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Hodge Theory and Kodaira Dimension 

Yujiro Kawamata 

As explained in S. Iitaka's paper in this volume, "the addition con
jecture" by Iitaka is now the central problem in the theory of Kodaira 
dimension. The theory of variation of Hodge structures by P. Griffiths, 
W. Schmid, P. Deligne and others provides a powerful tool for the study 
of this problem. In this paper we shall review such applications of Hodge 
theory. Section 1 is devoted to explaining the semi-positivity of the direct 
image sheaf of the relative canonical bundle, which is our fundamental 
result. In Section 2 we consider the direct image sheaf of higher multiples 
of the relative canonical bundle in the case where the base space is a curve. 
In Section 3 we shall discuss some global results by using the period 
domain. These results are completely covered by the papers [6], [7] and 
[8], which correspond to Sections 1,2 and 3, respectively. 

The semi-positivity theorems seem to have a close relationship with 
the existence of the moduli space of algebraic varieties. In this respect, 
we shall sketch in Section 2 an interesting application of our semi-positivity 
argument to deformation theory, due to K. Maehara. 

All varieties and morphisms in this paper are defined over the com
plex number field. 

For general concepts and results in the classification theory of alge
braic varieties, we refer the reader to the papers of Iitaka and Viehweg in 
this volume, and the lecture notes by Ueno [16], which have become the 
"bible" in this field or Iitaka's textbook [20]. 

§ 1. Semi-positivity of the Hodge bundle 

What we shall do is the birational geometry of algebraic varieties 
defined over the complex number field: any birationally equivalent varieties 
or morphisms are considered the same. Thus we usually have only to 
consider non-singular and projective varieties by Hironaka's resolution 
theorem. Also, a divisor which appears as the boundary of an open part 
of a variety will be simplified to a divisor with normal crossings, which is 
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defined to be a divisor with smooth irreducible components intersecting 
transversally. 

For a non-singular projective variety X, we denote by Kx the canoni
cal bundle on X which is defined to be the sheaf of highest differential 
forms Q~mX. An algebraic jiber space is a morphism f: X ---'>-Y of non
singular projective varieties which is surjective and has connected fibers. 
In this section we shall study the direct image sheaf f*Kx/Yo where the 
relative canonical bundle Kx/y is defined to be Kx0f*K!f-1. Let Yo be the 
Zariski-open subset of Yover whichfis smooth. Put XO=f-I(YO),fo=flxo 
and n=dim X-dim Y. We shall assume that D=defY\ Yo is a divisor with 
normal crossings on Y. Since the family fo: Xo---'>- Yo is locally trivial as a 
topological fibration, we obtain a local system He = (Rnf*C xo)prim of primi
tive cohomology classes with an integral lattice Hz. Following Griffiths 
[3], we define the Hodge filtration {FC}o.;p.;n on the vector bundle Ho 
=def Hz0<!Jyo, which is a descending filtration by vector subbundles. Cup 
product followed by the integration along the fibers of fo gives a flat 
bilinear form S on Ho, which is called the polarization. The Wei! operator C 
acts on Ho linearly such that it coincides with multiplication by (.v=T)P-q 
on each Hodge component HM. By the Riemann-Hodge bilinear rela
tions, S induces a positive hermitian metric h(u, V)=def S(u, Cu) on Ho• 

We note that Fon is just the direct image sheaffo*Kxo/Yo. 
By Schmid [11] we construct the canonical extension H of Ho, which is 

a locally free sheaf on Y defined as follows: Let U be a small open subset 
of Y which is isomorphic to a polydisc, and let {ZI' .•. , Zd} be a coordinate 
system on U such that UnD={zl·· .ze=O} for some O::;;;;e::;;;;d. Let ri 
(i= 1, ... , e) be the local monodromies of Hz corresponding to loops 
around the zi-axes. It is known that they are all quasi-unipotent. Let 
VI' ••• , Vr be multi-valued flat sections of Ho on U which make a basis of 
Ho at each point. Then the expressions 

sJ=exp (- tf logri log Z i/2n.v=T)vj , j=l, ... , r 

give single-valued holomorphic sections of H Q, where the branches of log ri 
are chosen so that their eigenvalues are in an interval .v=T [0, 2n). Let 
Hlu be a holomorphic vector bundle on U generated by the Sj. Then it 
can be checked that this construction does not depend on the choice of the 
Zi and the Vj' and gives a vector bundle H on Y. 

Theorem 1. Let i: Yo---'>- Y be the inclusion morphism. Then the natural 
identification Fon~fo*KxoIYo extends to an isomorphism Hn i*Fon~f*Kx/y 
([7] Lemma 1). 

Sketch of proof The right hand side coincides with the sheaf of 
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square integrable rational differential forms. Thus this is a consequence of 
the estimation of the growth of the metric h at the boundary given by 
Schmid [11] p. 253, which says that it is bounded from below and above 
by a logarithmic function multiplied by a rational power of the coordinate 
functions whose exponents are determined by the local monodromy. 

Corollary 2. f*Kxly is a reflexive sheaf 

In fact, it is locally free (cf. Viehweg's paper in this volume.) 

If all the local monodromies of Hz at the boundary D are unipotent, 
then each Fl (0<; p <;n) extends to a locally free subbundle FP of H by 
Schmid [II}. In general, a line bundle L on a complete variety X is said 
to be semi-positive, if the intersection number (L. C) is non-negative for 
every integral curve C on X. A vector bundle V on X is said to be semi
positive, if the tautological line bundle Lv on P(V) is semi-positive. 

Theorem 3. If all the local monodromies are unipotent, then Fn is a 
semi-positive vector bundle ([6] Theorem 5). 

Sketch of proof We use the criterion (1) given in the list below. 
First, we treat the general case: assume that the image epC C) of the curve 
intersects Yo' Then the metric h restricted to Fon induces a hermitian 
metric on Qlco' where CO=ep-I(YO)' Griffiths proved in [3] that the curva
ture of this metric is positive semi-definite. We can calculate the degree 
of Q as the sum of the integral of the curvature on Co plus some boundary 
contributions at points on C\ Co. The former is non-negative by Griffiths' 
theorem, and the latter is shown to be zero by observing the growth of h 
at the boundary (in this case it is logarithmic). Next, assume that ep(C) 
is contained in some irreducible component DI of D, but not contained in 
any other irreducible components of D. If U is a small neighborhood of 
Dj> the (conjugacy class of the) local monodromy rl around DI gives a flat 
ascending filtration {Wzh<;z<;2n on Fn IU\D' which is called the weight filtra
tion, such that rl acts trivially on Grw (Fn IU\D)' Thus we obtain a flat 
vector bundle Grw (Pln~) on Dr=def DI \(D-D1), and restricting to some 
adequately defined primitive part, we obtain a variation of Hodge struc
tures again (Schmid [11] Sect. 6). Then the first part of the proof is 
applied. Finally, if the position of epeC) is more special, then we divide 
Fn more by taking "Gr" with respect to other local monodromies. 

Semi-positive vector bundles in some sense behave like limits of ample 
vector bundles. We list here some elementary properties of semi-positive 
vector bundles. These are easily deduced from the corresponding theo
rems for ample vector bundles by Hartshorne [4]. 

( 1) A vector bundle Von a complete variety X is semi-positive, if 
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and only if for every non-singular projective curve C, for every morphism 
([J: C--,;X and for every quotient line bundle Q of ([J* V, we have dega Q;;.: 
O. 

( 2 ) Every quotient vector bundle of a semi-positive vector bundle 
is semi-positive. In particular, a vector bundle generated by global sec
tions is semi-positive. 

( 3) Let f: X --'; Y be a morphism of complete varieties and let V be 
a vector bundle on Y. If V is semi-positive, thenf* V is semi-positive. 
Conversely, if f*V is semi-positive and f is surjective, then V is semi
positive. 

(4) Let f:X--,;Y be a finite and surjective morphism of complete 
varieties and let V be a vector bundle on X. If f* V is a vector bundle on 
Y and is semi-positive, then V is semi-positive on X. (The converse is not 
necessarily true.) 

( 5) If a symmetric tensor product sm(v) is semi-positive for some 
positive integer m, then V is semi-positive. Let V be a vector bundle on 
a projective variety X and let L be an ample line bundle. If sm(V)0L is 
semi-positive for every positive integer m, then V is semi-positive. 

( 6 ) Let V be a vector bundle on a complete variety X. Assume 
that for every non-singular projective curve C, for every morphism ([J: C--,; 
X and for every pointp of C, ([J*V0(!)a(P) is semi-positive. Then V is 
semi-positive. 

( 7 ) Let V be a semi-positive vector bundle on a projective variety 
X and let L be an ample line bundle on X. Then V0L is an ample vector 
bundle. (By Seshadri's criterion.) 

( 8) If V and Ware semi-positive vector bundles, then V0 W is also 
semi-positive. In particular, v®m, sm(v) and 1\ m V are all semi-positive 
for any positive integer m. 

( 9 ) Let 0--,; V' --'; V --'; V" --,;0 be a short exact sequence of vector 
bundles. If V' and V" are both semi-positive, then V is semi-positive. 

(10) Let V be a semi-positive vector bundle on a complete variety X 
of dimension n. Then c1(v)n;;.:0. 

History. We review the history of the semi-positivity theorem. After 
Iitaka posed "Conjecture Cn" for an algebraic fiber space f: X--,;Y and 
proved it in the case n=2, i.e., Cz, by using Enriques-Kodaira's classifica
tion of surfaces, the first big progress was made by Ueno [17], in which 
he proved Cz without using classification. In this case, Ueno proved 
deg(f*Kx/y);;':O, since the fibers offare curves and their moduli space is 
the Siegel upper half space, which has plenty of automorphic forms. It is 
a remarkable thing that almost all the ingredients which are used as tools 
later were already present in his proof: e.g., moduli space, Grothendieck's 
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duality theorem. He also suggested possible usefulness of the theory of 
variations of Hodge structures in [18]. Next, Viehweg extended Ueno's 
proof and obtained Cn,l in [19]. His sophisticated proof showed the 
power of the language of modem algebraic geometry. Many purely alge
braic methods were elegantly used, e.g., base change by covering spaces, 
Grothendieck's duality, moduli space of stable curves, rational singulari
ties, etc. His proof was also based on the existence of automorphic forms 
on the Siegel upper half space. In the efforts to extend Viehweg's proof 
to the general case where the moduli space of the general fibers is not well
known, the role of Hodge theory increased. In this respect, Fujita's work 
[2] was a break-through. In that paper he proved our Theorem 3 in the 
case where the base space Y is a curve. His proof was based upon ele
mentary calculations of integrals of differential forms, but Hodge theory 
behind his calculations was obvious. He also recognized the importance 
of the concept of semi-positivity for the first time. Finally, Theorem 3 
was proved in general in the author's paper [6]. When the base space Y 
is higher dimensional, the boundary behavior of Hodge bundles is more 
complicated. To study this, Schmid's paper [11] is essential. On the 
boundary we obtain only abstract variation of Hodge structures, which 
may have no geometric interpretation, i.e., no differential forms corre
sponding to them. Hence we need abstract Hodge theory. 

Of course, Theorem 3 does not imply Cn : we have only Theorem 4 
below. For further development of this method, we refer the reader to 
the results in Sections 2 and 3. The author does not know whether the 
method of Hodge theory may admit further exploitation in this field. 

Example. We shall see how the proof of Theorem 3 works in special 
cases. 

(1) Positive curvature: Let Y={t E C; Itl<l} and letf: X-+Ybe 
a projective smooth family of algebraic varieties of relative dimension n. 
Let Q be a quotient line bundle of f*Kx,y and let s be a nowhere-vanishing 
section of Q. The hermitian metric h on f*Kx/y induces a metric hQ on 
Q. Let (0 be a representative of s in f*Kx/y such that h«(O(O), (0(0))= 
hQ(s(O), s(O)) and fix a diffeomorphism t: X ~Xo X Y. At a point x E X, a 
local relative I-form dz of type (1,0) near x is transformed by t into the 1-
form on Xo X Ywhich is congruent to adzo+tj3dzo modulo t 2 , where dzo and 
dzo are I-forms of types (1,0) and (0,1) on Xo, respectively, and a and j3 
are some functions. Therefore, under the identification by t 

where (00 E HO(Xo, Kxo)=p(Hn(xo, C)) and (01 E p-I(Hn(xo, C)). Let 
(01 =(On,o+(On-l,l be the decomposition according to the types and let (02 be 
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a section off*Kx / y which gives the value wn .O at 0 E Y. Put w'=w-tw2 

and denote by s' the section of Q induced by w'. Then w'=wo+ twn-I,I 
mod t 2 under"'-fr. Since S(wo, Qjn-I,I)=O, we have 

where we note that the minus sign comes from the definition of the 
operator C. On the other hand, hQ(s'(t), s'(t»~h(w'(t), w'(t». Hence 
hQ(s'(t), s'(t» is a convex function of t at O. From this follows the semi
positivity of the curvature of Q with respect to hQ• 

The above elementary calculation will be generalized in the proof of 
Theorem 6. 

(2) Boundary behavior: Let Y={t E C; Itl< I} and let f: X-+Y 
be a projective family of algebraic varieties of relative dimension n which 
is smooth over y* = Y\{O}. We assume moreover that the singular fiber 
Xo is a reduced divisor with normal crossings on X, i.e., the fiber space f is 
semi-stable. By [15] we can calculate explicitly the canonical extension and 
the weight filtration in this case. 

Let Q'}+l(log Xo) be the sheaf of rational (n+ I)-forms on X with 
logarithmic poles along Xo, and let Wr (r=O, .. " n+ 1) be the weight 
filtration on it. Steenbrink showed that the fiber of the canonical exten
sion Fn at 0 E Y is given by HO(Xo, Kxo) = HO(Xo, Wn +1/Wo), where we 
abbreviated Wr(Q'}+l(Iog Xo» by Wr. The weight filtration on the coho
mology group is induced by that of Q'}+l(log Xo). We can calculate the 
associated graded module with respect to this filtration as follows. Let 
EH .. " EN be the irreducible components of Xo, and let 

for r~O. 

The Poincare residue maps give isomorphisms 

Let OJ: E(r)~E(r-l) be the morphisms induced by inclusions 

for O<j~r. Define dr : Hn-r(E(r), C)-+Hn-r+2(Err- lJ , C) by dr(a)= 

.L:i=o (-I)Joj*(a), where the OJ* are the Poincare duals of the pull-back 
homomorphisms oj. Then by Corollary (4.20) of [15], we have 
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for O~r~n, where we note that HO(E(r)" KE(rJ)=Fn-r(Hn-r(E(r), C)). 
The polarizations on them are given by these of the Hn-r(E(r), C). Thus 
we realized the abstract Hodge structures on the boundary defined in the 
proof as differential forms on the E(r). 

Applying the above Theorems 1 and 3, we can prove the following 
"addition theorem". 

Theorem 4. Let f: X -+ Y be an algebraic fiber space. If K(X)?: 0 and 
K(Y)=dim Y, then K(X)=K(Y)+K(Xy), where Xy denotes the general fiber 
off ([6] Theorem 3). 

The proof is rather standard in the classification theory of algebraic 
varieties. Note that in his paper in this volume, Viehweg uses a similar 
argument to extend this theorem. 

Using Theorem 4, we can prove the following. 

Theorem 5. Let X be a non-singular projective variety such that K(X) 
=0. Then the Albanese map a: X-+A(X) is an algebraic fiber space. In 
particular, the irregularity q(X) is bounded from above by dim X. More
over, if q(X) = dim X, then a is a birational morphism. In other words, 
K(X) = 0 and q(X) = dim X give a characterization of abelian varieties up to 
birational equivalence ([6] Theorem 1). 

§ 2. Curve-base case 

In this section we shall study the direct image sheaf f*(Kx/y@m) for a 
positive integer m in case Y is a curve. The problem is much more diffi
cult, because it admits no direct interpretation from Hodge theory and is 
not contained in any natural flat bundle. (As explained in T. Oda's paper 
in this volume, Kx and (I) x carry ~ x-module structures but no Kpm does.) 
Still we obtain the following theorem. 

Theorem 6. If dim Y = 1, thenf*(K1;~) is a semi-positive vector bundle 
([7] Theorem 1). 

Idea of proof (This theorem follows also from an algebraic argu
ment explained in Viehweg'S paper in this volume.) Fix an m. Let Yo 
be the Zariski-open subset of Y such that f is smooth over Yo and the fiber 
off*(K1;~) over any point y of Yo is naturally isomorphic to HO(Xy, KP.m). 
An element Q) of HO(Xy, Kpym) is an m-ple differential n-form. We take 
the m-th root TIto; of Q) so that we can apply the Hodge theory of usual 
differential forms, where '!C"(;) is defined on some m-fold covering of Xy 
which is similar to the Riemann surface of a branched analytic function. 
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The length IImli of m is defined to be h( ~w, ~w)m/2 where h is the metric 
of the Hodge bundle discussed in Section 1. Using this length, we define 
a hermitian metric on a line bundle Q which appears as a quotient of a 
pull back off*(KE~). Then an elementary but cumbersome integral calcu
lation leads to the semi-positivity. 

By using the above semi-positivity theorem, we can prove the follow
ing "addition theorem". 

Theorem 7. Let f: X~Y be an algebraic fiber space. If dim Y = 1, 
then K(X)~K(Y)+K(X!I) ([7] Theorem 2). 

Sketch of proof In case Y is a curve of genus greater than one, the 
theorem follows easily from Theorem 6. But if Y is an elliptic curve, we 
need some more argument. Let f*(KE~)=$Vi be the decomposition 
into indecomposable vector bundles. If deg Vi>O for some i, then Vi is 
ample by Hartshorne [5] Theorem 1.3, and we are done. Thus we reduce 
to the case wherefAKE~) is a flat vector bundle for every m. Using the 
results of Atiyah [1] on the structure of such bundles and their behavior 
under tensor multiplication, we can prove that such an X has a very special 
property, and using this we get the theorem. 

K. Maehara found the following application of Theorem 6, when he 
studied rational mappings to algebraic varieties of general type. 

Theorem 8 (K. Maehara). Consider a commutative diagram 

which satisfies the following conditions. 
( 1) X, Xo, Yand T are non-singular projective varieties, 
( 2 ) II- is a birational morphism, 
( 3) f is a generically finite and surjective morphism, 
( 4) g is an algebraic fiber space, 
( 5) p is the projection to the second factor, 
( 6 ) a general fiber Yo of g is a variety of general type, 

i.e., K(Yo)=dim Yo, and 
(7) dimT=1. 

Then Y is birationally equivalent to Yo X T. 
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Sketch of proof. For each positive integer m, f induces an injective 
homomorphismg*(K~"f:)-?g*f*(K1;"f:), and p induces· an isomorphism 
KP.~TIT-?P*K1;"f:. Thus we obtain an injective homomorphism hm: 
g*(K~"f:)-?Vm' where Vm is a trivial vector bundle over T with a fiber 
HO(Xo, Klf,m). Therefore, g*(K~"f:) is a semi-negative (i.e., dual of semi
positive) vector bundle. On the other hand, it is semi-positive by Theorem 
6. Hence it is fiat, and thus it is trivial. Since the hm are compatible 
with tensor multiplication, Proj (EBm>o 1m «(g*(K~Fr°»®m-?g*(K~"f:mo» is just 
a product variety for any mo. Since Y is birationally equivalent to such 
a variety for some mo, we conclude the proof. 

§ 3. A global theory 

Hodge theory provides us with not only a local theory-the semi
positivity of the Hodge bundle, but also a global theory-the existence of 
the period domain. We use the notation of Section 1. Let us fix a base 
point y of Yo' By Griffiths [3], the variation of Hodge structures on Yo, 
induced from the algebraic fiber space f: X -? Y, gives a period mapping 
P: Yo-?!?)jr, where !?)is the classifying space of Hodge structures on Hz.1I 

and r is the image of the monodromy representation of n't(Yo, y) in 
Aut (Hz. II)' The period mapping is by definition only an analytic mor
phism. But by the following theorem, it is essentially algebraic in bi
rational geometry. 

Theorem 9. Let X be an algebraic variety, let Y be an irreducible and 
reduced complex space and let f: X -? Y be a proper and surjective morphism 
of complex spaces with connected fibers. . Then there exist algebraic varie
ties X' and Y', a proper birational morphism p: X'-?X, a proper bimero
morphic morphism of complex spaces ].I: Y' -? Y, and a proper surjective 
morphism of algebraic varieties f': X' -? Y' such that fop = ].I of' ([8] 
Theorem 11). 

By the above theorem we can compactify the period mapping, after 
the Stein factorization, to make an algebraic fiber space Y-?Z. But be
cause of the monodromy, the given variation of Hodge structures over Yo, 
which we simply denote by Ho, is not the pull back of some variation of 
Hodge structures over an open subset Zo of Z. However, the monodromy 
action along the fibers is killed after taking a finite covering. Using the 
covering technique develope~ in [6] Section 2 and replacing Y if necessary 
by a suitable birational model, we obtain the following situation: . 
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where Y' and Z' are non-singular projective varieties, h is a finite and 
surjective morphism, and P' is an algebraic fiber space induced by the 
period mapping P, such that the pull back h* Ho of Ho by h coincides with 
the pull back P'* H~ of a variation of Hodge structures H~ over an open 
subset Z~ of Z' by P', which means that they are isomorphic as filtered 
vector bundles with integral lattices. We note that dim Z' = dim (1m P). 

Then we can extend Kodaira's canonical bundle formula for elliptic 
surfaces to higher dimensional cases in the following sense. For an elliptic 
surface f: X ~ Y whose fiber contains no exceptional curve of the first 
kind, Kodaira gave a formula for Kx in terms of Ky, the J-invariant func
tion,and singular fibers. Since there is no concept of minimal models in 
higher dimensional cases, we only give a formula for f*Kx / y • (Formulae 
for f*(KEr:.) are not known.) We assume that the canonical bundle of a 
general fiber off is trivial. Then f*Kx /y becomes a line bundle on Y by 
Corollary 2. Let H~ and H' be the canonical extensions of h* Ho and H~ 
on Y' and Z', respectively. Then Fn(HI) is canonically isomorphic to 
P'*(P(H'». On the other hand, h*(Hn i*F~) contains Fn(HI), and the 
difference of these are given by the eigenvalues of local monodromies 
around the boundary. Thus we can write: 

h*(f*Kx/y)=P'*(a standard sheaf)@(monodromy terms). 
In the case of elliptic fiber spaces, the first term is given by the J
invariant, and the second term is given by the types of singular fibers at 
the boundary. We could get a more explicit formulation, if the moduli 
space of the general fiber is known, e.g., if it is an elliptic curve, a K3 
surface, or an abelian variety (cf. [8] Theorem 20 and also [10]). 

Using the above argument, we can prove the following "addition 
theorem". 

Theorem 10. Let f: X ~ Y be an algebraic fiber space such that its 
general fiber has a trivial canonical bundle. If .t(Y);;;" 0, then .t(X);;;" 
max (.t(Y), dim (1m P» ([8] Corollary 14). 

We can extend the above theorem to the case where the general fiber 
has a finite covering whose canonical bundle is trivial (see [8]). 
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