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RICCI CURVATURE AND ALMOST SPHERICAL MULTI-SUSPENSION

SHOUHEI HONDA

(Received August 18, 2008, revised July 21, 2009)

Abstract. In this paper, we give a generalization of Cheeger-Colding’s suspension
theorem for manifolds with almost maximal diameters. We also discuss a relationship between
the eigenvalues of the Laplacian and the structure of tangent cones of non-collapsing limit
spaces.

Introduction. We will study the structure of Riemannian manifolds with positive Ricci
curvature satisfying an almost maximal condition. One of our main results of this paper is the
following:

THEOREM 0.1. Let M be an n-dimensional complete Riemannian manifold (n > 2)
with Ricyy > n — 1. Given a sufficiently small positive number ¢ > 0, we assume that there
exist k pairs (p1,q1), - - ., (Pk, qk) of points of M such that |p;, qi — | < & holds for each i,
and that |p;, pj — /2| < € holds fori # j. Then we have the following:

(1) kisatmostn—+ 1.

(2) If1 <k <n — 1, then there exists a compact geodesic space Z with diam(Z) <
such that dg (M, 8" % Z) < W (e n).

(3) Ifk=norn+1,thendgy(M, S") < W (e; n). In particular, M is diffeomorphic
to S".

Here, throughout the article, we denote by ¥ (¢1, €2, .. ., &; c1, €2, . . ., ¢;) (more sim-

ply, ¥) some positive function on Rk>o x R' satisfying
lim Ve, e2,...,8;C1,€2,...,¢1) =0
£1,€25..,6k—0

for each fixed cy, ¢2, ..., ¢;. In addition, S« Z denotes the k-fold spherical suspension
of Z, dg y is the Gromov-Hausdorff distance between compact metric spaces and X, y is the
distance between x and y. In the last assertion, M is diffeomorphic to S” by the stability
theorem of Cheeger-Colding (see [6, Theorem A.1.12]).

Let us review some related results. Let M be an n-dimensional complete Riemannian
manifold with Ricys > n — 1. Then, it is well-known that M is compact and satisfies

diam(M) <7, rad(M) <m, vol(M) < vol(S").
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Moreover, M is isometric to $” if and only if the equality holds in one of the above inequali-
ties. A similar theorem described on the volume and the radius is proved by Colding.

THEOREM 0.2 (Colding [12, 13]). Let M be an n-dimensional compact Riemaniann
manifold (n > 2) with Ricyy > n — 1. Given a sufficiently small positive number ¢ > 0, we
assume that the inequarity vol(M) > vol(8") — e (or rad(M) > w — ¢) is satisfied. Then we
have dgg (M, S™) < W (e, n). In particular, M is diffeomorphic to S".

We will give an alternative proof of Theorem 0.2 by using Theorem 0.1 (see Remark
1.19). An analogous statement for the diameter is known to be false (see [1] or [25] for
examples). However, the following result is proved by Cheeger and Colding as one of almost
warped product theorems.

THEOREM 0.3 (Cheeger-Colding [6, Theorem 5.12]). Let M be an n-dimensional
compact Riemaniann manifold (n > 2) with Ricyy > n — 1. Given a sufficiently small positive
number ¢ > 0, we assume that diam(M) > w —e. Then there exists a compact geodesic space
Z with diam(Z) < mw such that dgg (M, SO % Z) < W(e;n).

Note that Theorem 0.3 corresponds to the case k = 1 of Theorem 0.1. In Section 1, we
will give a simplified proof of Theorem 0.3. Then we will prove Theorem 0.1.

We will discuss in Section 2 a relationship between the first eigenvalue of the Lapla-
cian and Theorem 0.1. We will calculate the L>-inner product of cosine of distance functions
(Proposition 2.1), and give alternative proofs of results by Aubry [2], Bertrand [3] and Pe-
tersen [28].

We will study the tangent cones on non-collapsing limit spaces in Sections 3 and 4. We
prove that such tangent cones satisfy a similar property to Theorem 0.1, and study the topo-
logical structure of them. We also prove the following theorem which sharpens the conclusion
in Theorem 0.1 whenk =n — 1.

THEOREM 0.4. We assume that the assumption in Theorem 0.1 holds with k = n — 1.
Then, there exists 0 < r < 1 such that dgg (M, §"2 Sl(r)) < W(e; n) holds. Here, we set
S'r) = {x € R?; |x| = r} and the metric ofSl(r) is the standard Riemannian metric.

We will prove Theorem 0.4 by using Theorem 0.1 and a result about singularities of
non-collapsing limit spaces.

Acknowledgments. The author is grateful to Professor Kenji Fukaya for his numerous suggestions
and advice. In the preliminary version of this paper, Corollaries 2.9, 2.10, 2.12 were presented as new
results. Afterward, we learned from Professor Erwann Aubry that they follow from [3] and [2]. The
author also thanks him for his valuable comments. I am also grateful to the referee for many valuable
advices on the first version.

1. Proof of Theorem 0.1.
1.1. Preliminaries. For a positive number ¢ > 0, we use the following notation;

a=btesja—bl<e.
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For a metric space Z, a point z € Z and a positive number r > 0, we put

B ()={weZ;z,w<r}, Br(z)z{weZ;z,w<r}, 0B,z)={weZ,z,w=r}.

DEFINITION 1.1. We say that Z is a geodesic space if for each z1, 7o € Z, there exists
an isometric embedding ¢ : [0, z1, z2] — Z such that c(0) = z1, ¢(z71, 22) = 22. Also, we say
that ¢ is a minimal geodesic from z1 to z3.

DEFINITION 1.2. We define the metric on [0, 7] X Z/~ as
(t1, z1), (12, 72) = arccos(cos | costr + sin tq sinf, cosmin{zy, z2, 7}) .

Here, ~ is the equivalence relation such that {0} x Z and {7} x Z go to a point, respectively.
Then, this metric space is denoted by SY% 7 , and we call it the spherical suspension of Z. We
also define

k+1

Sk w7 = 805 (SO % (- % (80 %2))---).

REMARK 1.3. If Z is compact, then SV Zis compact. Moreover if Z is a geodesic
space, then SY % Z is also a geodesic space. We put M = {isometry class of compact metric
spaces}, then $% : M — M is uniformly continuous map for dg .

Next, we review the segment inequality by Cheeger and Colding. For an n-dimensional
compact Riemannian manifold M (n > 2) with Ricyy > n — 1 and an integrable function
g: M — Rso,wedefine Fy : M x M — Rxp as

Fglx,y) = inf/ gy (@))dr .
L

Here, the infinimum runs over all minimal geodesics y from x to y.

THEOREM 1.4 (Cheeger-Colding [5, Theorem 2.15]). With notation as above, we
have

/ Fglx,y)dxdy < C(n) VO](M)/ g(x)dx .
MxM M

Here, C(n) > 0 is a positive constant depending only on n.

REMARK 1.5. In fact, the theorem above is a special global case of the segment in-
equality that is proved by Cheeger and Colding. They prove a local statement on any complete
Riemaniann manifold M with Ricy; > —(n — 1). However, the theorem above is sufficient to
prove our main result.

1.2.  Almost cosine formula (a proof of Theorem 0.3).  In this subsection, we will give
a comparatively easy proof of Theorem 0.3. Throughout this subsection, we fix an integer
n > 2, a positive number ¢ > 0, an n-dimensional compact Riemannian manifold M with
Ricyy > n— 1and p,q € M such that p, g > m — ¢ holds. We put f(x) = cosp, x.
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LEMMA 1.6 (Colding [12, Lemma 1.10]). There exists a smooth function f eC®(M)
such that

1 F 2 .
wolGD) /M |f(x) — f(x)|%dx < W(e;n),
1 12 .
ol fM IVf =V fl7dx <W(en),

1 s
Vol /M |Hess ; + Ffouldx < W(e;n).

Here, gy is the Riemannian metric on M.
LEMMA 1.7 (Grove-Petersen [20, Lemma 1]). For every point x in M, we have
D, XxX+q,x—p,qg <W¥(e;n).
See [12], [20] for the proof of Lemmas 1.6 and 1.7.

LEMMA 1.8. Let x be a pointin M and t a number in [—1, 1] satisfying f~'(t) # 0.
(1) If f(x) <t,then

xfO+p 7O -xp=0.
) If f(x) > t, then
px+x, f7HO —p fTHO) < W(ern).
PROOF. (1) It is easy to see that there exists a point y € f~!(¢) such that p,y +
D,y =

X,y = p, x. On the other hand, for every point z € f~!(¢), we have X,y = p,x — D, y
X — P,z <X,z.Thusx,y = x, f~1(¢), and we have the claim.
(2) Without loss of generality, we may assume f(g) < t. Then, there exists a point
y € f~1(t) such that X,y +7,¢ = X,q. By Lemma 1.7, we have p,Xx + X,y — p,y < ¥.
Thus, for every point z € f~(t), wehave X,y < p,y - p.x +¥ =p, 2 — D X + ¥ <
Z,x + W. Therefore, |X,y — x, f~1(¢) | < . This implies the claim. |

LEMMA 1.9. We take f € C*®(M) as in Lemma 1.6. Then, for every points x,y, z €
M, there exist X, y,Z € M with the following properties.

(1) x, % <WEn), y,5 < Uien), 2,2 < ¥, IfFE - FE] < W),
Lf ) = fDI < ¥(em), [ fE) = fO] <¥(esn).

(2) X ¢C5, Y ¢&C;, 2 & Cq. Here, Cy, is the cut locus of m € M.

(3) There exists an open set U C [0, m] satisfying the following conditions:

(@ H\(o, H] \U) = 0. Also, for all u € U, there exists a unique minimal geodesic
7 [0,1(u)] = M () = 2,0)) from ? to o(u). Here, H' is the one-dimensional
Hausdor{f measure and o is the minimal geodesic from x to 3.

(b) We have

/U | fow) = flow)du < W(e;n),

/ IV £1(o () — sin p, o )| du < ¥ (&5 n),
U
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L(u) -
/ / |Hessf + foml(tu(s))dsdu < ¥ (e; n).
U Jo
PROOF. By Theorem 1.4 applied twice and Lemma 1.6, we have

1

W/w Fn.(a,bydadbdc < W (e n).

Here, he = ‘7:|Hessj:+ng|

M c M? such that for all (a, b, ¢) € M,

ea ¢ Cp, b & Ce, ¢c ¢ C, and, for a minimal geodesic o : [0, a,_b] — M from a to b,
H!(Image(o) N C.) = 0;

o [f(@)— f@] <W¥(en), |f(B)— fb) <W¥(e:n),|f(c)— f(c)] < ¥(e:n)and

(c, -). Therefore, by the Tchebychev inequarity, there exists a subset

Fn.(a,b) < ¥(e;n);

e for a minimal geodesic o : [0, a,b] = M from a to b, we have

a,b 5
fo If(o(@®) — flo@)?dt < W(e;n),

a,b
/ IV (e@)| —sinp, o) dt < W(e;n);
0

° VOI(M) > (1 — ¥(e; n))(vol(M))3.
By the Bishop-Gromov volume comparison theorem, we have the claim. a

LEMMA 1.10. Let x, v, z be points in M satisfying v,z € f~'(t),t € [—1,1] and
X,y=ux, f7Lt). Wetake X, 9y, % as in Lemma 1.9.
(1) If f(x) <t,then
/ |Vf(a(u)) —sin(p, x — u)a/(u)|2du < W(e;n).
U

2) If f(x) > t,then

/ |Vf(a(u)) + sin(p, x + u)a/(u)|2du < W(e;n).
U

PROOF. Itis easy to prove the following by Lemma 1.7.
(3) If f(x) <t,then foreachu € U, we have

|p,o(m) — (P, x —u)| < ¥(e; n).
4) If f(x) > t, then for each u € U, we have

|p,o(u) = (P, x +u)| <W¥(ein).
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We give only a proof of (1) by using (3). The proof of (2) is similar to that of (1).

/ IV £ (o)) — sin(p, ¥ — u)o’ (u)|*du
U

= f (VP (o) — 2sin(p, % — u)(f 0 o) (u) + sin* (P, X — u))du
U

= f (sin®(P,x — u) — 2sin(p, x — u)(f o 0) (u) + sin (P, x — u))du + ¥
U

= 2/ (sin(P, % — u) — sin(p, x — u)(f 0 0) (u))du £ ¥
U

<>

= sz sin(p, % — u)du — 2[sin(p, % — u) f o o ()]’
+2/U —cos(p,x —u) f oo (u)du £ ¥

=2 /U S (77 — w)du — 2(sin(p, & — % 3) F ) — Sn B ¥ F(0)
+2/U —cos’>(p,x —u)du £ ¥

= 2/ (sinz(p, X —u)— cosz(p, X —u))du
U
—2(sinp, ycosp,y —sinp,xcosp, x) + ¥

= - / cos(2p, X —2u)du —sin2p,y +sin2p, x £ ¥
U

= [sin@p, % — 20)]yY — sin 2P,y + sin2p X £ W =W . O

LEMMA 1.11. With the same assumption as in Lemma 1.9, we have

COSZ,X —COSp,ZCOSp,X COSY,Z—COSp,YyCosSp,2Z

min{sin® p, X, sin® p, 3}

sin p, X sin p, y
< W(e;n).

PROOF. We prove the statement in the case f(x) < t. The case f(x) > ¢ is similarly
proved.

COSZ, X —COSp,ZCOSp,X COSY,Z—COSp,YyCosSp,2Z

sin p, X sin p, y

/ (cosl(u)—cosﬂcos(p,)?—u))/ ‘
= du
U

- sin(p, X — u)

/ { (—sinl(u) I'(u) — cos p, 2 sin(p, X — u)) sin(p, £ — u)
U sinz(m —u)
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(cos(u) — cos p, 2cos(p, X — u)) cos(p, & — u) } ‘
+ — du
sin?(p, £ — u)

IA

—sinl(u) < t,(I(w)), o’ (u) > sin(p, X — u)

1 { /
min{sin® p, £, sin® p, 3} lJu

4+ cosl(u) f(o(u)) — cosﬂ

du:l:lll}

df ou(s)
B ds

)sinl(u) + cosl(u) f(t,(I(n)))

s=I

1 { /
min{sin® p, £, sin® p, y} lJu

— f(T(0))

1 (u) f o 1
/ i(_ Msins+coss f(ru(s)))ds
0 ds ds

du:l:llf}

du

il
min{sin® p, %, sin” p, $} { Y
+ ‘I/}
1
min{sin? p, £, sin? p, 9}
1

= — — Y. |
min{sin? D, X, sin? p, v}

IA

1(u)
{/ / [Hess 7 + f gar|(tu(s))dsdu £ w}
U JO s

PROPOSITION 1.12. There exists a positive constant § = 5(g, n) > 0 depending only
on ¢, n satisfying the following properties.

(1) We have limg_08(e,n) =0 foralln € N .

(2) For every point x € M, we take zx € 3By /2(p) such that X, zy = x, 0By 2(p).
Then, for every points x,x’ € M \ (Bs(p) U Bs(q)), we have

cosx,x’ =cosp,xcosp,x’ +sinp, xsinp,x’ coszy, 2y £ ¥ (e;n).
PROOF. This follows from Lemma 1.11. O

1.3.  Proof of Theorem 0.1. Let X, Z be compact metric spaces and f a map from X
to Z. We say that f is e-Hausdorff approximation it |x,y — f(x), f(y)| < € holds for all
x,yeX, and B;(Image(f)) = Z holds. If there exists an e-Hausdorff approximation from X
to Y, then, we have dgpy (X, Z) < 5¢. If dgu (X, Z) < ¢, then, there exists a 3e-Hausdorff
approximation from X to Z.

LEMMA 1.13. Let e > 0 and let M be an n-dimensional compact Riemannian man-
ifold (n > 2) with Ricyy > n — 1. We assume that there exist points p,q € M such that
P, q > 1w — ¢ holds. Then, we have

dou(M, S° % 3By 2(p)) < W(e;n).

Here, the metric on 0 By /2(p) is the restriction of the metric on M.
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PROOF. With notation as in Proposition 1.12, we define the map

¢ : M\ (Bs(p) UBs(q)) — S° % 3By/2(p) = [0, 7] X 3Br/2(p)/~

by ¢(x) = (p,x,zx). It is easy to check that ¢ is ¥ (e; n)-Hausdorff approximation by
Proposition 1.12. a

From now on, we will discuss the limit space.

LEMMA 1.14. ByLemma 1.13,ifY is the Gromov-Hausdor{f limit of a sequence {M,};
of compact connected, n-dimensional Riemannian manifolds with Ricy, > n—1, then we have

(P) forany p,q €Y satisfying p,q = 7, we have Y = ({p, q}, dgo) * (3 Bz 2(p), dy).
Moreover, (0Bx2(p), dy) is either equal to a point, equal to 8% or is a convex subspace of
(Y, dy). In the last case, 0 By 2(p) is itself a geodesic space for dy and satisfies the property
(P).

PROOF. Let p, g be points in Y with p, g = 7. We assume that d B;,2(p) is neither
equal to a point nor equal to SY. Let x, y be points in 9 By 2(p) such that X,y < 7/2. We
take a minimal geodesic o : [0, X, y] from x to y.

CLAIM 1.15. Wehaveo(t) € Y \ {p, q} foreveryt € [0,%,y].

We assume that the conclusion is false. Then we can assume that p € Image(o’) without
loss of generality. Then, we have X,y =X, p+ p,y = n/2 + n/2 = &. This contradicts the
assumption. Therefore we have Claim 1.15.

Thus, by Proposition 1.12, for an element z; € 9By,2(p) such that o(¢),z;, =
o (1), 3By /2(p) holds, we have the equalities

cosx, o(t) =sin p,o(t) cosXx, zr,

cosa(t),y =sinp,o(t)cosy, zr .

We shall prove that p, o (t) = /2. We give only a proof of the case x, o () < m/2 and
o(t),y < m/2. We can prove the other case in a similar way. Then, we have cosx, o (f) <
cos X, zr and coso(t),y < cosy,z;. Thus, we have x,o(t) > X,z and o(¢),y > 7, ;.
Especially,x, y = x,0(t) +0(t),y > X,z +, 2:- Therefore, x,0(t) =X, z; and o (¢), y =
y,z: hold. Hence, we have cosx,o(t) = sinp,o(t)cosx,o(t) and coso(t),y =
sin p, o (t) cosa (1), y. Since x, y < m, we have min{x, o (t), o (¢), y} < w/2. Thus, we have
p, o (t) = /2. Moreover, we assume that there exist points p, g in 3 Bz 2(p) such thatm =
7. By the assumption, there exists a point z in d Bz/2(p) \ {p, §}. By Lemma 1.7, there exists
a minimal geodesic 7 from p to ¢ such that z € Image(t). Therefore, by an argument above,
we have Image(tr) C 9By/2(p) and 0By 2(p) is a convex subspace of (Y, dy). For every

x € 3Bz)2(p) \ (P, G}, we take z, € 0By 2(p) such that X,z = x, dBz2(p). Then, we have
Zx € 3By/2(p) N 3By/2(p). Then, we define ¢ : dBr/2(p) — SO x (0Bz/2(p) N 3Bz /2(P))

by ¢(x) = (P, x,zx) for x € 0Brp2(p) \ {P. g}, ¢#(p) = (0,%) and ¢(g) = (7, ). By
Proposition 1.12, ¢ is an isometry. Therefore, 0 By /2(p) satisfies the property (P). a
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COROLLARY 1.16. Let Y be the Gromov-Hausdorff limit space of a sequence {M;};
of compact connected, n-dimensional Riemannian manifolds with Ricy, > n — 1. We assume
that there exist 2 pairs (p1, q1), (p2, q2) of points of Y such that p1,q1 = p2,q2 = 7w and
D1, p2 = 1 /2. Then, one of the following (1), (2), (3) occurs.

(1) There exists a compact geodesic space Z with diam(Z) < m such thatY = S'xZ.

2 Y=S5%

3) v=S.

Similarly, we have the following.

PROPOSITION 1.17. LetY be the Gromov-Hausdorff limit space of a sequence {M;};
of compact connected, n-dimensional Riemannian manifolds with Ricy, > n — 1. We assume
that there exist k pairs (p1,q1), - - ., (Pk, qk) of points of Y such that p;, qi = w holds for
every i, and that p;, p; = m/2 for every i # j. Then, one of the following (1), (2), (3)
occurs.

(1) There exists a compact geodesic space Z with diam(Z) < m such thatY = k=1
Z.
(2) Y =Sk
(3) Y =81

THEOREM 1.18. LetY be the Gromov-Hausdorff limit space of a sequence {M;}; of
compact connected, n-dimensional Riemannian manifolds with Ricy, > n — 1. We assume
that there exist k pairs (p1,q1), - .., (Pk, qk) of points of Y such that p;, qi = w holds for
every i, and that p;, p; = /2 for every i # j. Then, we have the following:

(1) kisatmostn+ 1.

2) If1 <k <n—1, then there exists a compact geodesic space Z with diam(Z) <«
such that Y = S¥=1 % Z.

(3) Ifk=norn+1,thenwe have Y = S".

PROOF. By Proposition 1.17 and [13, Lemma 5.10], we have (1) and (2). Note that
Gromov-Hausdorff limits have Hausdorff dimension not greater than » and that dimy skz =
dimy; Z +k+ 1 holds for every compact metric space Z (see Proposition 5.6). Thus, it suffices
to prove the case k = n. Then, by Proposition 1.17, we have Y = §", or Y = S’jr. Here,

§% = {(x1.x2, ..., Xn11) € R x? x4+ +x2, | = 1,x,11 > 0} and the metric is the
restriction of that of §7. If Y = S’i, by [7, Theorem 6.2], we have a contradiction. Therefore
we have the claim. O

Gromov’s pre-compactness theorem and Theorem 1.18 imply Theorem 0.1.

REMARK 1.19. Theorem 0.2 follows from Theorem 0.1. Let M be an n-dimensional
compact Riemannian manifold (n > 2) with Ricyy > n — 1. By the Bishop-Gromov volume
comparison theorem, if vol(M) > vol(8")—e, thenrad(M) > 7 —W (¢; n). Hence, we assume
that rad(M) > m — ¢. Then, for every p € M, there exists ¢ € M suchthat p,g > m — ¢
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holds. First, we fix p; € M. Then, there exists g; € M such that

P1,q1 =T —¢€.

Thus, by Theorem 0.1, M is close to the 1-fold suspension of some compact geodesic space
in the sense of Gromov-Hausdorff distance. Especially, there exists p» € M such that

< W(g;n).

T
P1, p2 )

Similarly, there exists g2 € M such that

P2,q2 =T — €.

Thus, M is close to the 2-fold suspension of some compact geodesic space. Especially,
Anjrwn20w(P1) N Azjpwrjprw(pa) # 0. Here, A (x) = Bi(x) \ By(x) for s < 1.
By iterating this argument, there exist n + 1 pairs (p1, q1), - - - (Pn+1, gn+1) of points of M
such that |p;,g; — | < ¢ holds for each 7, and that |p;, p; — 7/2| < ¥(e; n) holds for
i # j. Itimplies Theorem 0.2 by Theorem 0.1.

2. First eigenvalue of the Laplacian. In this section, we explain a relationship be-
tween Theorem 0.1 and the first eigenvalue of the Laplacian. As a key tool, we shall estimate
the L2-inner product of cosine of distance functions.

PROPOSITION 2.1. Lete > 0, M be an n-dimensional compact Riemannian manifold
(n > 2) with Ricyy > n — 1. We assume that there exist 2 pairs (p1, q1), (p2, q2) of points
of M such that |p1,q1 — 7| < e and |p2,q2 — | < &. We put f;(x) =cosp;,x (i =1,2).
Then, we have

1 COS 1, P2
dx = ——+W(e;n).
vol(M)/Mflfz x p—— (e;n)

PROOF. We take f; € C®°(M) for f; as in Lemma 1.6. Then we have the following

1
vol(M)

1
/Mffdx = +W(en),

1
vol(M)

n
/M|Vf,~|2dx= 1 +¥(ein),

1
vol(M)
See [12, Lemma 1.10] for the proof. Here, A = tr(Hess).
We also take § = (e, n) as in Proposition 1.12. We put A, = B35(p1) U B3s(q1) UC)p,.

For every pointx € M \ Ay, and every s € [0, p1, x], we define cx(s) € M as the point on
the minimal geodesic segment from p; to x such that x, ¢, (s) = s holds. It is not difficult to

/ |A fi(x) + nfi(x)]?dx < ¥(e;n).
M
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see vol(A ;) /vol(M) < W(g; n) (see [12, Lemma 1.10]). Then, we have

/M gm(V f1,V fo)dx = gm(V f1,V f2)dx £ W (e; n)

vol(M) vol(M) M\A,
1 .
= m(V f1,V f2)dx £ W (e; n)
vol(M) Jypa,, ! f.VS
| -
= sinpl,xM dx £ ¥(e;n)
VO](M) M\Ap, ds s=0
1 { . (fzocxw)—fzocx(m
= sin pp, x
VO](M) M\Apl )
d2
——/ (5 — 522 f2 C"(S) >}dx:i:llf(8;n)
1 . (fzocx(5)—fzocx(0))
= sin py, x dx
VO](M) M\APl 1)
1 (fzocx(S) fzocx(S))
sin pp, x dx
VOl(M) M\APl 1)
1 . (fzocx(o)—fzocx(o)>
— sin pp, x dx
VOl(M) M\Apl 1)
1 b d*hroci(s) | =
- inpr,x 5 — _— dsd
§vol(M) Juna,, e x/o ( S)< ds? +he CX(S)) e

1 8 .
+— sinp1,x/ 6 —s)frocx(s)dsdx £W(e;n).
vol(M) Jyna,, 0 '

CLAIM 2.2. We have

1 . (fZOCx(S)— dx| < W¥(e;n).

_— sin pp, X
VOl(M) M\Apl 1)

PROOF. We use the next estimate:

/2 ocx(S))

ESTIMATE 2.3. There exists C(n) > 0 such that, for every 0 < s < § and for every
integrable function 2 : M — Rx(, we have

1 Cn)
_— hocy(s)dx <
vol(M) Ju\a,, vol(M)
WeputS, (1) ={u €Ty M;|u| =1}. Foru € Sy, (1), we define  (u) > 0 as the supre-
mum of ¢ € (0, oo) such thatexp,, suljo,/) is a minimal geodesic segment from p; to exp,, tu

Also we put Sp, (1) = {u € S, (1) ;1(u) > 38} and 6(r, u) = t*H(det(g,-,-|exppl(m)))1/2.

h(x)dx .
M
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Here, g;; = gm(9/0x;, 9/9x;) for a normal coordinate (x1, x2, ..., x,) around p;. Then,

t(u)
/ hocy(s)dx < | h o cexp, 1u(8)0(t, u)dtdu
M\Ap, Sp (1) /35 “

t(u)
= / / h(expm ((t —&u)o(t, u)dtdu
Sp (1) J3

8

t(u)—35 R . .
=[ / h(exp,, (Fu))0(F + 8, u)didu .
Sp, (1) J28

By the Laplacian comparison theorem, there exists C(n) > 0 such that

sin "L (7 + §)

O +68,u) < ——— 0, u) < C(n) 01, u)
n" 't

foreachu € S, (1) and each 7 € [28, 7(u) — 8]. Thus,

t(u)—35
/ hocx(s)dx <C(n) |, h(exppl )0 (t, u)dtdu
M\Ap, Sp 1) J23

t(u)
<C@n) / / h(exp,,, (fu))6 (7, wdidu
Sp, (1) JO

=C(n)/ h(x)dx .
M

Therefore, we have Estimate 2.3.
By Estimate 2.3,

1 (ﬁocx@)—fzocx(a))dx‘

sin pp, x
VOl(M) M\APl 1)
1
S—
SVOI(M) M\Apl
C(n) / -
—_— — fald
5 vol(M) lez f2ldx

c | ) 12
< ((;n)<m/M|f2_f2|2dx) <8(e,n) "W (esn).

We remark that, without loss of generality, we may assume that lim,_.¢ (e, n)’1 Ye,n)=0
by exchanging é if necessary. Therefore, we have Claim 2.2. a

CLAIM 2.4. We have
1 (fzocx(o)—fzocx(o))d
X

sin pp, x
VO](M) M\APl 1)

|f20cx(8) — f20cy(8)ldx

< W(e;n).




RICCI CURVATURE AND ALMOST SPHERICAL MULTI-SUSPENSION 511

PROOF.
1 . (ﬁocx(O)—fzocx(O)) ‘
sin pq, x dx
VOI(M) M\APl 1)
1 -
< — — fold
= 3vola) /lez Sfaldx
< (- / | — fold -
- — — X
=s\volan) J,, 22
<8 'W(e;n).
Therefore, we have Claim 2.4. O
CLAIM 2.5. We have
1 8 d’froce(s) =«
_— i ) 85— _— dsd Y(g;n).
‘5V01(M) ot sin pp x/o ( s)< 13 +fzocx(s)> sdx| < W(e; n)

PROOF. We use the next estimate.

ESTIMATE 2.6. There exists C(n) > 0 such that, for every integrable function 4 :
M — R207

1 / /5 C(n)s
_ hocy(s)dsdx < h(x)dx .
vol(M) Jm\a,, Jo vol(M) Ju

This Estimate 2.6 follows by integrating Estimate 2.3 with respect to s between 0 and 4.
Then,

1 8 d’froce(s) =«
_— i , 8§ — _— dsd
‘SVOI(M) M\Ap, e x/o ( S)< ds? /2o CX(S)) S
1 8 ~
< |Hess z + f2gm|(cx(s))dsdx
vol(M) Ja\a,, /0 fu T 2wl
< S0 e + Faguld
—_ ess 7
= Vol(M) J,, TR T M
1 ; ) 172
< C(H)S(W \/[w |HeSSf'2 + fng| dx)
<W(e;n).
Therefore, we have Claim 2.5. O

CLAIM 2.7. We have
‘ 1

_— < Y(e;n).
SVOI(M) M\APl

s
sin pp, x / (8 —5) frocy(s)dsdx
0

The proof is similar to that of Claim 2.5.
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From these claims, we have

sin py, x

(fzocx(S) -~ OCx(0)>dx

1
W/M gm(V f1,V fr)dx = 8

VOI(M) M\Apl
+W(e;n).

For every x € M\ Ap,, we take zx, z¢,(5) € 0By/2(p1) such that X,z = x, dBz,2(p1) and
¢x(8), Z¢y(5) = ¢x(8), 9By /2(p1). Then, by Proposition 1.12, we have

cos8 = cos pr, x cos(pr, X — 8) +sin py, x sin(py, X — 8) cos 2y, Ze,(5) =¥

cosd = cos pr, x cos(p1, x — &) + sin py, x sin(pr, X — 8).
Therefore, we have
sin py, x sin(py, x — &) = sin py, x sin(p1, X — 8) cosZy, 2¢, (5) £ V.
Thus, we have Z, z¢, (5) < ¥ (¢; n). By Proposition 1.12, we have

sin pr, x(f2 0 ¢x(8) — f2 0 ¢x(0))

= sinpl,x(cospl,pz cos p1, cx(8)

) ., ———— COS P2, X —COS p1, p2COS P1, X
+ sin 1, p2 sin pi, ¢x(8) P PP £ )

sinpr, p2 sinpy, x
—sinpy, x cospa, x £ ¥(e;n)

(sin(pr, X — &) — sinpy, X) cos p2, X

+cos p1, p2 (sin pr, X cos(pr, X — 8)) — sin(pr, X — §) cos p1, x) = ¥ (e;n).

Therefore,
! / V1,V fa)d
X
vol(M) MgM 1> 2

1 8) — 0

_ sinm(fZOCX( ) — faoal ))dxj:lll(s; n)

VOI(M) M\Ap, 1)

1

= — €O0s P2, X cos p1, xdx + cos p1, p2 £ ¥ (e; n)
vol(M) Ja\a,,

1

=_ d P1,p2 W (e;n).
ol (M) /M f1fadx + cospr, p2 (g;n)
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On the other hand,

_ __ 1 250, L 2
VOI(M)/MQM(Vfl,sz)dX—zvol(M)/MIVfll dx+2v01(M) /MIVf2| dx

1 2
_W/M IVfi—Vfa|dx

n 1 - - 5 B
T + 2ol (M) /M(fl — A1 — fo)dx £¥(e;n)
n 1

_ B o |
T+l 2vol(M) M”(fl F)2dx £ ¥ (e;n)

n
= W /M f1fodx =W (e;n).

Therefore, we have Proposition 2.1
We shall give several applications of Proposition 2.1. Let M be an n-dimensional com-
pact Riemannian manifold with Ricy; > n — 1, and

O=d <A A= X < Apg1 <o

denote the eigenvalues of —A on M. By Lichnerowicz-Obata’s theorem, we have the inequar-
ity A1 > n. Moreover, the equality holds if and only if M is isometric to S”. The following
Corollaries 2.9 and 2.10 were first proved by Bertrand (see [3, Théoréeme 2.1, Théoréme 3.1]).
We give a new proof of them by using Proposition 2.1.

REMARK 2.8. Proposition 2.1 gives a new simplified proofs of Corollaries 2.9 and
2.10. In addition, by using Proposition 2.1, we can explicitly culculate H f-inner product for
some eigenfunctions in a limit space. For example, let Z be a compact geodesic space as
in Corollary 4.8. Then there exists a Gromov-Hausdorff (renormalized) limit measure v on
Z, the cannonical Laplace operator on L>(Z) and exist linearly independent eigenfunctions
f1, ..., fu—1 whose eigenvalues are all n and whose norms in H12 are all 1 (for example, see
[7, 8, 9]). We take p1,..., pp—1 € Z such that f;(p;) = maxf;. Then, by Proposition 2.1
and by an argument similar to the proof of Corollary 2.10, we have

/Yﬁfjdv - COZP% and /Y(df,-,dfj)dv - %.

COROLLARY 2.9 (Bertrand [3, Théoreme 2.1]). Let ¢ > 0 and let M be an
n-dimensional compact Riemannian manifold with n > 2 and Ricyy > n — 1. We assume
that there exist k pairs (p1,q1), - . ., (Pk, qx) of points of M such that \pi, qgi — w| < € holds
foreachi,and that |p;, p; — m/2| < € holds for i # j. Then, we have

M=nxtW(e;n).
PROOF. We put f;(x) = cosp;, x for every 1 < i < k. By Proposition 2.1, {(n +

1)!/2 £;}; form an almost orthonormal family in L%(M ). By min-max principle, we have

A ssup{/ IVEaifilde// (Zai fi)*dx; ()i eRk\Ok}.
M M
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Proposition 2.1 implies
/ |v2a,~f,-|2dx// (Za; fi)?dx < n+ W (e;n)
M M

for every (aj, az) € R¥ \ Ok. Therefore, we have Corollary 2.9. O

COROLLARY 2.10 (Bertrand [3, Théoréme 3.1]). Let ¢ > 0 and let M be an
n-dimensional compact Riemannian manifold with Ricy; > n—1. We assume that Ay = n+te.
Then, there exist k pairs (p1,q1), - - -, (Pk, qk) of points of M such that |p;, gi — | < ¥ (e; n)
holds for each i, and that |p;, p;j — m/2| < ¥(e; n) holds fori # j.

PROOF. Let us recall several inequalities in [28]. Let f, eC®M)(i=1,2,...,k)be
eigenfunctions satisfying

—Afi=Aifi, hi—n|l<e for every i and/ﬁfjdxzo foreveryi # j.
M

Then, we can assume that
F+IViP <1,
1 ~ 1
/ fPdx = —— +W(e;n),
vol(M) Ju n+1

1 -
/|Vf,-|2dx=—” +W(en),
vol(M) Ju n—+1

méM)AﬂﬁLHVﬁP—lwx<wwnn,
hold (see [28, Lemma 3.1]).

Hence, for each p € M, there exists p € M such that p, p < W(e; n) and fiz(ﬁ) +
% f, |2( p) = 1 £ W(e; n). We fix a function ¥ (¢; n) which satisfies the inequalities above
and denote it by v (¢; n). We take p;, ¢; € M such that f;(p;) = max f; and f,-(q,-) = rninf,-.
Let gi(x) = fi(pi) = fi(x) + ¥ (esn) and hi (x) = f; (¥) = fi(q) + ¥ (e; n). By Cheng-Yau’s
gradient estimate, we have

\Val> VR[> Cn)
2 h2 < w(e I’l) :
9i i ’
Here, C(n) is a positive constant depending only on n (see [5, 11]). Thus, if we take p;, g; €
M as above, then we have

VARG, Vi@ < ¥ En).
Especially, we have
\fip) = 1, 1filg) + 1] < W(esn) .
We put f;(x) = cos p;, x. By |V arccos f;| < 1, we have
fi> fi—wen).
Thus, we have

A(fi — fi) < ¥(esn)
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in the barrier sense (see [5, Definition 4.4] for the definition of barriers). By [28, Theorem
7.2], we have
\fi = fil <¥(esn).
Especially,
Pisgi =7 —W(en).

Hence, by Proposition 2.1, we have

1
vol(M)

- cos P, P
- Fodx = 5PU LTy g
/Mf’f/ T TR (& n)

for every i # j. Since the left-hand side is equal to 0, we have

T
pi’pj_E < Y(eg;n).

Therefore, we have Corollary 2.10. O
We get also a result of Petersen as a corollary of Theorem 0.1.

COROLLARY 2.11 (Petersen [28, Theorem 1.1]). Let M be an n-dimensinal compact
Riemaniann manifold with Ricyy > n — 1. We assume that |A,+1 — n| < €. Then, we have
deu(M,S") < W(e;n).

Next corollary was first proved by Aubry. It follows also by Theorem 0.1, Corollary 2.9
and Corollary 2.10. Note that he gives more explicit estimate for ¥ (¢; n) (see [2]). Hence,
next corollary is weaker than his theorem.

COROLLARY 2.12 (Aubry [2, Proposition 19]). Let M be an n-dimensional compact
Riemaniann manifold with Ricyy > n — 1. We assume that |A, — n| < e. Then, we have
[An+1 —n| < ¥(e; n).

Next corollary was first proved by Gallot. Note that he estimates C (n) in Corollary 2.13

explicitly. Therefore, Corollary 2.13 is weaker than the statement proved by him. However,
we could give a new proof by using the theory of limit spaces.

COROLLARY 2.13. There exists a positive constant C(n) > n such that, for every
n-dimensional compact Riemannian manifold M with Ricyy > n — 1,

hnga = C(n) > n
holds.

PROOF. If the assertion is false, then there exists a sequence of compact Riemannian
manifolds {M;}; with Ricpy,, > n — 1 such that the (n + 2)-th eigenvalue )Jn‘ ) satisfies
limg - o0 Aﬁ 4o = n. By taking a subsequence, if necessary, we can assume that My converges
to some compact geodesic space Y in the sense of Gromov-Hausdorff convergence. By Corol-
lary 2.9, there exist (n +2) pairs (p1, q1) - - - (Pn+2, gn+2) of points of Y such that p;, ¢; =
holds for every i, and that p;, p; = /2 holds for i # j. This contradicts Theorem 0.1. O
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3. A note on the structure of tangent cones of non-collapsing limit spaces. In this
section, we discuss a relationship between Theorem 0.1 and the structure of tangent cones of
non-collapsing limit spaces.

DEFINITION 3.1. For a metric space Z, we define the metric on [0, co) x Z/{0} x Z
as

(t1,21), (B2, 22) = \/tlz + 13 — 211 cos min{zy, 22, 7} .

This metric space is denoted by C(Z) and is called the metric cone of Z. We put z* = [(0, z)].

Throughout this section, let {M;}; be a sequence of n-dimensional complete Riemannian
manifolds (n > 2) with Ricy, > —(n — 1), m; € M;, and Y a proper geodesic space with
y € Y. Here, we say that a metric space W is proper if every bounded closed set is compact.
We assume that
e The sequence (M;, m;) converges to (Y, y) in the sense of pointed Gromov-Hausdorff con-

vergence.
e There exists v > 0 such that vol(B(m;)) > v > 0 holds for each i.
We say that (Y, y) is a non-collapsing limit space.

DEFINITION 3.2. Let (W, w) be a pointed proper geodesic space. We say that (W, w)
is a tangent cone at x € Y if there exists a sequence of positive numbers {r;}; such that
r; converges to 0 and (Y, ri_ldy, x) converges to (W, w) in the sense of pointed Gromov-
Hausdorff convergence.

Cheeger and Colding proved the following result for tangent cones of non-collapsing
limit spaces.

THEOREM 3.3 (Cheeger-Colding [7, Theorem 5.2]). Let (1Y, 0,) be a tangent cone
at x € Y. Then, there exists a compact geodesic space Z with diam(Z) < m such that
(C(Z2), ) is isometric to (Ty Y, 0y).

We shall prove an analogous statement to Theorem 0.1 for tangent cones.

THEOREM 3.4. Let (TY,0x) be a tangent cone at x € Y and Z a compact geodesic
space with diam(Z) < 7 such that (T, Y, Q) is isometric to (C(Z), z*). We assume that there
exist k pairs (p1,q1), - .., (Pk, qr) of points of Z such that p;, qi = 7w holds for every i, and
that p;, pj = /2 holds fori # j. Then, we have the following:

(1) kisatmostn.

2) If1 <k <n—2,then there exists a compact geodesic space X with diam(X) < &
such that Z = S~ ' % X.

(3) Ifk=n—1orn,thenZ = s

PROOF. First, we remark the following.
(1) For every metric space X, C(Sk_1 * X) is isometric to R¥ x C(X).
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(2) If there exist z1,z2 € Z such that 71, z2 = 7 holds, then 71,z + zZ, 220 = 7 for
every z € Z. This is a consequence of a splitting theorem for limit spaces (see [6, Theorem
6.64]).

(3) We have Z # Sk for every | <k <n — 2. It follows from dimyZ = n — 1 (see
Proposition 5.6). Here dimy Z is the Hausdorff dimension of Z. Compare this fact with [13,
Lemma 5.10].

We assume that there exist points z1, z2 € Z such that 71, z2 = 7. Then, by the definition
of the metric of C(Z), there exists an isometric embedding y : R — C(Z) such that y(0) =
Zx, ¥(—1) = (1, z1) and y (1) = (1, z2). Thus, by the splitting theorem for limit space and (1)
above, we have Z = ({z1, 22}, dg0) * (3 Bz /2(p), p). Theorem 3.4 follows from this argument,
(1), (2), (3) above and an argument similar to that in Section 1. O

Similarly, we have the following.

COROLLARY 3.5. Let (1Y, 0,) be atangent coneat x € Y and Z a compact geodesic
space with diam(Z) < m such that (T, Y, Oy) is isometric to (C(Z), z*). We assume that there
exist k pairs (p1,q1), - .., (Pk, qk) of points of Z such that p;, q; = = for each i and that
det((cos pi, pj)i,j) # 0. Then, we have the following.

(1) kis at most n.

(2) If1 <k < n—2,then there exists a compact geodesic space X with diam(X) < m
such that Z = S~ x X.

(3) Ifk=n—1orn,then Z =8""".

PROOF. We give only a proof of the case k¥ = 2. By the assumption and Theorem
3.4, there exists a compact geodesic space X such that Z = S° « X with p; = (0, %) and
q1 = (m, %). By the assumption, we have p>, g2 € SO % X\ {p1, q1}. Especially, we have
diamX = & by the definition of the metric of SO % X, Therefore, by Theorem 3.4, we have
the assertion. a

4. The topological structure of tangent cones of non-collapsing limit spaces and a
proof of Theorem 0.4. Throughout this section, we use the same notation as in Section 3.
For a proper geodesic space X, we put

RZ(X) = {x € X ; There exists a positive number r > 0 such that forevery 0 < s <,
dcu(Bs(x), Bs(0,)) < es holds.}

R (X) = Mesg REK).

Here, ¢ is a positive number and B;(0,) C R". Let (Y, y) be a non-collapsing limit space of
a sequence of pointed n-dimensional compact Riemaniann manifolds.

THEOREM 4.1 (Cheeger-Colding [5, Theorem 9.73]). We have

RE(Y) C Int(RY ;) (¥)) and dimp, (Y \ R"(Y)) < n — 2.
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Here, for a subset A C Y, IntA is the interior of A. Especially, we have

RM(Y) = (") I(RE(Y)).

e>0

Cheeger-Colding also proved the following important result.

THEOREM 4.2 (Cheeger-Colding [7, Theorem A.1.1]). There exists a positive num-
ber ¢, > 0 satisfying the following property. For every 0 < & < ¢&,, there exist a complete
n-dimensional Riemannian manifold M, and a homeomorphism f : Int(R}(Y)) — M such
that f, ffl are (1 — W (e; n))-locally Holder continuous.

We shall prove an analogous statement to Theorem 4.2 for tangent cones.

THEOREM 4.3. Let k be a non-negative integer, (1Y, 0y) a tangent cone at x and
X a compact geodesic space with diam(X) < w such that (1Y, 0y) is isometric to (Rk X
C(X), (O, x*)). Then, we have dimyX =n —k — 1, R\ *"1(X) ¢ Int(R’l}f(f;;)l (X)) and
dimy (X \ R**1(X)) < n — k — 3. Also, there exists a postive number &, > 0 satisfying
the following property: For every 0 < & < &,, there exist a complete (n — k — 1)-dimensional
Riemannian manifold M and a homeomorphism f : Int(RZ’k*I(X )) — M such that f, f~!

are (1 — W (e; n))-locally Holder continuous.
PROOF. First, we remark the following claims.

CLAIM 4.4. Let X be a proper geodesic space, x € X and ¢, r positive numbers. We
assume that dg g (B, 0, x), B, (0,)) < er holds. Here,

B,(0,x) C (R x X, v (dr)?+ (dx)?).
Then, we have dg g (By(x), By (0p—1)) < ¥ (&)r.

CLAIM 4.5. Let Z be a compact geodesic space with diam(Z) < m and ¢, R positive
numbers. We consider the next metric balls. Here be careful about the metrics.

() BR*%(0.2) C (R x Z./(dp)* + (¢7'd2)?),

@ B”(1,2) C (C(2), e dez)).
Then, we have

den((BR*2(0,2), 0,2)), (B (1,2), (1,2))) < W(s; R) .

We skip the proof of these claims because it is not difficult. We have ’Rg_k_l (X) C
Int(R’,},_(f;l% (X)) by these claims and Theorem 4.2. Therefore, by an argument similar to the
proof of Theorem 4.2, we have Theorem 4.3 (see [7, Theorem 5.14] and [7, Theorem A.1.2]).

O

COROLLARY 4.6. If the assumption in Theorem 3.4 holds with k = n — 2, then there
exists 0 < r < 1 such that Z = S"=3 % S'(r) holds. Here, S'(r) = {x € R%; |x| = r}, and
the metric d g (r) On SY(r) is the standard Riemannian metric.

PROOF. First, the next claim is straightforward.
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CLAIM 4.7. Letd be a metric on S' such that (S', d) is a geodesic space homeomor-
phic to the standard unit sphere (S', dg1). Then, there exists a positive number 0 < r < 00
such that (S', d) is isometric to (S'(r), dsl(r)).

By Theorem 3.4, there exists a compact geodesic space X with diam(X) < & such that Z
is isometric to $” 3 % X. By Theorem 4.3, we can prove that X is homeomorphic to some one-
dimensional connected compact manifold. Namely, X is homeomorphic to S'. Therefore, by
Claim 4.7, there exists 0 < r < 1 such that X = Sl(r) holds. O

Similarly, we have the following.

COROLLARY 4.8. Let Z be a compact geodesic space and {M;}; a sequence of com-
pact n-dimensional Riemannian manifolds with Ricy, > n— 1. We assume that M; converges
to Z in the sense of Gromov-Hausdorff convergence and lim; _, )‘iz—l = n. Then, there exists
0 < r < 1 such that Z is isometric to S"~! x Sl(r).

PROOF. By Theorem 0.1, there exists a compact geodesic space X such that Z =
§"~! s X. First, we assume that Z is a collapsing and X is not a point. Then, since X is
a geodesic space, we have dimy Z = dimy S" 1w X >n+1 (see Proposition 5.6). This
is a contradiction. Therefore, if Z is a collapsing, then X is a point. On the other hand, if Z
is a non-collapsing, then X = S'(r) for some r > 0 by an argument similar to the proof of
Corollary 4.6. Therefore, we have the assertion. O

This is equivalent to Theorem 0.4 by Gromov’s pre-compactness theorem.

5. Appendix: A calculation of Hausdorff dimension. In this appendix, we will
prove the equality

dimy (R* x C(X)) = k + 1 + dimy(X) ,

for every compact metric space X. Throughout this section, we assume that a metric space X
always satisfies the following property (Q).

(Q) For every positive number ¢ > 0, there exists a countable collection {p; }; of points
of X such that X = J; B:(pi).

LEMMA 5.1. Let | be a positive real number and A be a subset on X satisfying
H!H1(A) = 0. Then, we have H' (3B, (x) N A) = 0 for every x € X and for a.e. r > 0.

PROOF. Forz € X and ¢ > 0, we put a function ¢! : R.o — R as ¢L(r) = 151 if
9B, (x) N B;(z) # ¥, and as @L(r) = 0if otherwise. This function is a Borel function. We put
sy =inf, 5 ) X, wand sy =sup, 5 )X, w. Then, we have

f " @Lyldr = / " @l dr < (150 f " dr < 30
0 S1 N

1
By the assumption, for every positive numbers ¢, 8 > 0, there exists a countable collection
{By,(x;)}i such that A C J; By, (x;), r; < 8 and 3, rl.lJrl < ¢&. Here, we define a function
¢é . - R>0 —> RU {00} as ¢é )= Zi(cj);’;. (r))l. This function is also a Borel function. We
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have ~
Z/ (@) dr <301y " rF < 301 e
i 70 i

By the monotone convergence theorem, we have

o
/ 5. (rdr <30t e,
0

On the other hand, by definition, we have Hé (ANJB,(x)) < ¢é’ . (r) for every r > 0. Since
¢§’S — 01in L1(R~p) as ¢ — 0, there exists a Borel set V. C R-( and exists a sequence {¢;};
such that H!(R-o \ V) = 0 holds, & — 0 holds as i — oo and that lim;_, oo ¢é’£i r)y=20
for every r € V. Therefore, we have Hé (ANAJB,(x)) = 0forevery r € V. Especially, the
function, r — Hé (AN9 B, (x)) is Lebesgue measurable and the functionr — HI(ANI B, (x))
is also Lebesgue measurable. Since

o
/ HL(AN BB, (x))dr =0,
0
we have
o
/ H' (AN 3B, (x))dr =0.
0
Therefore, we have the assertion. O

LEMMA 5.2. For every positive number | > 0 and every subset A in X, H'(A) = 0
holds if and only if H't1(R x A) = 0.

PROOF. First, we assume that H/(A) = 0. Since Hg(A) = 0 for every § > O, there
exists a countable collection { By, (x;)}; such that r; < 8, A C U By, (x;) and Y rl.l < ¢. For
every i and forevery 0 < k < [1/r;]+ 1, we define t,i € [0, 1] by t,i =k([1/ri]+ 1)’1. Here,
[r] = sup{s € Z ; r > s} for a real number r.

CLAIM 5.3. [0,1]1x A C U, Bioor (], xi) -

We will prove Claim 5.3. For every (¢, x) € [0, 1] x A, we chose i such that x € B,l. (x;).
We also chose k such that |t — | < [1/r;]7!. Then, by [1/ri]7! < r;/(1 — r;), we have

1! :
\/(n—t)2+m25|n—t|+m[—} -I-riilrl +ri < 5r;.
- :

4 -

Therefore, we have Claim 5.3.
Since

Zril'H < ZZriI <2e¢,
ik i

we have Hé“ ([0, 11 x A) = 0. Thus we have the assertion.

Next, we assume that HZ‘H(R x A) = 0. By Lemma 5.1, for every x € X, we have
H (3B, (0,x) N R x A) = 0forae. r > 0. Letw : R x X — X be the projection. Since
B,(x)NA C 7(3B,(0,x) N R x A), we have H'(B,(x) N A) = 0 for a.e. r > 0. Therefore,
we have the assertion. |
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COROLLARY 5.4. Forevery A C X and k € N, we have dimy (R* x A) = k +
dimp A.

PROPOSITION 5.5. For every compact metric space Z and for every | > 0,
HH(C(Z)) = 0 holds if and only if H'(Z) = 0 holds. Especially, we have dimyC(Z) =
dimyZ 4 1.

PROOF. Since A, r,(zy) is bi-Lipshithz equivalent to Ay, s, (z4) for every ri < r» and
for every s1 < s2, we know that H'*1(C(Z)) = 0 holds if and only if H'*!(A1/2,2(z+)) = 0
holds. Clearly, A1/2,2(z«) is bi-Lipshitz equivalent to [1/2, 2] x Z. Therefore, by applying
Lemma 5.2, we have the assertion. O

Corollary 5.4 and Proposition 5.5 implies
dimy (R* x C(X)) = k + 1 + dimy(X)
for every compact metric space X. Similarly, we have the following proposition.

PROPOSITION 5.6. For every compact metric space X and for every k > 0, we have
dimyy(S¥ % X) = k 4 1 + dimy(X).
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