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Abstract: This paper concerns estimating a probability density function f
based on iid observations from g(z) = W1 w(z) f(x), where the weight func-
tion w and the total weight W = f w(z) f(z) dr may not be known. The
length-biased and excess life distribution models are considered. The asymp-
totic normality and the rate of convergence in mean squared error (MSE) of
the estimators are studied.

1. Introduction and preliminaries

It is known from the famous “moment problem” that under suitable conditions a
probability distribution can be recovered from its moments. In Mnatsakanov and
Ruymgaart [5, 6] an attempt has been made to exploit this idea and estimate a cdf
or pdf, concentrated on the positive half-line, from its empirical moments.

The ensuing density estimators turned out to be of kernel type with a convolu-
tion kernel, provided that convolution is considered on the positive half-line with
multiplication as a group operation (rather than addition on the entire real line).
This does not seem to be unnatural when densities on the positive half-line are to
be estimated; the present estimators have been shown to behave better in the right
hand tail (at the level of constants) than the traditional estimator (Mnatsakanov
and Ruymgaart [6]).

Apart from being an alternative to the usual density estimation techniques, the
approach is particularly interesting in certain inverse problems, where the moments
of the density of interest are related to those of the actually sampled density in a
simple explicit manner. This occurs, for instance, in biased sampling models. In such
models the pdf f (or cdf F) of a positive random variable X is of actual interest,
but one observes a random sample Y7,...,Y, of n copies of a random variable Y
with density

1

(1.1) 9(y) = W w(y) f(y), y >0,

where the weight function w and the total weight

(1.2) W = /000 w(zx) f(z)dz,
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may not be known. In this model one clearly has the relation
oo o0 1
(13) e [ 2@ de=W [ g dy k=01
0 0 w(y)

and unbiased /n-consistent estimators of the moments of F' are given by

W & 1
(1.4) k= — 3 Y
n = w(Y;)

If w and W are unknown they have to be replaced by estimators to yield ﬁk, say. In
Mnatsakanov and Ruymgaart [7] moment-type estimators for the cdf F' of X were
constructed in biased models. In this paper we want to focus on estimating the den-
sity f and related quantities. Following the construction pattern in Mnatsakanov
and Ruymgaart [6], substitution of the empirical moments fij in the inversion for-
mula for the density yields the estimators

15 A=y 0l g0y a0

. x)=— . (=Y exp(——Y;), z >0,
¢ n = w(;) x-(a—-1)! \z° PAmg

after some algebraic manipulation, where « is positive integer with a=a(n) — oo,

as n— 00, at a rate to be specified later. If W or w are to be estimated, the empirical

moments ﬁk are substituted and we arrive at fa, say.
A special instance of model (1.1) to which this paper is devoted for the most
part is length-biased sampling, where

(1.6) w(y) =y, y > 0.

Bias and MSE for the estimator (1.5) in this particular case are considered in
Section 3 and its asymptotic normality in Section 4. Although the weight function
w is known, its mean W still remains to be estimated in most cases, and an estimator
of W is also briefly discussed. The literature on length-biased sampling is rather
extensive; see, for instance Vardi [9], Bhattacharyya et al. [1] and Jones [4].

Another special case of (1.1) occurs in the study of the distribution of the excess
of a renewal process; see, for instance, Ross [8] for a brief introduction. In this
situation, it turns out that the sampled density satisfies (1.1) with

1-F(y) 1
o YT TR
where hp is the hazard rate of F'. Although apparently w and hence W are not
known here, they depend exclusively on f. In Section 5 we will briefly discuss some
estimators for f, hp and W and in particular show that they are all related to
estimators of g and its derivative. Estimating this g is a “direct” problem and can
formally be considered as a special case of (1.1) with w(y) =1,y > 0 and W = 1.
Investigating rates of convergence of the corresponding estimators is beyond the
scope of this paper. Finally, in Section 6 we will compare the mean squared errors
of the moment-density estimator f2 introduced in the Section 2 and the kernel-
density estimator fj, studied by Jones [4] for the length-biased model. Throughout
the paper let us denote by G(a,b) a gamma distribution with shape and scale
parameters a and b, respectively. We carried out simulations for length-biased model
(1.1) with g as the gamma G(2,1/2) density and constructed corresponding graphs

o~

for fr and f5. Also we compare the performance of the moment-type and kernel-
type estimators for the model with excess life-time distribution when the target
distribution F' is gamma G(2,2).
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2. Construction of moment-density estimators and assumptions

Let us consider the general weighted model (l.Al) and assume that the weight func-
tion w is known. The estimated total weight W can be defined as follows:

R Igs 1\t
W= (-3 -—s)
w2 wlY))
Substitution of the empirical moments

S~ W 1
= _ W Yk

in the inversion formula for the density (see, Mnatsakanov and Ruymgaart [6])
yields the construction

@) h@=T3 e (51) e,

Here « is positive integer and will be specified later. Note that the estimator fa is
the probability density itself. Note also that

W:W‘FOP(%), n — oo,

(see, Cox [2] or Vardi [9]). Hence one can replace W in (2.1) by W.

Investigating the length-biased model, modify the estimator f, and consider

S~ W "1 o a N\l @
Jalz) = n ; Y, z-(a—1) (azYl) exp( xYZ)
I W 1 aY;\* o 1<
S . . Y ==~ M;.
n; Y2 T'(w) < T ) exp( x ) n;

In Sections 3 and 4 we will assume that the density f satisfies

(2.2) feCc®([0,00)), with sup|f’(t)|=M < co.
t>0

In Section 5 we will consider the estimator of the unknown survival function .S given
the sample Y7,...,Y,, from pdf (1.1) where w = (1 — F)/f. Namely, we will use
the moment-density estimator proposed in Mnatsakanov and Ruymgaart [6] which
yields the estimator of S =1 — F"

N W o 1 1 a_ N\ «
Sa(z) = o ; Y, -1 (E}/z) eXP(_EYi)-

We will assume that F' satisfies the conditions

(2.3) FeC?(0,00)), with sup|F"(t)|=L < oo.
t>0

Throughout the paper the moment-type estimators will be considered at a fixed
point x > 0, where f(z) > 0.
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3. The bias and MSE of f2

To study the asymptotic properties of f:; let us introduce for each k& € N the
sequence of gamma G(k(a — 2) + 2, z/ka) density functions

k(a—2)+2
ha ok (u) _ ; k_O[ uk(a72)+1
"’ {k(a=2) +1}! \ =

(3.1)
cexp(-E0), w0,

with mean {k(a — 2) + 2}z/(ka) and variance {k(a — 2) + 2}22/(ka)?. For each
k € N, moreover, these densities form as well a delta sequence. Namely,

/ " R (u) F) du — f(z) , a5 @ — 00,
0

uniformly on any bounded interval (see, for example, Feller [3], vol. II, Chapter
VII). This property of hq 4k, when k = 2 is used in (3.10) below. In addition, for
k =1 we have

(3.2) / Uhgz1 (u)du =z,
0
e} 1'2
(3.3) / (U —2)? hapa (u)du = —.
0 «
Theorem 3.1. Under the assumptions (2.2) the bias of f; satisfies
o o? (@) 1
(3.4) Efa(x)—f(m)—ﬁ—ko(a), as o — 0.

For the Mean Squared Error (MSE) we have

(35)  MSE{fi(x)}=n"° [Vz\/g? St ;(x)} } +o(1),

provided that we choose a = a(n) ~ n?/°.

Proof. Let M; =W -Y; ' - hg 4.1 (Y;). Then

oo
E M} :/ W*- Y by o (y) 9(y) dy
0

[ () e en () gt

0 ka k
L A e & A AR G L

2D (ba—2) 41} 1 -
wt ( ) {{((a_l))—gk} kk(a72)+2/0 bk (y) f(y)dy.

(3.6)

T

In particular, for £ = 1:

Efo(@) = falz) =W
(3.7) o ¥

|
S—
8
>
Q
&
=
S
~
—
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This yields for the bias (1 = z,0% = 2%/«)

fale) - f(z) = /Omhm (v) — f(x)}du

%/f(y—w) e )" (@) — 1"(2)}y

122 1
_ QZf”(I)JFO(a) , as a@ — 0.
For the variance we have
Tx 1 1 2 2
(3.9) Var f2(z) = EVar M,; = E{E M? — f2(x)}.

Applying (3.6) for k = 2 yields

o (20-3) 1 [™
ﬁ {(Ot — 1)'}2 22a—2 /O ha,rQ(U)f(u)du
o W e~ (a=3){(2q — 3)}Ra=d)+1/2 1
T a2 \ar e 2D {(a - Do DR 2D

EM? =W

(3.10)
h _ W Vo * W) F(w)du
X/O ha,r,Q(u)f(u)du* 2\/; 72 0 ha,z,Z( )f( )d
W Ja W Ja
= 5= Y @) +o(1)} = 5= Y3 1(w) + of V)

as o — oo. Now inserting this in (3.9) we obtain

Varfi(@) = L[ ) ot - {rw + 0 (2))]

(3.11) 27 a2 a
3.11 :2;\\;—;];2 <%>

Finally, this leads to the MSE of f;(x)

12 MsB(fie) = g2 L Loy o (L) 1o (1),

For optimal rate we may take

(3.13) a=a, ~n??,

assuming that n is such that «, is an integer. By substitution (3.13) in (3.12) we
find (3.5). O
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Corollary 3.1. Assume that the parameter « = «a(x) is chosen locally for each
x>0 as follows

3. f”(:L’

f(z)

4/5
(1) ale) =nt P [ >] 1" (@) 0.

Then the estimator E(a:) = f*(x) satisfies

(63

w 1 a(x) (=) a(z)
BASR . Y; ~ 2y,
() e
W2 f (@) fz(x)r/s
Tex2v2
Proof. Assuming the first two terms in the right hand side of (3.12) are equal to each

other one obtains that for each n the function o = a(x) can be chosen according
to (3.14). This yields the proof of Corollary 1. O

S|

(3.15) falz) =

i=1

(3.16) MSE{f:(x)} =n"*5 { +0(1), as n — oo.

4. The asymptotic normality of f;

Now let us derive the limiting distributions of f; The following statement is valid.

Theorem 4.1. Under the assumptions (2.2) and o = a(n) ~ n%, for any 0 < § < 2,
we have, as o — 00,

w IHORIAL)

= —q Normal(0,1).
Varf (x)

Proof. Let 0 < C' < oo denote a generic constant that does not depend on n
but whose value may vary from line to line. Note that for arbitrary k& € N the
”cp-inequality” entails that B|M; — fa(x)’kg CE MF, in view of (3.6) and (3.7).
Now let us choose the integer k > 2. Then it follows from (3.6) and (3.11) that

S Bl AM; — fu@)]" _ 0t rh 20k
{Varfa(a:)}"’/Q - (n=1al/2)k/2

1 k/4—1/2
=C—a7—>0, as n — oo,

VEk nk/21

for o ~ n%. Thus the Lyapunov’s condition for the central limit theorem is fulfilled
and (4.1) follows for any 0 < § < 2. O

(4.2)

Theorem 4.2. Under the assumptions (2.2) we have

nl/? < f(z
(4. L (T2le) — 1@} —a Normat (0,52,

al
as n — oo, provided that we take o = a(n) ~n’ for any % <d<2.

Proof. This is immediate from (3.11) and (4.1), since combined with (3.8) entails
56—2

that n*/2a~ Y4 {f,(z) — f(x)} = O(n'/?a=5/*) = O(n="7 ) = o(1), as n — oo,
for the present choice of a. U
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Corollary 4.1. Let us assume that (2.2) is valid. Consider f7(z) defined in (3.15)
with a(x) given by (3.14). Then

nl/2
(1) o el = S(@)} —a Normal |
asn — oo and f"(x) # 0.

Proof. From (4.1) and (3.11) with a@ = a(z) defined in (3.13) it is easy to see that

W f(z)
2z22 /7

/2 Wf(ﬂ?)) ,

T 2221

n1/2 re Tx w f(iL’) 1
(45) W {fa(l') — Efa(x)} = Normal <0, W) + OP(W),
as n — oo. Application of (3.4) where a = a(z) is defined by (3.14) yields (4.4). O

Corollary 4.2. Let us assume that (2.2) is valid. Consider f*.(z) defined in (3.15)
with o*(x) given by

2
, - <40 <2
5

x3 . f”(.ﬁ)] 4/5
f(=)

Then when f"(x) # 0, and letting n — oo, it follows that

(4.6) a*(z) =n’- {4.7;4/2}1/5 l

nl/2

(4.7) ——{fr(x) — f(x)} —q Normal (0,

OL*(CE)I/4

=

Proof. Again from (4.1) and (3.11) with a = o*(x) defined in (4.6) it is easy to see
that

nl/2

(4.8) W {fr.(x) — Ef}.(x)} = Normal (()

W f(z)
" 222 /7

as n — o00. On the other hand application of (3.4) where o = o*(x) is defined by
(4.6) yields

) T op(1),

n1/2 ~, X
(19) oy (BT (@) = 1) = 0 (5505 ).

as n — oo. Here C(z) = {%}1/2. Combining (4.8) and (4.9) yields (4.7). O

5. An application to the excess life distribution

Assume that the random variable X has cdf F and pdf f defined on [0, c0) with
F(0) = 0. Denote the hazard rate function hrp = f/S, where S = 1 — F is the
corresponding survival function of X. Assume also that the sampled density g
satisties (1.1) and (1.7). It follows that

6.1) o) = 7 (1= F)}, y=0.

’

It is also immediate that W = 1/¢(0) and, f(y) = -W¢'(y) = fgg((g)) , y>0,s0
that




Moment-density estimation 329

Suppose now that we are given n independent copies Y7, ..., Y, of a random variable
Y with cdf G and density ¢ from (5.1).
To recover F' or S from the sample Y7, ..., Y, use the moment-density estimator

from Mnatsakanov and Ruymgaart [6], namely

Z VSt G0 et

Where the estimator W can be defined as follows:

. 1
W = -
9(0)
Here g is any estimator of g based on the sample Y7,...,Y,,.

Remark 5.1. As has been noted at the end of Section 1, estimating g from

Y1,...,Y, is a "direct” problem and an estimator of g can be constructed from
(1.5) with W and w(Y;) both replaced by 1. This yields

a—1 « o=l
(2%)  ew-Sv. y 2o
: Yy

63 =1

The relations above suggest the estimators

; 90 (y)
f Yy) = —= , Y Z 07
) 9a(0)
. Jaly) 9o (y)
hF = - Aa ) w = — =
) o (y) ) 96(y)
Here let us assume for simplicity that W is known and construct the estimator
of survival function S as follows:

sy - (5%) (=2 = S

i=1 ~° i=1

| =

(5.4)

:|>—‘

~

Theorem 5.1. Under the assumptions (2.3) the bias of S, satisfies

(5.5) ES.(z) — S(z) = _$2fl(i$) +o (é) ,  as o — 00.
For the Mean Squared Error (MSE) we have

-S(z 2 f(2))?
(5.6) MSE{S,(z)} =n~%/° [‘Z ;}E) + {f4( i } +o(1),

provided that we choose o = a(n) ~ n?/°.

Proof. By a similar argument to the one used in (3.8) and (3.10) it can be shown
that

(5.7) ES,(xz) — S(x) = /OOO ha,e1(w){S(u) — S(x)}du

= ———f'(x)—&—o(é) ,asa — 00
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and
(5.8) ELf;j//%\éaS(x)+o(\/a), asa — 00,
respectively. So that combining (5.7) and (5.8) yields (5.6). O

Corollary 5.1. If the parameter « = «a(x) is chosen locally for each © > 0 as
follows

[ (x)

1_717(3:) ,f’(a:)#().

(69 al@) =0 {gE) et l

then the estimator (5.4) with a = a(x) satisfies

2., 4 272/5
MSE{ga(x)}:n%/E’ {W f(l‘)(l—F(J?)) ] _,'_0(1), as 1 — Co.

T2

Theorem 5.2. Under the assumptions (2.3) and o = a(n) ~ n® for any 0 < 6 < 2
we have, as n — 00,

So(x) — ESy ()
Var Sy (z)

(5.10) —q Normal(0,1).

Theorem 5.3. Under the assumptions (2.3) we have

nl/2

(5.11) 7

{8, (z) = S(x)} —4 Normal (0, VZT?/(;:)) ,

as n — oo, provided that we take o = a(n) ~n® for any 2 < § < 2.

Corollary 5.2. If the parameter o = a(x) is chosen locally for each x > 0 according
to (5.9) then for So(z) defined in (5.4) we have

e ey vormal (W S@ e WS(@)
a()i/A al@) = 5@} —a N l( v 72$ﬁ>,

provided f'(x) # 0 and n — oo.

Corollary 5.3. If the parameter o = a*(x) is chosen locally for each x > 0
according to

4/5

2
, - <0<2,

5

. s o [ P
(5.12) o (x) =n’ A0 [1—71%)

then for Sq-(z) defined in (5.4) we have
nl/2
a*(z)1/4

{S,-(x) — S(2)} —4 Normal (O, VQV;CS\(/J:_T)> ,

provided f'(x) # 0 and n — oo.

Note that the proofs of all statements from Theorems 5.2 and 5.3 are similar to
the ones from Theorems 4.1 and 4.2, respectively.
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6. Simulations

At first let us compare the graphs of our estimator f; and the kernel-density esti-
mator f, proposed by Jones [4] in the length-biased model:

(6.1) fh(x):%Z%-K(I;LYi),x>O.
i=1 !

Assume, for example, that the kernel K(z) is a standard normal density, while the
bandwidth h = O(n=?), with 0 < 3 < 1/4. Here W is defined as follows

v-GE)

In Jones [4] under the assumption that f has two continuous derivatives, it was
shown that as n — oo

(6.2) MSE{fn(z)} = Var f,,(x) + bias®{ 1} (x)
W)

nhx

2

/Ooo K2(u)du + i R (z))2 [/OOO w2 (u)du|

Comparing (6.2) with (3.12), where o = h™2, one can see that the variance term
Varf;(x) for the moment-density estimator could be smaller for large values of =
than the corresponding Var{ f5(z)} for the kernel-density estimator. Near the origin
the variability of fj, could be smaller than that of f; The bias term of f; contains
the extra factor z2, but as the simulations suggest this difference is compensated
by the small variability of the moment-density estimator.

We simulated n = 300 copies of length-biased r.v.’s from gamma G(2,1/2). The
corresponding curves for f (solid line) and its estimators f; (dashed line), and fj,
(dotted line), respectively are plotted in Figure 1. Here we chose a = n?/> and

Q
o

15

f(x)
1.0
|

0.0
|

Figure 1.

Fic 1.
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10 1.2

S(x)

00 02 04 06 038

Figure 2.

Fic 2.

h = n~/%, respectively. To construct the graphs for the moment-type estimator
S, defined by (5.4) and the kernel-type estimator S, defined in a similar way as
the one given by (6.1) let us generate n = 400 copies of r.v.’s Y7, ...,Y,, with pdf ¢
from (5.1) with W =4 and

g

1—F(x):e_% +ge_ ,x>0.

We generated Y7,...,Y, as a mixture of two gamma G(1,2) and G(2,2) distribu-
tions with equal proportions. In the Figure 2 the solid line represents the graph of
S = 1— F while the dashed and dotted lines correspond to S, and S}, respectively.
Here again we have a = n?/% and h = n=1/5.
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