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This article introduces a method for estimating the smoothness of a sta-
tionary, isotropic Gaussian random field from irregularly spaced data. This
involves novel constructions of higher-order quadratic variations and the es-
tablishment of the corresponding fixed-domain asymptotic theory. In partic-
ular, we consider:

(i) higher-order quadratic variations using nonequispaced line transect
data,

(ii) second-order quadratic variations from a sample of Gaussian random
field observations taken along a smooth curve in R2,

(iii) second-order quadratic variations based on deformed lattice data
on R2.

Smoothness estimators are proposed that are strongly consistent under
mild assumptions. Simulations indicate that these estimators perform well
for moderate sample sizes.

1. Introduction. In spatial statistics, it is common practice to model the re-
sponse as a realization of a Gaussian random field; cf. [7, 10, 25] and the references
cited therein. Let X be a stationary, isotropic Gaussian random field on R¢ with
mean yu = E{X (x)} and covariance function

K (x,y) =Cov{X(x), X(y)}

(D
Lv] .
= Bilx=yI¥ +B;Gu(Ix—ylI) +r(x.y)  Vx,yeR?,
j=0
where:
i) v>0,pB;#0, o, ..., By are constants and |- | denotes the greatest inte-

ger function,
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(ii) r(x,y) = O(||x — y||>**7) for some constant 7 > 0 as ||x — y|| — 0, and
G, : [0, 00) — R such that G,,(0) =0 and for all s > 0,

s2v’ Yv ¢ Z,

2 b(s) =
@ Gvls) 52V log(s), Yv eZ.

Here, || - || denotes the Euclidean norm in R¥. This class of covariance functions
is very general and it includes, for example, the Matérn model (see Section 2.1)
and the exponential family exp(—c|x — y||?") for v € (0, 1). Anderes and Stein
[3], page 721, observe that v is a smoothness parameter in that X is j times mean
square differentiable if and only if j < v. 8,G, is known as the principal irregular
term of the covariance function K; cf. [24, 25].

The aim of this article is to estimate v using n observations from a single real-
ization of X within a compact domain A C R?, d € {1, 2}. The estimation of v has
been addressed in the literature under a number of different conditions by various
authors. In the case of scattered (possibly nonlattice) data, Anderes and Stein [3]
ignore the unknown function r in (1) and use an approximate likelihood method
to estimate v. However, the accuracy of the estimate is not addressed there. Im
et al. [16] propose a semiparametric method of estimating the spectral density (and
hence v) with irregular observations. These latter two methods have nonnegligible
model biases and also appear to be analytically intractable under fixed-domain
asymptotics. The latter asymptotics imply that as n — oo, the n sites get to be
increasingly dense in A. Also in the simulations, Im et al. [16] consider 200 inde-
pendent realizations of a Gaussian random field, whereas this article is concerned
with estimating v based on observations from one realization of the underlying
Gaussian random field.

In the case of equispaced data on a line transect, Hall and Wood [13] consider a
box-counting estimator while Constantine and Hall [9], Kent and Wood [19] study
estimators of v based on process increments. References [9, 13, 19] assume that
v € (0, 1). Another example of equally spaced data on a line transect is [17] where
higher-order quadratic variations are used to construct a consistent estimate for v
assuming that v € (D, D + 1) for some known integer D.

This article proposes a method for estimating v using irregularly spaced data
from a possibly differentiable Gaussian random field. The methodology involves
novel constructions of higher-order quadratic variations and the establishment of
the corresponding fixed-domain asymptotic theory. The history of quadratic varia-
tions started with [22]. Since then, this field has grown dramatically; some exam-
ples being [1, 5, 8, 12, 20]. Most higher-order quadratic variations in the literature
have been based on observations on a regular grid in R¥; cf. [6, 17] and references
cited therein. An exception is [4] that deals with second-order quadratic varia-
tions using irregularly spaced Gaussian process observations on a line transect
in R. However, from definition (3) of [4], we observe that Begyn’s second-order
quadratic variations are different in that they depend explicitly on the smoothness
of the process, and hence cannot be evaluated if v is unknown.
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The remainder of this article is organised as follows. Section 2 considers the
case d = 1. Let ¢ : R — R be a twice continuously differentiable function sat-
isfying ¢(0) =0, ¢(1) = 1 and ming<;<; ¢V (s) > 0 where ¢V (s) = do(s)/ds.
Define t; = (i — 1)/(n — 1)), i =1,...,n. For # € {1,2} and £ € Z*, novel
£th order quadratic variations Vp ¢ based on the observations X (#;), 1 <i <n, are
constructed. Here, X is a stationary, isotropic Gaussian random field having co-
variance function K as in (1) with d = 1. Under fixed-domain asymptotics, The-
orem 1 proves the strong convergence of Vy ¢/E(Vp,¢) under mild conditions. It
is of interest to note that the asymptotic behavior of Vp , is critically dependent
on whether the smoothness parameter v is greater or less than the order £ of the
quadratic variation. In Section 2.1, estimators b, ¢, V4,0 and D, for v are proposed.
For v < M < ¢ < 10 where M is a known constant, Theorem 2 proves that v, ¢ is
strongly consistent under the assumptions of Theorem 1(a). , is a refinement of
Vq,0 which in turn can be thought of as a refinement of v, ¢. Table 1 summarises
the results of a simulation experiment to gauge the accuracy of v, o and D,.

For 6, ¢ € {1, 2}, Section 3 describes the construction of £th-order quadratic
variations 179, ¢ from irregularly spaced data taken along a fixed smooth curve
y in R?. Assuming v € (0,¢), Theorem 3 proves the strong convergence of
\79,5 /E (Ve’g) under weak conditions. In Section 3.1, the estimators Dp 2 and 1y
for v € (0, 2) are proposed. Theorem 4 shows that Dy, » and 3, are strongly consis-
tent estimators for v € (0, 2) under the assumptions of Theorem 3. Table 2 reports
the accuracy of Vp > and Dy in a simulation experiment where the data are taken
along an arc of the unit circle.

In Section 4, the Gaussian random field on R? is observed at sites x'1"2 =
¢(i1/n,iz/n), 1 <i1,ip < n, where ¢ is a smooth diffeomorphism. Second-
order quadratic variations ‘79’ ¢, 0,2 € {1,2}, based on the observations X (x/1012),
1 <iy, iy <n, are constructed where X is a stationary, isotropic Gaussian random
field having covariance function K as in (1) with d = 2. Theorem 5 establishes
conditions where \_/9, ¢/E (Vg’ ¢) — 1 asn — oo almost surely. Section 4.1 proposes
estimators V. 1 and V. 2 for v € (0, 2). Theorem 6 shows that these estimators are
strongly consistent under the assumptions of Theorem 5. Finally, Table 3 presents
the results of a simulation study on the accuracy of V. 1 and V. 2. Chan and Wood
[6] consider smoothness estimation of a nondifferentiable Gaussian random field
on R? observed on a regular grid. However, the estimators proposed in [6] do not
work for irregularly spaced observations of a smooth Gaussian random field with
v>1.

The Appendix and the supplemental article [23] contain proofs and related tech-
nical results needed in this article. If X is a locally isotropic, stationary Gaussian
random field, the ideas of this article can still be applied by choosing the compact
domain A suitably small so that X is close to being isotropic, stationary on A.

Likelihood methods are likely to perform well if the data are relatively sparse
and the model is correctly specified. The situation this article is concerned with is
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when 7 (-, -) in (1) may not be completely known, the data are relatively dense and

the likelihood is time consuming and difficult (or even impossible) to compute.
Throughout this article, a, ~ b, denotes lim,,—, o a, /b, = 1 and likewise, a, =<

b, denotes 0 < liminf,,  a, /b, <limsup,_, -, an/by < 0.

2. Higher-order quadratic variations using line transect data.

In this sec-

tion, the observations of X are taken on a line transect. Hence, without loss of
generality, Section 2 assumes that X is a Gaussian process having covariance
function K as in (1) with d =1 and X(¢,.1), ..., X(#,,,) are the observed data
where 0 =1,1 <t,2 <--- <tyn—1 <ty = 1. For brevity we write, ¢, ; =t; and
X({t)=X;,i=1,...,n.Definefor6 € {1,2} and L {1, ..., |[(n —1)/0]}

2!
[To<j<e, jxtitorx — tivo;)
¢

ae,¢;ik =

Vk=0,...,¢,

Vo Xi = Zae,e;i,kxi+9k Vi=1,...,n—0¢,

k=0

and the fth-order quadratic variation based on X1, ..

n—0¢

3) Voe= Y (VoeXi)

i=1

LEMMA 1. For6e{l,2},te{l,...,|(n—1)/0]}andi, j €{l,

., X, tobe

we have
f: p rx Vg=0,....0—1,
ag.¢;i k1o = oo
=0 2!, ifg=2¢,
¢
) D70 a0.6:ika0,6; .y ok, — liory)?
k1=0ky=0
_{Q Vg=0,...,20—1,
LDt ifg=2¢,

where we use the convention 0° = 1.

. n—60),

The properties of Vp ¢ rest crucially on the algebraic identity (4). Interestingly,
this identity goes way back to [27]; see also Section 1.2.3, problem 33, of [21].
The other result in Lemma 1 is a direct consequence of (4). Lemma 1 is the reason
for using the term “¢th-order” in the description of Vj . Writing

_( Voo X1 V@,eXn—ez)/
VEVe)  JEMVer) )’

T = (i )n-00xn—0) = E(YY'),

&)
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we obtain Vy ¢/E(Vp¢) =Y'Y = Z'SZ where Z ~ N,_p¢(0, I). It follows from

[14] that
Va,e ‘
P —1
<‘E(V9,z) 28)
(6) =P(|Z'SZ - E(Z'SZ)| > ¢)

€ &2
§2exp{—Cmin( , )} Ve >0,
[ Zabsll2 ||Eabs||%7

where C > 0 is an absolute constant, X, 1S the (n — 6£) x (n — 6£) matrix with
elements |%; j|, i, j=1,...,n—0¢ and || - [|2, || - || are the spectral, Frobenius
matrix norms, respectively.

Lemma 1 and (6) are needed in the proof of Theorem 1 below. The latter pro-
vides a way for estimating v. It is convenient to write K(x— y) = K (x, y) for all
x,y€eRand K @9 ag the 2¢th derivative of K if the latter exists.

CONDITION 1. Forn >2,definet; =¢((@i —1)/(n—1)),i =1,...,n, where
¢ : R — R is a twice continuously differentiable function satisfying ¢(0) = 0,
(1) =1 and minp<s<] (p(l)(s) > 0.

We then say that the #;’s are generated by ¢. It follows from Condition 1 that
there exist constants Cp ¢ and Cy 1 such that

0<Cio/n< min (fiy1 —t)< max (ti+1—1)=Ci/n.
1<i<n-—1 1<i<n—1

Writing G, (-) asin (2), for6 € {1,2} and £ € {1, ..., [(n — 1)/6]}, define

n—6¢
foeW)=2B5 " Y a0.0:i.0,96.0:1.00G v (livoky — litok;)
i=1 0<ki<kr<t

(7)
Yv e (0, ¢).

THEOREM 1. Let Vy ¢ be asin (3), 6 € {1, 2} and Condition 1 holds.

(a) Suppose v € (0,€) and £ € {1,...,|(n — 1)/0] A 10}. Then E(Vg ) ~
So.e(v) < n2H1=2v 1y addition, if Ig(zz)(.) is a continuous function on an open
interval containing (0, 1] such that |I€(2e)(t)| < Cot®72¢, vt € (0, 1], for some
constant Cy, then

O(n71), ifv < @C—1)/4,
Var{Vy  /E(Vg.o)} =1{ Ofn~og(n)},  ifv=(4L—1)/4,
O(n_4€+4‘)), ifv > (4K _ 1)/47

and Vy ¢/ E(Vp ¢) — 1 almost surely as n — oo.
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(b) Suppose v = €. Then E(Vgy) ~ (=) T18520) Inlog(n). In addition,
if K@Y is a continuous function on an open interval containing (0, 1]
such that |I€(26)(t)| < C¢log(2/t), Vt € (0,1], for some constant Cq, then
Var{Vy ¢/ E(Vo.¢)} = O{log=>(n)} as n — oo.

() Suppose v > €. Then E(Vyg) ~ (—1)tBe(2€)\n. In addition, if K®9(-) is
a continuous and not identically O function on an open interval containing (0, 1],
then

liminf Var{Vy ¢/E(Vp.¢)} > 0.
n—oo

REMARK 1. In Theorem 1(a), we restrict £ < 10 as we think this will suffice
in practical situations. However, if Vj o for some £ > 10 is required, then as in the
proof of Lemma 3, one need only use, say, Mathematica, to verify that Hy(v) # 0
forall0 <v <.

2.1. Smoothness estimation on a line transect. Suppose 0 <v <M < £ <10
for some known constant M. Under the conditions of Theorem 1(a), it is easy
to construct a strongly consistent estimator for v. For example, taking 6 = 1,
{2¢ + 1 —log(V1,¢)/log(n)}/2 is one such estimator for v. However, the bias is
of order 1/log(n) which makes it unsuitable for use in practice. With the notation
of Theorem 1, define Fy , : [0, M] — [0, 00) by F¢,(v*) = f2.0(v*)/f1.¢(v*) for
v* e (0, M] and Fy ,(0) =1lims— 0+ f2.¢(8)/f1.¢(8). The motivation for taking the
ratio on the right-hand side is to eliminate the nuisance parameter 8.. We ob-
serve from Lemma 5 that F, ,(-) is a continuous function. We shall now construct
another strongly consistent estimator v, ¢ for v. Let U, ¢ € [0, M] satisfy

VieFen® 2 VieFon(v* 2
®) { 1,6Fe.n(Va0) _1} — min { 1,0Fgn(v?) _1} .
Vae O<v*<M Vae
THEOREM 2. Let0<v <M <€ <10, Uy ¢ be as in (8) and that the condi-
tions of Theorem 1(a) are satisfied. Then D, ¢ — v as n — 0o almost surely.

In practice, the upper bound M is usually conservative and can be significantly
larger than the unknown v. Thus, 7, ¢ may not perform well for small to moderate
sample size n. Next, we propose an alternative estimator b, for v that refines on
Dy ¢ by first estimating an interval of unit width which contains v. The algorithm
below is motivated by the fact that Vy ; F; ,(v)/ V2, — 1 as n — oo almost surely
if v <[ (cf. Theorem 1).

Step 2.1. Foreachl=1,...,|M]+2,letv,; € [0, M] be such that

{V1,1Fz,n(f)a,z) B 1}2 { ViaFia () 1}2
Vo 0<v*<MAI Va.i ’
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Step 2.2. Let D, o be the value of ¥, that minimises (V,; — ﬁa,1+1)2, [ =
I,...,M] + 1. The purpose of 7, ¢ is to estimate an interval of unit width con-
taining v.

Step 2.3. We improve on 1, o by defining the estimator v, for v to be ¥, =V,
where [ is the smallest integer satisfying [ > v, 0+ 1/4.

REMARK 2. The motivation behind step 2.2 is thatif 0 < v </, then v, ; — v
and (Vg — ﬁa,1+1)2 — 0 as n — oo almost surely. The rationale for step 2.3 is
to use Vy 1, 0 € {1, 2} with the smallest integer / > v 4 1/4 to estimate v since it
follows from Theorem 1(a) that Var{Vp ;/E(Vy )} = On~ Y asn— oco.

As noted by Stein [25], a class of covariance functions which has considerable
practical value is the Matérn class:

o2 (alx —yl)”
2V=1T(v)

where v, a, o are strictly positive constants and K, is the modified Bessel function
of the second kind. This implies that if v is not an integer,

9) Knmar(X, y) = Ku(@lx—yl)  Vx,yeR?

o o x —y|*
Kma(x,y) =0 -
" };) 22KEITTE (i —v)
) 7.[0.2 00 a2k+2vllx _ y||2k+2v

 T()sin(vr) 2= 22 2KT (k + 1 +v)
On the other hand, if v € {1, 2, ...},

— 20° v+1 a|x =yl & (@fx —y|l/2)>v+h
KMat(X’Y)_m{(_l) log( 2 )k; IO

12 L w—k=D!falx—y[\*

e T ()
(-’ & (allx — y[|/2)> 5
+— I;)[x//(k+1)+1//(v+k+1)] 0o+ 0! ;

where ¥ (-) is the digamma function, thatis, ¥ (k) = —y + Zf;ll iLk=1,2,...,
and y = 0.5772... is Euler’s constant. Equations (10) and (11) indicate that
Kwmat(+, -) can be expressed as in (1). It can be easily shown that 151%3 (-) satis-
fies the conditions in Theorem 1 as well.

In order to gauge the finite sample accuracy of v, ¢ and V,, a simulation exper-
iment is conducted. In this experiment, X is a stationary Gaussian process having
mean 0 and Matérn covariance function Ky as in (9) with o =a =d = 1. All

computations are performed using the software Mathematica.
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TABLE 1

Experiment 1. Simulation results in estimating v using data
generated by ¢(s) = s(s + 1)/2 over 100 replications

(standard errors within parentheses)

v Elbg,0 - vl Elpq —v|

0.1 0.109 (0.010) 0.061 (0.004)
0.5 0.128 (0.013) 0.057 (0.005)
0.9 0.107 (0.011) 0.074 (0.006)
1.0 0.108 (0.009) 0.074 (0.006)
1.1 0.113 (0.008) 0.069 (0.005)
1.5 0.093 (0.008) 0.052 (0.005)
1.9 0.077 (0.005) 0.078 (0.005)
2.0 0.082 (0.005) 0.069 (0.005)
2.1 0.079 (0.006) 0.063 (0.006)
2.5 0.053 (0.006) 0.049 (0.004)

2773

EXPERIMENT 1. Setn =200, M =2.5and v=0.1,0.5,009, 1, 1.1, 1.5, 1.9,
2,2.1,2.5.Fori=1,...,n, X; = X(t;) where t;, = p((i — 1) /(n — 1)) with ¢(s) =
s(s+1)/2 forall s € R. The mean absolute errors of 7, ¢ and v, are computed over
100 replications.

The results from Experiment 1 are presented in Table 1. The mean absolute
errors of v, o and ¥, indicate that D, is significantly more accurate than v, o thus
vindicating step 2.3.

It is well known that simulating a stationary Gaussian process on [0, 1] when
n and v are large is a difficult problem; cf. [26, 28]. This is especially so if the
data are irregularly spaced. This is the reason why we set the upper limit for the
true value of v to be 2.5 in Experiment 1. For larger values of v, the Mathemat-
ica routine MultinormalDistribution[-, -] returns with the error message that the
covariance matrix is not sufficiently positive definite to complete the Cholesky
decomposition to reasonable accuracy. Finally, we have not compared the perfor-
mance of 7, to the estimator proposed in [3] because the latter estimator requires
a choice of neighbourhood blocks and there are no formal guidelines given for
choosing these blocks.

3. Second-order quadratic variation along a curve in R? using 3 or more
points. In this section, the observations of X are taken along a fixed curve y in
R? where X is a Gaussian random field having covariance function K as in (1)
with d = 2. More precisely, we assume the following.

CONDITION 2. There exist strictly positive constants &, L such that y :
(—e, L 4+ ¢) — R? is a C?-curve parametrised by its arc length. In particular writ-

ing y(t) = (1 (1), »2(t)) and its kth derivative by y® (1) = (), 1, (1)),
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we have (1) y(z) (1) exists and is continuous, and (ii) ||y(1)(t)|| =1 for all r €
(—e, L +e¢).

CONDITION 3. There exists a constant C3 > 0 such that
ly () —y@| =Cslt* =]  Vi*,t€]0, L.
CONDITION 4. Forn >2,t,; = (LI —1)/(n—1)),i=1,...,n, where

¢ : R — R is a twice continuously differentiable function satisfying ¢(0) = 0,
¢(L) =L and minp<s<y, (p(l)(s) > 0.

REMARK 3. Condition 3 ensures that the curve y is reasonably well behaved,
for example, y does not intersect itself.
In this section, we shall write t; =1, ;, X (y (#;)) = X; and d; j = ||y (t;) —y ()|l

forall 1 <i,j <n. Xy,..., X, represent the observations of X that are made on
the curve y. Define for 0, ¢ € {1, 2},
L
bg p:ik = Vk=0,...,¢,
Y Mo j<e, i (diivor — diivo))
¢
Vo.eXi=) borikXivek  Vi=1,...,n—0¢,
k=0
and the £th-order quadratic variation based on Xy, ..., X, to be
N n—0¢ .
(12) Voo= Y (VoeXi) .

i=1
Then we observe from Lemma 1 that for 9, £ € {1, 2},

V4 .
0, ifg=0,...,0—1,
(13) Y bocird! g = { .
= b ¢, ifg=t

Equation (13) is the motivation for calling Vg,g “¢th-order”. Define K x—y =
K(x,y) for all x,y € R2. Letting a; and a> be nonnegative integers, we write
X = (x1, xp)’ and

= ) aitay

K992 (x) = ———— K(X).

®) dxy" x5 ®

Let I be a compact, convex set in R? such that {y):0<t<L}cCTI.For9,[te
{1, 2}, define

n—6¢

Joa)=2B53" > bosisbo,eiks Go(ditok,.itok,)
i=1 0<ky<ky<t
(14)
Yv e (0, ).
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THEOREM 3. Letf,0e€{1,2},v e (0,£) and ‘79,[ be as in (12). Suppose Con-
ditions 2, 3 and 4 hold. Then E(Vg,g) ~ fg,g(v) = nX*1=2v Iy addition, suppose
(i) K@@ () is a continuous function on an open set containing {X —y : X,y €
I', x # y} whenever ay, ay are nonnegative integers such that a; + ay = 20 and
(i1) there exists a constant C4 such that

K@ (x—y)| < Callx =y V2<a1+ar <28,

forallx,ye ', x#Yy. Then VQ’[/E("}@’K) — 1 almost surely and

o(n="), ifv<@de—1)/4,
Var{Vg,g/E(f/g,g)} = O{n_1 log(n)}, ifv=(40—1)/4, as n — oo.
O(n3+4), ifv> (40— 1)/4,

The proof of Theorem 3 is can be found in the supplemental article [23].

3.1. Estimating v along a smooth curve in R>. Let 6, ¢ € {1,2} and fg,g be
as in (14). Define ngn . [0, K] — R by Fg’,,(v*) = fzﬁ((v*)/fl,g(v*) Yv* S (O, E),
Fen(0) =lims 04 f2,0(8)/ f1,¢(8) and Fy,n (€) = lims 04 f2,¢(€ —8)/ f1.e(£—6).
We observe from Lemma 5 that Fy ,(-) is a continuous function. Let vy, ¢ € [0, £]
satisfy

V10 Foa(0 2 ViFoah |
(15) { 1,6 f,n(”b,é) _ 1} — min { 1,6 ~e,n(v ) 1} .
Vo O<v*<¢ Vo
THEOREM 4. Let £ € {1,2}, v € (0,£) and Vp ¢ be as in (15). Suppose the
conditions of Theorem 3 are satisfied. Then Vp ¢ — v as n — oo almost surely.

Using Lemma 7, the proof of Theorem 4 is similar to that of Theorem 2 and
will be omitted. Theorem 4 proves that 1y, » is a strongly consistent estimator for
v € (0,2). However, if v is close to 0, the upper bound of 2 is conservative and a
better estimator for v is 7, ;. Consequently, we propose the following alternative
estimator Dy, for v € (0, 2).

Compute Vp . If Dy 2 > 3/4, define vy = Vp 2. If Dp 2 < 3/4, compute V| and
define Dy = Dy, 1. 3/4 is motivated by the last statement of Theorem 3 when £ = 1.
Under the assumptions of Theorem 4, we observe that 1, is also a strongly consis-
tent estimator for v.

REMARK 4. We observe from the definitions of 1y 2, D that ¢ need not be
explicitly known; only the bijection ® : {1,...,n} = {¢i = (LG —1)/(n — 1)) :
i =1,...,n} is required. There are 2 feasible bijections, namely i — @(L(i —
1)/(n—1)) and i — @(L(n —i)/(n — 1)). Either bijection will do. If the curve y
is known, then @ can be recovered from the ordering of the ¢;’s along y. On the
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other hand if y is unknown, then @ can be obtained using the fact that “adjacent”
¢i’s are closest to each other for sufficiently large n, that is, maxg——_1 1 |¢j4+k —
¢ill <minjzj_1j j+1ll¢i — @;ll. This greatly increases the utility of ¥y 2, Dp, in
applications. The following is an algorithm for determining & when y is unknown:

Step 3.1. First, arbitrarily pick an element yy from the set {¢1, ..., ¢,}.

Step 3.2. Let y; denote the element of 170 ={¢1,...,0n} \ {yo} such that ||y; —
yoll = min{[[¢; — yoll : ¢i € Yo}.

Step 3.3. Given Y_j; = {y—k,...,Y0,--., ¥}, let y*, y** denote elements of
Yoo =A{¢1.....dn} \ Yops such that | y* — y_i|l = min{l¢; — y—ill : i € Yoi 1}
and [|y™* — yill = min{ll¢; — yill : ¢i € Yi i} I Iy* — y—iell < 1™ — yill, define
Y—(e+1) = y* and if [|y* — y_gll > |y** — yi|, define y;11 = y**.

Step 3.4. Repeat step 3.3 until the cardinality of Y_y ; is n. The ordering of this
Y_k 1, with cardinality n and [ =n — k — 1, gives the required bijection ® (i) =
V_k+i-1,i=1,...,n.

A simulation experiment is conducted to gauge the finite sample accuracy of
Up,2 and Dp. In Experiment 2 below:

(i) X is a stationary Gaussian random field having mean 0 and Matérn covari-
ance function Ky asin (9) witho =a =1and d = 2.

(ii) y is an arc of the unit circle given by y () = (cos(t), sin(r)) forall 0 < ¢ <
/2.

EXPERIMENT 2. Setn =200,v=0.1,0.3,0.5,07,09,1,13,1.5,1.7,1.9
and let (s) =s(s+1)/(L+1),0<s <L =m/2. The data X1, ..., X, are given
by X; = X(y(t;)) where t; = @(L(i —1)/(n — 1)), i =1,...,n. Table 2 reports

TABLE 2
Experiment 2. Simulation results in estimating v with
nonequispaced data along a curve y over 100 replications
(standard error within parentheses)

v E|§b’2—v| Elﬁb—vl

0.1 0.102 (0.007) 0.059 (0.004)
0.3 0.133 (0.010) 0.058 (0.006)
0.5 0.122 (0.009) 0.058 (0.007)
0.7 0.111 (0.008) 0.082 (0.007)
0.9 0.078 (0.007) 0.068 (0.005)
1.0 0.076 (0.007) 0.070 (0.005)
1.3 0.059 (0.004) 0.059 (0.004)
1.5 0.049 (0.004) 0.049 (0.004)
1.7 0.041 (0.003) 0.041 (0.003)
1.9 0.072 (0.004) 0.072 (0.004)
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the estimated mean absolute errors of 13 2 and ¥, over 100 replications. The mean
absolute errors of Dy, » and 1y, indicate that Dy, is indeed more accurate than vy ».

4. Second-order quadratic variations using 4 or more deformed lattice
points in R2. Let [0, 1]> C Q where Q is an open set in R%. A function @ :
Q — R? is said to be C1(Q) if all first-order partial derivatives dg; (x1,x2)/dx;
exist and are continuous. Here, we write ¢ = (¢1, ¢2) where ¢1, ¢ are real-valued
functions. The class of C!(Q) diffeomorphisms is the set of all continuous invert-
ible maps ¢ :  — RZ, such that ¢ is C! () and $~! is C'(Q*) where Q* is the
range of ¢.

CONDITION 5. ¢ is a C%(S2) diffeomorphism, which is a C!($2) diffeomor-
phism with continuous second-order mixed partial derivatives.

Define x''2 = (¢1(i1/n,i2/n), 2(i1/n,iz/n)), 1 < ii,i» < n, and denote
Xi,.i, = X(x'1"2) where X is a stationary, isotropic Gaussian random field on
R?2 having covariance function K as in (1) with d = 2. We write (p}l’o)(u, V) =
dp;(u,v)/du and "V (u, v) = d; (u, v)/dv for j =1,2.

Since ¢ is a C2(£2) diffeomorphism, we observe from [2], page 2331, that there
exist constants 0 < Cs5,9 < 1 < Cs,1 such that that for all 1 < iy, i2, ji, jo <n,

(-2 (o) -]
n’n n’n n’n n'n)|

For6 e{l,2}and 1 <iy,ip <n—20,let
Xi1+9k1,i2+9k2 — (X;1+9k1’12+9k2, Xél+9kl’12+9k2)/ ) < kl, k2 < 1,

Cs.0 < ||Xi1,i2 — xJ2 ” <Cs.

i1+0,iz _ K2 i1+0,iz _ xil,iz)
b

Agi i = (xl 1 ) 2
s T i1,i2+0 i1,i2 i1,i2+0 i1,i2
X1 - X 2) — X

xil+9,i2 i xil+9,i2+9 X;H-@,iz i x£1+9,i2+9
Boiivio =\ i1ivt0 iy 40.0+0  iriat0  iy+0.0+0 | -
X — X X — X

‘We write
(16) ( i1+6,ir ll’lz):AQ;il,iz (89,1('1 2))
Xiy,in+0 — Xip i 80.2(i1,12)

The motivation for (16) is that gg ; (i1, i2) approximates X, ;,/ ij-' 2 Since @ is
a diffeomorphism, it follows from the inverse function theorem (cf. [23]) that

Loy (i1 2\ (it i2 on (it 2 a0 (it i
(1/6)*|Ag;ir o] = ¢ )<;,;>¢§ )<—v—>—‘ﬂ5 )<_’_>¢’5 )(_ _>

n’n n’n n’n
# 0,
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as n — oo. Thus, for sufficiently large n, A;}l iy exists and

i1,ir+0 i1,i2 i1+6,ir i1,i2
af * — X —X + X
| 0;14 i2|

A_ . . s
11 in+6 i1,i2 i1+0,i i1,i
+x X —X;

Osi1.in —

N
(“é i, 12),1 1,22 say.

(ge,l(il, i2)> A (Xi1+9,i2 — Xil,iz)
iy ) T Aein :
80,2(i1,12) 2N X6 — Xiyia

In particular choosing the £th coordinate, we obtain

Hence,

.. l,1
g@,((lla lZ) =a9;i1’i2(xi1+9,i2 11 12) +a9 i, zz(Xll ir+60 — Xi[,iz)v

Le{l,?2}.
In a similar manner, writing
(17 (Xi1+9,i2 —Xi1+9,i2+0> B (h9,1(i1 +9,i2+9))
= D@;iy,ir . .
Xiiir+o — Xiy4+6,ir+6 hg (i1 +0,i2+0)
we have
i1,io+6 i1+6,i+6 i1+6,in 11+9 ir+6
By = 1Boiil ™ e oo
0; 11 in 03i1,iz i1,i2+6 i1+6,ir+6 i140,in 11+9,i2+9
—X + X Xy — X

(ﬂo i1, 12) ji=12 say,
and hence
ho (v +6,i2+6)\ Xii46,i» — Xij40,ir40
(ha 2(i1+0,i2+9))_ 93“’”( )

ho (i1 +0,i2+6) = 139 i ,Z(Xi1+9,i2 — Xi146,i+6)

+/39 i Kivin+o — Xiy46,ir+6) Ve e(l,2]}.
Forl <ij, i <n —9 and 0, ¢ € {1, 2}, we write

Xiy,iy+6 — Xij+6,ir+6

= 02
Vo, eXiy i, = ,39 iy Kir+0.io = Xiy40,i460) + Byly, i, (Xiyir+0 — Xij16,ir+0)
.2

(18) - ae;il,iz(Xil-i-G,iz - Xi],ig) - a@;il,iz(Xil’i2+9 - Xi],iz)
_ ki,ky
= > Co.0:11 iy Xi1+0k1 iz +0k2 say.

0<ky,kp<1

In this section, second-order quadratic variations based on {X;, ;, : | <iy,i» <n}
are defined to be

(19) Vo= Y. (VeuXiin)h  60.£e{l,2}

1<iy,ir<n—6

Lemma 2 below provides the rationale for calling \_/9, ¢ “‘second-order”.
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LEMMA 2. Let '3 . 0, €{1,2}, be as in (18). Then for all 1 < iy, ip <

n—60, we have
kiko
Z CG,f;il,iz - O’
0<ki,kp<1

ky,ko i1+0ky,ix+0ky __ .
Yo G =0 Vj=12

O§k1,k2§1
Let G, (-) asin (2). For 6, £ € {1, 2}, define
3 ki,k 11,1
Jo.e) =B} Z Z C@je;izl,izcel,e;zil,iz

1<iy,ip<n—0 0=<ky,ly kol <1:(k1,k2)#(1,12)

(20) . . . .
x GU(HX”+9kl’12+9k2 _ Xl1+911,12+912 ”) Yy e (0’ 2)’

and K x—y)=K(x,y) forallx,y € R2. Letting a;, a, to be nonnegative integers,
we write
aa1+a2

K@@ (x) — ﬂ]%(x) Vx = (x1,x2),
dx| 0xy

and A = {(¢1(u,v), p2(u,v)) :0<u,v <1}.

THEOREM 5. Let 6,¢ € {1,2}, v € (0,2) and Vg,g be as in (19). Suppose
that Condition 5 holds and that J, (-, -), as in Lemma 8, is not identically 0 on
[0, 11%. Then E(‘_/.g’g) ~ fg,g(v) = n*"2". In addition, suppose (i) K@-a) () js q
continuous function on an open set containing {X —y : X,y € A, X #y} whenever

ay, ay are nonnegative integers such that a; +ay = 4 and (ii) there exists a constant
C such that

K@ (x—y)| < Clx—yl**,
forallay +a» =4,x,ye A and x#Yy. Then

0(n72), ifve(0,3/2),
Var{Vo,c/E(Vo.0)} = O{n2log(n)},  ifv=3/2,
O (n=8+4), ifve3/2,2),

and VQ’K/E(‘_/QJ) — 1 almost surely as n — o0.

The proof of Theorem 5, which uses Lemmas 8 and 9, is similar to that of Theo-
rem 3 and can be found in [23]. We end this section with the following immediate
corollary of Theorem 5.

COROLLARY 1. Suppose v € (0,2) and 0, £ € {1,2}. Then under the condi-
tions of Theorem 5, Vg o = {4 —log(Vy.¢)/log(n)}/2 is a strongly consistent esti-
mator for v.
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We observe that, unfortunately, the bias of Vg ¢ is of order 1/log(n) and this
makes Vg ¢ unsuitable for use in practice.

4.1. Estimating v using deformed lattice data in R2.  Writing f& (), 0,0 €

{1, 2}, as in (20), define Fy , : [0, 2] — [0, c0) by
Fon(v*) = foe(v¥)/ fre(v*)  ifv*€(0,2),
F.n(0) =lims_4 Fp.n(8) and Fy ,(2) = lims_.o4 Fy,(2 — §). We observe from
Lemma 5 that Fy ,(-) is a continuous function on [0, 2]. Let b, ¢ € [0, 2] satisfy
VieFen(Dee) 2 [ VieFea(v®) 2
——— " 1t = min {—————1; .
Vo 0<v*<2 Vo

The following is the main result of this section.

@1 {

THEOREM 6. Let v € (0,2), £ € {1,2} and V.4 be as in (21). Suppose the
conditions of Theorem 5 are satisfied. Then V. y — v as n — 00 almost surely.

Using Lemma 9, the proof of Theorem 6 is similar to that of Theorem 2 and can
be found in [23].

REMARK 5. We observe from the definition of V., that ¢ need not be
explicitly known; only the bijection o : {(G1,i2) : 1 <iy,ip < n} = {¢iyi, =
@(i1/n,iz/n) : 1 <iy,ip < n} is required. In many designs of experiments sce-
narios, ¢ is known. On the other hand, if ¢ is unknown, we propose the algorithm
below to determine the bijection ®.

Step 4.1. First, divide the set {¢;, ;,, 1 < i1,i2 < n} into n disjoint subsets
Y1, ..., Yn Where each subset contains n elements. The motivation here is that y;
corresponds to {¢; j : 1 < j < n}. As in Remark 4, the elements of y; are ordered
and adjacent elements are connected by straight lines. Thus, y; becomes a piece-
wise linear continuous curve in RZ. As curves, Y1, ..., Yn are chosen so that y; and
y;j do not intersect if i # j and for each 1 <i <n — 2, the only curve that lies
between y; and y;42 1S Vit1.

Step 4.2. For y|, we label its elements by x'1 . x1" in that the ordering of
the second superscript follows the ordering of the elements along the curve y;.

Step4.3. Let 1 <k <n—1. Given y; = {xl’j :1<j<n},1=<l<k, the ele-
ments of yi are ordered as in Remark 4 such that x**1-! is closer to x**! than
to xk".

Step 4.4. Increase k by 1 and repeat step 4.3 until the elements of y;, have been
ordered. The required bijection ® is given as X"/ = @(i/n, j/n), 1 <i, j <n.

We note that there is an extensive literature on landmark matching via large
deformation diffeomorphisms, for example, [11, 18]. These techniques can be used
to compute the diffeomorphism ¢ in step 4.4 with bijection & as landmarks.
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TABLE 3
Experiment 3. Simulation results in estimating v using deformed
lattice data over 100 replications (standard errors within

parentheses)
v E|f’c,l_"| Elﬁc,Z_Vl
0.1 0.054 (0.003) 0.036 (0.003)
0.3 0.042 (0.004) 0.034 (0.002)
0.5 0.051 (0.003) 0.034 (0.003)
0.7 0.041 (0.003) 0.033 (0.002)
0.9 0.040 (0.003) 0.029 (0.002)
1.0 0.044 (0.003) 0.033 (0.002)
1.3 0.040 (0.003) 0.030 (0.002)
15 0.036 (0.003) 0.034 (0.003)
1.7 0.064 (0.005) 0.056 (0.004)
1.9 0.118 (0.005) 0.102 (0.004)
REMARK 6. The algorithm in Remark 5 assumes that the curves yi, ..., ¥,

can be found. A simpler alternative is to select only 1 subset I' C {¢(i1/n, iz/n) :
1 <iy,ir < n} of cardinality n, say. Treat I" as points lying on a C? curve y and
then apply the methodology of Section 3 to estimate v. For the asymptotics of
Theorem 4 to be more effective, I should be chosen so that the adjacent points on
y are close to each other and that the curvature of the curve y is reasonably small.

A simulation experiment is conducted to gauge the finite sample accuracy of
Ve,1 and D¢ 2. In Experiment 3 below, X is a stationary Gaussian random field
having mean 0 and Matérn covariance function Ky as in (9) withoc = o =1 and
d=2.

EXPERIMENT 3. Setn =40 and v=0.1, 0.3, 0.5, 0.7, 09, 1, 1.3, 1.5, 1.7,
1.9. Let ¢ : C — C be given by ¢(z) = z(z + 1)/3 = ¢1(z) +iga(z) Vz € C
where ¢;’s are real-valued functions and i = +/—1. We take x/12 = (100 m 4
iizn_l), goz(iln_l + iizn_l))’, 1 <iy,i» < n. Table 3 reports the estimated mean
absolute errors of V. 1 and . » over 100 replications.

APPENDIX

LEMMA 3. Let 60 € {1,2} and fo.¢(-), Fy n(:) be as in (7), (8), respectively.
Suppose 0 < v < M < £ <10 and Condition 1 holds. Then

1
fm(v):2ﬂ592u—2en2£+1—2uH€(v)/0 (o2 ds + 022"

= n2£+172v’
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and hence Fy ,(v*) = 222t 4 O(n~Y) as n — oo uniformly over 0 < v* <M
where

Ho = ¥ 0 () ()Gt -k we© M)

0<ky<ky<t

PROOF. Since ¢ is twice continuously differentiable, we have f; g, —
tivor, =0k —k1))(n— D"l (G — 1)/(n — 1))+ O(n=?) as n — oo uniformly
over 1 <i <n — 4. It follows from (7) that

20-2¢
for(v) = 2;3:‘92”_2‘5”25—2‘)}]/&(\,) Z {go(l) (_)} + 0(,12@—21;)

i=1 n—1

1
=2ﬂ§92”_2en2£+1_2sz(V)/0 {<p(1)(s)}2”_2€ds+0(n2£‘2”),

as n — oo uniformly over 0 < v < M. Foreach £ =1, ..., 10, we use Mathemat-
ica to plot Hy(v) to verify that Hy(v) #0forall0 <v <M. 0O

LEMMA 4. Let f:R — R and that for some nonnegative integer m, ™+
is continuous on an open interval containing a and x. Then

m e (j) ] g
f@=> T2 ayi v — f (=" f" (@) dr.

Jj=0 J!
PROOF OF THEOREM 1. Without loss of generality, we shall assume that
E(X;)=0.
(a) We observe from (1) that
Lv] .y
K@, »)=Y Bix—=»> +B5Gy(Ix —yl) +r(x,y)  Vx,yeR.
j=0

Since v € (0, £), fo.¢(v) < n?**172V (cf. Lemma 3). As r(x, y) = O(|x — y|>"*7)
for some constant 7 > 0 as |x — y| — 0, it follows from Lemma 1 that

n—o0¢ n—0¢ ¢ 4

2
E E{(Vo X))} = E E E ag. ik, a0,¢:i ky K (tipok, titor,) ~ fo,e(v).
i=1 i=1 k1=0ky=0

Hence, E(Vy ¢) ~ fo,¢(v). Similarly, we observe from (5) and Lemma 1 that

i+6¢+4+1
Yo 1%l
j=i—00—1
1 00+l | €t )
T EMVeo) Y20 2 asikase K tivor, — 1ok

Jj=i—0£€—11k;=0ko=0
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oy L
E(Ve ¢) Z

j=i—0e—1
=O(n_1),

asn — 00 uniformly over 1 <i <n—@6£. Here, for brevity, we write Z;ﬁ’z_;}f_l =

Z(ff%fl)_“"_%) since j € {l,...,n—60¢}.For1 <i, j <n—6{,weobserve from
j=@i—0e—1)v1 J J

Lemmas 1 and 4 that

14
Ei’j E(VQ ) {(Z ae, ¢;i,k l+9kl><z a@,(;j,kzxj—kekz)}

Z Z a,0:i.k,90,¢: j.ky Gv (Itiok, — tj+9k2|)‘

k1=0k>=0

k=0 ky=0
1 & ¢ 8
= D0 9,600,600 K ok, — tigor,)
E(Vo.0) {020

(2£—1)'E(V96) Z Za9€lk1a9€]kz

=0ky=

1j+0ky —Ti+60k; ~

20—1 - (2¢

X/ (tjtroky — tivor, — D> K@) dt,
L=t

if the right-hand side exists. Since |K @9 ()| < Cot>"~2¢, t € (0, 1], it follows from
Condition 1 that

i—00-2 1 i—00=2| ¢ 12
Z 20— D)IE(Vg ) Z Z Z ag.e;ik190,¢; j ks

litoky —1j+6ky ~

20—1 = (2¢

<[ (trs0t — tisors — D2 RO (@) dt
ti—t;

£
> {Gison, — o) A G — 1))~

o) 02 l._j_%)zv—ze

2v—2€ dt

T EMVoe) J1/n
o(n71h), ifv<(20-1)/2,
=1 0{n llogm)},  ifv=(20-1)/2,
O(n=2t+2v), ifv>(2¢—1)/2,
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as n — oo uniformly over 04 + 3 <i <n — 6£. Similarly,

n—02 o(n™1), ifv<(€—1)/2,
Y IZijl=1 0lnMogm)},  ifv=(2¢—1)/2,
J=it+0e+2 O (n=2t+2), ifv>@2¢-1)/2,

as n — oo uniformly over 1 <i <n —26¢ — 2. Consequently, it follows from [15]
that

i—00—2 i+600+1 n—0¢
IZapsll2 < max ¢ > S+ Y IZijl+ > Tl
1<i<n—-0¢ : . i
(22) j=1 j=i—0f—1 j=i+6L+2
o(n=1), ifv<@L—1)/2,
=1 O0{n~log(m)}, ifv=(2¢—-1)/2,
O (n=2+2), ifv>(2¢—1)/2,
as n — 00. Next, we observe that
n—0¢ fe+1n—0L—j 00+1 n—6¢
-1
ZE +Z 2211+1+222111 n)’
i=1 j=li=1+j
and
n—0¢ i—600-2
> > =
i=00+3  j=1
1 n—0¢ i—600-2
=< ae 0:i,k,40,¢; j k

2
litoky —Tj+0ky
20—1 5 (2¢
Xf (tivor, — tj+or — DK (1) dt
ti—tj

0(1) n—00 i—60L=-2[ ¢ ¢ . 5
{E(Vez)}Z > > [Z > AGitor, — tivor) A (6 — 1)} }

i=00+3 j=1 Lk1=0ky=0
S ol (=
{E(V”)} i=00+3  j=1

O n—6¢ .1
= {E(V(e e))}2 | /l/n s
> i=600+3
o(n71), ifv<@4e—1)/4,
=1 0{n~logn)}, ifv=4e—1)/4,
O (n=4+4), ifv> (4¢—1)/4,
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as n — 00. Hence, we conclude that

n—0¢ 04+1n—00—j 00+1 n—0¢
IBaslF= D S5+ Y > Bh+ > Y S

i=1 j=1 i=1 j=1i=1+j

n—200—2 n—6¢ n—0¢ i—60-2
(23) D DD DS I D DEND DR >t
i=1  j=i+60+2 i=00+3 j=1

o(n1), ifv<(4€—1)/4,
=1 0{n"'log(n)}, ifv=4e—1)/4,
O (n=4+4), if v> (4 —1)/4,

as n — oo. It follows from (6), (23), (23) and the Borel-Cantelli lemma that
Vou/E(Vo¢) = 1 as n — oo almost surely. Finally, we observe that for i, j =
1,...,n—06¢,

E{(Vo,eX1)*(Vo,eX )?}
= E{(Vo.eX)*VE{(Vo.eX)?)

¢t 2
+2{ > a@,ﬁ;i,klaG,Z;j,sz(ti-i-qu,tj+0k2)} :
k1=0 ky=0

n—0ln—60( € ¢ 2
>y { 0 ag ik a0,k K Givor, tj+9k2)}

i=1 j=1 Uk=0ky=0

¢ ¢ 2
> { 0 ag ik 0,6,k K (ivors tj+9k2)]

1<i<j<n—00, j—i>00+2 Uk; =0 k=0

¢ ¢ 2
+ > i o a@,@;i,klaG,E;j,kZK(fi+9k1»tj+9k2)]

1<j<i<n—00,i—j>00+2 Uk =0k, =0

¢ ¢ 2
+ > {Z > ae,z;i,klae,e;j,sz(ti+9k1,fj+9k2)} ,

1<i,j<n—00,|i—j|<00+1 k;=0k,=0

e ¢ 2
> { >N ae,z;i,klae,e;j,kzK(ti+9k1,tj+9k2)}

1<i, j<n—00,)i—j|<66+1 Lk =0 kr=0

-0 (n4£—4v+1)

¢ 2
> { 30D a0k a0, K (j10ks., fi+9k1)}

1<i<j<n—0¢,j—i>00+2 lk;=0 k=0
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¢t
= > l DD a0tk 0.0 )k

1<i<j<n—0¢,j—i>00+2 Uk =0k=0

2
1 1j4+0ky —li+0k, 21520
X —— titok, — titok, —1 K@) dt
(ze—l)!/z,._f,. 10k — tivots — 1) 1)

j —i —06)4]}_46

n

=0() > (

I<i<j<n—00,j—i=00+2
2 ! 4v—4L
<O0(n )/ s ds
1/n

O (n*t—4+1), ifv<(4€—1)/4,
=1 O0{n’logn)},  ifv=(4e—1)/4,
0(n?), ifv>4L—1)/4,

as n — 0o. Thus, we conclude that

o), ifv<(4e—1)/4,
EVZ)—(EWop | 007) v <=1y
EVo o] =10{n""ogn)}, ifv=(4L—1)/4,
’ O (n=4+4), ifv>@4L—1)/4,
as n — oQ.
(b) Suppose v = £. It follows from Lemma 1 that
n—0¢
> E{(VoeXi)?}
i=1
n—0¢ ¢
=Br > > Zaeelklaeezkz
i=1 k1=0kr=0

X (ti+0k, — ti+9k1)2ﬁ log(Iti+ok, — titok, 1) {1 +o(1)}
n—00 ¢
=-B Z Z Z 9.0:1 5, @6.0:1 1 (ti+0ky — livoky)> log(m) |1+ 0(1)}
i=1 k1=0ky=0
~ (=) B0 nlog(n).
Next, we observe as in (a) that
n—00n—0¢
3 > E{(Vo.eX)*(Vo,eX )
i=1 j=1
n—6¢ n—6¢

= Y E{(Ve.uX)?} Y E{(Ve.eX))?)

i=1 j=1
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n—0Ln—60( € ¢ 2

+2 Z Z Z Z a@,ﬁ;i,klae,ﬂ;j,kzle(ti—kal —1j+0k,)

i=1 j=1 Uk1=0kr=0
n—0¢ n—60¢

=Y E{(Vo.X)?} Y. E{(Ve.X))*} + 0(n?),

i=1 j=1

as n — oo. Consequently, we conclude that Var{Vp (/E(Vy ¢)} = 0{log_2(n)} as
n— oo.
(c) Suppose v > £. Again using Lemma 1, we have

n—0¢ n—0¢

2 20
Z E{(Vo.eXi)"} ~2B¢ Z Z ag, ;i k196, ¢;i ky (Li+0k; — Li+0k,)
i=1 i=1 0<ki<kpy<t

= (=D Be(20)!(n — 60).

We observe from Lemmas 1 and 4 that

n—0€n—0¢ 2
>y { > Z a,¢:i k1 A6.0: ko K (ti ok, _t]-l-@kz)}

i=1 j=1 U=0kr=

=2 2 2¢—1)!

n—0¢ n—9€|:12(2€) (ti _ [])
i=1 j=1

¢ ¢ ot it
i+0k) —Lj+0ky —liTLj 201
x> ae,e;i,k.ae,e;j,sz 17 dt
k=0 kr=0 0

+ Z Z a@ezklilelg!] ko

=0kp=0

2
itk —1j+6k) 1~ ~
X / (tivor, — tivok, — > K1) — K29y —tj)}df:|

ti—tj

neznae[k(ze) (i — 17)

=2 2 20)!

i=1 j=1

¢t 2
20
X [ 30> 9,600 0,6k, (ivory — Ljvory — li +17) } +0(1)]

k1=0k>,=0
n—60fn—0¢

= Z Z (DK@ — tj)}2 +o0(1)] > en?,

i=1 j=I
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for some constant ¢ > 0 since K 20 (.) is a continuous and not identically O func-
tion on (0, 1]. Consequently, liminf,_, », Var{Vy ¢/ E(Vy ¢)} equals

n—0€n—6¢ ¢ 2

liminf ———— Z Z Z Z ag’g;,"klag,g;jvkzlz(l‘i_wkl — tj+gk2) > 0.

e {E(V9 O 33 ez

This proves Theorem 1. [J

LEMMA 5. Let p > 0 be an integer and fp ¢(-), fg,z(-), fgj(-) be as in (7),
(14), (20), respectively. Then

F2,000%)  f24(p)

lim - Ve > p,
vi=p fre*)  fre(p)
24) fim 2207 _ 220D
Vi1 fio(w®)  fia(l)
) fe) vee{1.2).

lim =
V=1 f1 () fre(l)

PROOF. Writing v* = p 4 §, we observe from Lemma 1 that for 6 € {1, 2},

2 *
lim — Z Y 9,00k 80,60k litok, — livor, |7
§—0268
i=1 0<ki<kor<lI
n—0+¢
2
= lim — Z > ap.6ik 0.0k livoky — livor)"

=028 = | 0<ky<ko<l

x |2 1oeltizor, ~livor) _ 1)

n—6¢
=Y > G0.eika0.6ik; ok, — tivor) 10gtitor, — tivok,)
i=1 0<k;<ky<l
and the first statement in (24) follows from the definition of fy ¢(-). The proof of
the second statement in (24) is similar. Next, writing v* = 1 4+ § with § # 0, we
have

: k1.k2 1,
812%% Z Z Co,0:i1,i2€0,6311,i
1<iy,ip<n—00=<ky,ly,ka,[a<1:(k1,k2)#(1,12)

% {|Xi1+9k1,i2+9k2 _ Xi1+911 ,ir+01y ||2+25

1 kiky Il

— T E: E: 1,k2 1,12

_5121})25 c9E1112C0£1112
1<iy,ipn<n—00=ky,l1,kz,[b=<1:(ky,k2)#(1.12)



QUADRATIC VARIATION 2789

% ||Xi1+0k1,i2+9k2 _ xi1t0hia+6h ”2

i1 +0ky,in+6ky _yi1+61],in+01)
« {62810g(||x X hH_ 1}
_ ki,ko Iy,
= > > Co.6:i1.12€0, L3111
1<iy,ir<n—0 0<ky,ly,ka,lo<1:(k1,k2) %1, 1)
P10k, in+0ky _ Li1+0l1,ia+015 |2
x |x X ||
% log(n ||Xi1+0k1,i2+9k2 _ xi1 02400 “)

The third statement in (24) now follows from the definition of fg, (). O

PROOF OF THEOREM 2. We observe from Lemma 3 that F; ,(v*) — 220724
as n — oo uniformly over v* € [0, M]. Suppose with probability 1, b, ¢ — v, # v
along a subsequence n; of n. Then

VieFopn 2 Fon (D
{ 1,¢ E,nl( a,Z) _ 1} _ {(1 +0(1)) é,n,( a,() .
Ve Fon, (v)
as n; — oo almost surely. This implies that for sufficiently large n;,
- 2 2
{ V],EFZ,n[ (Va,e) _ 1} . 1{22(1)&—1)) _ 1}2 > { Vl,ﬁFz,n,« (U) _ 1}
Vz’g 2 VZ,E

almost surely. This contradicts the definition of ¥, . O

2
1} — {220a=) _1)2 5 0,

LEMMA 6. Let M > 1 be an arbitrary but fixed integer. Suppose Conditions 2
and 4 hold. Then

-3
di+k1,i+k2 =ddji+ky — di,i+k; + O(I’l )’

as n — oo uniformly over 1 <i <n—kyand 0 <k; <k, <M.

PROOE. For each 7 € [0, L], we consider a set of local coordinates of R? in a
neighbourhood of the point y (¢) where the origin (0, 0) of the local coordinates is
the point y (¢) and the x-axis of the local coordinates corresponds to the tangent
to the curve y at y (¢). In particular, the vector y(l)(t) becomes (1, 0)’. Since y is
a C2-curve, we observe that there exists a constant § > 0 (independent of ¢), such
that under the local coordinates, y in a neighbourhood of y () can be represented
as y;(x) = y:(0) + yl(l)(O)x +0xH=0EHVo<x<$ uniformly in ¢ € [0, L].
Consequently taking ¢ = #; and writing (X;x, 5, (x;+«)) for the point y (t;44) in
the local coordinates, we obtain x; =0 = y;(0) = yt(il) (0) and

dithy,ith, = \/(xi+k2 — Xitk)? + {0 (Kiky) — Y, (xi+k1)}2
= (Xitky — Xipk){1 + O(n %)}
=dj itk — diivr, +O(n73),
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asn — oo uniformlyover 1 <i <n—kyand 0 <k <k <M. U

LEMMA 7. Let6,£€{1,2}, f~9,g(-) be as in (14) and Hy(-) be as in Lemma 3.
Suppose Conditions 2, 3 and 4 hold. Then for v € (0, £),

= 280 1= H (v) (L 20-2¢ _
fg’g(]}): QEZ—ZIJLZZ—H—ZV /0 ”()/oq))(l)([)” ’ dr + 0(’12Z 21))’

and hence ﬁg,n(l)*) =222 L om Y asn—> oo uniformly over 0 < v* < ¢
where Fy () is as in (15).

PROOF. We observe that for 0 <k <4,

di ik = “yl 0 d%) e (p(L’(li_—ll))}z
(55 =)

kL LG—-1) _
KL (LG D 2
— (y o) < pa— )"+O(n )

as n — oo uniformly over 1 <i <n —k.For 6 € {1,2} and v € (0, 1),

n—0
2
> bo.1iobe.1:iadi g

i=1
_ )
- (n—l) H(y ®) (n—l )

2v-2
+0 (n2—2v)

L
_ w2723, 3-2 / [y o 2D (0) qu—z di + 0(’12—21})’
0
as n — 0o. We observe from Lemma 6 that for 6 € {1, 2} and v € (0,2) \ {1},

2v
Y boidboid ok ivok
0<ky<kp<2

-2 -2
= A=
diiv20(diit20 — diive)  diivo(diit20 —dijite)
_ Mdiiye —diive + O(n=3))%
diitodii+20(diiv20 — diite)?

2v—4 . 2v—4
= —2( oL > ‘(y o¢)<1)<7L(l — 1))
n—1 n—1
5 oL )21)4 (1)<L(l _ 1)) 2v—4
+2() T e (S
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2v—4 .
(=) oo (5=0)
n—1 n—1

:(?”—4)(9L )b_WFyowﬂ”<%§fjl)

n—1 1

as n — oo uniformly over 1 <i <n — 26. Consequently,

2v—4
+0 (n3_2”)

2v—4
+0 (n3—21J)’

n—20
> Y beikbsieda.
0,2;i,k190,2;i, ko 4 10k ,i 40k,

i=1 0<k|<kr<2
LG —1 2v—4
(o wn(g)
n —

+0 (n4—2v)

oL >2v—4 n—20

2

i=1

=¥ - 1

n—1

L
— (> _4)921)74[421)75”5721)/ %% o(p)(l)(t)||2v_4 di + 0(n*?)
0
as n — 00. We observe from Lemma 6 that for 6 € {1, 2},

2
D boikbo2ikdlor, i vor, 108(di ok, itok,)
0<k;<kp<2

_ 4d?, o log(d;ive)
(—di,iv0)(—d; it20)di iv0(diive — diit20)

4d?; 19 l0g(d; iv20)
(—di,ive)(—d;iv20)di i+20(di i120 — di i)
Md; i120 — diito + O(n™ )Y log{|d; is20 — diivol + O(n ™)}
diivo(diivo —diit20)dii120(diiv20 — diit0)

4 dii+20 | - ) dii+20 dii+o dii+20
= — = og - log(|—/———1
diive \\diite dii+o dii+20 dii+o
+ O{log(n)}

4log(2)n? LG—1)
= v en ()]

-2
+ O0),

as n — oo uniformly over 1 <i <n — 26. Consequently,
n—20
2
Yo Y bozikbeikdion ivor 102(divek itok,)
i=1 0<k|<kp=<2

41og(2)n? "%
e >

i=1

NG M)”_Z 2
vor(S0) + o)
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4log(2)n? (L _
:%/0 [y o)V @) 2 de + 0 (n?).

as n — o0o. This proves the lemma. [

PROOF OF LEMMA 2. We shall prove the case £ = 1. The proof for the case
£ =2 is similar and is omitted. We observe from (16) and (17) that for 0 € {1, 2},

il ) el ) =
gy i (0 T = 2 g (6T - ) =0,

1891’1'11 iz(xil—i-G,tz _xll'1+0,i2+9) + 139 ;. 12( i1,ia+0 z1+9 12+9) _

Boiiy i () T = ) g (T — R — 0,

Lemma 2 is a consequence of (18) and the above four equalities. [

LEMMA 8. For0<v <2and? € (1,2}, define J,¢: 10, 1?->R by

0,1 1,0
(05w, v) — 000 (u, v))2
(1,0 0,1 0,1 1,0
0w, )P (U, v) — 0OV (U, )P (1, )12

faa[Frver] )0 (g )

ro2 71/2
+Gv( S e P v) + 0P @ v)) )

Lj=1 i

Tve(u,v) =

-2 12
—l—GV( Z{go}o’l)(u,v) —goﬁ-l’o)(u,v)}2 )],

Lj=1 i

where £€ =2 if £ =1 and £¢ =1 if £ = 2. Then mino<, y<1 Jve(u,v) >0 ifv e
[1,2), and maxo<y v<1 Jv,e(u,v) <0ifve(0,1).

LEMMA 9. Let 0,0 € {1,2} and fg,g(~), Fn,g(-), be as in (20), (21), respec-

tively. Suppose Condition 5 holds and that [J, ¢(-, ), as in Lemma 8, is not identi-
cally 0 on [0, 112. Then

_ 1 1
fo.e(v) =2B50% " 2pt=2 / / Toe(u, v)dudv + 0(n>=?),
0 JO
and hence F, ;(v¥) = 2224 0(n~") as n — 0o uniformly over 0 < v* <2.

We refer the reader to [23] for the proofs of Lemmas 8 and 9.
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SUPPLEMENTARY MATERIAL

Proofs and other technical details (DOI: 10.1214/15-A0S1365SUPP; .pdf).
The supplemental article [23] contains the proofs of Theorems 3, 5, 6, Lemmas 8, 9
and Corollary 1.
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