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ISOMETRIC IMMERSIONS OF EUCLIDEAN PLANE
INTO EUCLIDEAN 4-SPACE WITH VANISHING NORMAL CURVATURE
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Abstract. Every isometric immersion of R? into R* with vanishing normal curvature
is assosiated with a pair of real-valued functions satisfying a system of second order partial
differential equations of hyperbolic type, and vice versa. An isometric immersion with vanish-
ing normal curvature is revealed to be multiple-valued in general as is shown by some concrete
examples.

Introduction. Hartman [12] showed that, for each pair of integers (n, p) with 1 < p <
n, an isometric immersion f of R" into R"*? is written as

f=Bo(lxh)oA,

where A is an isometry of R", 1 is the identity mapping in R"~7, h is an isometric immersion
of R” into R?? and B is an isometry of R"*7. In view of this, the problem of describing
all isometric immersions f of R" into R"™P is reduced to that of describing all isometric
immersions & of R into R?P. For p = 1, every h is completely characterized by a real-valued
function of single variable (see Chern-Kuiper [5] and Dajczer et al. [6] for more detailed
informations). For p > 2, the problem of describing all # remains elusive, even for p = 2.

In a paper [2], do Carmo and Dajczer have constructed all local flat immersions of R?
into R* which are nowhere composition and whose first normal spaces have dimension 2 (see
[7] for related works). They constructed an immersion f of a small open subset U of R? into
R* by means of a quartet {£, u, w, y}, where £ is an immersion of U into $3, u and w are
linearly independent unit vector fields on U with respect to the pull-back g of the standard
metric on S° through &, and y is a function on U. They also showed that the normal curvature
of the immersion f is zero or non-zero according as the integral curves of w are geodesic
or not, respectively, in the Riemannian manifold (U, g). Their construction depends on a
geometric argument, however it is local one. Based on the results of [2], Dajczer and Tojeiro
[8] have classified all local flat surfaces in R? with flat normal bundle, that is to say, with
vanishing normal curvature.

Recently, Galvez and Mira [9] announced that they generated new complete flat cylinders
in R* with vanishing normal curvature and regular Gauss maps as small perturbations of Hopf
cylinders.

In this article, we restrict ourselves to isometric immerions of R? into R* with vanishing
normal curvature and start from the general theory by E. Cartan [3]. The structure equations
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of R* involve ten exterior differential 1-forms (see (3)). These forms are to be represented
by means of a standard coordinate system (x, y) of R?. Five 1-forms among them are known
owing to [3, no. 50]. We can omit another 1-form by assuming that the normal curvature
vanishes identically. Then, remaining four 1-forms contain only two real-valued functions.
This is a reduction of our problem.

Our first result is the following. Every isometric immersion f of R? into R* with van-
ishing normal curvature is associated with a pair of real-valued functions (1, u2) satisfying a
system of partial differential equations

(@ 2u1 — 3, 2un)dydyuy = (3, 2uz — 3 2uz)dxdyuy ,

(1
(0xdyu1)* + (x0yu2)* = (3,2un)(,7u1) + (3,7u2)(3,7u2) ,

and vice versa (see Proposition 1.1 in §1). f is global if and only if (u1, u2) is global. We can
leave the structure equations aside. The question is how to solve (1).

A key is the invariance of (1) by isometries of the xy-plane and by isometries of the
ujuz-plane. This leads us to the definition of polar coordinates (p, a, b, ¢) of (u1, uz) (see
Lemma 2.1 in §2). Above all, p and a are invariant and the rank of a matrix

p_ (0w V20 0w
T \9%ur V200yur 9 2uy

is also invariant (see (21)). In this article, we study two cases where the rank of P is identically
equal to 1 or identically equal to 2. In the first case, an equation

24) Oy sin@ = dy cos @

is fundamental (see Proposition 3.1 in §3). In the second case, an important part of (1) is

reduced to a semi-linear equation

36 32A  9%A B—o

(36) 8s12 8s22 TE=

after a change of independent variables from (x, y) to (s1, s2) (see Proposition 4.2 in §4).
We can conclude that isometric immersions and the solutions of (1) are multiple-valued

in general. Solutions 6 of (24) are in fact multiple-valued in the first case (see Lemma 3.3

in §3 and Examples 3, 4 in §5), and the transformations from (x, y) to (s1, s2) are multiple-

valued in the second case. For the isometric immersion in Example 6, a classical asymptotic

analysis guarantees an infinite number of function elements (see Lemmas 5.2 and 5.3 in §5)

and the image of R? is a Riemann surface realized in R*.

1. Reduction of the structure equations. The Euclidean space of dimension # is the
set R" with the coordinate system ¢ = ‘(¢,...,1,) and endowed with the scalar product
(t,t") = nt} +-- - +1,1,. A cartesian coordinate system s = "(s1, ..., s,) of R" is said to be
standard if the scalar product is equal to (s, s’) = s15] +- - - +s,s,,. The tangent space at every
point of R" is identified with R" itself. A mapping s + ¢ of R" into itself is an isometry if
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t = As + b with a constant orthogonal matrix A with det A = 1 and a constant vector b € R"
(see Cartan [4, no. 27]).

Let (x, y) be a standard coordinate system of the Euclidean space R>. The distance
of two points (x, y), (x’,y’) is defined to be /(x' — x)2 + (y/ — y)2. Let (11, 2, 13, 14) be
a standard coordinate system of the Euclidean space R*. The distance of two points ¢, ¢’
is defined to be |t/ — ¢| =\/(t{ 1)+ (t) — 14)2. A function f of x, y of class C!
defined on R? (or on an non-empty domain of R?) with values in R* is said to be an isometric
immersion of R? (or of the domain of R?) into R* if |[df|?> = (dx)*+ (dy)? in the domain of
definition of f.

PROPOSITION 1.1. (i) Given any isometric immersion f of R?* into R* with van-
ishing normal curvature, we can find a pair of real-valued functions (u1, u2) of class C?
satisfying a system of partial differential equations

0 ur — 8, 7u1)dcdyus = (3,7uz — 0,7u2)dxdyu .
(0xdyun)® + (Dxdyuz)* = (3,7u1)(3,7u1) + (0,7u2)(d,7u2) ,

where (x, y) is a standard coordinate system of R* and 8, = 8/dx, 0y = 0/0y.

(1

(ii) Given any pair of real-valued functions (u1, uz) of class C* satisfying (1), we can
find an isometric immersion f of R* into R* with vanishing normal curvature.

PROOF. (i) We formulate the problem following Cartan [3, no. 50]. A system
{M, eq, e2, €3, e4} is said to be an orthonormal moving frame of R*if Misa point of R*
and if {eq, e, e3, e4} is an orthonormal basis of the tangent space of R* at M. In this article,
a moving frame is always assumed to be direct, that is to say, endowing R* with the same ori-
entation as a standard coordinate system does. The infinitesimal variation of an orthonormal
moving frame is written by a system of equations

4 4
2 dM = wjej, dej=» wjer (1<j<4),
j=1 k=1
where w; and wj; are exterior differential 1-forms which satisfy the structure equations
4 4

3) da)jZZa)l/\a)lj, da)jk=Za)jl/\wlk, a)jk~|—a)kj=0 (1§j,k§4).

=1 =1

Given an isometric immersion f with vanishing normal curvature of R? or of a non-

empty domain of R? into R*, we define

@) el =0.f, e=0if.

Then, {e1, €5} is a standard orthonormal basis of the tangent space of the image of R” by f
at f(x, y). Take any orthonormal basis {e3, e4} of the normal space to the image at f(x, y)
such that {eq, e2, €3, e4} be direct. Let (2) be the equation of infinitesimal variation of the
frame {M, ey, e2, e3, e4} of R* with M = f(x,y) defined on the image by f and let (3)
be the integrability condition for (2). Then, w; = (df, e;) and wjx = (de;, e) are linear
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combinations of dx, dy whose coefficients are real-valued functions of x, y. We have at first
w; =dx,wm =dy, w3 =0,w4 =0.

We set wjx = ajrdx + bjrdy, where aj; and b j; are real-valued functions of x and y.
Then, dw; = —dy Awip = 0and dwr = dx Awip = 0 imply w12 = 0. Next, dw3y =
dx ANwiz +dy ANwy3 = 0and dwgs = dx A wia +dy A wpa = 0 imply b13 = a3 and
b14 =da4 . SO, we have only eight functions als, b13 = dajp3, ai4, b14 = djp4, az4, b23, b24, b34
to be distinguished among ai’s and b j;’s. Changing the notation, we set

@ w13 = hadx + qpdy, w14 = —hidx — q1dy, w34 = sdx +tdy,
w3 = qdx +kody, wu=-—gdx —kidy, w;2=0.

Then, the second structure equation dwjx = Y w i1 A wj in (3) is written as follows.
0xg1 —sg2 = Oyhy —thy, 03yg1 —tg = 0xk1 — skz,

(b) dxg2+sg1 = 0yha +thy, 0dyg +1g1 = dxka + ski,
It — dys = (hy — k) g1 — (hi —kD) g2, hiki + haka = g> + g%

The exterior differential of w34 = (de3, es) is independent of the choice of orthonormal basis
{e3, e4} of the normal space. The normal curvature R, is defined as follows.

dwig = Rydx ANdy, or R, =0yt — dys.

R, is independent of the choice of standard coordinate system (x, y). In the present work,
we assume that R, = 0 identically in the domain under consideration. So, there exists a real-
valued function x such that s = 9, x, t = 9y x if the domain under consideration is simply
connected. Once a x chosen, we set

g =g1cosxy —qsiny, h =hjcosxy —hysiny, k =kjcosy —kysiny,
g =gisiny +qcosy, h =hysiny+hycosy, Kk'=kysiny+kycosy.

The first four equations of (b) yield 9,g = 9yh, dyg = 9k, dxg’ = d,h’, 3,¢" = 9,xk’. So,
there exists a pair of real-valued functions (u1, u2) such that

g = dcdyuy, h=02u, k:a)?ul, g = dx0yus, B =09 u;, k’:ayzuz.

In fact,
x y x
uix, y) = f dx’ f o Yy + / (x — ¥)h(x', 0)dx’
0 0 0

y
+ / (v =¥k, Y)dy' + px +qy +r,
0
where p, g, r are real constants. u; is given similarly. g;, h;, k; are represented as

g1 = (€08 X)BByuy + (sin )ddyuz . g2 = —(sin x)dxdyu1 + (08 X)drByua
(©) ki =(cos x)d u1 + (sin x)d, uz , hy = —(sin )3, 2u1 + (cos )9, uz ,

ki = (cos )9, u + (sin x)9,*uz ky = —(sin x)9,7u1 + (cos x)d, u .
And then, the last two equations of (b) imply (1).
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(ii)) Conversely, let (11, u2) be a pair of real-valued functions satisfying (1). Then, the
equation (3) holds if w;, wjx are defined to be

w13 = (cos x)d(dxuz) — (sin x)d(dxu1), w41 = (cos x)d(dxu1) + (sin x)d(dxuz),
(5) @23 = (cos X)d(Byu) — (sin X)d@Byu1) . ws2 = (cos x)d(@Byur) + (sin x)d (Byu2)
wis=dy, wi2=0, w1y =dx, wa=dy, w3=w4=0,
where x is an arbitrary real-valued function. We eliminate y by setting
(6) él =er, éz =e, 53 = (COS X)e3 — (sin )()64 s 54 = (sin X)e3 + (COS )()64 .
Then, dej = ) wjkey are rewritten as
dey = (ddcuz)és — (docur)és, dez = —(doyuz)er — (ddyuz)er ,

7 . N A A A N
@) der = (dayuz)e3 — (daylxll)€4 , deq = (doyur)e; + (dayul)ez.

To integrate (7), we fix throughout this article a direct orthonormal basis {1,i,j,k} of R*
independent of x, y and identify it with a basis of quaternions over the real number field R.
Let 1 be the unit of multiplication and

iP=j=k*=-1, jk=-kj=i, ki=-ik=j, ij=—ji=k.

This endows R* with the structure of an algebra over R. Every point of R* is identified with
a quaternion q = q11 + ¢2i + g3 j + q4k. Given a q, we define exp q to be

1
_ P
equ_l—i—zn!q .

n=1

In particular, exp(tq) = (cos?)14(sint)q if q? = —1 and if 7 is a real number.
Remark that (q, q') = R(qq’), that is to say, the scalar product of two vectors q and

q in R* is equal to the real part of the product of two quaternions q and q', where q =
q11 — q2i — g3 j — qsk. Let S be the unit sphere of R*. Every orthogonal matrix A of order
4 with det A = 1 is associated with two points u, v of $3 such that

Two pairs (1, v1), (42, v2) represent the same A if and only if either (12, v2) = (11, v1) or
(n2,v2) = (—p1, —v1) (see Cartan [4, no. 281, 282] and Yokota [17, p. 100]). Every direct
orhonormal basis {e], ez, e3, e4} of R* is therefore represented as

(® ey =pulv, ep=piv, e3=pujv, e4=pukv.

Let i, v be functions of x, y with values in s3 satisfying

1 ) 1 .
)] dp = Eud(gm —guk), dv= Evd(gzzj + ¢1K),
where

g1 = Oxuy — Oyuz, g2 = dyuy + dxuz,

10
(10) Q1 = Oxu1 +0yuz, Goo = yuy — Oxuy.
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(7) is interpreted as (9) combined with (10). Also, (1) is equivalent to
(11) dgiindgia=0, dgpiANdgn=0.

Hence, g1 and g1, are functionally dependent, and so are g21 and g7 . So, (9) consists of two
independent systems of ordinary differential equations, one for u and the other for v. (9) is
integrable as is verified by exterior differentiation of both sides. We determine x and v from
(9) by prescribing arbitrary values of them at a fixed point. Then, we have a following solution
of (7).

e =€ =uv, ey =e =puiv, e3=pexp(x)jv, es=pexp(xikv,
e3 = ujv, e4 = ukv.
Finally, by integrating df = (dx)e; + (dy)e> (see (4)) or equivalently
12) df = p{ldx)1+ (dy)i}v,
we obtain an isometric immersion f with vanishing normal curvature. a

COROLLARY 1.2. Let f and f be isometric immersions with vanishing normal cur-
vature, and (uy, ua) and (i1, u2) be solutions of (1) associated with f and f in Proposition
1.1, respectively. Then,

) f = f if and only if there exist real constants pj,qj,r; (j = 1,2) such that

13) ujx,y) —uj(x,y)=pjx+qjy+r; (G=12).

(ii) There exists an isometry S of R* with f = Sf if and only if there exist real con-
stantsl, pj,qj,r; (j =1,2) such that

(14 up(x,y) =uy(x,y)cosl —uy(x,y)sinl + pi1x +q1y +r1,
uy(x,y) =ur(x,y)sinl + uy(x, y)cosl + prx +qay +ra.

PROOF. (i) If two solutions (u1, uz), (i1, i2) represent the same g;, i, k; as in (c),
we have 8,2(iij — u;) = 0, 3,0y (ii; —u;) = 0 and ayz(ﬁj — uj) = 0, which imply (13).

(i) Denote df = (dx)ei + (dy)es and d f = (dx)é; + (dy)é, by means of moving
frames {f, e1, €2, 3, ea} and { f, €1, €2, €3, €4} with w34 = @34 = 0. Then, from (7),
@ dey = (doyuz)ez — (doyui)es, dez = —(doruz)er — (ddyuz)es,
dey = (ddyuz)es — (ddyur)es, des = (ddyur)er + (doyui)es;
dey = (doyiip)es — (doyit)és, dés = —(docin)e; — (doyiin)er ,

(e) - s s . s oo
dey = (ddyuiz)es — (doyuy)es, dey = (doyur)er + (doyuy)es.

Set f = Sf = Af + £ with a fixed orthogonal matrix A (det A = 1) and a fixed point f°
of R*. Then, d f = Adf implies ¢; = Aej and é; = Aes . So, €3 and ¢4 are spanned by Aes
and Aey . Since {Aeq, Aey, Aes, Aes} and {e1, €2, 3, e4} are direct, we set

) e3 = (cosl)Aes — (sinl)Aes, e4 = (sinl)Aes + (cosl)Aey.
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We have (dej, Aex) = 0for3 < j, k < 4 because (dej,ex) =0for3 < j,k <4.So,lisa
constant. By (f) combined with (d), (e) and by ¢; = Ae; for j = 1,2, we have

doy(iy —uycosl +uzsinl) =0, doy(@; —uycosl +uzsinl) =0,
doy(iy —uysinl —uzcosl) =0, doy(z2 —uysinl —uzcosl) =0.

So, (14) holds.

Suppose conversely that (14) holds. Let {ey, e2, €3, ea} and {ey, ez, €3, €4} be two or-
thonormal moving frames of R* which satisfy (d), (e) and which are equal to {e?, eg , eg, eg}
and {é(l), 5(2) , 5(3), ég}, respectively, at a fixed point (x, yO). Then, there exists a constant or-
thogonal matrix A (det A = 1) such that

& =4e), & =Ae), (cosE+ (sinl)é) = Aed, —(sinl)&) + (cosl)é] = Aef.

{e1, €2, (cosl)e3+ (sinl)eq, —(sinl)ez+ (cosl)es} and {Aey, Aer, Aes, Aes} satisfy the same
system of equations (d) and they are equal at (x°, y°). So, they are identically equal. And
hence, d f = Adf and f = Af + f° = Sf, where f0 is a fixed point. O

2. Invariance of (1) by isometries. Given a solution (u1, uz) of (1), we set
(15) pi1=02uj, pjp=ddu;, pj3= ayzuj (=12).
Then, p ;i satisfy quadratic equations and integrability condition

(16) (p11 — p13)p22 = (p21 — p23)p12,  PLip13 + p21p2s = P122 + Pzzz,

(17) 0yp11 = 0xp12, 0Oyp12=0xp13, Oyp21 =0xp22, 0yp22 = 0xpP23.

Conversely, if a set of six real-valued functions pj; satisfies (16) and (17) in a simply-
connected domain, it is associated with a solution of (1). In fact, we set

(x.y) (x.y) )
vj 2/ (pj1dx + pjady), wj Z/ (pjodx + pjady) (j=1,2).
(0,0) 0,00
Then curvi-linear integrals are well-defined in view of (17),
0xVj = pj1, Oyvj=0ywj=pj and dyw; = pj3
for j =1, 2. So, we set further
(x,y)
uj=/ (vjdx +wjidy) (j=1,2).
0,0

Then curvi-linear integrals are well-defined, (15) holds and (u1, u3) satisfies (1).
In this way, every solution (i1, u2) of (1) is associated with a 2 x 3 matrix

(18) P=<P11 V2pi2 P13)=<8x2”1 V23, dyuy 3y2u1>
pa V2pn px 32Uz N2 8:8yur 3y2u2
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whose entries satisfy (16) and (17). Observe that

trace(P'P)= pj +2p5 + P53+ Py} +2p5 + P = (P11 + p13)* + (21 + p23)?
= (p11 — p13 — 2p22)* + (p21 — p23 + 2p12)?
= (p11 — P13+ 2p2)? + (p21 — p23 — 2p12)?.
Let us define the polar coordinates p, a, b, ¢ of P(# O) in the following way.
0 = Aftrace(P 'P) = (plz1 + 217122 + pfq) + pzz1 + 2p222 + pz%))l/2 =0,
(19) pi1+ pi3=pcosb, pa+ p3=psinb, '
pit — p13 —2pn=pcos(b+a-+c), p2—ps+2pn=psinb+a+c),
pit— pi13+2pn =pcostb+a—c), p2—p3—2pip=psinb+a—c).
We do not define a, b, c at P = O. Real numbers a, b, ¢ can be defined independently as
follows.
ang — (p11 + p13)(p21 — p23 + 2pxi) — (p21 + p23)(p11 — p13 + 2pi2i)
(p11 + p13)(p11 — P13+ 2p12i) + (p21 + p23) (P21 — pas + 2pni)’

. i 2 +2 i .
(P11 + p13) + (P21 + p23)i = pe?’,  tanc = Prreirel i =v=1).
pi1 — p13 + (p21 — p23)i

Although we will not use these equalities in what follows, we can verify that the fractions are
real-valued and never reduced to 0/0 as far as p > 0. Two points (p, a, b, c), (p’,a’,b’, c’)
of the coordinate space represent the same P(# O) if p’ = p > 0 and if (a/, ', ') =
(a+ jm,b+2km,c+ (j + 20)m) for some integers j, k, [.

If a2 x 3 matrix P is a function of x and y satisfying (16), the polar coordinates p, a, b, ¢
defined by (19) are also functions of x and y, and vice versa. If P satisfies (17), the entries p
are the second order derivatives of some functions u1, u> of x and y whose couple satisfies
the system of equations (1). Therefore, the system (1) will be rewritten as a certain system of
partial differential equations whose unknown is a quadruple of functions (p, a, b, ¢).

LEMMA 2.1. p,a,b and dc are invariant by isometries of the xy-plane. p, a, c and
db are invariant by those of the uyuy-plane. The system (1) and the rank of P are invariant
by isometries of the xy-plane and the uiu>-plane.

PROOF. We proceed by linear algebra introducing seven matrices
1 01 000 1 0 -1 02 0
Q1—<0 0 0>, Q2—(1 0 1), Q3_<O—ﬁ ) Q4—(1 0_1),

0 0 1
1 0 -1 0 -2 0
QS_(OJE 0)’ Q6_<1 0 —1)’ "= (1) by
By an isometry of the xy-plane
£=xcoshA—ysinA+x", $=xsinA+ycosi+y°

and by an isometry of the uu;-plane (see Corollary 1.2, (ii))

] =ujcos) — uzsin)\’~|—u(1), iy = ulsink’+uzcosk’+u8,
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P is subjected to transformations P=PLand P=LP, respectively, where

29 1 2
COS” A ﬁsm2k sin” A

- 1. 1. . cosA’ —sin)/
= | —=sin2X cos2X —=sin2X =
L V2 | V2 . L ( sinA’  cosA )
sin?x =Lsin2n cos? A
V2

L, L are orthogonal, IH=HLand PP ='IPPL = PP, PH'P ='LPH'PL = PH'P.
A 3 x 3 orthogonal matrix L is equal to L for some A ifdetL = 1 and if LH = HL. Any
polynomial of p jx which is invariant by these two kinds of isometries is a polynomial of four
variables

(@)  hy =trace(P'P), hp =trace(PH'P), h3=det(P'P), hs=det(PH'P)
due to the Hamilton-Cayley theorem. Now, (1) implies 4y = h3 + hs = 0 because
hy=2(p11p13 + P21p23 — P2 — P)» h3 +ha=2{(p11 — p13)p22 — (p21 — p23)p12}* .

We switch over to the polar coordinate system. Then, h; = p2 and h3 = (p*/4) sin’ a.
So, any function of pj;’s satisfying (16) which is invariant by all these isometries is a function
of p and a. We see that

(20) RankP =0 if p=0, rank P =11if p >sina=0, rankP =2 if psina #0.

So, the system (1) and the rank of P are invariant by all these isometries.
Next, we rewrite (19) in the following way.

4/p)P =2cosb Q1 +2sinb Oy +cos(b+a+c) Q3 +sin(b+a +c) Qa

b
®) +cos(b+a—c)Qs+sinb+a—c) Qg .-
This and
Q1L = Q1, Q3L = Q3c052x + Q4sin2x, QOsL = Qscos2: — Qgsin2A,
© 02L = 02, Q4L = —Q3sin27 + Q4cos21, QgL = Ossin2A + Qg cos 22,
in = QjcosA + Qjysind/, in—H =—Q;jsinA + Qjy1cos)’
(=135
combined with P = PL, P = LP imply
b=b, b+a+é=b+a+c+2r, b+a—¢é=b+a—c—2xr,
b=b+), b+ad+é=b+a+c+), b+da—-C=b+a—c+N

We have finally the following law of transformation.
b =p,

21 «
ey 5=p

Hence, the lemma is proved. O
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Thinking it as the Cauchy problem is not a good idea to solve (1). Let us explain the
reason why. A solution (u1, u2) of (1) annihilates two forms

Fi(uy, u2) = @xdyu1)® + 0xdyu2)® — 0,2un) (3,2u1) — (07u2) (3, 2u2)
Fy(ur,u2) = (0,2u1 — 0,2u1)0,0yuz — (3, 2uz — 9,u2) 0 dyu; .
We define linear partial differential operators [ (j, k = 1, 2) to be

Fi(uy +td,uz) — Fj(uy, uz) Fi(uy,us +t¢) — Fj(u, uz)
t t '

liip = 1i , linp=1
1o ti% ¢ ti%

They are

<111 112> _( 2p120x0y — p139,” — p119, 2p20xdy — p23d,” — pa1d,} )
by Ixn p20(d2 — 3y2) — (p21 — P23)3xdy (P11 — P13)dxdy — p12(3,2 — 3y2) ’

Regarding p i as constants and § = 9, n = 0y as indeterminates,

(22) il — Lol = p*(€ sinyry — ncos Y1) (& sin Y2 — 1 cos )
x (€ siny3 — ncos¥3) (€ cos Y3 + 7 sin ¥r3)

is said to be the characteristic polynomial of (1) (see Petrowsky [13, Kap. III, §2]), where
Y1 =(c+a)/2, Y2 = (c —a)/2,¥3 = c/2. Four factors s ;& 4 ¢;1 on the right hand side of
(22) depend on unknowns, they are distinct if the rank of P is equal to 2, while three of them
are the same if the rank of P is equal to 1. So, the Cauchy problem is not easy to solve. From
now on, our unknown functions are rather p, a, b, ¢ than uy, u .

We can construct isometric immersions f and (u1, u») if we know p, a, b, c as functions
of x, y. To do this, we take the rank of P into account (see (a) above). The rank of our P is
equal to the dimension of the first normal space in the notations of do Carmo and Dajzcer [2].
They assumed this number to be constant.

If P = O in a non-empty simply-connected domain, ¢; are constant (see (7)) and the
image is a domain of a fixed two-dimensional Euclidean subspace of R*. This case apart, we
restrict ourselves in this article to the following two cases.

1. Rank P =1 (a/m is an integer) in a simply-connected domain;

2. Rank P =2 (a/m is never an integer) in a simply-connected domain.

We reduce (1) to two single equations (24), (25) of the first order in the case 1 (see §3),
and to a single equation (36) of the second order in the case 2 (see §4).

3. Therank one case. Suppose that the rank P be identically equal to 1 for a solution
(u1, uz) of (1) in a non-empty simply-connected domain of the xy-plane. We can represent
Djk’s as
(23)  pji=&sin’0, pjp=—Ecosfsing, pp=gicostl (j=1,2)
if we set pj1/pj2 = pj2/pj3 = —tan6. And then, we have

0=(c+a+mn)/2 (modnZ), & =pcosb and & = psinb.
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PROPOSITION 3.1. Any triplet (8, &1, §&2) of real-valued solutions of partial differen-
tial equations

(24) dy sinf = 9y cos b,

(25) Ox(§jcosf) +0y(§;sinf) =0 (j=1,2)
gives rise to a solution of (1).

PROOF. The equalities (16) hold if p ;i are represented as (23) by means of a triplet
(0, &1, &). Also, the integrability condition (17) holds if the triplet satisfies (24) and (25). So,
pjk are the second order derivatives of a solution of (1). O

COROLLARY 3.2. In the notations of Proposition 3.1, 8 is of class C? in the whole
plane if and only if 0 is a constant and if u1, uy are functions of single variable y cos § —x sin 6
up to polynomial functions of degree one.

PROOF. First, let us show that a solution 8 of (24) of class C 2 in the closed disk D of
radius R with center at (x°, y°) satisfies the inequality

(26) @007y + (8,00, y))? < 1/R2.
In fact, suppose (xO, yo) = (0,0) and (0, 0) = O (see (21)). Then, 8(x,0) = 0 for —R <
x < R because 0, (x, 0) = —0y(x, 0) tan 0 (x, 0). The function

Y(x,y) =0ycos0 — 6y sinf
isof class C1, 0, = — sin6 and 6, = ¥ cos 0. The equality 6, = 0,y yields

Yy cosO + ¢y sinf = —y2.
Restricting this to y = 0, we have

V(x,0) =s/(1+sx)

for —R < x < R, where s = (0, 0). So, |s|R < 1, proving (26).

6 is a constant if @ is of class C? in the whole plane, as is shown by making R go to +o00
in (26). Let & = —m /2, for example. Then, pj> = p;3 = 0 and 9,§; = O for j = 1, 2 (see
(23) and (25)). So, u1, us are functions only of x up to polynomial functions of degree one.

Conversely, a pair of arbitrary functions (u1(x), u2(x)) is a solution of (1), and the
equations (24) and (25) hold if we set 8 = —m/2,&; = u’/f(x) (j = 1,2) (see Example 1
in §5). )

A general algorithm to solve (24) is as follows. Draw an arbitrary smooth curve in the
plane which is assumed to be

C ={(x,y) € R* h(x,y) =0},

where h is a real-valued smooth function such that (h,, hy) # (0, 0) everywhere on C (we
denote hy = 0yh, hy = dyh). Given an arbitrary point (x, y) of R? (not necessarily on C),



534 H. MORI AND N. SHIMAKURA

suppose that through (x, y) passes a straight line which is normal to C at (x’, y’), say. Then,
we have

(27) h(x',y) =0, hy(x', y)x —x") = he (X", y)(y = ¥)
and there exists a real-valued function § = 0(x, y) (mod 7 Z) such that
(28) hy(x', y")cos® = hy(x', y') sin6 .

Let us show that x” and y’ are piecewise smooth functions of (x, y), multiple-valued in
general. We define the signed arclength s on C measured from a fixed point according to an
orientation of C and denote the range of s by / when we run over C. Then, a point of C is a
function of s which we denote by (¢, n) = (&£(s), n(s)) (s € I).

If the normal line to C at (§(so), n(so)) passes through (x, y), the length of the vector
(x —&(s), y — n(s)) is extremal at s = 59 and this vector is perpendicular to the unit tangent
vector (d&€/ds(so), dn/ds(sp)). By deleting the suffix 0, we have

dn d&
(@) X=$(S)—l—d ), y=n()+I-=()
K ds

with a real number / if the normal line to C at (£(s), n(s)) passes through (x, y). [/ is the
signed distance from (x, y) to C along the normal line. Two equalities () define in turn a
mapping (s, [) — (x,y) of I x R into R?. The exterior differentiation yields

B dxndy={1—-Ik(s)}ds Adl (K(S) —é(S) ()——() E())

k is equal to the curvature of C at (£, ). The focal set

) F={<x VER x= é(s)—%d (). y= n()+%j(s> sel, x(s)#O}

is independent of the orientation of C, because /x is unchanged if we reverse the orientaion
of C and change the sign of [ at the same time.

Let U be a connected component of the complement of I". The inverse mapping (x,y) >
(s, 1) of () of U into I x R is constructed in the following way. We apply the implicit function
theorem to the equation

d& dn
(é1) {x—E(S)}d—(5)+{y—77(8)}—(8) =0
s ds
to find s = s(x, y) and substitute the solution into the equation
d d
(82) I = {E(S)—X}d—n(S)+{y—77(8)}—$(8)
s ds

to have / = [(x, y). The solution s(x, y) will not necessarily be unique, if there exists any.
So, the mapping (x, y) — (s, /) will be multiple-valued in general. This followed by

(&) s> () = (E(s), n(s)
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gives rise to a mapping (x, y) — (x’, y") of U into C. Conformally to (27) and (28), we can
define 8 = 6(x, y) (mod 7 Z) by setting

@) sin9(x,y)=—o§(s), COSQ()C,y):Ud—n(S) (o0 ==%£1).
ds ds

Suppose that the function % be of class C* with k > 4. Then, s — (£(s), n(s)) is of class
C* and the mapping (s,/) — (x,y) (see («)) is of class C*=1. The inverse (x, y) = (s,0)
(see (8)) is also of class C¥~! in U. So, the composed mapping (x, y) — (x’, y’) is of class
C*=lin U. Finally, 6(x, y) is of class C¥=2 in U. If in particular / is real analytic, 6 is real
analyticin U.

If, through every point (x, y) of U, there pass p straight lines each of which is normal
to C at (xév), yéu)), say (v =1, ..., p), then for every v, we have the v-th function elements
Oy (x,y) (mod 7 Z) of 6 in U (see Examples 3, 4 in §5).

LEMMA 3.3. (i) 6(x,y) obtained by the formulas (27) and (28) is a multiple-valued
solution of (24) in the whole xy-plane.

(ii) Conversely, any solution 0 of (24) is obtained by (27) and (28) involving a function
h.

(iii) If h is an irreducible polynomial of degree n > 2, the number of function elements
of 6 does not exceed n*.

PROOF. (i) Given any point (x, y) of the plane, the point (x’, y’) of C attaining the
minimal distance of (x, y) to C is a solution of (27). So, there exists at least one function ele-
ment of & defined by (27) in the whole xy-plane. For an arbitrary solution (x'(x, y), y'(x, ¥))
of (27), there exist real numbers [ = [(x, y), !’ =I'(x, y) such that

(o =x y =) =1 X YD hy (), (e (X YD), Ry (6, ') = 1'(cos B, sin6) .

So, (x —x',y —y') = (rcos@,rsin@) (r = Il'). r is a signed distance of (x’, y’) to (x, y),
that is to say, r > 0 locally in one side of C, r < 0 in the other side and r = 0 on C. If an
infinitesimal variation (dx, dy) of (x, y) bears an infinitesimal variation (dx’, dy’) of (x/, y),
we have (dx — dx’,dy — dy’) = (dr)(cos 8, sin6) + (d9)(—r sinf, r cos ), so

dr = (dx —dx") cos@ + (dy — dy’) sinf = (dx) cos6 + (dy) sin6

because (dx) cos 0 + (dy) sin€ = 0. So, (cos 6, sinf) = (d,r, dyr), proving (24).
(i) Prescribing an arbitrary point (x9, y9), look at a fixed function element of & which
is smooth in a simply-connected neighborhood V of (x°, y%). We set

X,
hix,y) = /( i {(cosB)dx + (sinB)dy} .
(x9,y%
The curvi-linear integral is well-defined in V if 6 is a solution of (24). We can verify that (27)
and (28) hold, where 4 is the same as r in the proof of (i).
(iii) Assume, after an isometry if necessary, that the coefficients neither of x'” nor of
y™in h(x', y') be zero. Set k(x', ") = (x' — xNh,(x', y) — v/ — yO)hy(x’, y') for a fixed
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point (x, y°) and rewrite / and k as

(a) R,y =Y hp)y" P, k() =) k()Y P

p=0 p=0
hp(x") and k,(x") are polynomials of degree at most p. Next,

n n—t

(b) R,y =)D oy P, (D, ) — kp (R, y))

t=1 p=0

is of degree at most n — 1 as a polynomial of y’ if v, are independent of y” and

n
Ri(x',y) = vea )y ™,

s,t=1

n—max(s, t)

© culx)= > {hp (a1 —s—1—p (&) = kp(Vhon g1 51— p (X))}
p=max(0, n+1—s—t)

R1(x’, ¥') is independent of y’ if v, is the (1, ¢)-cofactor of (cg;(x")) and then

n
s,t=1"

(d) Ri(x) = det(cs (x))§ ,—; -

Ri(x’) is a polynomial of degree at most n> because cy;(x’) are of degree at most 2n + 1 —
s — t. This is equal to the resultant of %, k within a sign (see van der Waerden [16, §27]).
We obtain also a polynomial R»(y’) of degree at most n” by replacing x’ by y’. From (b),
there exist polynomials A (x’, y'), Bi(x’, y’) of degree at most n — 1 with respect to y’ and
Ax(x’, y"), B2(x', y') of degree at most n — 1 with respect to x’ such that

Ri(x)) = A1 (x', yHh(x', y') + Bi(x', yDk(x", y')

(29) ’ ’o ro ro ’or
Ry (y) = Aa(x’, yDh(x", y)) + B2 (x", y)k(x', y') .

Suppose at first that neither R;(x’) nor R(y’) be identically equal to 0. Then, we have
Ri(x'(x%, y9) = Ry(y'(x0, y9)) = 0if (' (x°, ¥°), y'(x0, y©)) is a complex solution of (27),
whose number does not exceed (;12)2 = n*. So, the number of function elements of & at
(x9, y9), which is the number of real solutions of (27), does not exceed n*.

Suppose on the contrary that one of Ry (x”) or R»(y’) be identically equal to 0. Then, A
divides k and k = oh with a constant o because £ is irreducible, Bj is of degree at mostn — 1
with respect to y’, By is of degree at most n — 1 with respect to x” and k is of degree at most n.
Therefore, h = ho(r?) expla arg{x’ — x0 +i(y’ — y°)}], where r? = (x' —x0)% + (y/ — y9)2.
So, @ = 0 because « is real. Also, i(x’, y’) is a polynomial of single variable 2, that is to
say, C is a circle with center at (x°, y?). O
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REMARK. If for example h(x’, y') = ax'> 4+ by'> + 2sx’ + 2ty’ — c and ab # 0, we
have
R1(x)/(4b) = —ae’x"* — 2e(as) + es)x'> — (as12~|—bt12—cez—|—26t1t~|—4es1s)x’2
© + 2{e(cs1 + 2x0 — styo) — ss12 — sty + by (txo — syo)}x/
€ — csl2 + 2511 (1x0 — 5y9) — b(s1y0 — 11x0 + ex0y0)2
Ray(y,a,b,c,s,1,x° %) = —Ri(y, b, a,c,t,5,y°,x0),

where e = a — b, s; = s +bx", t; =t +ay’. One of Ry (x") or Ry(y’) vanishes identically if
andonlyifa—b =s; =1, = 0. Also, h(x, y) = a(x’ —x")2 +a(y’ — y°)? —c —a(x")? —
a(y%)? if the last condition is satisfied. Any straight line passing through (x°, y°) is normal
to C in this case (see Example 3 in §5).

(25) is linear and solved in the domain of definition of 8. Once we know @, &, &, we
obtain p, v from (9) and f by integrating (12). We reduced therefore (1) to a global question
of finding implicit functions from (27). If 6 is multiple-valued, &1, &, the mapping f and
u1, up are also multiple-valued (see Examples 3, 4 in §5).

4. The rank two case. In this section, the rank of P is supposed to be 2 for a solution
(u1, uz) of (1) identically in a simply-connected domain D containing the origin in the interior
of the xy-plane. Then, p sina # 0 in D (see (20)).

Let us introduce two functions s1, s7 of x, y such that g;1 and g;» depend only on s1 and
that ¢g»1 and g2» depend only on s, . To do this, we set in this section

(30) Vi=(+a)2, Ya=(—-a)/2, ki=y1+b, K2=Y2—-0b.
(We studied in §3 the case ¥ = Y =0 + (7/2) (mod 7 Z)). (10), (18) and (19) yield

dgiy = (cosk1)$21, dgio= (sink1)§21, dgo1 = (cosk2)$22, dgn = (sink2)$22,
where 2; = pcosyjdx +psiny;dy (j =1,2). d(dgji) = 0implies d$2; = di; N2 =
0, or

(31) Ox(psinyrj) = 0y(pcosiyrj), (sinyrj)ock; = (cosyj)dyk; (j=1,2).

Let us define real-valued functions s;, s in D to be

(x,y) (x,y)
32) s1 =/ (pcosydx + psiny dy), sz=/ (—pcosypdx — psinyn dy).
(0,0) (0,0)

Then, §£21 = ds; and §2o = —ds> . The curvi-linear integrals are well-defined by (31).

(32) yields 3(s1,52)/d(x,y) = p*sina # 0in D. So, we have a mapping T of D
into a simply-connected domain, denoted by A, of the s152-plane containing the origin in the
interior. The inverse mapping T~! : A — D is defined to be

33) /(“’”) sin Yy dsy + sin Yy ds> /(81’82) cos Yp dsi + cos Yy dsy
X = — s , y = s .
0,0) psma 0,0) psma

We make use of (s1, s2) as a local coordinate system in D as well as (x, y).
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Given a real-, complex- or vector-valued function g(x, y) defined in D, we define a
function §(s1, s2) in A tobe § = g o T~ !. Reciprocally, given a function § (s, s2) defined in
A, we define a function g(x, y) in D tobe g = g o T. Briefly,

(34) g(s1,82) = g(x,y) if  (s1,82) =T(x,y).

LEMMA 4.1. ds) and ds> are invariant by isometries of the xy-plane and by isome-
tries of the uyuz-plane.

The proof is immediate from (21). We set

I

N a
A =log ‘ tan —
35) 2
( B B 1 9k1  cosa 0k R 1 0kp cosa dky
" 9sy \sina ds;  sina sy dsy \sind dsy  sina ds1 /)
a +— A =log|tan(a/2)| (that is to say, dA/da = 1/ sina) is a real-analytic mapping of
I = (mm, (m + 1)m)

onto R for every integer m and monotone increasing or monotone decreasing. The inverse
mapping A +— a is multiple-valued. So, let a(A) be a function element with values in a
fixed J, . The function B depends on a. We regard B as depending rather on A than 4. We
emphasize this by writing sometimes B 4 in what follows.

PROPOSITION 4.2. Any real-valued solution A of a partial differential equation
PA A .
(36) —S - —+tB=0
s, sy
gives rise to a solution (u1, uz) of (1).

PROOF. & depends only on s; and <, depends only on s, because dik; A ds; = 0 and
dika A dsy; = 0. So, we set

(37 b(s1,52) = (Ri(s1) — Ka(s2) — G(s1,52)}/2,  &(s1,82) = R1(s1) + Ra(s2) -

The first equations of (31) are interpreted as

—1 8y ta 9¢ 1 9y ta 8¢
(38) dlog(wsinam):(—ﬂﬁ” C>dsl+<—ﬂ—°°“ C)dsz.

sinda 8s2 2 8s1 sind 3.5‘1 2 8s2

(36) is actually the integrability condition of (38) and it is one of the best interpretations of
(1) if the rank of P is assumed to be 2 (see Lemma 4.1).

We prescribe arbitrary real-valued functions k1 (s1), K2(s2), Al(sl), Ag(sz) of class C2
and define ¢ by (37). The Goursat problem for (36) is to find a real-valued function A(sl, 52)
satisfying (36) and

(39) A(s1,51) = A1(s1) + A2(0),  A(=s2,5) = A1(0) + Ax(s2) .
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To do this, define a sequence of functions {A(n)(sl, 52)}3020 as follows (see [11, no. 50]).

N ~ (81 + 52 N |
A(O)(SIJZ):Al( 5 )+A2< 5 )

- - 1 [orts SI7%2 o (o1 402 03 — 0
A1) (51, 82) = Ay (s, 52) — 7 doy By —— doy
0 0

(40)

2 72

forn > 0, where 1§(n) stands for B 4 with A= A(n) . Given any bounded convex closed subset
F of the s152-plane containing the origin, we have

|AGur1) — Ayl < 1(Chalz)"s2 = s2l(Is1 — s2] + Is1 + 52" /n!
195; A1) — 3s; Ay | < 11(Chal3) (51 — 52| + |s1 + 52" T/l (j=1,2)
forn > 0in F, where

h=max(|A@l. 195 Aol 10, A, B4, 1), 1 =max(Ist —s2l. st +s2], D),

ls=max{|B; — By |/(|1A — A'| + 05, A — 35, A'| + |0, A — 8, "))},

and C is a positive number independent of n, s1, 52 and of F. So, {A(n)}f,o:o converges uni-
formly in F, the limit function A satisfies

A ~ A~ — 1 S1+82 s1—s2 _
o= (225 [ [ (2 25
0 0

2 4 2 2

and it is a unique solution in F to the Goursat problem given in (36) and (39). We substitute
the solution into the inverse function ¢ with values in a fixed J,,,. We define b by (37) and p
by integrating (38). Now, we set

S S
g1t =/ cosk1(n)dn, @12=/ sink1(n)dn,
(41) 0 0

52

52
P11 = —/ coska(mydn, G = —/ sin k2 (n)dn .
0 0

Then, gjx = gjk o T satisfy 9y (g11 + g21) = 9x(g12 + 922), y(g12 — g22) = (921 — g11)-

Finally, the pair of
(x.y)
u1=/ (911+921dx+912+922dy)’
(

2 2
(42) 0,0)
) g1y — g %1 — g1
Uy = ———dx + ————dy
is a solution of (1) in D. O
The equation (9) is rewritten as
dpt 1 dv 1
(43) d—;‘l = —3i exp(&iik., d—s‘; = —3 exp(—iaik.

So, /i depends only on s; and D depends only on s, . We obtain f from (12) and (33).
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The transformation 7 is multiple-valued in general (see (32), (33) and (34)). We reduced
therefore the system (1) to a global question of finding inverse functions. If 7 is multiple-
valued, then the mapping f and (u1, u2) are also multiple-valued (see Examples 5, 6 in §5).

5. Examples.

EXAMPLE 1. A pair of arbitrary functions (u1(x), u2(x)) of class C? of the variable x
is a solution of (1) (see Corollary 3.2 in §3). u, v are obtained if we integrate (not always by
quadrature)

1 () = ) {uy(Dji—uf(0Ok}/2,  v'(x) = v){u] (Ok—uy(0)i}/2.

el = M(x)m is independent of y and e; = M(x)im is constant. The image by f is the
product of a curve in a three-dimensional Euclidean subspace E and a straight line perpendic-
ular to E. x is the arc length of the curve and y is the arc length of the straight line. This is an
application of formulas in §3 with 2a = a — ¢ = 0 (mod 27 Z).

EXAMPLE 2. A pair of arbitrary functions (u1(x), u2(y)) of class C? of the variable x
and of the variable y, respectively, is a solution of (1) and

df = (dx)poexp{—u’ (x)k}vg + (dy)poiexp{—u5(y)k} o

(10, vo are constant unit quaternions). The image is the product of a curve in a two-dimen-
sional Euclidean subspace E and a curve in a two-dimensional Euclidean subspace E; per-
pendicular to Ej. x, y are the arc lengths of the curves. This is an application of formulas in
§4 witha + 2b + ¢ = 2¢ = 0 (mod 27 Z).

EXAMPLE 3. Let C be theellipse (x/a)?+ (y/b)> = 1, where a, b are constants satis-
fying 0 < b < a. An angle ¢ € [0, 27 ] represents a point of C as (£, ) = (a cos ¢, bsin ¢).

The arc length s in positive sense is such that ds = \/ a?sin® ¢ + b* cos? ¢ d¢. The curvature
is equal to k = ab(d¢ /ds)3. The normal line at (£, 1) passes through (x, y) if and only if

x =& — (P VY2 +a*n?), vy =n—(a*n/ b e +a*n?).
Equations (81), (62) in §3 are
(1) a*(x — &)n = b*(y — n)&,

(52) I = {a*(n — y)n + b*(€ — x)&}/\/b*E? + a*n?,

respectively. We obtain the angle ¢ (mod 27 Z) from (1) and the signed length / of the normal
segment from (87).

The focal set I is the simple closed curve |ax 1234 |by|*3 = ¢2/3 which is parametrized
as x = c&3/a*, y = —cn?/b* with ¢ = a® — b%. We can draw four normal lines from a point
inside of I', two from a point outside of I", three from a point of I" except for cusps and two
from each one of cusps. At any point (x, y) not lying on I, we can define the multiple-valued
function 6 (x, y) (mod 7 Z) to be

tan6(x, y) = (a/b) tan ¢
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(see (61) above). 0 has four function elements in the interior of I" and two in the exterior.

EXAMPLE 4. Let C be the curve y = cosx (—oo < x < +00). The equation of the
normal line to C at (x’, cos x’) is

(44) x'—x + ysinx’ =sinx'cosx’.

Set for the moment F(x’) = x’ — x + ysinx’ — sinx’ cosx’. Given a point (x, y) of the
plane, let n = n(x, y) be the number of real solutions x’ of the equation F(x") = 0. We have
n(x 4+ 2m, y) = n(x, y) because of the periodicity.

n is finite at every point because F is an analytic function of three variables and does not
vanish if |x’| > |y| + |x| + 1. Next, for any positive integer N, we have

Fknw —n/2)F(kx +7/2) <0 (k=-N,1—N,...,N—1,N)

if |x| < w andif |y| > (N + 2)r. So, F has a zero in every interval (kw — 7 /2, knw 4 7 /2).
Since n is a periodic function of x of period 27, we have

n(x,y) >2N if |y|>(N+2)n (N=1,2,3,...).

Therefore, through an arbitrary point (x, y), there passes only a finite number of normal lines,
but the number of normal lines is not limited as |y| goes to infinity.

If the normal line at (x’, cos x”) passes through a given point (x, y), the formulas (27),
(28) are interpreted as (44) and

(45) cos@ = sin6 sinx’.

0 is always assumed to satisfy /4 < 0 < 3m/4. If r is the signed distance of (x’, y') to
(x, y) such that (y — cosx)r > 0, we have x — x’ = rcos®, y — cosx’ = rsin6 and

dx1+ dyi = exp(@D)[drl + {r d6 — (dx'/ sin0)}i].

Change the coordinate system from (x, y) to (r, ) supposing that 2sin> x’ + y cosx’ # 0.
Then, x” depends only on 6 and &; = ¢;(0)sin6 cosx’/(2 sin® x” + ycosx’) satisfy (25),
where ¢;(0) (j = 1, 2) are arbitrary real-valued functions. (u1, u2) is obtained from

d(Oyuj) = —¢;@)sin0do, d(0yu;)=¢;@)cosfdd (j=1,2).
W, v depend only on 6, and the equation (9) is rewritten as

1= (u/2) exp@D{e1(@)i + 2Ok}, V' = (v/2) exp(=0D){p1(0)j + @2(O)K} .

If 1 = o (real constant), o = 0, w|g=0 =1 and v|p—¢ =i, for example, we have

w= (%1 - %k) exp(—y6i) + (%1 + %k> exp(efi) ,

V= (ii— 1) exp(y0i) + (Zi—i— 1) exp(—ebi)
=\3 2’3.] pty 8 2’3.1 p )
where B=+V1+a?2, y=B+1/2, e=(B-1)/2.
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We set, for simplicity, i’ = (i + «j)/B,j = (j — «i)/B. Then, the mapping is

a , 1 e x . dx’
(46) J,y) = Zrj — Zrexp(BOiDi — [ = exp(BOi)—-.

B B X} sin 0
The lower limit x, of integration is a constant depending on the function element under con-
sideration.

EXAMPLE 5. We apply the formulas in §4 to
p=2e%? a=m/2, b=s1/2, c=s1+(1/2).

Then, x = e~%2/2 cos(s1/2), y = e 2/ sin(s1 /2) if we modify (33). From (41), we have
_ x2 —y? _ 2xy
=22 g12 = PO

Substituting these into (42), a solution of (1) is

47) up = xlogyx?>+y> — (x/2), uz=ylogyx>+y>—(y/2).

The equation for U in (43) is V' = —Dk/2, so b = Bexp(—s2k/2). The equation for f& is
' = (j1/2) exp(s1i)j which is equivalent to 1" + A'i+(4/4) = 0 and 4'(0) = 1(0)j/2. So,
[ is the sum of two exponential functions multiplied by constants from the left.

(«/z—l—l)ock( x1+ yi )ﬁ_1+ o ( x1 —yi )ﬁﬂ B2 4 y2)k/2
I,L: ’ V= X y ’
Vat2v2 \VaZ+y? Va4 22 \Val +y?

where o, B are unit quaternions. For a particular choice of o and 8, we obtain the following
mapping.

911 @1 =log(x* +y%), g2 =0.

_ L/xl—yi\V2 , 2y(1-Kk)/2
(48) f(x,y)—f(0,0)+ﬁ(\/x2—Ty2> (2 4y 1072,

If we set x = rcos@, y =rsinf (r = /x2 + y?), this is rewritten as
fG,y) = £(0,0) + (1/v/2) exp(—+/200)r' 7% .
It is quite elementary to verify that f is an isometric immersion. In fact, we have

df = exp(—v/201){—(rd®)i+ (dr/v2)A —K)}r K,
ldf > = | — (rd®)i+ (dr/v2)A = K)|> = r}(d0)? + (dr)? = (dx)* + (dy)*.

We see that f is multiple-valued with an infinite number of function elements.

EXAMPLE 6. Therestof the present paper will be devoted to the study of this example.
We make use of quaternions as above and also of ordinary complex numbers with imaginary
unit i = +/—1. We apply the formulas (35) through (38) to

(49) p=e¥2, a=m/2, b=sP+st—(n/4), &=2s2—2s7.
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Then, Y1 = s> —s,° + (w/4), Y2 = 5,2 — 5,7 — (/4), k1 = 252, k2 = —25,>. The mapping
T (see (33)) is defined to be

t
(50) z=x4iy= f eMdn=11F(1/2,3/2:1%), where t = ¢"/4(s) +isn) .
0

We discuss the mapping T : (x, y) > (s1, s2) in Lemma 5.2 below.
Equations (43) are interpreted as

(51) = —(/2) exp(2s2Dk, D = —(D/2)exp(2s,7 D)K.
Two equations are of the same type and the former is equivalent to
P asii4 (/4 =0 and  2/(0) = —2(0)k/2.
We have the following unique power series solution satisfying & (0) =1.
fls1) = @(s1) —k¥(s1), D(s2) = P(s2) —k¥(s2),
(52) 1,1 ’ 1 1,3 2.\ !
()= 1F| — =i, =L, -24), vO)=1FA|z1——=i -1; -2/ ) =,
=1 1( TR 1) =1 1(2 TR 1>2
where we set for quaternions «, y, A which commute one another
e+ pDHI'(y)
pir @I (y + pl)

p

o0
1F1(Ol,7/;)~)=2

p=0

The gamma function is defined to be
+00
I') = / e udu Ma>0), Ia+1) =al(x).
0
In view of (50), (52) and (12), we define f to be
R (5‘1,5‘2)
(53)  f(s1,8) = / /l(si){exp(t’z)dt’}ﬁ(sé) .t =exp(wi/4)(s(1 + s5i),
0,00

and an isometric immersion to be f = f o T. Let us state the conclusion as Proposition 5.1
in advance and a detailed analysis as Lemmas 5.2 and 5.3 afterwards.

PROPOSITION 5.1. Let t be the inverse function of z = t 1 F1(1/2,3/2; t?) and R be
the Riemann surface of the field of meromorphic functions of the variable t. Then, f realizes
R isometrically in R* and t is a uniformizing variable.

PROOF. z is an entire function of ¢, so x, y are single-valued real-analytic functions in
the whole s1s2-plane (see (50)). f is a single-valued real-analytic mapping of the s1s2-plane
into R* (see (53)). So, the variable ¢ uniformizes both z and f. On the other hand, a function
of ¢ is a function on R if and only if it is single-valued and meromorphic in the whole #-
plane possibly except at 1 = oco. Since f is an isometric immersion of the z-plane into R*, f
realizes R isometrically in R*. a

LEMMA 5.2. Letz=z(t) =t 1 F1(1/2,3/2; t2) (see (50)). Then,
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(i) For every complex number z°, there exists an infinite number of complex numbers t
such that z(t) = 7°.

(il) z(¢) tends to \/7i /2 as t goes to oo in the sector w/4 <argt < 37/4, and, z(t)
tends to —/7i /2 as t goes to 00 in the sector —3m /4 <argt < —m /4.

PROOF. (i) This is a consequence of a theorem of Picard on the value distribution
(see Shimomura [14, p. 23]). However, we prove it directly because we need (57) below. Set
argt = m/2 for a moment. Then,

z=hLh+1,

where /] is the integral of ¢ from n = 0 to ooi and /> is that from ocoi to |¢|i. First, we have
I, = /i /2. Rewrite I, as an integral with respect to v = > — n? to have

e’ [T eTVdy el 1 [t ve Udv ,
I =— (1 4+ E), where E:—2 V==
2t = Jo

:Z 0 V1= «/1—v’+1—v” 12

z, 11, I, E being holomorphic in the upper half-plane, the theorem of identity implies

(54) z(t) = (J7i/2) + e’2(1 + E)/(2t) if 0 <argt <.
For any § satisfying 0 < § < 7/2, there exists a positive constant A = A(5) such that
(55) |E| < A/|t]? if 6§ <argt <m —§ and |t| > 1,

because [«/1 — v/ + 1 — /| (v = v/?)is greater than a positive constant.
For an arbitrary 70 (# /i /2), we set

=2 Jmi=|cle*, -m<a<m.
The equation z = z° implies
1+ E) =1 =t e
ifé <y =argt <m—3d6and|t| > 1,0r
(56)  [t|*cos2y =log(|¢|[t)) + Ei(t), [t1*sin2¢ = ¢ + o + 207 + Ex(1) ,

where E1(r) and E»(r) are real-valued, |E{(1)| + |E2(t)] < C1/|t|*, n is an integer and
C = C; (zo, §) is a positive constant independent of ¢, n. Take a large T (> 1) and a §,
0 < 6 < m/4. Then, for every t (> T), there exists a unique ¥ (7) such that§ < ¥ (r) < mw/2
and

12 cos 2y (1) = log(|¢|7) + E1(teV ).

It satisfies

@) v n+10gt<C2
a 7)) — — + —— —
4 272 | T 27

where C» = C»(z) is a positive constant independent of 7. We can then choose a positive
integer ng = no(zo) such that there exists a unique 7, > T such that

Tnz sin 29/ (1) = ¥ (1) + a + 2n7 4 Ex(tpe? ™))
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for every integer n > ng. It satisfies

2
_ Gs(logn)

(b) |rn2—¢(rn)—a—2n7t| < for n > ng,

n

where C3 = C3(2°) is a positive number independent of 7.
We have z(1,(z°)) = 20 if we set 1, (z°) = 1,e¥ ™) (n > ng) provided that z° # /7i /2.
(a) and (b) imply

1 B(log n)? 7 logn B
|tn(zo)|2 —a— <2n + —)7‘[‘ < &, argtn(zo) - — 4+ &nl -,

57
(57) 4 - n 4 8nan |~ n

forn > ng, where B = B(zo) is a positive constant independent of n. There exists also an
infinite number of ¢ such that z(t) = /7i /2 because z(t,(—+/7i/2)) = /7i/2 in view of
z(f) = z(t) and z(—1) = —z(1). Consequently, there exists an infinite number of ¢ such that
z2() = 7 for every value of 20

We have an infinite number of zeros {z,(0), —1,(0), 1,(0), —1, 0122, 0 of z. There exists
at most a finite number of zeros other than this sequence. (57) is an extended version of the
formulas in the book of Buchholz [1, p. 180, (3a), (3b)].

(ii)) Obvious from (54), (55) and by z(—t) = —z(?). a

LEMMA 5.3. (i) Forgivent; # 0o, 1y # oo and z° # 0o satisfying
2(n) = 2(n) = 2°,
let f1 and f> be two function elements of f such that
A =f@) and (@) = f@).

Then,t1 =t if fi = f2.

(i)  f has an infinite number of function elements each of which is real-analytic in the
whole xy-plane.

(iii))  f has a unique function element fy whose first order derivatives are discontinuous

at two finite points (x, y) = (0, /7 /2) and (0, —/7 /2).
(iv) The image of the xy-plane by f is arcwise-connected.

PROOF. (i) Denote by 7 = 7(¢) the solution of
(c) exp(7 2)di = exp(tD)dt, i(t) =1

in a disk [r — 1] < § (5 > 0). Then, 2(0) = z(t), ) = HeD) = f{), fiz) =
f (@) if |t — t1] < §. For the proof, it suffices to show that t, = 71 if

() f@) = f) = f@)— fa)

inadisk |r — 71| < 8 (0 < &8 < 8). By regarding r = e™/*(s1 + s52i) as t = exp(wi/4)(s11 +
soi) and 7 = €™/4(5) 4 §2i) as t = exp(i/4) (511 + §i), we know (c), (d) and (53) imply

exp(P)dt = exp(t®)dt, AGEN{exp)dt}d(2) = fls){exp(t)dt)d(sy).
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Since exp(t?)dt generates 1 and i at every point in the disk |t — 71| < &', we have

AGEDV(S2) = als)D(s2),  AEDIDE2) = Alsid(s) .
So, there exists a real-valued smooth function @ = w(¢) such that
(e (s1) = f1(s1) exp(wi),  D(52) = D(s2) exp(wi) .

We differentiate both sides of two equalities and cancel & and » by making use of (51) and
(e) itself. Then,

{ds)) exp(2§j2i + wi) — (dsj) exp(2sj2i —wi)}k = —2dexp(wi) (j=1,2).
The left-hand sides are orthogonal to the right-hand sides, so w is a constant and
(d5s)) exp{(2§j2 - 2sj2 +2w)i} = dsj))1 (j=1,2).
Since ds; and d5; are real, there exist integers n1, ny such that
257 =257 +2w=n;m, dij=(-D)"ds; (j=12).

Since §;d5§; = s;ds; by the first equations, §; = (—1)""/s; by the second equations, and then
n1 = ny (= 2w/m) again by the first ones. We denote it by n to have

® 5i=0ED"%; (G=1,2).

Finally, the equation exp(fz)df = exp(tz)dt is reduced to (—1)" = 1, so n is even and
(51,52) = (s1,52),0orf = t identically and t, = ¢, .

(i1)) We have just shown that distinct zeros of z(¢) give rise to distinct function elements
of f. But, we discuss once more in another way to obtain (59) below.

For zeros t,(0) = e’”/“(sn,l + s,21) of z(t) (see (57)), we have 5,1 > 0 > s,2 and
there exists a positive number C4 independent of n such that

Cy logn Cy
(2) Sp1—N2mn| < —, |2+ ——|<—= for n>nyp.
g [$n,1 — | NG n,2 N RV 0
From this and (52), we have at first
n Cslogn
0 Dsn2) — 1] < ﬁg
with a positive number Cs independent of n. Next, we apply the inequalities
1.1 : D
1F1(— i 5L —xi) — CCE—T PR
3272 r((1/2) + (/32)) NG
©8) 1 1,3 JT D
VF(51= 5 S L =) = sG] < 2 Gz
2 3272 2+ (i/32)) A

toA = 25;121 (see [1, p. 91, (3)]), where D is a positive number independent of A. Then, there
exists a positive number C¢ independent of n such that

Jrii/3? Jrii/3-1/2)
ra/2)+G/32)  J/32ra+i/32)

. C
(i) |f(sn1) — u@dmrn)/¥?) < 7% with u =
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u and (477n)"/32 are of unit length. Denote

é\n,l = ﬂ(sn,l)ﬁ(sn,2) s é}1,2 = /l(sn,l)iﬁ(snl) .

Then, by (h), (i), there exists a positive number E independent of n such that

. . El
(59) w1 — u@rn)32] 4 18,2 — witdrn) /32| < 8" for > ng.

n
Since €” is a transcendental number (see Gelfond [10] and Siegel [15, p. 84]), (log2)/x

is irrational and the set of fractional parts of {(log(2”m))/ (6471)}1‘30:2 is everywhere dense in
the interval (0, 1). So, given any integer L > 2, there exist positive integers ny, ..., 127, such
that
o pri T . . pri T
enp,l—uexpT‘ < L’ €n,2 —ui expT < L

A

for1 < p < 2L. Let f,(x, y) be the function element such that f,,(0,0) = f(sn,.1,5n,.2)-
Then, fi,..., for are distinct because 9y f(0,0) = &,,.1 and 9y f,(0,0) = &,,2 (p =
1,...,2L) are distinct. L being arbitrary, f has an infinite number of function elements.
If z(t) = 20 for a finite ¢© and a finite z°, basic equalities

dz 2 dt 2

a ¢ ar ¢
show that the function element of 7(z) satisfying #(z%) = ¢° is holomorphic in a neighbor-
hood of z°. So, every function element of (sy(x, y), s2(x, y)) is real analytic provided that
a finite (s1, s2) corresponds to a finite (x, y). And hence, every function element f(x, y) =
f (s1(x, ), s2(x, y)) is real analytic in the whole x y-plane with the only exception shown just
below.

(60)

3

(iii)) The sector /4 <argt < 3m/4 corresponds to the sector s; > 0, s2 > 0. In the
domain (/4) + 6 <argt < 3n/4) — 4, |t] = 1 (0 < § < mw/4), there exists a positive
constant C7 = C7(§) independent of ¢ such that C7|¢t| < s1 < [t| and C7|t| < s2 < |f].
Applying again (54), (55) and (58) with A = 25, or A = 25,7, we have

() A =u2s)'0+ Es,  D(s2) =u(2s)"'°+ Es, |Es|+ |Es| < Cg/lt],
where Cg = Cg(8) is a positive constant independent of 7. Let f be the function element of
f obtained from (53) by integrating on the line segment from (0, 0) to (s, s2) in this sector.
(j) implies

(61) @ foY = usi/s)V 0+, @y fo) =uls1/s2)” 1+

As |t] goes to 400 in this sector, x + iy tends to /i /2 and 51 /s7 assumes any value of the
interval [tan §, cot 8]. So, dx fo and 9y fo are discontinuous at (x, y) = (0, /7 /2). fo has the
same property at (x, y) = (0, —/7/2) by symmetry.

(iv) Denote by ooy and co_ the limits of ¢ in the sectors 7/4 <argt < 3w /4 and
—3n/4 <argt < —m /4, respectively, as |t| goes to +-00. Let S be the union of the s152-plane,
oo4 and of co_ . Then, f is a one-to-one mapping of S onto the image of the xy-plane by
f. Given any point f (o) (o € S) of the image, f (o) is equal to the integral (53) on the line
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segment or the half-line in S from (0, 0) to o. So, any point f (o) can be connected with
f (0, 0) = 0 by an arc. Also, two arbitrary points f (o), f (o) can be connected by an arc in
the image of the xy-plane by f. O

REMARK 1. We restrict ourselves to the half-line argt = 7 /4 parametrized as ¢t =
e”i/4s1, 0 <51 < 400. As 51 goes to 400, the first order derivatives of f behave like

(62) (B f)(s1,0) =u(V2s)V10 4o @y f)(s51,0) = wi(v2s) /10 ..

This is geometrically interpreted as follows. As s; goes to +o0o on this half-line, the tangent
space tends to the fixed linear subspace spanned by u and ui, and the image of the standard
orthonormal frame of the xy-plane rotates by an angle (log s1)/16 in this subspace within an
error. Analogous interpretations may be possible for (59) and (61). But we cannot evaluate f
themselves as |¢| goes to +oo.

REMARK 2. Independently of the notation in the proofs of Lemmas 5.2 and 5.3, we
enumerate all zeros of z() to be 1, = e’”“(sp,l +sp2i) (p=0,1,2,...) with #p = 0. For
each p > 1, let y,, be a fixed oriented rectifiable curve from ¢ to 7, passing through no other
zero in the 7-plane and I, be the corresponding curve in R. Then, 7, o T is a loop in the
z-plane, while I', is not closed and {I, ,,};":1 are distinct due to Lemma 5.3, (i). With p, or
I'y, we can associate an element A, of SO (4) defined to be

(63) qu = /l(sp,l)qﬁ(sp,Z)

(see (52)). Then, the subgroup of SO (4) generated by {A ,,}7)021 can be regarded as the mon-
odromy group of R.

On the other hand, in view of (42), (50), we define (i1, i17) to be

1 [G152) _ _
(64) it = /( U R1/2,3/2:25 20 exp(@ )i
,0)

— 1F1(1/2,3/2; 25} %) exp(t'?)shdt'}
and (u1, up) to be (iiq, u2) o T. Then, (ii1, 2) is a single-valued real analytic function.

COROLLARY 5.4. (i) The solution (u1, uz) of (1) has an infinite number of function
elements each of which is real analytic in the whole xy-plane.
(i) (u1,u2) has a unique function element which is non-differentiable at two finite

points (x,y) = (0, /7 /2) and (0, —/7 /2).
PROOF. (i) Set py = p(Sn,1,5n2) = e25n15n2 (see (19)) in the notation of (g). Then,
there exists a positive number F independent of n such that

(65) lon — (1//n)| < F(logn)*/n for n>ng.

So, p, are distinct for an infinite number of n. And hence, (i1, u>2) has an infinite number of
function elements.
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(ii)) In the domain (7/4) + 6§ <argt < 3w/4) — 6, |t| = 1(0 < § < m/4), we apply
again (54), (55) to ¢ replaced by v/2s;e™/* (j = 1, 2). Then,

d(ﬁl - gy> —l—id(ftz - gy>

= eif2—251s2<1 + E7 - 1+ Eg

dt

Cio
8s1 852 |

dt), |E Eg| < —,
) E7l+ 18l <

where C19 = C10(8) is a positive constant independent of ¢. The corresponding function

element of (u1, up) is non-differentiable at (x, y) = (0, o/ /2). By symmetry, the same
function element is non-differentiable at (x, y) = (0, —/7/2), too. O

REMARK. We enumerate some of problems to be investigated hereafter.

(a) Value distribution of an isometric immersion. In Example 6, we do not know the
behavior of f (s1, s2) at infinity.

(b) Smoothness of an isometric immersion at a point of ramification. In Example 4,
we do not know how to choose the lower limits of integration in (46) in such a way that f be
continuous in the whole xy-plane.

(c) Solution of the system (1) when the rank of the matrix P varies. The local coordi-
nate system (s1, s2) introduced in §4 is no more useful. See the remark after (22).

(d) Isometric immersions whose domains of definition are proper subsets of R2. The
mapping associated with (u1, u2) = (v/x2 — y2, v/2xy) will be an example.

(e) Isometric immersions with non-vanishing normal curvature. In the present article,
we do not study at all isometric immersions of “composition® type.
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