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Introduction. Let M® be an » dimensional Riemannian spaces, and
denote by o(X, Y) the sectional curvature of a 2-plane spanned by vectors
X and Y. For a ¢-plane w at a point P, we take an orthonormal base
{e;} of tangent space T,(M) such that e, ---, ¢, span 7. Such a base is
called an adapted base for #. S. Tachibana [1]¥ has defined the mean
curvature po(z) for = by

1 LI
() = ——— >, >, p0(e, ),
o(x) q(n — Q) «=q+1i=1 P

which is well-defined, i.e., independent of the choice of adapted bases
for #. He has obtained the following.

THEOREM I. (S. Tachibana [1]). In an n(>2) dimensional Riemannian
space M, if the mean curvature for g-plane is independent of the q-
plane at each point, then

(i) M is an Einstein space, for ¢ =1 or n — 1,

(ii) M™ is of comstant curvature, for n —1>q > 1 and 29 # n,

(iii) M™ is conformally flat, for n — 1> q > 1 and 29 = n.

The converse is also true.

Taking holomorphic 2p-planes instead of g-planes, an analogous result
in Kahlerian spaces is also known.

THEOREM II. (S. Tachibana [2], S. Tanno [3]). In a Kdhlerian space
K*™(m = 2), if the mean curvature for 2p-plane is independent of the
holomorphic 2p-plane at each point, then

(i) K*® is of constant holomorphic curvature, for 1< p<m—1
and 2p # m,

(ii) the Bochmner curvature tensor of K™ vanishes identically, for
l1<p<m-—1and 2p = m.

The comverse is also true.

The purpose of this paper is to prove an analogous theorem in

1) The number in brackets refers to Bibliography at the end of the paper.
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Kahlerian space taking anti-holomorphic p-plane in place of holomorphic
2p-plane in the above theorem.

1. Preliminaries. Consider a Kahlerian space K®™ of complex di-
mension m(=2). Let {(,) and J be the inner product and the almost
complex structure, then it holds that

(1.1) (X, V)= X, JYY, JIX=-X, PJ=0,

where X and Y denote vector fields on K*™ (or tangent vectors at a
point) and F Levi-Civita connection. By R, R,, and S we denote the
Riemannian curvature tensor, the Ricci tensor and the scalar curvature
respectively. Then they satisfy for any vectors X, Y and Z,

(1.2) R(X, Y)Z = R(JX, JY)Z,
(1.3) R(X,Y)= R,(JX, JY).

For a J-base {e,, Je; = ¢;.}” and the sectional curvature p(e;, e,) = —
{R(e,, e.)e;, €.y, we have

(1'4) lo(eh e#) = Io(el*’ el‘*) ’ 10(62*’ e#) = ‘0(61, ell*) .
If an orthonormal pair {X, Y} at P satisfies
KX, JYy=10,

then such a pair will be called an anti-holomorphic orthonormal pair.
In [5] and [6], the following lemma has been proved.

LEMMA 1.1. In a Kdahlerian space, the following three Propositions
A ~ C are equivalent to one another.

A. (X, Y) = p(X, JY)

holds good for awny amwti-holomorphic orthonormal pair {X, Y}.
B. P, ¥) = T{HX) + H(Y))

holds good for anmy anti-holomorphic orthonormal pair {X, Y}, where
H(X) = p(X, JX), viz. the holomorphic sectional curvature for X.
C. The Bochmer curvature temsor of K™ vanishes.

2. The mean curvature for anti-holomorphic p-plane. Consider a
p-plane w at a point P of a Kiahlerian space K*™. If we find p vectors
X, -+, X, such that X,, ---, X, span 7w and JX,, - - -, JX, are perpendicular
to w, then 7 is called anti-holomorphic. If 7 is an anti-holomorphic p»-
plane, then there exists a J-base {¢;, ¢;,} of T,(K*™) such that ¢, ---, ¢,

20 As the notations we follow S. Tachibana [2]. 2,2 =1,2,--:, m.
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span w. Such a J-base will be called an adapted J-base for =. Hereafter
m will always mean an anti-holomorphic p-plane.

The mean curvature po(z) for « is

@1 o) = 5 S 0le, 6) + 3 {oles e + ple, €.} -
p(2m —_— p) =1 _j=1 e=P+1

LEMMA 2.1. If m = p = 2 and if the mean curvature for p-plane
18 independent of the anti-holomorphic p-plane at P, then Proposition
A in Lemma 1.1 holds good.

ProOOF. Consider an anti-holomorphic p-plane 7# at P and adapted
J-base {e,;, e;.} for 7. Let 7’ be the anti-holomorphic p-plane spanned by
€y, €, **+, ¢;. Then the mean curvature o(z’) is given by

P D

@2 o) = — L S\ plew, es) + plew, ) + 33 0(e, €)

p(2m — p)Li= =

p D m P

+ 53500, 0) + 3 Slole, e + ple e}
By the assumption we have p(z) = o(n’), and hence
(2.3) 3 0le, er) = 3106y ¢)
taking account of (1.4). Similarly we have
(2.9) 0(ey €) + 2506, €52) = 0oz, €) + 3, 0(es, €5) -
In the case p = 2, by (2.3) we have
(2.5) (e, ) = P(ey, €) -

When p = 3, we consider p-plane n”’ which is spanned by e., ¢, ¢, -,
e,. The similar process for ©”’ instead of 7’ leads us to

@8 30l e) + Si0les e) = 2 0le, ¢) + X olen 0))

Taking account of (2.3), (2.4) and (2.6), we see that

2.7 ole,, ex) = p(e,, €) .

Then (2.5) and (2.7) show that Proposition A holds good. q.e.d.

LEMMA 2.2. If m > p = 2, and if the mean curvature for p-plane
18 independent of the anti-holomorphic p-plane at each point, them K™
18 of constant holomorphic curvature.

PrROOF. By virtue of Lemma 2.1 and Lemma 1.1, it follows that
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(2.8) 0(es, ) = p(es, €p) = —;—{H(ez) + He)), N#p.
Hence
(2.9) 3 5066, ¢) = 222 31 Hee

@210) 33 3 {ole, &) + ple,, e} = 2L S He) + 2% He) .

i=1a=pH1 4

By assumption o(7) being independent of w, we put o = p(r). Then
substituting (2.9) and (2.10) into (2.1), we get

@1)  pem—po=""LE3 S He)+ L3 Ay

Taking account of m > p, we consider p-plane #n’ which is spanned by
€, €5, +*+, €p.;. The similar process for 7’ instead of = leads us to

— p+1 m
@12)  plem—pp=2=LEIS He) + 2 5 Hey)

By (2.11) and (2.12) we obtain,

H(e,) = H(ey.,) -
Similarly it follows that
(2.13) H(e,) = H(ey)) = --- = He,,) -

For any unit vector X at a point P, there exists a J-base {e,, ¢;} such
that X = ¢,. Then we get from (2.12) and (2.13)

_ _42m — p)
H(X) mt 3"’

which means that H(X) is independent of X. q.e.d.

3. A theorem analogous to Theorem I and II. By virtue of Lemma
1.1, Lemma 2.1 and Lemma 2.2, we get the following theorem including
the trivial case where p = 1. Its converse part is obtained by straight-
forward calculation.

THEOREM. In a Kdahlerian space K*™(m = 2), if the mean curvature
for p-plane is independent of the anti-holomorphic p-plane at each point,
then

(i) K*™ is an Einstein space, for p =1,

(ii) K™ is of comstant holomorphic curvature, for m>p = 2,
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(iii) The Bochner curvature tensor of K*™ vanishes identically, for
m=p=2.
The converse is also true.

REMARK. In the case (iii), we obtain by straight-forward calculation

m + 3
dm(m + 1)

Thus p(7) is independent of the point P if and only if the scalar curvature
S is constant.

o) = —
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