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INDEPENDENCE TEST FOR HIGH DIMENSIONAL DATA BASED
ON REGULARIZED CANONICAL CORRELATION COEFFICIENTS

BY YANRONG YANG AND GUANGMING PAN1
Monash University and Nanyang Technological University

This paper proposes a new statistic to test independence between two
high dimensional random vectors X: p; x 1 and Y: pp x 1. The proposed
statistic is based on the sum of regularized sample canonical correlation co-
efficients of X and Y. The asymptotic distribution of the statistic under the
null hypothesis is established as a corollary of general central limit theorems
(CLT) for the linear statistics of classical and regularized sample canonical
correlation coefficients when p; and py are both comparable to the sample
size n. As applications of the developed independence test, various types of
dependent structures, such as factor models, ARCH models and a general
uncorrelated but dependent case, etc., are investigated by simulations. As
an empirical application, cross-sectional dependence of daily stock returns
of companies between different sections in the New York Stock Exchange
(NYSE) is detected by the proposed test.

1. Introduction. A prominent feature of data collection nowadays is that the
number of variables is comparable with the sample size. This type of data poses
great challenges because traditional multivariate approaches do not necessarily
work, which were established for the case of the sample size n tending to infinity
and the dimension p remaining fixed (see [1]). There have been a substantial body
of research work dealing with high dimensional data, for example, [2, 4, 7, 9, 10,
12], etc.

The importance of the independence assumption for inference arises in many
aspects of multivariate analysis. For example, it is often the case in multivariate
analysis that a number of variables can be rationally classified into several mutu-
ally exclusive categories. When variables can be grouped in such a way, a natural
question is whether there is any significant relationship between the groups of
variables. In other words, can we claim that the groups are mutually independent
so that further statistical analysis such as classification and testing hypothesis of
equality of mean vectors and covariance matrices could be conducted? When the
dimension p is fixed, [20] used the likelihood ratio statistic to test independence
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for k sets of normal distributed random variables and one may also refer to Chap-
ter 12 of [1] regarding to this point. Relying on the asymptotic theory of sample
canonical correlation coefficients, this paper proposes a new statistic to test inde-
pendence between two high dimensional random vectors.

Specifically, the aim is to test the hypothesis

Hp:x and y are independent; against

(1.1

H : x and y are dependent,

where x = (x, ..., xpl)T andy = (y1,..., ypz)T. Without loss of generality, sup-
pose that p; < p>.

It is well known that canonical correlation analysis (CCA) deals with the cor-
relation structure between two random vectors (see Chapter 12 of [1]). Draw n
independent and identically distributed (i.i.d.) observations from these two ran-
dom vectors x and y, respectively, and group them into p; x n random matrix X =
(X1, ..., Xp) = (X;j) p;xn and py x n random matrix Y = (y1, ..., ¥u) = (Yij) pyxn»
respectively. CCA seeks the linear combinations a” x and b”'y that are most highly
correlated, that is, to maximize

al Tyyb
VaTZa /b7 Tyyb

where Xxx and Xyy are the population covariance matrices for x and y, respec-
tively, and Xy is the population covariance matrix between x and y. After finding
the maximal correlation r; and associated vectors a; and by, CCA continues to
seek a second linear combination aZT x and sz y that has the maximal correlation

among all linear combinations uncorrelated with alTX and blTy. This procedure

(1.2) y = Corr(alx,bTy) =

can be iterated and successive canonical correlation coefficients y1, ..., ¥p, can be
found.
It turns out that the population canonical correlation coefficients y1, ..., ¥p, can
be recast as the roots of the determinant equation
—1yT 2

Regarding this point, one may refer to page 284 of [15]. The roots of the de-
terminant equation above go under many names, because they figure equally in
discriminant analysis, canonical correlation analysis and invariant tests of linear
hypotheses in the multivariate analysis of variance.

Traditionally, sample covariance matrices % ixy and ﬁyy are used to replace
the corresponding population covariance matrices to solve the nonnegative roots
P1, P2, .- -, Pp, to the determinant equation

& o
det(Exy 2,y Xy — p*Zxx) =0,
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where

R ] n R 1 n
Ta=— D (X —X)(x —%)7, zxy=22<xi—i)<yi—y)?

3 i=1

Wi

R 1 n _ 7 1 n _ 1 n

==Y (i —-NE -N'. =-> %X, ¥y=-)_¥i.

n* n* n‘
i=1 i=1 i=1

However, it is inappropriate to use these types of sample covariance matrices to

replace population covariance matrices to test (1.1) in some cases. We demonstrate
such an example in Section 6.3.

Therefore, in this paper we instead consider the nonnegative roots r, r2, ..., 7rp,
of an alternative determinant equation as follows:
—1AT 2
where

1 1 1
AXX == _XXT, Ayy - _YYT, Axy - _XYT.
n n n

We also call Axx, Ayy and Ayy sample covariance matrices, as in the random matrix
community. However, whichever sample covariance matrices are used they are not
consistent estimators of population covariance matrices, which is called the “curse
of dimensionality,” when the dimensions p; and p; are both comparable to the
sample size n. As a consequence, it is conceivable that the classical likelihood
ratio statistic (see [20] and [1]) does not work well in the high dimensional case
(in fact, it is not well defined and we will discuss this point in the later section).

Moreover, from (1.4), when p; < n, p» < n, one can see that rlz, r22, e rﬁl are
the eigenvalues of the matrix
-1 —1AT
(1.5) Sxy = A AXyAyy Axy.

Evidently, A and A;yl do not exist when p; > n and p, > n. For this reason, we
also consider the eigenvalues of the regularized matrix
-1 — AT

(1.6) Txy - AtX AxyAyyAxy,
where Ayl = (%XXT + t1,)~!, t is a positive constant number and I, is a
p1 % pi identity matrix, and Ay, denotes the Moore—Penrose pseudoinverse ma-
trix of Ayy. Hence, Txy is well defined even in the case of pi, po > n. Moreover,
Tyy reduces to Sxy when py, p; are both smaller than n and 7 = 0.

We now look at CCA from another perspective. The original random vectors x
and y can be transformed into new random vectors & and # as

(1.7) @ ” <§> - (f)l g) 3)
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such that

(1.8) (-A/ 0)<Exx zxy)(A 0)_(11,] 73>
) ) _ ’
0 B)\Zyx Zy/\0 B P o1,
Where P = (P] y 0), Pl = diag(yl7 e VP]) and A — E;xl/zQ] , B — Z;yl/ZQz,
with Qq: p1 x p1 and Q3 : p2 X p; being orthogonal matrices satisfying

TP Iy Z 2 = QiPQy.

Hence, testing independence between x and y is equivalent to testing indepen-
dence between & and #. The covariance between & and 5 has the following simple
expression

(1.9) Var(i):(lg} IZ).

In view of this, if the joint distribution of x and y is Gaussian, independence be-
tween X and y is equivalent to asserting that the population canonical correlations
all vanish: y; = --- = y,, = 0. Details can be referred to Chapter 11 of [11]. A nat-
ural criteria for this test should be 37!, 2.

As pointed out, r; is not a consistent estimator of the corresponding population
version y; in the high dimensional case. However, fortunately, the classical sam-
ple canonical correlation coefficients ry,r2,...,rp, or its regularized analogous
still contain important information so that hypothesis testing for (1.1) is possible
although the classical likelihood ratio statistic does not work well in the high di-
mensional case. This is due to the fact that the limits of the empirical spectral
distribution (ESD) of r1, ..., rp, under the null and the alternative could be differ-
ent so that we may use it to distinguish dependence from independence (one may
see the next section). Our approach essentially makes use of the integral of func-
tions with respect to the ESD of canonical correlation coefficients. The proposed
statistic turns out a trace of the corresponding matrices, that is, 2{11 rl.z. In order
to apply it to conduct tests, we further propose two modified statistics by either
dividing the total samples into two groups or estimating the population covariance
matrix of X in a framework of sparsity.

In addition to proposing a statistic for testing (1.1), another contribution of this
paper is to establish the limit of the ESD of regularized sample canonical corre-
lation coefficients and central limit theorems (CLT) of linear functionals of the
classical and regularized sample canonical correlation coefficients ry,r;, ..., 7rp,,
respectively. This is of an independent interest in its own right in addition to pro-
viding asymptotic distributions for the proposed statistics.

To derive the CLT for linear spectral statistics of classical and regularized sam-
ple canonical correlation coefficients, the strategy is to first establish the CLT under
the Gaussian case, that is, the entries of X are Gaussian distributed. In the Gaussian
case, the CLT for linear spectral statistics of the matrix Syy can be linked to that
of an F-matrix, which has been investigated in [22]. We then extend the CLT to
general distributions by bounding the difference between the characteristic func-
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tions of the respective linear spectral statistics of Sxy under the Gaussian case and
non-Gaussian case. To bound such a difference and handle the inverse of a ran-
dom matrix, we use an interpolation approach and a smooth cutoff function. The
approach of developing the CLT for linear spectral statistics of the matrix Tyy is
similar to that for Syy except we first have to develop CLT of perturbed sample
covariance matrices in the supplement material [23] for establishing CLT of the
matrix Txy when the entries of X are Gaussian.

Here, we would point out some works on canonical correlation coefficients
under the high dimensional scenario. In the high dimensional case, [19] investi-
gated the limit of the ESD of the classical sample canonical correlation coefficients
r1,72,...,rp and [13] established the Tracy—Widom law of the maximum of sam-
ple correlation coefficients when Axyx and Ayy are Wishart matrices and x, y are
independent.

The remainder of the paper is organized as follows. Section 2 proposes a new
test statistic for (1.1) based on large dimensional random matrix theory and con-
tains the main results. Two modified statistics are further provided in Section 3
and estimators for some unknown parameters in the asymptotic mean and variance
for the asymptotic distribution are also proposed. Section 4 provides the powers
of the test statistics. Two examples as statistical inference of independence test are
explored in Section 5. Simulation results for several kinds of dependent structures
are provided in Section 6. An empirical analysis of cross-sectional dependence of
daily stock returns of companies from two different sections in New York Stock
Exchange (NYSE) is investigated by the proposed independence test in Section 7.
Some useful lemmas and proofs of all theorems and Propositions 4-5 are relegated
to Appendix A while one theorem about the CLT of a sample covariance matrix
plus a perturbation matrix is provided in Appendix B. All appendices are given in
the supplementary material [23].

2. Methodology and theory. Throughout this paper, we make the following
assumptions.

ASSUMPTION 1. p; = pi(n) and pp = pa(n) with 28 — ¢; and 22 — ¢,
c1,c2€(0,1),as n — oo.

ASSUMPTION 2. pi = pi(n) and py = pa(n) with 2L — ¢} and £2 — ¢},
¢} € (0,400) and ¢} € (0, +00), as n — oo.

ASSUMPTION 3. X = (X; )" and Y = (¥;)[%" | satisfy X = X3¢’ W and

Y= E%ZV, where W = (w,...,w,) = (Wij)fflj’il consists of i.i.d. real random
variables {W;;} with EWy; =0 and E|W11>=1; V= (vi,...,V;) = Vipiil,

consists of i.i.d. real random variables with EV}; =0 and E|Vi1|? = 1; ):,1(,/(2 and
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1/2 .. .. . .
Zyé are Hermitian square roots of positive definite matrices Xxx and Xyy, respec-

tively, 50 that (Zx5")? = Zxx and (Z47)2 = yy.

D e .
ASSUMPTION 4. FXx 5 H_ aproper cumulative distribution function.

REMARK 1. By the definition of the matrix Syy, the classical canonical corre-
lation coefficients between x and y are the same as those between w and v when
w and {w;} are i.i.d., and v and {v;} are i.i.d.

We now introduce some results from random matrix theory. Denote the ESD of
any n x n matrix A with real eigenvalues | < uz <--- < u, by

2.1) FA(x) = %#{i i < x),

where #{- - -} denotes the cardinality of the set {- - -}.

When the two random vectors X and y are independent and each of them con-
sists of i.i.d. Gaussian random variables, under Assumptions 1 and 3, [19] proved
that the empirical measure of the classical sample canonical correlation coeffi-
cients r1, r, ..., rp, converges in probability to a fixed distribution whose density
is given by

02 o) = Va—L)&x+ L)Ly —x)(La +X)’ xelLi. Lol
meix(1—x)(14+x)

and atoms size of max(0, (1 — ¢2)/c1) at zero and size max(0, 1 — (1 — ¢3)/c1)
at unity where Li = | /c3 — cac] — /c1 —cica| and Ly = |\/c; — ¢z +
J/c1 — cicz|. Here, the empirical measure of ry,rp, ..., rp, is defined as in (2.1)
with u; replaced by r;.

[21] proved that (2.2) also holds for classical sample canonical correlation co-
efficients when the entries of x and y are not necessarily Gaussian distributed. For
easy reference, we state the result in the following proposition.

PROPOSITION 1. In addition to Assumptions 1 and 3, suppose that {X;;, 1 <
i <p,1 <j=<n}and {Y;j,1 <i < py,1 < j < n} are independent. Then the
empirical measure of r1, 12, ..., rp, converges almost surely to a fixed distribution
function whose density is given by (2.2).

Under Assumptions 2—4, instead of F Sxy | we analyze the ESD, F Txy  of the reg-
ularized random matrix Txy given in (1.6). To this end, define the Stieltjes trans-
form of any distribution function G (x) by

1
mG:/—dG(x), zeCt={z€C,3z>0),
X —2

where 3z denotes the imaginary part of the complex number z.
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It turns out that the limit of the empirical spectral distribution (LSD) of Tyy is
connected to the LSD of S1S2;1 defined below. Let

J 1 "

T T n -1

Si=— E Wi W, Sor = — § WiWj +1— e

p2 k=1 n p2 k=p2+l n p2

/ /

C C

1 1
=, y2 = 1 -

=) -G

In the definition of Sy;, we require n > p>. The LSD of Sy; and its Stieltjes
transform are denoted by Fy,; and m,,(z), respectively. Under Assumptions 2—4,
from [17] and [16], my,;(z) is the unique solution in C* to

1
2.3 = -
23) mth(Z) " H; (Z 1+ yz’”yzt(Z) )’

where m g, (z) denotes the Stieltjes transform of the LSD of the matrix 7 :’pz Doy

(one may also see (1.4) in the supplement material [23]). Let n = (n,n2) and
y = (y1, y2) with n; = p; and ny =n — p>. The Stieltjes transforms of the ESD
and LSD of the matrix S S2_tl are denoted by my(z) and my(z), respectively, while

those of the ESD and LSD of the matrix WITSZ_IIWI are denoted by m,(z) and
my(z), respectively, where Wi = (w1, wa, ..., w,). Observe that the spectral of

S1S2_t1 and WITSZ_I1 W, are the same except zero eigenvalues and this leads to

-y
2.4) my(z) = ———= + yimy(2).
z
We are now in a position to state the LSD of Txy.

THEOREM 2.1. In addition to Assumptions 24, suppose that {X;j,1 <i <
p1.1=<j=<n}tand{Y;j,1 <i < pr,1 < j <n} are independent.
(a) If ¢} € (0, 1), then the ESD,,F Txy (1), converges almost surely to a fixed
distribution F (ML——M) with q = 1i2c’ where F (A) is a nonrandom distribution
2
and its Stieltjes transform my(z) is the unique solution in C* to

- dFy,(1/))
(2.5) my(z) = / A1 =y —yizmy(z)) — 2

) If c/2 €[1, 00), then FT().), converges almost surely to a fixed distribution
G(ltTA — t) where G()) is a nonrandom distribution and its Stieltjes transform
satisfies the equation

) B dH(()\)
(2.6) mg(2) = / AMl—c) —clzmz@) —z
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REMARK 2. Indeed, taking t = 0 in (2.5) recovers [19]’s result (one may refer
to the result of F' matrix in [5]).

Let us now introduce the test statistic. Under Assumptions 1 and 3, behind our
test statistic is the observation that the limit of FSx (x) can be obtained from (2.2)
when x and y are independent, while the limit of FSv(x) could be different
from (2.2) when x and y have correlation. For example, if y = X;w and x = Xow
with p; = p» and both ¥ and X, being invertible, then

Sxy = I,

which implies that the limit of FS% (x) is a degenerate distribution. This suggests
that we may make use of F Sxy (x) to construct a test statistic. Thus, we consider
the following statistic:

1 P1
2.7) / ¢ (x)dF5 (x) = o Y (7).
i=1

A perplexing problem is how to choose an appropriate function ¢ (x). For simplic-
ity, we choose ¢ (x) = x in this work. That is, our statistic is

1 P1
(2.8) Sp = /xdFSXY(x) =—>r
P1i=

Indeed, extensive simulations based on Theorems 2.2 and 2.3 below have been
conducted to help select an appropriate function ¢ (x). We find that other functions
such as ¢ (x) = x2 does not have an advantage over ¢ (x) = x.
In the classical CCA, the maximum likelihood ratio test statistic for (1.1) with
fixed dimensions is
pi
(2.9) MLR, = log(1 —r})
i=1
(see [20] and [1]). That s, ¢ (x) in (2.7) takes log(1 — x). Note that the density p(x)
has atom size of max(0, 1 — (1 — ¢2)/cy) at unity by (2.2). Thus, the normalized
statistic MLR,, is not well defined when ¢; + ¢, > 1 [because [ log(1 —x?%) p(x)dx
is not meaningful]. In addition, even when c1 4 ¢ < 1, the right end point of p (x),
L», can be equal to one so that some sample correlation coefficients r; are close to
one, for example, L, = 1 when ¢ = ¢ = 1/2. This in turns causes a big value of
the corresponding log(1 — rl-z). Therefore, MLR,, is not stable and this phenomenon
is also confirmed by our simulations.
Under Assumptions 2—4, we substitute Tyy for Sxy and use the statistic

(2.10) T, = /xdFTXY(x).
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We next establish the CLTs of the statistics (2.7) and (2.10). To this end, write

(2.11) G5711),p20‘) = pl(sty()\) — FCncan(y)),
and
@.12) G py ) = 1 (F™ () = i 1)),

where F¢1n:€21()) and FClnCan (1) are obtained from F€!-“2(X) and Fe1:¢2 (A) with
c1,c2, ¢}, ¢y and H replaced by c1, = 2L, c2, = 22, ¢} = 2L ¢} = L2 and FIxx,
respectively; F¢>°2(A) and F €1:¢2().) are the limiting spectral distributions of the
matrices Syy and Tyy, respectively. The density of F“!*“2(X) can be obtained from

0 (x) in (2.2) while the density of F €1:¢ (A) can be recovered from (2.5). We renor-
malize (2.7) and (2.10) as

@13 [¢ndGy), 0= pl( [o0arssoo- | ¢><A>dFCI"”2n<A)),
and

1) [60d65) .00 =pi( [ $0aF™G) - [s0rarinine).
Also, let

_ C1 _ C1
V1= € (0, +00), y2:=—¢€(0,1),
1—0cp )
— (1 —h)? (1+ h)?
(2.15) h = Vyi+y—yyn, a=——3, Q=57
(1—3)? (1—32)?
gﬁﬁ@)z——i;ii—nﬂw—%xk—m% ar <i<a.
2w A (y1 + y2A)
THEOREM 2.2. Let ¢1, ..., ¢s be functions analytic in an open region in the

complex plane containing the interval |ay, az]. In addition to Assumptions 1 and 3,
suppose that

(2.16) EW{ =3.
Then, as n — o0, the random vector

(2.17) (/ $1(0)dG') (), ...,/qss(x)d(;}}l{pz(,\))

converges weakly to a Gaussian vector (X, , ..., Xy ) with mean

1 1+ h%+20R
EX¢i:11m—_f f,-( T 2(§)>
ril 4mi Jig|=1 (1 —y)

(2.18)

X|: 1 n 1 B 2 :|d§
E—r=l E4rl E45/h]
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and covariance function

COV(X¢I. , X¢j)

1+ h% + 2hR(&))
= — lim — fi -
rlfll 42 ?ggu 1?§gz| 1(( ( (1—y)? )

VEE )

/(& &2 ) e dea

(2.19)

where fi(A) = d)i(m)’ R denotes the real part of a complex number
and r | 1 means that r approaches to 1 from above.

REMARK 3. When ¢(x) = x, the mean of the limit distribution in Theo-
2hzy12y22
ity
of [22]. Moreover, assumption (2.16) can be replaced by EY 141 =3 since Xand Y

have an equal status in the matrix Syy.

rem 2.2 is 0 and the variance is

These are calculated in Example 4.2

Before stating the CLT of the linear spectral statistics for the matrix Tyy, we
make some notation. Let 7 be a positive integer and introduce

()= [ —— 2O e P —
Tl o) T T amy @
V20 gy (= (2)))’
8 = T S (o, )
( ) 1 1
s = —
O G 1+ oy ()
2
ho) = my(2)

ylmy(z) f(dF’zt(x))/(x +m (Z))z '

where (my,; (z)) stands for the derivative with respect to z.

THEOREM 2.3. Let ¢1, ..., ¢s be functions analytic in an open region in the
complex plane containing the support of the LSD F(\) whose Stieltjes transform
is (2.5). In addition to Assumptions 2—4, suppose that the spectra norm of Xxx is
bounded and

(2.20) EW} =3.
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(a) If 0’2 € (0, 1), then the random vector

(2.21) ([#r0d62,,00..... [ 8.09dG3 )
converges weakly to a Gaussian vector (Xg,, ..., X¢,) with mean

1 qz
EXy =——— i
o 2m’?§:¢’<l+qz)

< (o [ my @l 4 my @) )

/ [1 — / my(2)*(x + my<z>)‘2dFy2t<x>}2
+ h(2) (y2m > (—my (2))m3 (—my (2))
+ vyt (—my (2))m), (—my (2))m3(—my (2)))
/(1 =y * (—my (2))ma(—my (2)))
— h(@) (v3w (—my (2))m),,, (—my (2))ma (—my (2)))

/(1= yzwz(—_y(z))mz(—my(z)))> dz

(2.22)

and covariance

cov(Xy,, X¢j)

_ 1
272
“f b ()0 (75
(223) alo \1+qz1 1+qz
< my(z)my(z2) 1
(my(z21) —my(22))* (21 — 22)?
h(z1)h(z2)

 (—my(22) + my(z1))?
h(z1)h(z2)[1 + g(z1) + g(z2) + g(z1)g(22)]
[—my(22) 4+ my(21) + 5 (—my(21), —my(22))?
Here, q is defined in Theorem 2.1. The contours in (2.22) and (2.23) [two in (2.23),

which may be assumed to be nonoverlapping] are closed and are taken in the
positive direction in the complex plain, each enclosing the support of F()).

>dZ1dzz.
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(b) If 0’2 € [1,+00) (p2 = n), (2.21) converges weakly to a Gaussian vector
(X¢ys -5 Xg,) with mean

EXy = _L
2.24) i
( 11z ¢ [+ s 3s(2)3 2 dH (L)
¢ 1 - =
7§ ’(1+t ! )(1—cﬁfg(z)zkz(l+k£(z))—2dH(k))2
and

cov(Xg,, X¢j)

11z
o o)
(2.25) o2 e Jo, T\ 171z

¢'( 1z ) s'(z1)s'(z2)
1+17122/ (s(z1) — 5(22))?

where s(z) is Stieltjes transform of the LSD of the matrix %WTZXXW. The con-
tours in (2.24) and (2.25) [two in (2.25), which may be assumed to be nonoverlap-
ping] are closed and are taken in the positive direction in the complex plain, each
enclosing the support of é(k).

dz1dza,

Here, we would like to point out that the idea of testing independence between
two random vectors x and y by CCA is based on the fact that the uncorrelatedness
between x and y is equivalent to independence between them when the random
vector of size (p1 + p2) consisting of the components of x and y is a Gaussian
random vector. See Wilks [20] and Anderson [1]. For non-Gaussian random vec-
tors x and y, uncorrelatedness is not equivalent to independence. CCA may fail in
this case. Yet, since Theorems 2.2 and 2.3 hold for non-Gaussian random vectors
x and y CCA can be still utilized to capture dependent but uncorrelated x and y
such as ARCH type of dependence by considering the high power of their entries.
See Section 6.5 for further discussion.

Following [14], condition (2.16) can be removed. However, it will significantly
increase the length of this work and we will not pursue it here.

3. Test statistics. Note that the regularized statistic [ AdG', ,,(A) in (2.14)

[when ¢ (A) = A] involves the unknown covariance matrix Xy through F ClnCon Q).
In order to apply it to conduct tests, one needs to estimate the unknown parame-
ter. It is well known that estimating the population covariance matrix Xy is very
challenging unless it is sparse. [8] and [3] proposed some approaches to estimate
the limit of the ESD of Xy or its moments. However, the convergence rate is not
fast enough to offset the order of p;. Indeed, Theorem 1 of [3] implies that the
best possible convergence rate is O p(%). In view of this, we provide two methods
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to deal with the problem. One is to estimate [AdF €l (L) in a framework of
sparsity while the other one is to eliminate this unknown parameter by dividing
the samples into two groups.

3.1. Plug-in estimator under sparsity. When ¢} < 1, it turns out that

/ U 1
(31) ‘/-)\chln’CZn()\'):Q_Qf’
p1 p1l+c,mp
where m,,; is a solution to the equation
ant _

(3.2) Mg = ay — pi tw(ay S+ 1)~

1
witha, =1+ c’lnmm (see the proof of Theorem 3.1). An estimator of m,,; is then
proposed as n1,; which is a solution to the equation

. Y SN _
(3.3) mmzan—pitr(anlzxxﬂl) g
1

with @, =1+ ¢}, . Here, we use a thresholding estimator ¥« t0 estimate Ty,
slightly different from that proposed by [6]. Specifically speaking, suppose that the
underlying random variables {X;;} are mean zero and variable one. Then define

Y «x to be a matrix whose diagonal entries are all one and the off diagonal entries
are 0;;1(|6;j| = £) with £ = M lOng‘ and M being some appropriate constant
(M will be selected by cross-validation). Here 6; j denotes the entry at the (i, j)th

position of sample covariance matrix %XXT. Therefore, the resulting test statistic
is

1
(3.4) p1</)»dFT"Y(k) - (& - @f)).
1 p1l+cy,mu

When py > n, it turns out that

(3.5) / AdFw () =1—tm",

where m,(qlt) satisfies the equation

(3.6) m{ = %tr((l — ¢y + ptmN) T + 1)
We then propose the resulting test statistic

3.7) p1</AdFT"Y(k) - (1 —tﬁff@”)))’

where n%f,m satisfies the equation

1 . _
(3.8) 10 = - tr((1 =}, 4 ¢}, 1m0 Exx 4+ 11) 7"
1



480 Y. YANG AND G. PAN

THEOREM 3.1. In addition to assumptions in Theorem 2.3, suppose that
EXiZJ- =1, sup; ; E|X,-_,-|17 < oo foralli and j and that

— 0,

(3.9) so(p1)<

where Y ;i |0ij|1 = so(p1) with0 < g < 1.

(a) If cy < 1, then pi(f AdFT™v (1) — (% — % 1+C,11nnA1m)) converges weakly to

a normal distribution with the mean and variance given in (2.22) and (2.23) with
d(A) = A.

(b) If ¢y > 1, then P AdFTs () — (1 — tn%ﬁ,m)) converges weakly to a nor-
mal distribution with the mean and variance given in part (b) of Theorem 2.3 with

¢(A) = 7.

We demonstrate an example of sparse covariance matrices in the simulation
parts, satisfying the sparse condition (3.9).

3.2. Strategy of dividing samples. 1f (3.9) is not satisfied, we then propose a
strategy of dividing the total samples into two groups. Specifically speaking, we
divide the n samples of (x, y) into two groups, respectively, that is,

(3.10) Group1: XV =(x,x2, ..., X2, YV =31,y2, -0, Y1)

and

Group 2: X@ = (X(n/21+1, X(n/21425 - - - » Xn),
G.11)

Y? = (Y{n/21415 Yin/21425 - - - > Yn)>

where [n/2] is the largest integer not greater than n/2. When n is odd, we discard
the last sample. However, if the above strategy of dividing samples into two groups
is directly used, then the asymptotic means of the resulting statistic [the difference
between the statistics in (2.14) obtained from two subsamples] are always zero in
both null hypothesis and alternative hypothesis due to similarity of two groups so
that the power of the test statistic is very low. This is also confirmed by simulations.
Therefore, we further propose its modified version as follows.

For Y@ in Group 2, we extract a sub-data Y®, that is,
Y® = Gu21, Finj21425 - - > )

where y; consists of the first [p2/2] components of y;, for all j = [n/2] + 1,
[(n/2]+2,...,n. We use Y® to form a new group

Modified Group 2: X® = (X[(n/2141> X[n /21425 - - - » X))

Y® = Gt Yinjarezs - 9.
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For Group 1, it follows from Theorem 2.3 that

(1) ’ /
(3.12) /Adpl(FTXY (A) — F2n2(2)) 47

where T;ly) is obtained from Tyy with X and Y replaced by XD and YO, re-
spectively, and Z; is a normal random variable with mean and variance given in
Theorem 2.3 with ¢ and ¢}, replaced by 2¢| and 2¢, respectively, and ¢ (1) = A.
Similarly, with Modified Group 2, by Theorem 2.3

2 N,
(3.13) /)\dp](FTxy ) — F2Lln’c2n()h)) _d> 7o,

where T,(sz) is Txy with X and Y replaced by X@ and YO®, respectively, and Z; is
a normal random variable with the mean and variance given in Theorem 2.3 with
¢ (1) = A and ¢] replaced by 2c¢].

We next investigate the relation between

/ AdFX1n22())  and f AdFXn 2 ()),

and then calculate some difference between the two statistics in (3.12) and
(3.13) in order to eliminate the unknown parameters [AdF 261,263, (A) and
[ AdF%wem()).

When ¢, < 1/2, we have

J J 1
3.14) f)»sz‘leLG n) = P2 _ Qf’
P1 P1 1 +2C1nmnt
where 71, is obtained from m,; satisfying (3.2) with ¢, replaced by 2¢}, . On the
other hand,
p2/2  p2/2 1

P p1 L+2¢],mn

(3.15) / AdF2in (1) =

It follows that

(3.16) / K dF%n 2 (3) =2 / 2 d F2nn ().
When [p>/2] > [n/2], we have

(3.17) /AdFZC/wzC%n(,\) =/xdF26’1nvC’zn@) —1— D,

where 4" is m{" satistying (3.6) with ¢}, replaced by 2¢/, .

The last case is [p>/2] < [n/2] and c’2 > 1/2. For this case, if we still consider
Group 1 and Modified Group 2, then

/ AdFXnw2n () =1 — 1",

[p2/2]  [p2/2] 1
121 p1 1+2¢),

f AdFX1ncm()) =
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From the above formulas, it is difficult to figure out the relation between
[AdF 2¢1,:2¢2 () and JAdF 261,20 () depending on the unknown parameter
Y«x. To overcome this difficulty, we also apply a “sub-data” trick to Group 1.
Specifically speaking, consider a Modified Group 1 as follows.

Modified Group 1: X" = (x1, X2, ..., Xn/2), YV = 31,92, V2D,

where y; consists of the last [ p>/2] components of yg, that is, the ith component
of yi is the ([p2/2] + i)th component of yg, foralli =1,2,...,[p>/2] and k =
1,2,...,[n/2]. For Modified Group 1, by Theorem 2.3, we have

(3.18) / rdp1 (FT () — P2 ) 4 7,

where ’T‘,((ly) is Txy with X and Y replaced by XD and Y(l), respectively; and Z3 is
a normal random variable with the mean and variance given in Theorem 2.3 with
@ (1) = A and ¢] replaced by 2¢). Since the unknown parameters in (3.13) and
(3.18) are the same the difference between (3.13) and (3.18) can be taken as the
modified statistic.

The asymptotic distributions of the three resulting statistics are given in Theo-
rem 3.2.

THEOREM 3.2. Suppose that assumptions in Theorem 2.3 hold.

@) If ¢}y < 1/2, the statistic [ »dF™ (1) —2 [ »dF'™ (1) converges weakly
to a normal distribution with the mean (1 — 2uu2) and variance (012 + 4022),
where 1 and 012 are given in (2.22) and (2.23), respectively, with ¢\, ¢, replaced
by 2¢|, 2c}, respectively, and ¢ (1) = A; uo and 022 are given in (2.22) and (2.23),
respectively, with ¢ replaced by 2c and ¢ (1) = A.

(b) If ¢y > 1, the statistic [ LdF Ty (A) — [AdF Ty (M) converges weakly to
a normal distribution with the mean zero and variance 2032, where 032 is given
in (2.25) with ¢ replaced by 2¢ and ¢ (1) = A.

(©) If 1/2 < ¢, < 1, the statistic [AdFT’(‘]Y) ) — f)»dFT’(‘ZY) (A) converges
weakly to a normal distribution with mean zero and variance 2042, where 042 is
given in (2.23) with ¢} replaced by 2¢| and ¢ (1) = A.

REMARK 4. Unlike using Group 2 of (3.11) although the asymptotic means
of the statistics in the cases (b) and (c) are zero under the null hypothesis, they are
not necessarily equal to zero under the alternative hypothesis so that the power of
the resulting test statistic becomes much better.

Theorem 3.2 proposes test statistics which do not involve the unknown param-
eter H, that is, the LSD of the matrix X . However, their asymptotic means and
asymptotic variances contain some terms involving the unknown parameter H. We
below provide consistent estimators for such terms appearing in (2.22)—(2.25) in
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Theorem 2.3, which, together with Slutsky’s theorem and the dominant conver-
gence theorem, are enough for applications.

We use an estimator developed by [8] for H. For easy reference, we briefly state
his estimator H), for H in the following proposition.

PROPOSITION 2 (Theorem 2 of [8]). In addition to Assumptions 2—4, suppose
that the spectra norm of Xxx is bounded. Let J1, Ja, ... be a sequence of integers
tending to 0o. Let zo € CT and r € R™ be such that B(zo, r) C CT, where B(zg, r)
denotes the closed ball of center zo and radius r. Let 71, 22, ... be a sequence
of complex variables with a limit point, all contained in B(zg,r). Let H » e the
solution of
3.19) I-Alp1 = arg min max| - ! +zj— ) w

G j<hl8,(z)) nJ 1+Ai8,(z;))
where G is a probability measure and §,(z) is the Stieltjes transform of the ESD
of the matrix Ay, = %XTX. Then we have

’

A

H, = H a.s.

REMARK 5. The estimator Flpl given in (3.19) is proposed based on the
Marcéenko—Pastur equation which links the Stieltjes transform of the empirical
spectral distribution of the sample covariance matrix to an integral against the
population spectral distribution, that is, the LSD H satisfies the Maréenko—Pastur
equation
L L VI
5(2) 1+ 2s5(2)

where 5(2) is the limit of §,,(z) = 1 tr(A, — zL,) .

(3.20)

El Karoui [8] developed an algorithm for the estimator H py 1 (3.19) and we
state it below.

(1) A “basis pursuit” for measure space. Instead of searching among all pos-
sible probability measures, the search space is restricted to mixtures of certain
classes of probability measures in order to deal with (3.19). In other words, first
select a “dictionary” of probability measures on the real line and then decom-
pose the estimator on this dictionary, searching for the best coefficients. Hence,
the problem can be formulated as

finding the best possible weights

K K
{B1,..., 0k} withdH, =Y W;dM;, Y =1, w; >0,
i=1 i=1
where the M;’s are the measures in the dictionary. A “probability measures” dic-
tionary is given as follows:
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1. Point masses {4, (x)},f: 1» Where {tk},{(:1 is a grid of points.

2. Probability measures that are uniform on an interval: in this case, d M i(l) (x) =
lig; b1 (x) dx /(bi — aj).

3. Probability measures that have a linearly increasing (or decreasing) density
on an interval [d;, h;] and density O elsewhere. So, for the increasing case,

dM® (x) = Iig, ;) (x) - 2(x — di)/ ((hi — di)?) dx, and density 0 elsewhere.
(2) A convex optimization problem. Let
1 i AdG())

ei=—+2z; _ =1,2,...,J,,
UNED 1+23,q) ! "
where G (-) has the form of
K
G(x) =Y wid (x) + Z wi dM (x) + Z wi dM (x),
i=1 i=Ki1+1 i=Ky+1

with all points #,k =1,2,..., Ky, intervals [a;, b;],i = K1 + 1, ..., K> and in-
tervals [dj, hj], j = K2 + 1, ..., K being in the interval [£,,, £1]. Here, £,, and
{1 are, respectively, the smallest and largest eigenvalues of the sample covariance
matrix Ayy = %XXT. Moreover, | < K1 < Ky < K.

The “translation” of the problem (3.19) into a convex optimization problem is

min u

Wseens wg,U
Vi=1,...,Ju, —u <MN(ej) <u,
Vi=1,...,Jn, —u<3J(ej) =u

K
subject to Zwi=1andw,~20,Vi=1,2,...,K
i=I
The following proposition provides consistency of the proposed algorithm
above.

PROPOSITION 3 (Corollary 1 of [8]). Assume the same assumptions as in
Proposition 2. Call IT-AII,I the solution of (3.19), where the optimization is now over
measures which are sums of atoms, the locations of which are restricted to belong
to a grid (depending on n) whose step size is going to 0 as n — oo. Then

I-Alp1 = H a.s.

Then the estimator H p, derived from the algorithm has the form of

321) dA (x)—Zwlat,<x>+ Z b dM (x) + 2 b dM? (x),

i=Ki+1 i=Kr+1
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where {w;,i = 1,2,..., K} is the solution of the convex optimization problem
above. In practice, we follow the implementation details in Appendix of [8] to
derive the estimator A » (X).

Once the estimator (3.21) of the LSD H is available, we are in a position to
provide estimators for m g (z) and my,,(z), the Stieltjes transforms of H and the
LSD of the matrix Sy;, respectively.

PROPOSITION 4.  For any z € Cy, the contour specified in Theorem 2.3, let

s lf),' K uA)l' bi —z
@)=Y ——+ ) log
ST g bima Tai—z
(3.22) .
212)1‘ ( /’li —Z
+ — | hi —di + (z —d;)log ),
,.:KZM (hi —d)?\"" V-

where log stands for the corresponding principal branch. The estimator m y,;(z)
satisfies the equation

N N 1
(3.23) My, (2) =mpy, (Z - W),
where mp,(z) is
(3.24) ()= ! n%H< ! )
! z (1—d5)2? (1—-d,)z

Then my(z) in (3.22) and iy, (z) in (3.23) are consistent estimators of mg(z)
and my,;(z), respectively.

REMARK 6. As to choices of intervals [a;, b;]:i =K1+ 1, K1 +2,..., K»;
and [hj,dj]:j =K+ 1,K2+2,..., K in (3.21), we follow the implementation
details provided in Appendix of [8]. Furthermore, choice of (z;,5,(z;)) in the
convex optimization problem, choice of interval to estimate H(-), and choice of
dictionary are all provided in the Appendix of [8].

With consistent estimators for my(z) and my,,(z) in Proposition 4, we may
further provide consistent estimators for all terms appearing in (2.22)—(2.25).

PROPOSITION 5. 1. The estimator for my(z) is

my(z) = qin(mn ( I ) —1 —an),
(1 +C]nZ)2 *\1 + gnz

¢ c IA . .
where yin = 7%, yon = 125, Gn = 7 ZC”, and mr (z) is the Stieltjes transform of
2n o ‘2

the matrix Tyy.
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2. The estimators for w (z) and s(z1, z2) are, respectively,

1
o()=——"7—-—,
1+ Y2nhly,t (Z)
N 1 1
5(z1,22) =

1+ y2utityy (21) 1+ Vontiy,r(22)
3. The estimators for m,(z) withr =2, 3 are

Hia(z) = i) )(z — @ (2)), m3(z) = 2mgﬁ,)(z — @ (2)),
respectively, where ﬁigt) (2) is the jth derivative of m p,(z) with respect to z with
j=12.

4. The estimators for g(z) and h(z) are

) Yan () (— 11, (2))) A ity (2)
8(2) = < < 3 h(z) =
(1 + yanmiy, (—my(2))) 1 — yiam (z)myzt( m. (z))
respectively, where ﬁy(z) = —1_% + Yintiy(2).

5. The estimators for @) = fm;(z)x[x + my(z)]_3 dFy,(x) and @, =
Jm3@)[x 4+ my ()72 d Fyy (x) are
1 =ty ()i (—1y (2)) — ity ()i o) (g (2)),
vy = ity () (—rity (2)).

respectively.
6. The estimators for w3 = [[1 4+ As3(2)]13s(z)’A2dH (L) and w4 = [ s*(z) x
A1 4 As(2)]72dH (L) are

a}_lm<_1) 2A(1)(1>
o or) Eor\ Lo
o\ TE o)

. 1 2, ( 1 > . 1 R (1)< 1 )
w’4 = — A—mH — 9
54(2) 50/ BP0
respectively, where §,(z) is defined as §,(z) = Ztr(Axx —zL) 7! with Ay, =
IXTx
o .
All estimators listed above are consistent for the corresponding unknown pa-

rameters.

The proofs of Propositions 4 and 5 are provided in Appendix A of [23].
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4. The power under local alternatives. This section is to evaluate the power
of S, or T,, under a kind of local alternatives. Consider the alternative hypothesis

H; :x and y are dependent,

satisfying condition (4.1) below. Draw n samples from such alternatives x and y
to form the respective analogues of (1.5) and (1.6) and denote them by S and T,
respectively. Suppose that the underlying random variables involved in Sxy, Txy
and S, T are in the same probability space (€2, P).

Recall the definitions of G ,,,i = 1,2 in (2.11) and (2.12), and let R\’ =

@)
f)"dGl;hPZ'

THEOREM 4.1. In addition to assumptions in Theorems 2.2 or 2.3 suppose
that for any M > 0

@1) PSS —Sy)|=M)—>1,  P([t(T—Ty)| = M) — 1.
Then
(4.2) Tim P(RY > 2", or RO <2 |Hi) =1,

where Zgila and zg ) are, respectively, (1 — «a) and « quantiles of the asymptotic

distribution of the statistic R,(,i) under the null hypothesis.

REMARK 7. For example, one may take S = (XLX”)~!'XLY? (YLY”)~! x
YLXT and Sxy = (XX7)"!XPyX” with L being a random matrix and Py =
YT (YYT)~1Y. Particularly, if L = I+ ee’ withe=x>(1,1,..., 1) and x? having
finite moment, then under assumptions in Theorems 2.2 or 2.3 it can be proved
that

satisfying (4.1).

Next, we evaluate the powers of the modified statistics with the dividing-sample
method. Draw n samples from alternatives x and y to form the respective analogues
of T,((’y), i=1,2, T,(Kly) and denote them by TO, i =1,2, TV, respectively. Let

JO = /AdFT(l) (1) — 2/AdFT(2) ),
JO = / 2dFT () — / AdFT™ (),

J® =/)\dFT(I)()\)—/AdFT(Z)(A).
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THEOREM 4.2. In addition to assumptions in Theorem 2.3, suppose that for
any M > 0,

P(|tr(TV) = 2tr(T?) — (r(TY)) — 2te(TH))| = M) — 1,

(4.3)
ifch <1/2;
P(Jer(TD) = tr(T®) — (tr(14)) — (1) = M) — 1.
4.4)
ifcy = 1
sy P ) ) e =) 1
' if1/2<ch<1.
Then
Tim P > 20, or 30 <20 | H) =1, i=1,23
where zgil o and z((,,i ) are, respectively, (1 — ) and o quantiles of the asymptotic

distribution of the statistic Jn(i) under the null hypothesis, i = 1,2, 3.

5. Applications of CCA. This section explores some applications of the pro-
posed test. We consider two examples from multivariate analysis and time series
analysis, respectively.

5.1. Multivariate regression test with CCA. Consider the multivariate regres-
sion (MR) model as follows:

5.1 Y=XB+E,
where
Y=[yi,y2,-- s ¥pi lnxps> X=[1,,X1,X2, ..., Xp, lnx s>
B=1[B1.B2 - By lpixpis E=[er, e, ....ep luxp,
and each of the vectors y;, x;, e;, for j =1,2,..., py is n x 1 vectors and {;,
i=1,2,..., p1}are pr x 1 vectors.

Let Ayy = r—llXTY and Ayx = %XTX. We have the least square estimate of B

A

(5.2) B=A_'Ay.

The most common hypothesis testing is to test whether there exists linear relation-
ship between the two sets of variables (response variables and predictor variables)
or the overall regression test

(5.3) Hy:B=0.
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To test Hp: B = 0, Wilks” A criterion is

det(E) s _
(5.4) =m=i1;[1<1+xi) g
where
(5.5) E=Y"(1-X(X"X)"'x")y
and
(5.6) H=B"(X"X)B;

and {A;:i =1,...,s} are the roots of det(H — AE) = 0, s = min(k, p). An al-
ternative form for A is to employ sample covariance matrices. That is, H =
AyXA,;XlAXy and E = Ayy — AyxA,:Xley, so that det(H — AE) = 0 becomes
det(Ayx A Axy — A(Ayy — AyxA!Axy)) = 0. From Theorem 2.6.8 of [18], we
have det(H — 0(H + E)) = det(AyxA Axy — 0Ayy) = 0 so that

det(Ayy)

N N
(5.7) A=Ja+rx) ' =]Ja-6)=
i=1 i=1
Evidently, the quantities ri2 =6;,i =1,...,s are sample canonical correlation co-
efficients. Therefore, the test statistic (5.4) can be rewritten as

N
(5.8) logA =Y log(1—r}).
i=1
From this point of view, the multiple regression test is equivalent to the indepen-
dence test based on canonical correlation coefficients. As stated in the last section,
the statistic log A is not stable in the high dimensional cases. Hence, our test statis-
tic S, or T, can be applied in the MR test.

5.2. Testing for cointegration with CCA. Consider an n-dimensional vector
process {y;} that has a first-order error correction representation

(59) AYZ:_aﬂ/YI—1+€t, t:17-~~7T’

where « and B are full rank n x r matrices (r < n) and the n-dimensional inno-
vation {e&;} is i.i.d. with zero mean and positive covariance matrix 2. Select & and
B so that the fact that |I, — (I, — aB’)z| = 0 implies that either |z| > 1 or z =1
and that al B is of full rank, where & and B are full rank n x (n — ) matrices
orthogonal to & and 8. Under these assumptions, {y;} is /(1) with r cointegration
relations among its elements; that is, {8"y;} is 1(0). Here, I (d) denotes integrated
of order d.
The goal is to test

(5.10) Ho:r =0(@=8=0); against Hj:r >0;

that is, whether there exists cointegration relationships among the elements of the
time series {y;}.
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This cointegration test is equivalent to testing:
Hp : Ay; is independent with Ay;_1; against
Hi : Ay; is dependent with Ay;_1.

In order to apply canonical correlation coefficients to cointegration test (5.10),
we construct random matrices

(511) X:(Ay2vAy4,-~~,AYZIfZ,AYQIau-’AYT),
(512) Y = (AYI, Ay3s ey AYZt—l, AY2t+1, ) AYT—I)-

6. Simulation results. This section reports some simulated examples to show
the finite sample performance of the proposed test.

6.1. Empirical sizes and empirical powers. First, we introduce the method of
calculating empirical sizes and empirical powers. Let z;_, be the 100(1 — a)%
quantile of the asymptotic null distribution of the test statistic S,,. With K replica-
tions of the data set simulated under the null hypothesis, we calculate the empirical
size as

{#of S > z1-0)
K b
where S/ represents the values of the test statistic S, based on the data simulated

under the null hypothesis.
The empirical power is calculated as

» {#of SH =21 )

= e ,
where S/ represents the values of the test statistic S, based on the data simulated
under the alternative hypothesis.

In our simulations, we choose K = 1000 as the number of repeated simulations.
The significance level is o = 0.05.

6.1 Q=

(6.2)

6.2. Testing independence. Consider the data generating process

(6.3) X = Eiﬁzw, y= E%,ZV,
with
(@ Ex=Ip, Xy =1p,;
(b) Xx= (Ulfhp)lf,lhzl’ yy =Ip,;
© Ex=(00 )ihors By =Ip

(d) Xxx =B'cov(f;)B+ Xy, Tyw=1,,
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where

1, k=h;

off =16, k=1Lh=23,.. . [p forh=1:k=2.3,....[p];

0, others

with 6 = 0.2 and
ar_ O
= k,h=1,2,...,p1,¢=0.8.
Ok =2 P19

Here, B = \/%(bl, bz, ...,by,) is a deterministic matrix. In the simulation, each

b; :r x 1 is generated independently from a normal distribution with covariance
matrix being an r x r identity matrix and mean p g consisting of all 1. cov(f;) is
also an r x r identity matrix and X is a p; x pp identity matrix.

The empirical sizes of the proposed statistics S, for data generating processes
(DGPs) (a) and (b) are listed in Table 1. Moreover, the empirical sizes for the renor-

TABLE 1
Empirical sizes of the proposed test Sy, and the renormalized likelihood ratio test MLR,, at 0.05
significance level for DGP (a) and DGP (b)

(p1, P2, 1) Sn DGP (a) Sn DGP (b) MLR,, DGP (a) MLR,, DGP (b)
(10, 20, 40) 0.0458 0.0461 0.0481 0.0490
(20, 30, 60) 0.0480 0.0488 0.0440 0.0448
(30, 60, 120) 0.0475 0.0480 0.0530 0.0520
(40, 80, 160) 0.0464 0.0466 0.0420 0.0420
(50, 100, 200) 0.0503 0.0504 0.0487 0.0500
(60, 120, 240) 0.0490 0.0490 0.0574 0.0572
(70, 140, 280) 0.0524 0.0520 0.0570 0.0582
(80, 160, 320) 0.0500 0.0500 0.0632 0.0583
(90, 180, 360) 0.0521 0.0511 0.0559 0.0580
(100, 200, 400) 0.0501 0.0503 0.0482 0.0589
(110, 220, 440) 0.0504 0.0500 0.0440 0.0590
(120, 240, 480) 0.0513 0.0511 0.0400 0.0432
(130, 260, 520) 0.0511 0.0511 0.0520 0.0560
(140, 280, 560) 0.0469 0.0474 0.0582 0.0580
(150, 300, 600) 0.0495 0.0500 0.0590 0.0593
(160, 320, 640) 0.0514 0.0517 0.0437 0.0559
(170, 340, 680) 0.0498 0.0500 0.0428 0.0430
(180, 360, 720) 0.0509 0.0510 0.0580 0.0577
(190, 380, 760) 0.0488 0.0485 0.0388 0.0499
(200, 400, 800) 0.0491 0.0491 0.0462 0.0499
(210, 420, 840) 0.0491 0.0500 0.0450 0.0555
(220, 440, 880) 0.0515 0.0510 0.0572 0.0588
(230, 460, 920) 0.0493 0.0498 0.0470 0.0488
(240, 480, 960) 0.0482 0.0479 0.0521 0.0561

(250, 500, 1000) 0.0452 0.0450 0.0527 0.0545
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TABLE 2
Empirical sizes of the proposed test Ty, at 0.05 significance level for DGP (a)-DGP (d)

(P1, P2, 1) T, DGP (a) T,, DGP (b) T,, DGP (¢c) T, DGP (d)
(100, 50, 80) 0.0569 0.0462 0.0642 0.0602
(140, 70, 120) 0.0573 0.0429 0.0619 0.0600
(180, 90, 150) 0.0577 0.0452 0.0623 0.0583
(200, 100, 170) 0.0552 0.0429 0.0594 0.0592
(240, 120, 180) 0.0581 0.0510 0.0602 0.0608
(280, 140, 250) 0.0571 0.0483 0.0592 0.0584
(320, 160, 270) 0.0521 0.0479 0.0603 0.0549
(360, 180, 290) 0.0529 0.0489 0.0574 0.0569
(400, 190, 300) 0.0542 0.0522 0.0589 0.0579
(440, 220, 330) 0.0557 0.0529 0.0542 0.0581
(480, 240, 350) 0.0531 0.0562 0.0579 0.0569

The parameter ¢ in the statistic 7;, takes a value of 40. For DGP (a), we use the original statistic
T, in Theorem 2.3; for DGP (b), the statistic in Theorem 3.1 is used; for DGPs (c) and (d), the
dividing-sample statistic in Theorem 3.2 is utilized.

malized statistic MLR,, are included as comparison with S;,. Here the renormalized
statistic MLR,, means the statistic

nl / log(1 — ) d(FS (L) — FCme(3)).

The empirical sizes of 7T,, for DGPs (a)—(d) are listed in Table 2. For DGP (a),
we use the original statistic 7},; for DGP (b), the statistic in Theorem 3.1 is used;
for DGPs (c) and (d), the dividing-sample statistic in Theorem 3.2 is utilized. For
Theorem 3.2, we follow the implementation details in Appendix of [8] to estimate
the LSD H for the matrix Xyx.

From the results in Tables 1 and 2, the proposed statistics S,, and 7,, work well
under Assumptions 1 and 2, respectively.

6.3. Factor model dependence. We consider the factor model as follows:
(64) X[:Alft+ut, y;:Azf,-l—Vz,t:l,Z,...,n,

— 1 M 4 1 _ 1 1@ 4,2 2
where Ay = =" coonaAD) and A, = T o A2 are
p1 X r and pr x r deterministic matrices, respectively. In the simulation, all the

components of k,((] )ik = 1,2,...,r; j = 1,2 are generated from a normal distri-
bution with mean being 0.8 and variance being 1. f;,r =1,2,...,n are r x 1
random vectors with i.i.d. standard Gaussian distributed elements and u; and
v;,t =1,2,...,n are independent random vectors whose elements are all stan-
dard Gaussian distributed.

For this model, x; and y, are not independent if » # 0. The proposed test statistic
S, and T, can be used to detect this dependent structure. Tables 3 and 4 illustrate
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TABLE 3
Empirical powers of the proposed test Sy, at 0.05 significance level for factor models

(p15 p251) r=3 r=5 r=17 r=10
(10, 20, 40) 0.3750 0.5200 0.5910 0.9320
(30, 60, 120) 0.3070 0.6240 0.8450 0.9330
(50, 100, 200) 0.3090 0.6700 0.7980 0.9700
(70, 140, 280) 0.3520 0.6470 0.8330 0.9850
(90, 180, 360) 0.3670 0.6720 0.8230 0.9880
(110, 220, 440) 0.3570 0.6690 0.8490 0.9850
(130, 260, 520) 0.3440 0.6390 0.8510 0.9960
(150, 300, 600) 0.3780 0.6440 0.8370 0.9990
(170, 340, 680) 0.3580 0.6580 0.8590 1.0000
(190, 380, 760) 0.3490 0.6620 0.8720 1.0000
(210, 420, 840) 0.3460 0.6790 0.8890 1.0000
(230, 460, 920) 0.3800 0.6930 0.8770 1.0000
(250, 500, 1000) 0.3470 0.6890 0.8940 1.0000

The powers are under the alternative hypothesis that x and y satisfy the factor model (6.4). r is the
number of factors.

the powers of the proposed statistics S, and T, respectively, as r increases from 3
to 10. For T,,, we use its modified version in Theorem 3.2. Results in these tables
indicate that for one triple (p1, p2, n), the power increases as the number of factors
r increases. This phenomenon makes sense since the dependence between x; and
y: is described by the r common factors contained in the factor vector f;. Stronger

TABLE 4
Empirical powers of the proposed test T, at 0.05 significance level for factor models

(p15 p2,1) r=3 r=5 r=17 r=10
(100, 50, 80) 0.3680 0.6380 0.7330 0.9470
(140, 70, 120) 0.3380 0.6440 0.8690 0.9520
(180,90, 150) 0.3290 0.6190 0.8890 0.9740
(200, 100, 170) 0.3410 0.6270 0.8920 0.9820
(240, 120, 180) 0.3340 0.6290 0.8840 0.9790
(280, 140, 250) 0.3570 0.6480 0.8730 0.9870
(320, 160, 270) 0.3490 0.7120 0.8890 0.9940
(360, 180, 290) 0.3690 0.6890 0.8930 0.9920
(400, 200, 310) 0.3830 0.7080 0.9030 0.9980
(440, 220, 330) 0.3920 0.7040 0.8930 1.0000
(480, 240, 350) 0.3970 0.6990 0.9110 1.0000

The powers are under the alternative hypothesis that x and y satisfy the factor model (6.4). r is the
number of factors. The parameter ¢ in the statistic 7, takes value of 40. For 7, we use its modified
dividing-sample version in Theorem 3.2.
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dependence between x; and y; exists while more common factors are included in
the model.

Here, we would like to point out that using CCA based on the sample covari-
ance matrices with sample mean will incorrectly conclude that x;, and y, can be
independent even if » > 0 but f; = f independent of ¢ because CCA of x; and y; is
the same as that of u; and v,. This is why (1.4) and (1.6) are used.

6.4. Uncorrelated but dependent. The construction of (2.8) is based on the
idea that the limit of F3v(x) could not be determined from (2.2) when x and
y have correlation. Thus, a natural question is whether our statistic works in the
uncorrelated but dependent case. Below is such an example to demonstrate the
power of the test statistic in detecting uncorrelatedness.

Let x;, = (X1;, th,...,Xp],)T,t =1,2,...,n be ii.d. normally distributed
random vectors with zero means and unit variances. Define y; = (Yy;, Yo, ...,
Yp) T, t =1,2,...,n by Yy = (X?k — EX?%),i = 1,2,...,min(pi, p2) and
if pp<pa,weletY,=¢j,j=p1+1,....,p5st=1,...,n, where ¢j;, j =
p1+1,...,p2t=1,...,nareii.d. normal distributed random variables and in-
dependent with x; and & is an positive integer.

REMARK 8. For standard normal random variable X;;, the 2kth moment is

EX% =2 ~kGL
it k!

For this model, x; and y; are uncorrelated since cov(X;;, Yj;) = E Xl.zthrl —
EXitEX l.ztk = (. Simulation results in Tables 5 and 6 provide the empirical powers
of S, and T, by taking k =2 and k = 5, respectively. They show that S, and 7},
can distinguish this kind of dependent relationship well when k = 5. For the statis-
tic 7, since the covariance matrix of x is an identity matrix, we use the original
statistic 7, in Theorem 2.3.

6.5. ARCH type dependence. The statistic works in the above example be-
cause the limit of FS» cannot be determined from (2.2) if x and y are uncorre-
lated. However, the limit of FS% (x) might be the same as (2.2) when x and y are
uncorrelated. We consider such an example as follows.

Consider two random vectors X; = (Xy;, X7, ..., Xpyr) and y; = (Y, Yor, . .,
Y;,:) as follows:

(65) Yll=le\/a0+a1X12ta l=1527"m1n(p17p2)7

(6.6) if p1 < p2, Yii=Zj, j=p+1,...,p2,
where z; = (Z1;, Z2;, ..., Zp,) is a random vector consisting of i.i.d. elements
generated from Normal (0, 1) and {z,:# =1, ..., n} are independent across ¢; X; =

(X1, X2z, ..., Xp,r) is also a random vector with i.i.d. elements generated from
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TABLE 5
Empirical powers of the proposed test Sy, at 0.05
significance level for uncorrelated but dependent case

(P15 P2, 1) w=4 w=10
(10, 20, 40) 0.8140 0.9690
(30, 60, 120) 0.8200 0.9510
(50, 100, 200) 0.8220 0.9600
(70, 140, 280) 0.8100 0.9610
(90, 180, 360) 0.8210 0.9640
(110, 220, 440) 0.8110 0.9670
(130, 260, 520) 0.8320 0.9740
(150, 300, 600) 0.8420 0.9740
(170, 340, 680) 0.8450 0.9760
(190, 380, 760) 0.8580 0.9680
(210, 420, 840) 0.8420 0.9670
(230, 460, 920) 0.8440 0.9810
(250, 500, 1000) 0.8620 0.9810

The powers are under the alternative hypothesis that Y;; =
X8 — EX{,i =1,2,...,p1 and Yj; = &j;,j = p1 +
1,...,p2;t =1,...,n, where sj,,j =p1+1,...,pt=
1, ..., n are standard normal distributed and independent with

X;; and w =4, 10.

TABLE 6
Empirical powers of the proposed test T,, at 0.05
significance level for uncorrelated but dependent case

(P15 P2,1) w=4 =10
(100, 50, 80) 0.7240 0.8690
(140, 70, 120) 0.7940 0.8890
(180,90, 150) 0.7830 0.8940
(200, 100, 170) 0.7910 0.9340
(240, 120, 180) 0.8420 0.9290
(280, 140, 250) 0.8680 0.9580
(320, 160, 270) 0.9010 0.9820
(360, 180, 290) 0.9190 0.9940
(400, 200, 310) 0.9530 0.9990
(440, 220, 330) 0.9820 1.0000
(480, 240, 350) 0.9940 1.0000

The powers are under the alternative hypothesis that Y;; =
X8 — EX{,i =1,2,...,p1 and Yj; = &j;,j = p1 +
1,...,po;t=1,...,n, where ej,,j =p1+1,....pt=
1, ..., n are standard normal distributed and independent with
X;; and w = 4, 10. The parameter ¢ in the statistic 7;, takes

value of 40. The original statistic 7;, in Theorem 2.3 is used.
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TABLE 7
Empirical powers of the proposed test S, at 0.05 significance level for x and 'y with ARCH(1)
dependent type
(p1,> P25 1) 0.9,0.1) 0.8,0.2) 0.7,0.3) 0.6,0.4) 0.5, 0.5)
(10, 20, 40) 0.3480 0.4670 0.6380 0.7650 0.8500
(30, 60, 120) 0.4840 0.8090 0.9820 0.9990 1.0000
(50, 100, 200) 0.6190 0.9730 1.0000 1.0000 1.0000
(70, 140, 280) 0.7020 0.9980 1.0000 1.0000 1.0000
(90, 180, 360) 0.7900 1.0000 1.0000 1.0000 1.0000
(110, 220, 440) 0.8620 1.0000 1.0000 1.0000 1.0000
(130, 260, 520) 0.8970 1.0000 1.0000 1.0000 1.0000
(150, 300, 600) 0.9440 1.0000 1.0000 1.0000 1.0000
(170, 340, 680) 0.9520 1.0000 1.0000 1.0000 1.0000
(190, 380, 760) 0.9810 1.0000 1.0000 1.0000 1.0000
(210, 420, 840) 0.9880 1.0000 1.0000 1.0000 1.0000
(230, 460, 920) 0.9950 1.0000 1.0000 1.0000 1.0000
(250, 500, 1000) 0.9980 1.0000 1.0000 1.0000 1.0000

”,i= 1,2,...,]71;th=
Zjt, j=p1+1,..., p2. The pair of two numbers in this table is the value of (g, a1).

The powers are under the alternative hypothesis that Y;; = Z;;,/ag + o1 X 2

Normal (0, 1) and {x;:¢# =1, ..., n} are independent across ¢. Moreover, {z;:t =
1,...,n} are independent of {x;:t =1, ...,n}.

For this model, x; and y; are dependent but uncorrelated. Simulation results
indicate that the proposed test statistic S,, cannot detect the dependence between
them. Nevertheless, if we substitute the elements Xl-zt and Yl-zt for X;; and Y},
respectively, in the matrix Sy, then the new resulting statistic S, can capture the
dependence of this type. This efficiency is due to the correlation between the high
powers of X;; and Yj;.

Tables 7 and 8 list the powers of the proposed statistics S, and 7, for testing
model (6.5) in several cases, that is, o9 and o1 take different values. For the statistic
T,, since the covariance matrix of x is an identity matrix, we use the original
statistic 7, in Theorem 2.3. From the table, we can find the phenomenon that as o/
increases, the powers also increase. This is consistent with our intuition because
larger o brings about larger correlation between Y;; and Xj;.

7. Empirical applications. As an application of the proposed independence
test, we test the cross-sectional dependence of daily stock returns of companies be-
tween two different sections from New York Stock Exchange (NYSE) during the
period 2000.1.1-2002.1.1, including consumer service section, consumer duration
section, consumer nonduration section, energy section, finance section, transport
section, healthcare section, capital goods section, basic industry section and pub-
lic utility section. The data set is obtained from Wharton Research Data Services
(WRDS) database.
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TABLE 8
Empirical powers of the proposed test T,, at 0.05 significance level for x and 'y with ARCH(1)
dependent type
(p1s P2, 1) 0.9,0.1) 0.8,0.2) 0.7,0.3) (0.6,0.4) (0.5,0.5)
(100, 50, 80) 0.6020 0.6180 0.7270 0.8930 0.9660
(140, 70, 120) 0.6370 0.7890 0.8020 0.8990 0.9820
(180,90, 150) 0.7490 0.8280 0.9090 0.9920 1.0000
(200, 100, 170) 0.8130 0.8730 0.9930 1.0000 1.0000
(240, 120, 180) 0.8920 0.9720 0.9950 1.0000 1.0000
(280, 140, 250) 0.9470 0.9870 1.0000 1.0000 1.0000
(320, 160, 270) 0.9900 0.9980 1.0000 1.0000 1.0000
(360, 180, 290) 0.9910 0.9940 1.0000 1.0000 1.0000
(400, 200, 310) 0.9890 0.9950 1.0000 1.0000 1.0000
(440, 220, 330) 0.9920 1.0000 1.0000 1.0000 1.0000
(480, 240, 350) 0.9980 0.9970 1.0000 1.0000 1.0000

The powers are under the alternative hypothesis that Y;, = Z;;/ag + quizt, i=1,2,....,p; Y=

Zj,j=p1+1,..., pz. The pair of two numbers in this table is the value of («q, «1). The parameter
t in the statistic 7}, takes value of 40. The original statistic 7}, in Theorem 2.3 is used.

We randomly choose p; and p; companies from two different sections, re-
spectively, such as the transport and finance section. At each time ¢, denote
the closed stock prices of these companies from the two different sections by

T T .

X; = (X171, X215 -+, Xp;)" and yr = (Yir, Y21y -+ Ypor)© > respectively. We con-
: : X __ (X X X y _ .Y y y .
sider daily stock returns ry = (r{,, 15, ..., rplt) and r; = (r{,, 15, .-+, rm,) with
X __ Xit © y _ Yijt s :
ry = logxi,H, i=1,2,..., p; and rit = log VT j=1,2,..., pa. The goal is

to test the dependence between r} and r.

The proposed test S, is applied to testing dependence of r} and r;. For
each (p1, p2,n), we randomly choose p; and p, companies from two different
sections, construct the corresponding sample matrices X = (r},r3, ..., r’;l) and
Y= (r{, rg, ey r%z), and then calculate the P-value by applying the proposed
test. Repeat this procedure 100 times and derive 100 P-values to see whether
the cross-sectional “dependence” feature is popular between the tested two sec-
tions.

We test independence of daily stock returns of companies from three pairs of
sections, that is, basic industry section and capital goods section, public utility
section and capital goods section, finance section and healthcare section. From
Tables 9, 10 and 11, we can see that, as the pair of numbers of companies (p1, p2)
increases, more experiments are rejected in terms of the P-values below 0.05. It
shows that cross-sectional dependence exists and is popular for different sections
in NYSE. This suggests that the assumption that cross-sectional independence in
such empirical studies may not be appropriate.
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TABLE 9
P-values for (p1, py) companies from basic industry section and
capital goods section of NYSE

No. of exp.

P-values: (P15 p2, 1) (P15 p2, 1)
P-value interval (10, 15, 20) (15, 20, 25)
[0,0.05] 56 60
[0.05,0.1] 22 20
[0.1,0.2] 9 12
[0.2,0.3] 2 5
[0.3,0.4] 10 0
[0.4,0.5] 1 3
[0.6,0.7] 0 0
[0.8,0.9] 0 0
[0.9,1] 0 0

These are P-values for (p1, pp) companies from different two sec-
tions of NYSE: basic industry section and capital goods section,
each of which has n daily stock returns during the period 2000.1.1—
2002.1.1. The number of repeated experiments is 100. All the closed
stock prices are from WRDS database. No. of Exp. is the number of
experiments whose P-values are in the corresponding interval.

TABLE 10
P-values for (p1, py) companies from public utility section and
capital goods section of NYSE

No. of exp.

P-values: (p1, P2, 1) (P1, P2, 1)
P-value interval (10, 15, 20) (15, 20, 25)
[0, 0.05] 76 84
[0.05,0.1] 10 12
[0.1,0.2] 4 2
[0.2,0.3] 7 1
[0.3,0.4] 0 1
[0.4,0.5] 2 0
[0.6,0.7] 1 0
[0.8,0.9] 0 0
[0.9,1] 0 0

These are P-values for (p1, pp) companies from different two sec-
tions of NYSE: public utility section and capital goods section,
each of which has n daily stock returns during the period 2000.1.1—
2002.1.1. The number of repeated experiments is 100. All the closed
stock prices are from WRDS database. No. of Exp. is the number of
experiments whose P-values are in the corresponding interval.
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TABLE 11
P-values for (p1, pp) companies from finance section and
healthcare section of NYSE

No. of exp.

P-values: (P15 P2, 1) (P15 P2, 1)
P-value interval (10, 15, 20) (15, 20, 25)
[0, 0.05] 90 92
[0.05,0.1] 4 5
[0.1,0.2] 5 1
[0.2,0.3] 1 2
[0.3,0.4] 0 0
[0.4,0.5] 0 0
[0.6,0.7] 0 0
[0.8,0.9] 0 0
[0.9, 1] 0 0

These are P-values for (py, pp) companies from different two
sections of NYSE: finance section and healthcare section, each
of which has n daily stock returns during the period 2000.1.1-
2002.1.1. The number of repeated experiments is 100. All the closed
stock prices are from WRDS database. No. of Exp. is the number of
experiments whose P-values are in the corresponding interval.
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SUPPLEMENTARY MATERIAL

Supplement to “Independence test for high dimensional data based on reg-
ularized canonical correlation coefficients” (DOI: 10.1214/14-A0S1284SUPP;
.pdf). The supplementary material is divided into Appendices A and B. Some
useful lemmas, and proofs of all theorems and Proposition 4-5 are given in Ap-
pendix A while one theorem related to CLT of a sample covariance matrix plus a
perturbation matrix is provided in Appendix B.
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