)O of the degree map Cm(X) 
---+Z is finite. 

(2) Let U be a non-empty open set of X, and let 7r~b(U)O~be the kernel 
of 7r~b(U)---+Gal (k/k). We have commutative diagrams of exact sequences 

0---+ lim Cm(X)o---+ lim Cm(X)~ Z ---+0 
~ ~ 

UnSupp(m)~~ unSupp(m)~~ 

l"l 1 nl 
0---+ 7r~b(U)O ---+ 7r~b(U) ---+Gal (k/k)---+O 

in which the vertical arrows in the left sides are isomorphisms of profinite 
groups. 

Here, the degree map deg: Cm(X)---+Z is the composite 

deg 
Cm(X)---+C(O)(X)~CHo(X)---+Z. 

We begin with some elementary properties of Cm(X). 

Lemma 3. Let X be a proper normal surface over a field k, m a mod
ulus on X, and let U be any regular dense open subset of X such that Un 
Supp(m)=sb. Then, 

EB Z~ EB Cm(x)---+Cm(X) 
XEUo xEUo 

is surjective. 

Proof Fix x E X. Let T be the subset of Spec (@x,x)! consisting of 
all points whose images in X are the generic point of X. Let M (resp. N) 
be the subset of Spec (@x,x)! - T consisting of all points Z such that mx(z) 
~ 1 (resp. mx(z)=O). Since M is a finite set, we see easily that 

EB K(ZY---+C",(x) 
zENllT 

is surjective. We prove further 

Clain. EBZEN K(ZY---+Cm(x) is surjective. 
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Indeed, fix t E T and let a be any element of K(tV. We show that 
the image of a in Cm(x) is contained in the image of EEl'EN K(ZV. Take 
an element h of K", which is a prime element in K""t and which satisfies 

ordx.".(h-l):;C:m",(z) 

for any Z EM. Let D={z E Spec (&X,,,,)I; ordx .. ,,(h)~O}, and let s be any 
non-zero element of (!Jx.", (not &x."') such that ordx .. "(s)=0 if ZED. Since 
&X . ..,,[S-I] is a Dedekind domain, there are b E &x.'" and n E Zsuch that the 
image of snb in K(t) is a, and its image in K(Z) is 1 if Z E D-{t}. Let J 
be the intersection of all the prime ideals in D. Since J+brnx ,,, (rnx ." is 
the maximal ideal of &x.,,) is an open ideal of &x,,,, there is an element c 
of (!Jx." such that 

This shows that 

c=bu modJ for some u E (&x,,,V. 

Fo(z EMU T, the image of {sncu- I, h} E K2(K,,) in K2(K",.)/um .. (z) K2(K",.) 
is a E K(t)X if Z= t, and is zero if z~ t. By the definition of Cm(x), this 
proves the claim. 

Now, we complete the proof of Lemma 3. By making m large and 
U small, we may assume U =X - Supp (m). By the claim, Cm(X) is gen
erated by the images of the groups C(O)(KlI) such that y E XI and m(y) = O. 
For such y E XI' if x is a closed point of {y} n U at which the reduced 
scheme {y} is regular, the image in Cm(X) of the local factor of I(o)(KlI) 
corresponding to x coincides with the image of Z= Cm(x)~Cm(X), Since 
C(O)(KlI) is isomorphic to the idele class group of K(Y) and C(O)(KlI)~Cm(X) 
is continuous, the image of C(olKlI) in Cm(X) is generated by the images 
of Cm(x) where x ranges over all regular closed points of {y} n u. 

Lemma 4. Let X be as in Lemma 3, and let f: X'~X be a proper 
birational morphism with X' normal. Let m be a modulus on X, and let m' 
be any modulus on X, satisfying m'(y)=m(f(y)) for any y E (X')I such that 
fey) E XI' Then, there is a unique surjective homomorphism f*: Cm(X)~ 
Cm,(X') such that; if U is a regular dense open subscheme of X such that 
f-I(U) ~ U via J, the following diagram is commutative. 
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Proof Fix x E Xo. Let T=@x.:J/i9xX'. Since T-+Spec(@x.x) is pro
per and birational, each Z E Spec (@X.X)1 determines a unique element t of 
Tl having z as its image in Spec(@x.x). The closure {t} in Tis finite over 
Spec(@x.x) and hence has a unique closed point s. Let x' be the image 
of s in X'. Then, @x"x'~ @T.8' Since @T.S is isomorphic to the t-adic 
completion of (!JT." we can regard t as an element of Spec (@T.S)I' Let z' 
be the image of t E Spec(@T.S)1 in Spec(@X'.X')I' We have 

The homomorphism f* is defined by collecting the isomorphisms 

The well-definedness of f* is proved easily, and the uniqueness and the 
surjectivity of f* follow from Lemma 3. 

Lemma 5. Let /': X'-+X and m, m' be as in Lemma 4. Assume 
that there is an open set W of X which contains Supp (m) and all points of 
X at which X is not regular, and which satisfies f-l( W) ~ W via f Then, 
f*: Cm(X)-+Cm,(X') is bijective. 

Remark 3. It is probable that the group lim Cm(X) is a birational 
+-

allm 

invariant of X. This Lemma 5 is too weak to deduce this. If k is a finite 
field, the class field theory affirms this fact for X regular. 

Proof of Lemma 5. We define a homomorphism 

as follows. For x E f- 1(W)o, let fx: Cm,(x) 2t Cm(f(x)) be the canonical 

isomorphism. For x E (X')o- f- 1(W)o, let dx : Cm,(x)-+Z=Ko(x) be the 
homomorphism defined by the Bloch-Gersten-Quillen complex for @x'.x, 
and let fx: Cm,(x)-+Cm(f(x)) be the composite 

Cm'(X)~Z [K(X): K(f(x))l Z= Cm(f(x)). 

The homomorphism f* is defined by collecting these homomorphisms 
fx (x E (X')o)' It is easily seen that this homomorphismf* is well defined. 
By applying Lemma 3 to U andf-l(U) where U is any regular dense open 
subscheme of X-Supp(m) such thatf-l(U)~U, we see thatf*of* and 
f* 0 f* are the identity maps. 
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Now, we prove Theorem 5. Since X is regular, C(o/X) = CHo(X). 
By Milne [13] and Kato-Saito [8], CHoeX)O is a finite group. By the proof 
of Section 3 Theorem 4, we see that the kernel of Cm(X)~C(o/X) is finite 
for any modulus m on X. Hence, Theorem 4 is a consequence of 

Proposition 1. Let X be a projective normal connected surface over a 
finite field k with function field K. Let U be a non-empty regular open 
subscheme of X. Then, we have canonical isomorphisms 

HI(U, Q/Z)~ U Cm(X)*, 
unSupp(m)~¢ 

HI(K)~ U Cm(X)*. 
allm 

Proof The injectivity of these homomorphisms are proved just as 
in the proofs of Theorem I and Theorem 2. We prove the surjectivity. 
It suffices to treat the first homomorphism. Let cp: Cm(X)~Q/Z be a 
homomorphism of finite order such that un Supp (m)=¢i. To show that 
cp comes from HI(U, Q/Z), we may assume that the order of cp is a power 
of a prime number p, and we may replace k by any finite extension k' of 

k such that [k': k] is prime to p. Take a projective embedding X ~ p~, 
and let Y be a closed subset of X such that Y ~X and X - U c Y, so 
that all the singular points of X are contained in Y. By taking an exten
sion of the constant field of degree prime to p, we may assume that there 
is a linear subvariety L of p~ of co dimension 2 which does not meet Y. 
The hyperplanes H in pn which contain L form a variety T which is iso
morphic to PJc. Let X, be the subvariety of Xx kT of points (x, H) such 
that x E H. Then, the first projection X' ~ X is proper and birational, 
and satisfies the condition of Lemma 5 with respect to the modulus m. 
Let m' be the modulus on X' defined by m'(y)=m(f(y» if fey) E Xl and 
m'(y) = 0 if fey) E XO. Then, we have f*: Cm,(X')~Cm(X) by Lemma 5. 
Take the integral closure S of Tin K. Then, the projection X'~T 
induces a morphism X' ~S which satisfies the conditions at the beginning 
of Section 1. We have Cm,(X' / S) = Cm,(X'). Hence, in the commutative 
diagram 

HI(U, Q/Z) ---* U Cm(X) * 
unSupp(m)~¢ 

1 nlbY!* 
HI(f-I(U), Q/Z)---* U Cm(X')*, 

f-l(u)nSupp(m)~¢ 

the lower horizontal arrow is bijective by Theorem 1. Since f-l( U)~ U is 
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proper and birational and Uis regular, HI(U, Q/Z)~HI(f-I(U), Q/Z) is 
bijective. This proves that fP comes from HI(U, Q/Z). 

Chapter III. Relation with the class field theory of Lang 

Let V be a variety over a finite field k with function field K. The 
class field theory of Lang [9] [10] [20] constructs a group A 7,(V) by using 
commutative algebraic groups over k, and an isomorphism 

Gal (Kab/K), ~Ak(V) ([20] Chapter VI n° 16 Theorem 1) 

where Gal (Kab/K), is the dense subgroup of Gal (Kab/K) defined to be the 
inverse image of the subgroup Z of Gal(J(/k)~i (1 E zci corresponds 
to the Frobenius). In this chapter, in the case where V is a smooth proper 
surface over k, we shall show that the composite of this isomorphism and 
the isomorphism in Chapter II Section 4 

lim Cm(V) ~ Gal (KabjK)' ~ A k ( V) 
+
m 

is given by the two dimensional version of the local symbol of [20] Chap
ter III. 

First, we review the class field theory of Lang, following [20] with 
slight modifications. 

Let k be an arbitrary field. Let G be a commutative algebraic group 
over k (i.e. a commutative group scheme of finite type over k). Then, a 
principal homogeneous space Hover G defines an exact sequence of com
mutative group schemes over k; 

Precisely, EH is the disjoint union II nEZ H(n) where H(n) is the principal 
G G 

homogeneous space HX ... X H (n times) over G defined in the well-
known way for any n E Z. (In particular, H(I)=H and H(O) = G). The 
group law of EH is defined by the canonical morphisms H(m) X H(n)~ 
H(m+n) (m, n E Z). The homomorphism EH~Z is the morphism which 
is constant on each H(n) with value n. (Another definition of the above 
exact sequence is that H defines an element of 

HI(Spec (k)fPPf' G) ~ Ext~peC(k)fPPrCZ, G) , 

where fppf means the fppf topology.) 
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Let K be a field over a field k. We define the category MX/k as 
follows. An object of MX/k is a triple (G, H, a) where G is a commutative 
algebraic group over k, H is a principal homogeneous space over G defined 
over k, and a is a K-rational point of H such that the image of a: Spec (K) 
---+H is dense. A morphism (G, H, a)---+(G', H', a') is a pair (f, g) of a 
k-homomorphismf: G---+G' and a k-morphism g: H---+H' such thatgoa= 
a' and such that the diagram 

GXH!:f!2 G'XH' 

1 1 
H ~ H' 

is commutative. This category MX/k is essentially small (i.e. isomorphism 
classes of objects in MX/k form a set) and co-filtered (its dual category is 
filtered in the sense of Schubert [19] 9.3.4). Hence we can regard any 
covariant (resp. contravariant) functor F: M X/k---+'?? from MX/k to a cate
gory '??, as a filtered inverse (resp. inductive) system {F(G, H, a)} in '?? with 
the index category M X / k • A general result of [20] is; 

lim Ext1(EH, Q/Z)~Hl(K) 
-----+ (G,H,a)EMXlk 

where Ext1(EH, Q/Z) is the group of all classes of short exact sequences 
O---+Q/Z---+ * ---+EH---+O of fppf sheaves of abelian groups over Spec (k), and 
lim means the inductive limit of the contra-variant functor (G, H, a) ~ 
---+ 
Ext1(EH, Q/Z). 

Let 

~ (G,H,a) EMKlk 

where EH(k) denotes the group of all k-valued points of EH which we re
gard as a covariant functor (G, H, a)~EH(k). If K is the function field 
of a variety V over k, this group AX/k coincides with the group Ak(V) in 
[20] as is easily seen. 

Assume that k is a finite field. Then, an exact sequence O---+Q/ Z 
---+ * ---+EH---+O gives a homomorphism EH(k)=HO(k, EH)---+HI(k, Q/Z) = 
Q/Z, and this correspondence induces an isomorphism Extl(EH, Q/Z)~ 
Hom (EH(k), Q/Z). Combining this fact with the above general result, 
we have 

Theorem. ([20] Chepter VI nO 16 Theorem I) Let k be a finite field, 
K afield over k, and let Gal (Kab/K)' C Gal (Kab/K) be the inverse image of 
ZcZ=Gal(k/k). Then, there exists a canonical isomorphism 
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Gal(Kab/K)'~AK/k' 

Our aim is to prove 

Proposition 1. Let X be a projective smooth connected surface over a 
field k, and let K be the function field of X. Then, 

(1) There is a canonical homomorphism 

having the following characterization. Let (G, H, a) be an object of MK/k 
and assume that IX comes from a morphism a: U~H for a non-empty open 
subscheme U of X. Then, the corresponding homomorphism 

lim Cm(X)~EH(k) 
+
all m 

induced by r x factors through Cm(X) for some modulus m such that 
un Supp (m) = ¢>, and the composite 

by rx 
Z= Cm(x)~Cm(X)~EH(k) for x E Uo 

sends 1 E Z to Tr.(X)/k(a(x)). Here, a(x) is the composite morphism 

regarded as a lC(x)-rational point of Em and Tr'(X)/k is the trace map EH(IC(X) 
~EH(k). 

(2) If k is finite, this homomorphism r x is bijective, and the following 
diagram is commutative. 

We must explain the definition of the trace map. Let G be a com
mutative group scheme over a field k and let E be a finite extension of k. 
Then, we define the trace map 

TrE / k : G(E)~G(k) 

as follows. Let E' be the maximum separable sub extension of k in E. 
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Let Tr E'/k : G(E')---+G(ks) be the homomorphism x>-+ L.:u O'(x), where 0' ranges 
over all k-homomorphisms E'---+ks. Then, the image is fixed by Gal (ks/k) 
and hence TrE'/k is in fact a homomorphism G(E')---+G(k). If ch(k)=p>O 
and [E: E']=pr (r~O), we have 

prx E G(E')eG(E) for any x E G(E). 

Indeed, let B be the fixed subring of A =E0k· 0 0 0 kE (pr times) by the 
actions ali!)· .. 0apT >-+au (1) 0 .. ·0aU (pT) of the permutations 0' on the set 
{l, 0 0 0, pr}. For x E G(E), let Xi be the image of x in G(A) induced by 

E---+A; a---+ 10·· ·010a010 o 
0 ·01. 

~ 
i-I times 

Then, XI + . 0 • +Xpr E G(A) is contained in G(B). On the other hand, by 
Serre [20] Chepter III n° 14 Lemma 11, the image of B under 

is contained in kEPT. Write the induced map B---+E' by 8'. In G(E), we 
have 

Now we define TrE/l,: G(E)---+G(k) by 

X---+ TrE'/k([E: E'] ox). 

To prove Proposition 1, we define the local symbols for higher dimen
sionallocal fields. Let k be a perfect field, and let ko, .. 0, k n be a sequence 
of fields over k satisfying the following conditions (i) (ii). 

(i) ko is a finite extension of k. 
(ii) For i = 1, ... , n, k i is a complete discrete valuation field with 

residue field ki-I. Furthermore, keOk" and the reduction map Oki---+ki-I 
is a k-homomorphism. 

Let K=kno We define a valuation ring VK as follows. Let Vo=K 
and define Vi (1;5; i ~n) inductively to be the inverse image of Ok n _i+1 

under Vi-l---+kn-i+l. Then, Vo:::::) VI:::::) 00.:::::) Vn and each Vi is a valuation 
ring of rank i with field of fractions K. We define V K = Vn • Then, the 
residue field of V K is ko. 

In the following, for a commutative algebraic group Gover k, we 
define a canonical pairing 

( , ): G(K) X K;[(K)---+G(k), 
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which is a generalization of the local symbol of [20] Chapter III (see 
Lemma 3 below). First, we assume that G is affine. We need some facts 
from the localization theory in algebraic K-theory. 

Let B be a ring and S a multiplicatively closed subset of B consisting 
of non-zero divisors of B. Let H be the exact category of all the B-mod
ule M such that S-IM=O having a resolution of length one by finitely 
generated projective B-modules. Then, we have a long exact sequence 

for q?:. 0 (cf. Grayson [4]), where K* means Quillen's K-group. If B is 
flat over a ring A and if B/sB is a finitely generated projective A-module 
for any s e S, any object of H is finitely generated and projective as an 
A-module, and we obtain a homomorphism Kq(H)~KiA). 

Definition 1. Let I be a field, and let J be a complete discrete valua
tion field containing I such that leO J and such that the residue field of J 
is a finite extension of 1. Then, for any ring A over I and any q>O, we 
denote by ResJ/I the composite 

defined by taking B=A@rOJ and S=OJ-{O}. 

Let k and K be as above. For each i= 1, .. " n, choose a k-homo

morphism It: k'_I~Ok' such that the composite k'-l Ii Ok,~Ok,/mk' is 
the identity map (such!, exists, for k i - 1 is formally smooth over the perfect 
field k in the sense of EGA., Chapter 0 Section 19). For any ring Rover 
k, let ResUl"",fn) be the composite map 

where we regard k'_l as a subfield of k, vialt for each i. 
For a ring Rover k which is a k-vector space of finite rank, let G! 

be the algebraic group over k having the characterization 

for any ring A over k. 

For an affine commutative algebraic group G, there is an exact sequence 
O~G~G!~G;:: for some Rand R'. This shows that for any embedding 
G C G!, the image of 
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G(K) X Kn(K)~G;;(K) X Kn(K) 

= (R®kKY X Kn(K)U Kn + I(R®kK ) Resu"oo.,! n~ RX = G;;(k) 

is contained in G(k) and the induced pairing 

is independent of the choices of R and the embedding G c G;;. 
It is probable that the homomorphism 

Res(/I,oo',!n): Kn+I(R®kK)~RX 

and hence ( , )K: G(K)XKn(K)~G(k) 

are independent of the choices off" ... ,In. In the positive characteristic 
case, this can be proved by the same method in the proof of [5] II Section 
2 Lemma 12, which treated the case R=k[TJj(Ti) (i~ 1) and used the 
p-th power homomorphism. In the case ch (k)=O, we can prove at least 
that the composite 

which we shall denote also by ( , )K' is independent of the choices of 
f" .. " In· In this case, we may assume that k is algebraically closed, 
and then we are reduced to the cases G=Gm and G=Ga • In the case 
G= Gm , ( , h is induced by the composite of tame symbols which are in
dependent of f" .. " In- In the case G = G a> we have a commutative 
diagram 

where the lower horizontal arrow "res" is characterized by the following 
properties and is independent off" .. " In. 

(i) res (dQ'l-I)=O. 
(ii) Let VK be the valuation ring of rank n with residue field ko de

fined above. Then, 

for all a E VK and b l , •• " bn E KX. Here, an denotes the composite of 
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tame symbols K:(K)~Kf!(ko)=Z and ii denotes the residue class of a. 
Next, we extend the definition of ( , )K: G(K)XK:(K)~G(k) to 

any commutative algebraic group G. By Chevalley's theorem, there is 
an exact sequence 

such that G' is smooth affine and GI/ is proper. Let VK be the valuation 
ring defined above. Since GI/ is proper, we have GI/(VK)=GI/(K). Since 
VK is henselian and G' is smooth, an element of GI/(VK) is contained in 
the image of G(VKk')~GI/(VKk') after a finite Galois extension k'/k. 
These facts show that an element a of G(K) is written in G(Kk') in the 

form a'+f3 such that a' E G'(Kk') and f3 E G(VKk'). If a=a'+f3 with 
a' E G'(K) and f3 E G'(VK), we define 

to be the sum of the following two maps 

(a', )K: K:(K)~G'(k)cG(k), 

K:(K)~G(k); x~an(x). Trlco/lceS) 

where an is the composite of tame symbols K:(K)~Kf!(ko)=Z, TrieD/ie 
is the trace map G(ko)~G(k), and ft denotes the image of f3 in G(ko). For 
general a, (a, h: K:(K)~G(k') is defined after a finite Galois extension 
k' /k, but the image is invariant by Gal (k' /k) and hence contained in G(k). 
It is easily seen that this determines a well defined pairing 

Lemma 1. Let G be a commutative algebraic group over k, and let 
a E G(K). 

(1) There is an i>O such that (a, )K annihilates UiK:(K). 
(2) !fa E G(OK)' we can take i=O. ffa E G(VK), we have (a, X)K= 

an(x)· Trlco/la)· 
(3) !f G is of multiplicative type, we can take i = 1. 
(4) Let R be a ring over k which is a k-vector space of finite rank, 

and let G = G;;'. Assume a is the unipotent element 1-c-1a, where a is a 
nilpotent element of R®/cOK and c E OK-{O}. Then, if aN =0, we can take 
i=N· ordK(c)+ 1. 

Proof. The assertion (2) follows easily from the definition of ( , )K' 
For (3), we may replace k by its any finite extension, and we are reduced 
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to the case G= Gm • Then, the residue map is induced by tame symbols 
which annihilate U I • 

We prove (4). Let r =ordK(c). As is easily seen, urN+IK:{(K) is 
contained in the subgroup of K:{(K) generated by elements of the form 
{x, YI' ... , Yn-I} such that x E Ut;Nl and Yt> ... , Yn-I E UK. Since a= 
(c-a)c-t, we are reduced to proving that 

{c-a, Ut;Nl} E Im(K2(R®kOK)~KZ<R®J()). 

Letf E OK and let 

N-l 
g= L: cJaN- I- J E R®kOK. 

j~O 

Then, 

{c-a, 1-cNf}= {c-a, 1-(c-a)fg}. 

The subgroup 1-(c-a)(R®kOK) of (R®kK)X is generated by elements 
1-(c-a)h such that h E (R®kOK)x. But, for h E (R®kOK)X, 

{c-a, 1-(c-a)h}= -{h, 1-(c-a)h} E 1m (K2(R®kOK)). 

Lastly, an element a E G(K) becomes a sum of elements of the types 
(2) (3) (4) after a finite extension of k (by Chevalley's thoerem introduced 
above), which proves (1). 

Lemma 2. Let K' be a finite extension of K. 

(1) (aK" xh,=(a, NK'/K(X))K (a E G(K), x E K:{(K')). 
(2) (a, xK')K,=(TrK'/K(a), X)K (a E G(K'), x E K:{(K)). 

Here, for a E G(K) (resp. x E K:{(K)), aK' E G(K') (resp. XK' E K:{(K')) 
denotes its canonical image. 

This follows from formal properties of the norm homomorphism in 
K-theory. 

Lemma 3. Let F be an algebraic function field in one variable over a 
perfect field k. Let a E G(F) (G is a commutative algebraic group over k). 
Then, for any place v of F over k, the homomorphism (a, )P.: (Fv)x-+G(k) 
defined above coincides with the local symbol of Serre [20] Chapter III. 

Proof It is sufficient to prove that the family {( , )p.}v satisfies the 
characterizing condition of the local symbol in [20] Chapter III. By virtue 
of Lemma 1 (2), what we must check reduces to 

(A) for x E FX. 
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By Lemma 2, we are reduced to the case where x is transcendental over k 
and F=k(x). Let O~G'~G~G"~O be an exact sequence such that G' 
is affine and Gil is proper. By [20] Chapter III nO 8 Lemma 7, we have 
G"(k(x)) = G"(k). From this, it follows that G(k(x)) is generated by 
G'(k(x)) and G(k). For a E G(k), the formula (A) above is nothing but 
the well known formula 

onFX. 

Thus, we are reduced to the case G is affine, and hence to the case G= G;;'. 
In this case, the formula (A) follows from the residue formula 

.L; Res F./k(X)=O 
all v 

This formula is proved as follows. Let C be the regular proper curve 
over k with function field F. Let H be the category of coherent sheaves 
:F on R(iShC having a resolution of length one by vector bundles such 
that :F0.oF=0. Then, the sum .L;an1l ResF./k is the composite 

a 
Kq + I(R0kF)~ Kq(H)~ Kq(R), 

but the second arrow factors as 

and ioa=O. 
Now, we return to the smooth proper surface X over a field k and 

prove Proposition 1. The uniqueness of r x follows from Chapter II Sec
tion 4 Lemma 3. To prove the existence of r x, an easy reduction shows 
that we may assume that k is algebraically closed. 

If k is algebraically closed; any principal homogeneous space Hover 
G has a k-rational point, and hence isomorphic to G itself. We have EH 
= G X Z. Our task becomes to show that an element a of G(K) defines a 
canonical homomorphism lim Cm(X)~G(K) having the property stated 

+-
all m 

in Proposition 1 (1) in which Hand EH are replaced by G. For x E X~ 

and Z E Spec (@x,x)1> we have already a canonical homomorphism 

We show that the collection {(a, )xx .• } defines a homomorphism Cm(X)~ 
G(k) for some modulus m. The fact that the obtained homomorphism 
r x has the required property in Proposition 1 (1) will then follow from 
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Lemma 1 (2). It suffices to prove the following Lemma 4 and Lemma 5, 
in which G denotes a commutative algebraic group over a perfect field k. 

Lemma 4. Let F be a function field in one variable over k. Let 
1(=F«T)), and Kv=Fv«T)) for each place v of F over k. Let a E G(K). 
Then, 

(1) There exists an integer i>-O such that (a, )Kv: G(K.)--+G(k) anni
hilate U iK2(Kv) for all v. 

(2) For bE K2(K), (a, b)=Ofor almost all v, and I;allV(a, bhv=O. 

Lemma 5. Let x E Xo and a E G(K). (Here K is the function field 
of X as before.) Then, for bE K2(K,), (a, b)K =0 for almost all Z E 

Spec (@X,X)l and I;allz (a, bhx,z=O. x,z 

Proof of Lemma 4. We may assume that k is algebraically closed. By 
Chevalley's theorem, for some finite separable extension F' of F, the image 
of a in G(F'«T))) is expressed as a sum a' + f3 such that a' E G'(F'«T))) 
for an affine subgroup G' of G and f3 E G(F'[[T]]). Let K' = F'«T)). An 
easy study of the norm maps (K'Y--+Kx and (K~Y--+K: shows that 

where v' is any place of F' over k lying over v and K~,=F~,«T)) (k is 
assumed to be algebraically closed). Hence, by Lemma 2, we may assume 
K' = K. Thus, we may treat separately the case G is affine and the case 
a E G(OK)' In the affine case, we may assume G=G:!, and a is an element 
of KXcG:!(K) or an element of G:!(K) of the form l-c- 1a for some 
nilpotent element a of R(;AOK and for some c E OK-{O}. Hence, Lemma 
4 (1) for the affine case follows from Lemma 1. For a E G:!(K) and b E 

K2(K), (a, b)K. is the image of {a, b} under 

Hence, Lemma 4 (2) for the affine case follows from the residue formula 
I;all v ResF ./k = 0 (see the proof of Lemma 3). In the case a E G( OK), we 
can take i = 0 by Lemma 1. Let b E K2(K). Let a= a mod T E G(F), 
and let a(b) E FX be the image of b under the tame symbol. We have, 

where the last equation follows from Lemma 3. 

Proof of Lemma 5. We may again assume that k is algebraically 
closed. Let O--+G'--+G--+G" --+0 be an exact sequence such that G' is 
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smooth affine and GI/ is proper. Then, GI/(<Yx.x)=GI/(K) by the proof of 
Lang [11] Chapter II Section 1 Theorem 2. Since k is algebraically closed 
and G' is smooth, G(@x.x)~GI/(@x.x) is surjective, and hence a is the sum 
of a' e G'(Kx) and /3 e G(@x.x) in G(K,,). The complex of Bloch-Gersten
Quillen for the ring @x.x and Lemma 1 (2) show L;all. (/3, b) K .... = 0 for 
all b e Kz(K,,). So, we may assume that G is affine and hence that G= G:;'. 
Since @x.:t: is a finite extension of k[[TJ> T2]], the norm argument reduces 
us to proving the following 

Lemma 6. Let k be a field, A=k[[Tb TI ]], K the field offractions of 
A. Let p be the point of Spec (A)I corresponding to the prime ideal (Tz) of 
A, and let D=Spec(A)I-{p}. Let J=k«T2)), and denote TI by T. Then, 
for any ring Rover k and any q>O, the homomorphism Kq+2(R(ghK)~ 
Kq(R); 

is the zero map. 
(Note Kp = k«TI))«T2))') To prove this we use 

Lemma 7. Let S be the multiplicatively closed subset of J[T-I]; 

and let I+=.t[[T1,T2]][T21], L=S-IJ[T-1]. (TI=T as above.) Then, 
Kq(R@kK) is generated by the images of 

Proof Let H (resp. H') be the category of all coherent sheaves §' 

on R@kP} (resp. on Spec (R@kIJ) having a resolution of length one by 
vector bundles such that L@p~§' =0 (resp. K@l+§' =0). Here, P~ is 
the projective line Spec (J[T]) U Spec (J[T-I]). Then, the natural functor 
H~H' is an equivalence of categories, and hence 

for all q. 

Hence, this lemma follows from the commutative diagram of exact se
quences 
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and from the structure theorem of the K-group of the projective line 
(Quillen [16] Section 8.3). 

Now, we prove Lemma 6. Note that D=Spec(IJo and (P})o= 
Spec (1+)0 U Spec (L)o· Let a E Kq+1(R&;hJ). We have, 

ResKzIJ(Kq+2(R®kI +» = 0 

for zED as is easily seen, 

(L; ResKzIJ)(Kq+lR®kI_»= -( L; ResJ(Tlv(J)(Kq+2(R®kL» =0 
zED vESpec(l-lo 

by the residue formula of J(T)/J where J(T)v is the completion of J(T) 
at v, 

for Z E D-{(T)} , 

for z=(T). 

On the other hand, 

Resk(CTll(k 0 ResKp(k«Tll(Kq+2(R®J+»cResk«Tll(k(Kq+tCR®kk[[T]])=0, 

ReskCCTll(k 0 ResKp(k«Tll(Kq+lR®kL»cResk«Tll(kCKq+1CR®kk[T-1]))= 0 

where the last identity follows from the residue formula of k(T)/k, 

Resk«Tll(k 0 ResKp(kCCTllC{a, T})= -ResJ(kCa). 

By Lemma 7, these affirm the formula in Lemma 6. 
Thus, we have proved Proposition 1 (1). 

Proposition 1 (2) follows from the following facts. Assume k is finite. 
Let U be a non-empty open set of X. Just as in Chapter II Section 3 
Lemma 2, for x E Uo, the image of 1 E Z under 

z= lim 

is the Frobenius substitution over x. On the other hand, for a morphism 
a: U---->;H, the homomorphism of Lang induced by a; Gal (Kab/K)'---->;EH(k) 
is unramified on U, and sends the Frobenius substitution of x E Uo to 
Tr.(Xl(k(a(x» ([20] Chapter VI nO 24 Theorem 2). 

Remark 1. If k is not assumed to be a finite field, the map 

r x: lim Cm(X)~AK(k 
~ 
m 
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may have a big kernel in general. For example, let k be a usual local 
field. Then, for any proper normal connected surface X over k with 
function field K, there is a canoncal pairing 

H2(K) X lim Cm(X)----+Q/Z, 
+
m 

which is an analogue of the pairing H!(K) X lim Cm(X)---+Q/ Z of the case 
+
m 

k is finite studied in this paper. Let X = P:, T! and T2 are the canonical 
variables on X, x E Xo the point corresponding to the maximal ideal (Tlo 
T2) of k[Tlo T2], and Z E Spec (@x.x)! the point corresponding to the prime 
ideal (T2) of k[[Tn T2]]' Assume that k contains a primitive n-th root f; of 
1, and let X be the element of H2(K) = Br (K) represented by the K-algebra 

EB Ka i j3j with a n= T!, j3n= T2, aj3=f;j3a. 
O;;;;;i<n,O;;i;.i<n 

Then, the composite 

. by x 1 
K2(k)CK2(k«T!))«T2)))=K2(Kx.z)----+hm Cm(X)----+-Z/Z 

+- n 
m 

is nothing but the Hilbert symbol and hence is surjective. On the other 
hand, r x: lim Cm(X)---+AK/k annihilates the image of Klk)cK~(Kx.z)' 

+
m 

Thus, r x annihilates an important element of lim Cm(X). 
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