Chapter 9

Asymptotic behavior of
interacting system of
stochastic differential
equations on duals of
nuclear spaces

The study of the limit of interacting n-particle diffusions was undertaken by
McKean [39] whose work was followed by the papers of Hitsuda and Mitoma
[15] and Shiga and Tanaka [49] among others.

This chapter is concerned with “propagation of chaos” problems for
stochastic systems with an infinite number of degrees of freedom such as ran-
dom strings or the fluctuation of voltage potentials of interacting spatially
extended neurons. The latter is a more realistic model for large numbers of
neurons in close proximity to one another and has provided the motivation
for the work presented here which is novel in one respect: we consider ®'-
valued SDE’s driven by Poisson random measures. The results for ®'-valued

interacting diffusions can be similarly derived. (See also Chiang, Kallianpur
and Sundar [3])

The results obtained in this chapter are of interest beyond the neurophys-
iological applications that motivated them. It should be mentioned that the
interaction considered here is mean field interaction which seems more ap-
plicable to phenomena in statistical physics. A type of interaction known as
“parallel fiber interaction” has been used in connection with potentials of
interacting neurons the consideration of which however, remains outside the
scope of this book.
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Consider the following stochastic system

0 =560 (0.0.1)
= /Ot (a(S,X;(S)) + %ib(s, X?(S),X:‘(s)) ds + /: /U

n
(g(s, XP(s=),0) + = 3 els, X}(5-), X7(s-), u)) ,(duds),
i=1

where X7'(0), 1 < j < 7, are ®'-valued random variables and {N;},1<j <
n, are independent copies of a Poisson random measure on Ry X U with
characteristic measure pon U,a: Ry X ® — &, b: Ry Xx &' x &' — &/,
g: Ry Xx® XU — & and c: Ry X ' x & x U — &' are measurable maps
in the corresponding spaces.

In the above model, the coefficients b and ¢ represent the interactions for
each pair of particles in the system. The interactions among three (or more)
particles are assumed for simplicity, to be negligible.

For the solution (XP(t), X7(t),---, Xp(t)) of (9.0.1), we consider the
limiting behavior as n — oo of the following empirical measures

(n(w,B) = —'rlzzn:éx;»(.,w)(B), w € Qand B € B(D([0,T],®"). (9.0.2)
7=1

We shall prove that the limiting distribution of (, is characterized by the
following McKean-Vlasov equation

t ¢
X, = Xo+ f A(s, X,, D(X.))ds + / / G(s, X,_, v, D(X,)) N (duds)

‘ 0 (9.0.3)
where A: Ry X ®' X P(®') » & and G: Ry X ®' XU x P(®') — &' are two
measurable maps and D(X;) € P(®’) is the distribution of Xj.

This chapter is organized as follows: In Section 1 we establish the ex-
istence and uniqueness of solution for the McKean-Vlasov equation (9.0.3).
Then, in Section 2, we show the existence and uniqueness of solution of the
system (9.0.1). Also we associate a McKean-Vlasov equation of the form
(9.0.3) with the system (9.0.1) and characterize the limit of the sequence
of empirical measures {(,} as the solution of this McKean-Vlasov equation.
Most of the material of this chapter is taken from Kallianpur and Xiong [29].

9.1 McKean-Vlasov equation

The nonlinear SDE (9.0.3) on &' is intended to characterize the limiting
behavior of the empirical measure sequence of the system (9.0.1) when n
tends to infinity.
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To show the existence and uniqueness of the solution of the SDE (9.0.3),
we make the following assumptions (MV) which is similar to assumptions
(I) and (M) of Chapter 6.

Assumptions (MV): VT > 0, 3pg = po(T) € Nt such that Vp > po, 3¢ > p
and a constant K=K(p,q,T) such that
(MV1) Vt € [0,T] and M > 0, the maps

(v,p) € 2p X M_p — A(t,v,p) € 2,
and
(v,p) € ®_p x M_p, — G(t,v,-,p) € L*(U, p; ®_,)
are continuous, where
My = {pe @) [ ol polde) < M},
(MV2) (Coercivity) Vt € [0,T], ¢ € @ and p € P(®_,),
2A(t, 6, p)[0p¢] < K(1+ [1]12,)-
(MV3) (Growth) Vt € [0,T],v € ®_, and p € P(®_,),
1A, v, p)IIZg < K (L4 [|v]2,)
and
J 160w I () < KL+ o],
(MV4) (Monotonicity) Vt € [0,T], v1,v2 € ®_,, and p1,p2 € P(®_p)
2< A(ta V1, Pl) - A(t'a 'U27P2)a V1 — V2 >—q
+ [ 16t 01,0, 01) = Gt 02,0, p2) ()
< K(llog = vall2g + do(p1, £2)%), (9-1.1)
where, for any p; and p; € P(®_,),

oo | Jo_y Jo llo — vl Bldady) :
dalpr, p2)” = f{ R(dz, &.g) = p1(da), R(®_q, dy) = p2(dy) } (5-1.2)

Definition 9.1.1 Let Ay be a probability measure on the Borel sets of ®'.
A probability measure X on D([0,T],®") is called a solution of (9.0.3) with
initial measure Ag if it is the weak solution of the SDE

X = Xo+ /0 * A(s, X, \(s))ds + /0 t /U G(s, X, u, \(s)) N(duds)

and A(0) = o, where A(s) is the marginal distribution X o Z;1 of X. If,
furthermore, A\ can be regarded as a measure on D([0,T],®_,), it is called a
®_,-valued solution.
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Theorem 9.1.1 Under assumptions (MV), if we have an indez ro such that
E||Xo|%,, < oo, then the SDE (9.0.3) has a unique ®_,,-valued solution

where p3(T) > pa(T) > pi(T) such that the canonical injections ®_,, —
®_,, — ®_,, are Hilbert-Schmidt and p,(T') is as in Section 6.1.

Proof: We prove the theorem in five steps.
Step 1: We construct a sequence of probability measures A™ on D([0, T,
®_,,) by induction such that

E*" sup 1212, < K < oo, (9.1.3)
0<t<T

where K is the constant given in Theorem 6.2.2.

Let (2, F, P, (Ft)) be a stochastic basis and X, an Fo -measurable ®_, -
valued random variable with distribution A\g. Let X© be a ®_,, -valued
process defined by X = Xo and let A° € P(D([0,T],®_p,)) be the dis-
tribution of X0. It is obvious that (9.1.3) holds for A°. Now, suppose that
A" € P(D([0,T],®—p,)) is given and satisfies (9.1.3). Consider the following
SDE

t t -
X = Xo+ [ B (s, XpHyds + [ [ 07 (s, X2H, )W (duds)
0 0 JU
(9.1.4)
where

B™1(s,v) = A(s,v,A™(s)) and c"*!(s,v,u) = G(s,v,u, A*(s)).

To solve this SDE, we verify that (B"+!,C™*1, ) satisfies assumptions (I)
and (M) of Chapter 6 with po(T') replaced by p(T'). It follows from (9.1.3)
that, for p > p(T) and t € [0,T], \*(s) € M_, with M = K. Hence, by
(MV1), B*(t,v) : ®_, — &_, and C™*!(¢,v,-) : ®_, — L*(U, p; ®_,) are
continuous in v. This proves (I1). The assumptions (I12), (I3) and (M) follow
from (MV) directly. Hence, by Theorem 6.3.1, (9.1.4) has a unique solution
X"t Let A"t be the distribution of X™*!. Then, by Theorem 6.2.2,
A™tl e P(D([0,T), ®—_p,)) and satisfies (9.1.3).

Step 2: For any t € [0, T}, dg, (A™(t), A"~1(t)) tends to zero as n tends to oo,
where ¢; is determined by p; through Assumption (MV).

For any ¢ € &, by Ité’s formula, we have

E(XH - X4
= ELt 2(X:‘+1 _ X?)[¢](A(3,X;l+1’ }\n(s)) _ A(s, X?, An—l(s)))[¢]ds

+E/0 L(G(31X?+l, u, A"(s)) — G(s, X7, u, )‘n—l(s)))[gb]z,u,(du)ds
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Taking ¢ = h;**, j € N and adding, we have
Bl X7+ - X712,

t
- E / 2 < X X7, A(s, X7, A%(s)) — A(s, X, A"Y(s)) >_q, ds
0

t
+8 [ [ 160, X5, 0, X7(8)) = Glo, X7, 0, 177 (5) 2, ()
0

IA

t
B [ K (1X5* = X7l + dy (37(), X77(s)) ds
0

-q

IA

-q -—q1

t
K [ (BIXT - X7I2, + BIXD - X172, )ds
0

from (9.1.1) and (9.1.2). Hence

—q1

¢
BIXF = X7, < K [ e Rem|X] - X772, ds.
0
So

dg, A" (1), A7(t)) < B[ X7 - X2

s

n—-1

< Keft t Me“K’EHXI - X2||%,,ds — 0.
o (n-1)! y «

Step 3: {A"} is tight in P(D([0,T], &_p,))-

As A"1(s) e M_,, Vs €[0,T) and n > 1, and M_, is compact in M_,,,
it follows from (MV1) that Vr > p; and s € [0,T], B*(s,v) and C™(s,v,-)
are continuous in v € ®_, uniform for n > 1. The rest of the condition (A1)
for (B™,C™, ) with po replaced by p; follows directly from (MV). Hence, by
Lemma 6.1.2, {A"} is tight in P(D([0, T], ®_p,))-

Step 4: Existence.

Let X be a cluster point of {A"} and let {A\™*} be a subsequence which
converges to A as k tends to co. Now, we verify the condition (A2) for
(Bt O™t 4 Xo) with po(T') replaced by py(T) and

B(s,v) = A(s,v,A(s)) and C(s,v,u)=G(s,v,u,A(s)).
In fact, for s ¢ N, where
N={tel0,T]: M(Z € D([0,T),®-p,) : Zi— # Z:) > 0},

the sequence A\™*(s) converges weakly to A(s) as measures on ®_,, and hence,
by (MV1) and (9.1.3), we have

A(s, v, A™(s))[8] — A(s, v, A(s))[4] (9-1.5)
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and
/U G (s, 9, 4, A (5)) — G(5, v, 1, A(5))||2 pe(d) — 0. (9.1.6)

On the other hand, NV is a countable set and we can modify the definition of
A(s,v,A™(s)) and G(s,v,u, A™(s)) such that (9.1.5) and (9.1.6) still hold
for s € N without changing the SDE (9.1.4). This proves the condition (A2).
Hence, by the results of Chapter 6, A"**! converges in P(D([0,T],®_,,) to
the distribution )’ of the unique solution of the SDE

Xi = Xo+ /0 * A(s, X, \(s))ds + fo t /U G(5, Xo_,u, \(5)) N(duds).

It follows from Step 2 that, for any s € [0,T], A'(s) = A(s). So that X is a
solution of the McKean-Vlasov equation (9.0.3).
Step 5: Uniqueness.

Let A" be another solution of (9.0.3). From the proof of the existence
we can assume that A\’ and \” are the distributions of X/, X" based on the
same stochastic basis (as X’ can be chosen on a pre-determined stochastic
basis). Then there exists an index p such that X’ and X" € D([0,T], ®_,).
It follows from the same arguments as in Step 2 that

t
BIIX; - X!\, < 2K [ BIX - X2, ds
0

Hence, E||X; — X/||2, = 0. By the right-continuity, we have X = X' a.s.
and so M’ = . ||

9.2 Interacting systems

We first establish the existence and uniqueness of the solution of (9.0.1) by
making use of the results in Chapter 6. Then we define a McKean-Vlasov
equation corresponding to (9.0.1) and prove that the sequence of empirical
measures (9.0.2) converges to the unique solution of this equation.

To apply the results of Chapter 6 to the system (9.0.1), we need the
following
Assumptions (C): YT > 0, 3po = po(T) € N such that Vp > po, 3¢ > p and
a constant K = K(p, ¢, T) such that
(C1) (Continuity) Vt € [0, T], the maps

vE B, —aft,v) €2y,

('Ul,'vz) € §_p X Q_p — b(t,vl,v2) S Q_q,
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ved_p - g(tv,) € L*(U,p; 3_p)

and
(v1,v2) € B_p X ®_p — c(t,v1,v2,-) € L2 (U, p;®_,)

are continuous.
(C2) (Coercivity) Vt € [0,T], ¢ € ® and % € P,

2a(t, 4)[0p8) < K(1+[19]12,)

and
2b(t, 6, 9)[6,8] < K(1+ [|8lIZ, + [[9112,)-
(C3) (Growth) Vt € [0,T] and v, w € ®_,,

lla(t, v)lIZq < K(1+lv]|2,),

| ot 0, w12 () < K1+ [oll2),

ot 0, w)I2q < K(L+ ol + [lwl,) (0:2.1)
and
J et v w0l ) < KU+l + l,). (0:22)
(C4) (Monotonicity) Vt € [0,T], vi, v, w1, w2 € ¥_p,

< a(t,v1) — a(t,vg),v1 — v2 >_q
+ /U (2, v1,%) — g(t, va, )2 g1s(d)

< Ko - 12,

and

< b(t, v, w1) — b(t, vz, ws),v1 — V2 >_4
[ Tt o1, w1, w) = eft, va, wa, )2 gu(dw)

< K(llvr = vall2g + llwn — wa|2,)-

(C5) For any index p, there exists a positive constant M (p) such that if v, w €
®_, and ||v — w||-p > M(p), then b(t,v,w) = 0in ®_4 and c(t,v,w,-) =0
in L2(U, p; ®_p).

The assumption (C5) makes physical sense that there is no interaction
between a pair of particles far apart. It is desirable to relax this condition
so that our results can be applied to more circumstances.
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Theorem 9.2.1 Let rq be such that
n
Y ENXF(0)II2,, < oo
=1

Then under assumptions (C1)-(C4) the system (9.0.1) has a unique ®_,, -
valued strong solution {X7,j=1,---,n}.

Proof: Let Uy,--- 1Un lie n copies of the measurable space U. Define a
measurable space U by U =U; @ - - - @ U,, with o-field

E={A1® - ®A:4;c&,j=1,---,n}
and a random measure N on R, x U given by
N(w,[0,¢] x (A1 @ --- @ An)) = > Nj(w,[0,t] x Aj).
7j=1

It is easy to see that N is a Poisson random measure on R x U with respect
to the stochastic basis (2, F, P, (F;)) with characteristic measure /i given by

(A ®--@ An) = 3 u(4;).
J=1

Let
3™ = {p=(¢1, 1 ¢n) 1 ¢; €&,1 < j < n}

and

15 = > ligsllz-

7=1

Then &(*) is a countably Hilbertian nuclear space. Let B™ : R, x 3 -
3™’ and C™ : Ry X 3 x U — &™) be defined by

1 n
(n) — AT -
B™(t,v); = a(t,v;) + - ; b(t, v, vj),
and
C(n)(t, v,u); = (g(t, v, u) + 1 Z c(t, vi, vj, u)) 1y, (v), i=1,---,n.
n i

Let (X\™); = X?(0),4=1,---,n. Then (9.0.1) is equivalent to the following
SDE on ™'

t t ~
x™ = x4 / B™ (s, X(™)ds + / /U ™ (s, X, w) N (duds). (9.2.3)
0 0
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Under assumptions (C1)-(C4), it is easy to verify that assumptions (I) and
(M) hold for B(™) and C(*) with K replaced by 3nK. Hence the SDE (9.2.3),
i.e. the system (9.0.1), has a unique strong solution. [ |

Note that Lemma 6.1.4 yields

E sup ZIIX"(t)” <nK; Vn>1 (9.2.4)
_1—1

where K is a constant.

To consider the limiting behavior of the system (9.0.1), we need the
estimate (9.2.6) below which is stronger that (9.2.4). The exchangeability
defined below for the initial random variables is needed to get the estimate
(9.2.6).

Definition 9.2.1 (X7(0),---,X?(0)) are exchangeable random variables if,
for any permutation T of {1,---,n},

(X (1)(0)’ ) ;‘(n)(O)) = (X7(0),- -+, X7(0))
in distribution.

Lemma 9.2.1 Under assumptions (C1)-(C4), if (X7(0),- -+, X2(0)) are ez-
changeable and
sup BIXFO)I,, < (9.25)

then there exists a finite constant Ky such that
supE sup [|X7(t)|1%, < K. (9.2.6)
n 0<t<T
Proof: First of all, we prove the estimate (9.2.6) when & = R?. In this case,

(9.2.6) becomes

supE sup |X7(t)|* < Ky
n 0<t<T

where | - | is the Euclidian norm on R?.
Using Ité’s formula to (9.0.1), we have

1 XP(@®)17 = 1X7(0)[* + Re + e + My (9.2.7)

where

Ry = /Ot <X”(s),a(s X7(s)) + = Zb(s X7(s), X"(s)>ds

z—l
t
oy
0 JU

#(dU)ds,

o5, X7(),0) + = Y el X3(), X7(5), )
=1
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M, = z//(xn(s )95, X3(s-), )

+1 Zc(s X2(s=), XP(s— ),u)>N (duds)

‘l_

and
/t/ (s, X7 (s=),u) + lXn:c(s XMs=), X (s—),u) 2
o Ju g\s, A, ) n & 1 Ag y<Lg )
N;(duds).
Let
f(r) = E sup |X}(t)|%. (9.2.8)
0<t<lr

By the uniqueness of the solution of (9.0.1) and the exchangeability of
(X(0),- -+, X2(0)), we have that (XJ,---, X7) are exchangeable D([0,T],
R?)-valued random variables. Hence, the definition of (9.2.8) does not de-
pend on j. By assumptions (C2), (C3) and the exchangeability, it is easy to
see that

E sup R;
0<t<lr

r n t
E (6Kr + 6K/ |X;‘(s)|2ds+ —35 Z/ |Xin(3)|2ds>
0 i=1"0

6Kr+ 9K /r f(s)ds (9.2.9)
0

IN

IN

and

E sup v
0<tlr

B [ 666, X500+ 5 Yoo X706, X006),)
(N;(duds) + p(du)ds)
= 2E/0 ‘/‘Uig(S,X;I(S—),'U,)

+i,1; 2": c(s, X(s—), X2 (s—), u)r,u(du)ds
=1

IN

< 8Kr+12K / £(s)ds. (9.2.10)
0

Furthermore, since M is a square integrable martingale with quadratic vari-

ation process
M) = 4 / / (5, XT(s5—), w)
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= Zc(s X2(s=), XP(s—) u)> N;(duds),

z—l

it follows from the Burkholder-Davis-Gundy inequality that

1
E sup M; <4E[M]?
0<tlr

se{ [ [ 1X3(s-)Po(e, Xp(5-), )

IN

1/2
+= Zc(s X7(s=), XI(s—) u)l N; (duds)}

IN

o8 sup X701 { [ [ [as, X502, )

0<tlr

1/2
+; Z:c(s, X;(s_),X;'(s—),u)rNj(duds)}

IN

1 r

5 X7t // nig_

2%, X OF +38 | lalo X7(),)
1 . . \

+ ;C(S, X7(s=), X] (s—),u)| N;(duds)

< % £(r) + 32Kr + 48K / f(s)ds. (9.2.11)
0
By (9.2.7), (9.2.9), (9.2.10) and (9.2.11), we have

£0) < 5(0) + 46K+ 69K [ f(s)ds + 35(r).

Then
f(r) < (f(0) +46KT) (1 + /0 ’ e69K(T"’)ds) =Ky <oo.  (9.2.12)

The estimate (9.2.6) for general & follows from finite dimensional approxi-
mation by the same type of arguments as in Section 6.1.

Now, we introduce two supplemental sequences of measures to show that
(n converges in distribution. For each n, let 0, € P(P(D([0,T],®-p,))) be
the distribution of {, and V,, = E(, € P(D([0,T],®_p,)),i.e. 7o =P o ;!
and
Vn(B) = E¢a(w, B), VB € B(D([0, T}, &_p,))-

Theorem 9.2.2 Under the conditions of Lemma 9.2.1,
(a) Vy is tight in P(D([0,T],®_p,))-
(b) 7 is tight in P(P(D([0,T], &-p,))).
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Proof: (a) For any B € B(D([0,T], ®_,,)), we have
1 n
Vn(B) = E(u(w, B) = ~ Y P(X} € B) = P(X} € B).
Jj=1

So, we only need to show that { X7} is tight in P(D([0,T],®_p,)). This can
be proved by using the same arguments as in the proof of Lemma 6.1.2.
(b) By (a), V5 > 1, there exists a compact set K; C D([0,T],®_,,) such

that
€

V. (KS) < —.
sup Vn( J)-—Js

Let
K = {p € P(D([0, T}, ®_p)) :p(Kj) 21~ j_l’vj}°
Then K is a compact subset of P(D([0,T],®_,,)) and

TnK9) = P(Ca€ K) <3 PCa(w, KS) > 57

i=1
[ee] oo
< Y ValkS) < 305 < 2
7=1 J=1
Hence {7,} is tight. |

Next, we introduce the McKean-Vlasov equation corresponding to the
system (9.0.1) and show that this equation has a unique solution by verifying

the conditions of Theorem 9.1.1. Fort € [0,T],v € ¥, p € P(®') and u € U,
let

A(t,v,p) = a(t,v)+Ll b(t,v,y)p(dy),

G(t,v,u,p) = g(t,v,u)+L,c(t,v,y,u)p(dy). (9.2.13)

Lemma 9.2.2 Under assumptions (C), A and G of (9.2.13) satisfy assump-
tions (MV) with K replaced by 4(2K + M(p)?).

Proof: Let t € [0,T],v € ®_, and p € M_,, be fixed, v, € ®_, and p, € M_,
such that v, tends to v in ®_, and p, tends to p with respect to the weak
topology of P(®_,). Then, by Skorohod’s theorem, there exist a probability
space (Q,]:' , 13) and ®_p-valued random variables Y,, and Y such that p,

and p are the distributions of Y,, and Y respectively and Y, converges to Y,
P-as. As

sup EP”b(t, Un, Yn) - b(t’ v, Y)”g-q

IN

2K sup(2+ ||v,,||2_p + ||v||2_p + 2M2) < 00,
n

IN
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|b(t, vn, Yn) — b(t, v, Y)||—q is uniformly integrable. Hence, by the continuity
of @ and b,

|A(t, vn, pn) — A(t, v, p)|-q
< la(t, vn) — aft, v)||—

+“ A . b(t, vn, y)pn(dy) — L_p b(t,v,y))p(dy) .

= |la(t,vn) — a(t, v)||-q + “Ep(b(t’ Un, Yn) = b(t,v,Y))|l-qg — 0.

The continuity of G is proved similarly. Hence (MV1) holds. For (MV2),
note that

24(t,,)[05¢) = 20(t, )l0p8] + [ 26(t,6,)0810(d)

IN

KO+I6E,) + [ KO+ 181, + 18I os-psaronp(dy)
(4K +2M(p)*)(1 + [I4]IZ,)-

IA

Proceeding similarly, we can prove (MV3). Finally, we verify (MV4). For
any p1,p2 € P(®_p) and € > 0, there exists a probability measure R on
®_, x ®_, such that R(dz, ®_g) = p1(dz), R(®_q, dy) = p2(dy) and

L[ e sl Rdady) < dafr, p2)* + .
3, Jo_,

It is clear that
R(®_,x®_p) =1
Then
2< A(t7vlapl) - A(t7021p2))v1 — V2 >¢
+ [ 161, 1) = Gt 12, p2) g dw)

< 2<aft,v) —a(t,ve),v1 —v2 >4

+2 [ lla(t,01,) = 9(t,v2,0) 2 (dw)

+2 </ b(t1 V1, y)pl(dy) - / b(t7 V2, y)PZ(dy)1 % Bt '02>

d_p d_p _q
2
2 [ “ | et - [ etonnup@) )
U|[Jo-p ®_p g

< 2K”’01 - v2||-2—q
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+2 <[I>—p A_P(b(t,vnyl) — b(t, v, y2)) R(dy1dys), v — v2>

-q
2

p(du)

—-q

(c(t,v1,91,u) — c(t, v, Y2, u)) R(dy1dys)

< 2K|lvr - vgl2,
+2L / < b(t,v1,91) — b(t, v, 42), v1 — v2 >_q R(dy1dy,)
-P
+2 / / / le(t, 01,91, %) — (¢, v2, Y2, 0)|2 a(du) R(dyrdys)
< 2K|vi —wo?, + 2/ / K (llvs = vall? 4 + llvr — v2ll* ;) R(dyrdy2)

< 4Kl - vallZ, + 2K(dq(P1, /02)2 +e).
(MV4) follows since e is arbitrary. |

Finally, we come to our main result of this chapter which establishes the
relationship between the limit point of the empirical measure sequence (9.0.2)
and the McKean-Vlasov equation corresponding to (9.0.1). The idea is to
prove that for any cluster point 7 € P(P(D([0,T],®—5,))) of the sequence

{m},
n{p € P(D([0,T],®-p,)) : pis a solution of (9.0.3)} = 1.

As the McKean-Vlasov equation (9.0.3) has a unique solution A, we see that
n= 5)‘.

Theorem 9.2.3 (Propagation of chaos) Suppose that assumptions (C)
holds, (X7(0),---,X2(0)) are exzchangeable such that (9.2.5) holds and

1 n
2 %0()
J=1

tends to a measure \g in P(®'), then A € P(D([0,T],®_p,)) and
M — 6x in P(P(D([0,T], 2-p,))),

where )\ is the unique probability measure which solves the McKean-Vlasov
equation corresponding to the system (9.0.1) and such that Ao Z5' = Aq.

Proof: By Theorem 9.2.2 (b), without loss of generality, we assume that the
sequence 7, converges to n weakly in P(P(D([0,T],®_p,)))- Then again
by Skorohod’s Theorem, there exists a probability space (€', F’, P') and
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P(D([0,T], ®—p,))-valued random variables &, and £ with distributions 7,
and 7 respectively such that &, converges to £ P'-a.s. We prove the theorem

in four steps.
Step 1: Let F € Dg°(®') be given by F(v) = h(v[¢]). Forw € Q and v’ € &/,
we define

B, (s,v) = A(s,v,&(s,w")), ™ (s,v,u) = G(s,v,u,&x(s,w'))
B,(s,v) = A(s,v,&(s,w")), Cu(s,v,u) = G(s,v,u,&(s,w")
BZ(s,v) = A(s,v,(a(s,w))  and C2(s,v,u) = G(s,v, 4, (a(s,w))

Define L7, Lo, L3, M],.(Z), MJ(Z) and M}, (Z) as in (6.1.4).
Let f be a B,-measurable continuous function (r < t) on D([0,T], ®_,,)
with compact support C. Applying Ité’s formula to (9.0.1), we have

F(X}() - XS () (02.14)
= [ Al X3 (6), Gl AW (X7 5V igds
+ [ ARG+ 6o, X3 (6-), . Gals-)
—F(X7(s—))}N;(duds)
+ [ [ A3 + 6l X3(6), 8, Ga(s)) - FUXG()
~G(s, X (5), ) AW (X ()] Yl ),
Let

_ F _ afF w
Mw)= [ SO (M2~ M2} oo, 82),

Let M(n,w') and M(w') be defined similarly. It follows from (9.2.14) that
1Nt
Mimw) = =3 [ [ (P (a) + Glo, X7(a=),w, Gals-))
5=1""
~F (X3 (s=))}N;(duds) f(X7).
Step 2: EM(n,w)? tends to 0 as n tends to co.
EM(n,w)?
1 = t n n
- E{;; | [ ARG ) + Glo X3 (=), o)

—F(X}(s-))}Nj(duds) f(X])}

- n—zzj:E / t /U {F(X2(s) + G(5, X2(5), %, (a(5)))
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~ PG () Puldu)ds f(6])?
t
UALE [ [ IR s X7() 1 )2 s du)ds
20 I W2 1

t 1 & n
E/ K (2 + 21 X7 N2 + = 211X (s)||2_p) ds

=1

207 | FIIZ IR 151l K (2 + 3K1)(E ~ ) = 0, (9.2.15)

IN

IN

IN

as n — 00, where K is given by Lemma 9.2.1.
Step 3: Let w’ € Q' be fixed such that &,(w’, dZ) converges to &(w’,dZ) and
let

NW')={te[0,T):£&w"){Z € D([0,T),®-p,) : Zs— # Z;} > 0}.

Then NV (w') is a countable set. As C' is a compact subset of D([0,T], ®_,,),
there exists a compact subset Cp of ®_,, and a constant M such that Z € C
implies that Z; € Cp for all t € [0,T] and v € Co implies that ||v||_p, < M.
We now show that, if r,¢ ¢ N'(w'), then

lim M(n, o) = M(w). (9.2.16)
Since it is easy to see that, for r,t ¢ N (w')
12 {ME@) - ME(2). } ea(w,42) — M),
we only need to show that
Min,o) = [ 1(2) {ME(2): - ME(2). } (', d2) — 0.
Let H be given in Lemma 6.1.5. Then
M(n, o) - /tcf(Z) {ME(2). - ME(2). } (o', d2)
= | [ 1] [ (Al Zura(6,0)18) - Als, Zur(5,0)18)
W(ZgDds+ [ [ (218,605, 2w énlo,)B)
~H(Z8), G5, Zuyu, (5, ) [8) Juldu)ds)én, 82)|
el el Bl [ T, )
ol 612, [T, 5,

IN
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where

Ii(n,s,w') = sup
veCo

[I’ b(s, v, y) (fn(sa wlv dy) - f(s’ w,’ dy))

—P1

—q1

and
hims,e) = sup /U (IG5, v, tyén(5, )|y + [1G(5, 0, 1, £(5,0)) |52

G (s, v, u,&n(s,w")) = G(s,v,, &(s, wl))“—mﬂ'(d"’)'

Now we prove that [’ Iy(n,s,w')ds — 0 as n — oo (f* I;(n, s,w’)ds — 0 can
be verified similarly). It follows from Hélder’s inequality that

I2(n1 S, w,) S I21(n, S, UJ’)I22(7L, S, wl)v

where
L (n,s,w')?
= sup [ (1G(s, v, 6n(e,0)ll-p + 1G5, 9,1, (5,12 *()
and

Izz(n, S, w')2

[ cls,v,y, w)(Enls,o, dy) — €5, dy)

A1 —p1

= sup
veCo VU

p(du).

Note that, by Lemma 9.2.2, we have
Ipz(n, s,w")? < Iyi(n, s,w")?
2 sup / (IG (s, v, u,&n(s, )12, + IG(s, v, 0, (s, )12, ) e(d)

4sup 42K + M(p)*)(1 + ||v]|%,,)

IN O IA

IA

16(2K + M(p)*) (1 + M?).

Hence by the dominate convergence theorem we only need to prove that
Is(n, s,w') — 0 for s ¢ N (w') fixed.

As &,(s,w'; dy) converges to £(s,w’; dy) in P(®_p,), it follows from Sko-
rohod’s theorem again that there exists a probability space (Q”, F " p" ) and
®_,,-valued random variables &, and € on Q" such that D(E,,) én(s,w'; dy),
'D(f) én(s,w'; dy) and &, converges to £ P"-a.s. By assumptions (C1), (C3)
and (C5), we have

sup [ le(s,v,En ) = c(s,v,& )2, x(d) = 0, as.
v€Clo
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and

sup [ lle(s,v, &) = efs,v,& W2, u(dw)

< 2 sup K(2+ 2|2, + ||§n||—p11||£,1-u||_,,1 <M(p)

HIEN2 21 Loy, <has)
< 2K(2+2M?% 4+ 2(M + M(p))?).

By the dominate convergence theorem, we have
Iia(rmy5,)? = sup [ (I (s, ) = c(5,0,€ ) s(d)
< B ap / le(s, v, &n u) = (s, v,& w) |12, 4(du) — 0.
Step 4: For any € > 0, it follows from (9.2.15) and (9.2.16) that

P :t,r g N), I MW)] > €

< lim Plw':¢,r ¢ N(0'), IM(n,0')] > €)
< lim P(w: |M(n,w)| > €)
< lim —EPIM(n w)|? = 0.

n—oo g2

Thus, for P'-a.s. ', Vr < t such that r,¢t ¢ N(w'), we have that M(w’) = 0.
As N (w') is countable, it is easy to see that M(w') = 0 still holds for any
r < t by taking two sequences 7, < t, not in M (w’) such that r, and t,
decrease to r and ¢ respectively and passing to the limit.

Now, let w’ and r < t be fixed and define a signed measure on
(D([0,T], ®—p,), Br) by

V(A) = /A {ME(2). - ME(2). } £(',d2), YA € B..

Note that we have a constant K, depending on h, p1(T), ¢1(T), ¢, K and
M((p) such that

IME(2),| < K, (1+ sup ”Zt“—m)
so that

" [ 1ME (), d2)
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IN

EP'/K2 (1+ sup ||Zt||2_pl)§(w”dZ)
0<tlT

< liminfEP//Kg (1+ sup [[Zt||2_m) &n(w',dZ)
0<t<T

n—oo

n—oo

= liminf EY | K, (1+ sup ||zt||2m) (n(w,dZ)
0<t<T

1 n
= liminf EF=S K, (14 sup || X2(2)]?
it 57 YKo (14 s, IO,

n—oo 2
j=1

< Kz(l -I-Kl) < 00.

Hence, for almost all w’, v* and v~ are two finite measures. As M(w') =0,
the integrals with respect to »* and v~ are the same for any B,-measurable
continuous functions with compact support. Hence, v = v7, i.e. for P'-a.s.
w’ € ¥, we have that £(w’) is a solution of the £, -martingale problem with
initial distribution Ag. Therefore, by Theorem 6.3.1, §(w’) is the distribution
of the solution of the following SDE

t t .
Xt=X0+/ A(s,X,,f(s,w'))ds+/ / G(s, Xs-,u,&(s,w')) N (duds),
0 0 JU
ie. £(w') is a solution of the McKean-Vlasov equation (9.0.3). By the

uniqueness of the solution of the McKean-Vlasov equation, we get £(w') = A
for P'-a.s. w'. Hence XA € P(D([0,T],®_,,)) and 1 = é,.








