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PERIODIC TRAVELLING WAVE SOLUTIONS OF
A CURVATURE FLOW EQUATION IN THE PLANE

BENDONG LoOU
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Abstract. In the plane, we consider a curvature flow equation in heterogeneous media
with periodic horizontal striations, the periodicity in space is expressed by periodic (in vertical
direction) coefficients in the equation. We prove the existence and uniqueness of a curve which
travels upward periodically with an average speed. At each time, the graph of the curve is
a periodic undulating line at a finite distance from a straight line with a given inclination
angle. We also show that the average speed depends on the inclination angle monotonously.
Moreover, for homogenization problem as the spatial period tends to zero, we estimate the
average speed by the inclination angle and some means of the periodic coefficients.

1. Introduction. In this paper we will be concerned with periodic travelling wave
solutions of a curvature flow equation

r=a)es(?)

in the xy-plane, where V is the normal velocity of a plane curve, « is the curvature, ¢ > 0 is
a parameter, a and b are 1-periodic positive functions, which are continuously differentiable.
To avoid sign confusion, the normal to the curve will always be chosen upward (toward y-
direction), and the sign of V and « will be understood in accordance with this choice of the
direction of the normal. Consequently, V is positive when the curve moves upward and « is
positive at those points where the curve is convex (see Figure 1).

We will only consider the case where each curve is the graph of a function y = u(x, 1),
so (1) is equivalent to

(M) (YY) e
2) ut_a(s)l—i—u%—i_b(s) 1+us, xeR, t>0.

If b = by > 0, then it is easily seen that, for any given o € [0, 7/2), the straight line
y = tano - x + (bg/ cosa)t is a solution of (2) with b = by. This solution starts at line
ly 1 y = tano - x and travels in the y-direction with speed ¢ = by/ cos «; In other words, it
travels in its normal direction with speed bg. Now in (1) and (2), b is periodic, so it is natural
to conjecture that for any given o € (0, 7 /2), undulating the line tan« - x + (bg/ cos @)t may
give a solution of (2). Moreover, such a solution is expected to be periodic in time according to
“Periodicity in space generates a periodic-in-time regime”. In the following a solution u (x, t)
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FIGURE 1. Propagation of a curve in heterogeneous media with peri-
odic horizontal striations.

of (2) is called a periodic travelling wave solution if
3) ux,t +T)=ux,1)+e,

forsome T' > 0, and ¢ := ¢/T is called the average speed of u in y-direction.
In this paper, we try to seek for solutions of (2)—(3) of the form

4 u(x,t) =v(x +ctcota) = v(§) with v +ecota) =v() +¢,

where & := x + ctcota and ¢ = ¢/T. In this case, for each ¢ > 0 the graph of u is a periodic
undulating line with “inclination angle” « (see Figure 1). (It should be pointed out that the
solution of (2)—(3) does not necessarily have to be such a form as v. In fact, [6] studied V-
shaped travelling wave solutions of V = « + bg. V-shaped periodic travelling wave solutions
of (1) will be the object of a forthcoming paper).

Periodic travelling wave solutions correspond to the propagation of fronts in striated
media where the striations are disposed in a periodic fashion (cf. [3]). Equations in such a
medium generally contain spatially periodic coefficients, like a and b in (1). Motivated by
“periodicity in space generates a periodic-in-time regime”, many authors studied periodic
travelling wave solutions of parabolic equations with spatially periodic coefficients. Among
others, [1], [2], [3] and [5] studied problems similar to ours. More precisely, [1] studied
reaction diffusion equations in heterogeneous media with horizontal striations (eg., a = a(y)).
The travelling fronts they considered are also horizontal ones. It turns out that the propagation
front is flat (independent of x). [2] studied curvature flow equation (1) for a = 1. The striation
in the heterogeneous media is also horizontal (b = b(y)), but the propagation direction they
considered is the —x-direction. In this case only travelling waves are possible. In [3] and
[5], propagation through oblique striations is considered. The equation is a modified form of
(1): replacing k = uy,,/(1 + u)%)3/2 by uyx/(1 + u%)lﬂ, that is, they essentially considered
semilinear parabolic equations. Though the qualitative behavior of the propagation is similar
to the original problem (1), in the modified problem some technical difficulties can be avoided.
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In this paper we study Problem (1), and prove the existence and uniqueness of a periodic
travelling wave solution with form v as in (4). At each time, the graph of the solution is a
periodic undulating line (see Figure 1) which is in a finite distance from a straight line with
inclination angle «, so the propagation is just like that in oblique disposed striations as in [3]
and in [5].

In the study of periodic travelling waves, another more interesting problem is to charac-
terize the average speed. [3] gave some estimate on the average speed ¢ as a = ap — 0, but
did not give the explicit relationship among ¢, o and the periodic coefficient b. In this paper,
we consider the homogenization problem as the period ¢ tends to 0, estimate ¢ by cos o and
the arithmetic means of 1/a and b/a.

In Section 2 we consider the case ¢ € (0, 7/2) and « satisfies some technical condi-
tions (see (6), (7) below). We prove the existence and uniqueness of periodic travelling wave
solution with a form as v in (4), and estimate the average speed c as ¢ — 0.

In Section 3 we consider two extreme cases: « = 0 and @« = /2. In case ¢ = 0, the
periodic travelling wave solution is indeed a horizontal straight line, which travels in the y-
direction with average speed cp. In case when o = /2, there exists travelling wave solution
(not periodic), which travels in the —x-direction with a speed depending on the arithmetic
means of 1/a and b/a.

2. Thecasea € (0, 1/2).
2.1. Existence of periodic travelling wave solutions. Using v(§) defined by (4), Prob-
lem (2)—(3) is rewritten as

cvscota=a<£) L +b<£)\/1+vszy §eR,
&

e/ 1+ vgz
v(0) + & =v(ecota), ve(0) =vg(scota), & €R.
For any given « € (0,7/2), a pair (c, v) solving (5) is called a solution of (5). In this
subsection, we prove the existence and uniqueness of the solution of (5). Without loss of

generality, we assume v(0) = 0 throughout the paper. Our approach is inspired by [3]. Denote
by, = minb(s), by = max b(s). We make some technical assumptions on «o:

&)

6) by sina < by, ,

b b3,
(7 tan2a22<1——)(1+— )
by b2,

One can see that many « € (0, /2) satisfy these conditions provided by — by, is small. For
instance, (7) is true if 1 + tan% o > b;‘w/bfn.

THEOREM 2.1. (i) For any a € (0,7 /2) satisfying (6), Problem (5) has a unique
solution (c*(a), v*(&€)). In addition, vé“ (&) > 0and

) b r ey < M

cosa cosa
(i) If we assume further that (7) holds, then c*(«) is strictly increasing in .
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We first give a preliminary lemma.
LEMMA 2.2, If(c, v) solves (5), then vg is & cota-periodic, and ¢ > 0, vge > 0 in R.

PROOF. By (5), vg is periodic with period ¢ cota. So there exist &,, & € [0, & cotar)
such that

ve(6+) = maxve(€) > 0, ve(5-) = minvg(§), vee(E+) = veg(5-) = 0.

Considering the equation in (5) at &4, we have

cvg (§x) cota = b(v(ii)>,/l + vg(&) >0.

The inequality at &, implies ¢ > 0, since vg(§1) > 0, and so the inequality cvs(§-) > 0
implies v (§-) > 0. O

A direct verification shows the following

LEMMA 2.3. There is a solution (c,v(§)) to (5) if and only if there is a solution
(c, w(s)) to the following problem

2 2
w'(s) = W Bs)Wanta + w2 —¢) se (1),
als

) w(0) =w(), w>0in]0,1],

1
/ w(s)ds = 1.
0

The transformation from v(§) to w(s) is given by ve (§) = (cota w(s) "L, s = v(&)/e.

Hereafter " denotes derivative with respect to s. To show the existence of solutions of (9)
we first prove

LEMMA 2.4. Forany given o € (0, /2) and p > 0, the problem

2 2
wi(s) = ELFW N et wl—c). se1).
(10) a(s)
w(0) =w(l) = p,

has a unique solution (c(p, ), w(s, p, «)). Moreover,

(11) buy/1 + maxw?(., p, @) < c(p,@) < byy/1 +minw?(., p, ).
PROOF. Consider the initial value problem for the ordinary differential equation:

2 2
(12) W'(s) = W (bs)VtanZa + W2 —¢) = G(s, W, c,a), s>0,

W) =p.

Denote its solution by W (s, p, @, c), or, simply by W(s). For each ¢ > 0, denote the maxi-
mum existence interval of W (s, p, a, ¢) by [0, S(¢)).
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(a) When ¢ = ¢ := by\/tan? o + (p + 1)2, we have

<0, when Wel[-p—1,p+1],
>0, when W< -—-Wy:= —(c%/b,i—tanza)l/z.

Hence S(c;) = oo, and W(s, p,a,c1) € (—Wp, p) for all s € (0, 00). In particular,
wa, p,a,c1) < p.
(b) W, p,a,c) is decreasing in c. In fact, W, := dW /dc and W), := dW /dp satisfy

WI/):GW'W[), Wp|s:0=1a
WL/,ZGW'WC—FGC, Wc|s:0=0-

So W, = exp(f(f Gwds) > 0. By the variation of constant technique, we have for u :=
WC/W ’

W'(s) {

w=S =2l g
— T, s=0 — T, - .
WP WP s=0

Since G, < 0 we have #’ < 0, and so u < 0 for s > 0. Hence W, < 0 for any s € (0, S(c)).

(c) SetZ:={cel0,c1]]S(c) > 1and W(1, p,a,c) < p}. Since W,(s, p, @, 0) > 0,
we have 0 ¢ Z. The above (a) implies that ¢; € Z and (b) implies that if c; € (0,¢1) N Z,
then [c2, c1] C Z.

Fix a ¢ € Z. On the one hand, W(s, p,«,c) = W(s, p,a,c1) > —Wp. On the other
hand, if we put v = maxo<s<1 W(s, p,o,c) = W(s1, p,a, c) for some s; € [0, 1] then
either v < p or v > p. Assume that the latter occurs: v > p. Then s; € (0, 1) and hence
Wi (s1, p, @, ¢) = 0. Thus we have b(s1)+/tan2 & + 12 = ¢. Since ¢ < ¢, we get V> < c%/b%w
ie., W <c1/b,,. Hence W(s, p,a,c) € [—Wop, c1/bn].

By the equation of W and by a,b € C', there exists a positive constant M; =
Mi(a, b, c1, Wo) = Mj(a, b, o, p) such that, for any c € Z, W(s, p, «, ¢) satisfies

(13) max |[W| < M;, max |[W|<M;, max |[W'|<M.
s€[0,1] s€[0,1] s€[0,1]
(d) Denote c3 := infzc. Then (13) and (b) imply that there exists a function

w(s, p,a) € C([0,1]) such that |W(s, p,a, c) — w(s, p, a)llct = O0asc — ¢3 +0.
Letting ¢ — ¢3 + 0in (12) we have

ws(s, p,a) = G(s, w(s, p,a),c3,a) for s €[0,1], w(,p,a)=p.

So w(s, p,a) = W(s, p,a,c3) on [0,1]. Clearly, W(s, p,«,c3) satisfies (13) and
W, p,a,c3) < p.

(e) We show that W(1, p, @, c3) = p. Otherwise, W(1, p, «, c3) < p — 281 for some
81 € (0,1). Denote M> := max{|Gw| + |G.||s € [0,1],W € [-M] — 1, M| + 1],c €
[0, c1]}. Consider (12) for ¢ = ¢4 := ¢3 — &2, where 62 < min{d; exp (—M>), c3}.

First we show that

(14) W(s, p,a,c3) W, p,a,cq) < W(s, p,a,c3)+1 for s €[0,1].

In fact, the first inequality is true on [0, S(c4)) N[0, 1]. The second inequality holds on [0, s7]
for some small 5. Set s3 := sup{s | the second inequality holds on [0, s]}. If s3 > 1, then (14)
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is proved. If s3 < 1, then W(s3, p, o, c4) = W(s3, p, o, c3)+ 1. Set W(s) = W(s, p,o, ca)—
W(s, p,a,c3) > 0. Then on [0, s3], there exists ¢(s) lying between W (s, p, «, c4) and
W(s, p,a, c3),and ¢5 € (c4, ¢3) C (0, c1) such that

W (s) = Gw(s, £(s), ca, W — Ge(s, W(s, p, e, ¢3), @, ¢5)5> .

Since s3 < 1, we have |W(s3)| < & exp(Mz) < &1 < 1, in contradiction to the above
assumption. Therefore (14) holds.

Repeating the above discussion on [0, 1] we have W(l) < 61, thatis, W(l, p,a, ca) <
W(l, p,a,c3) + 81 < p — 81. This means that c4 € Z, contradicting the definition of c3.
Therefore W (1, p, a, c3) = p, and so the pair c(p, &) := c3 and w(s, p,a) = W(s, p, o, c3)
is the unique solution of (10).

(f) Finally, we verify (11). Since w(s, p, ) is 1-periodic, for any v € [minw(:, p, «),
max w(-, p, ®)], there exist s4, ss € [0, 1) such that w(s4, p,®) = w(ss, p, ) = v,
(0/9s)w(sa, p,r) >0, (3/3s)w(ss, p, ) <0,1i.e.,

bnvtanZ a 4+ v2 < b(ss)vtan2a + 12 < c(p, a)
< b(sg)Vtan? o +v2 < byv/tanZa + 2.

Since v € [minw(-, p, &), max w(-, p, &)] can be chosen arbitrarily, the left and the right
inequalities hold indeed for any v2 e [min w2(-, p, &), max w2(~, p, )], this proves (11). O

LEMMA 2.5. For any given a € (0, w/2), there exists a unique p = p(«) > 0 such
that the corresponding unique solution of (10), that is, the pair

(15) (@) :=c(p(a), ) and w*(s, o) := w(s, p(a), o) = W(s, p(a),a, c(p(a), a))

satisfies fol w*(s, a)ds = 1 and w*(s, o) > 0. Hence (c¢*(a), w*(s, @)) is the unique solution
of 9).

PROOF. For any p > 0, recall the solution of (10) is w(s, p, @) = W(s, p, @, c(p, a)).
Set I(p,a) = jbl w(s, p, a)ds, we need to show that there exists a unique p = p(«) such
that I (p(a), o) = 1.

(a) By (11) we have

2 i 2¢. i .
by, /tan2a+p2§ le\/tan o +minw*(-, p,«a), when minw(, p,a) >0,

by tana , when minw(:, p,®) <0.

The second inequality is impossible when p > 0 is large. Hence, when p — o0,
minw(-, p,a) > 0 and minw(:, p,®) — —oo by the first inequality. This means that
I(p,a) - +o0as p - +oo.

(b) When p = 0, by (11) we have b, /tan2a + max w2(-, p,a) < c(p,a) <
by tan e, and so by (6),

max w(-, p,a) < tan’a - (by, — b2) /b2, <1, ie., |w(, p,a)|

IA
—_

Clearly, w(s, p, «) # 1, hence 1 (0, o) = fol w(s, p,a)ds < 1.
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(©) Denote W(p, . c(p, @) := W(L, p,a. c(p, ), then by W(p, & c(p,@)) = p
we have W, + W, - ¢, = 1, and so ¢, = (1 — W,,)/W,. Using the notation u in the proof of
Lemma 2.4, we have

1 1 1 1
W, We + We — W W,
Ip=/(Wp+Wc-cp)ds=/ P = Py
0 0 W

w
Pds > 0.

_ fl MWWy + 1(s)Wp — n(s)Wp
o u(HW,

The above assertions imply that there exists a unique p(«) > O such that I (p(«), o) = 1.
Finally, a proof similar to that in (b) also shows that minw(-, p(@),«) > 0, since
fol w(s, p(a), ®)ds = 1. Thus (c*(«), w*(s, &)) defined by (15) is the unique solution of
). O

PROOF OF THEOREM 2.1 (i). Lemma 2.5 shows that there exists a unique solution
(c*(a), w*(s, @)) of (9). This solution corresponds to a solution (c*(), v*(§)) of (5) by
Lemma 2.3, and v*(&) is defined implicitly by

v (§) v
/ w*(—,a)dv = § .
v*(0) £ cota

The uniqueness of v*(§) follows from our assumption v*(0) = 0 (Without this assumption,
v* will be unique up to a translation).

As mentioned in the proof of the previous lemma, fol w*(s, ®)ds = 1 implies w*(s, @) >
0. So we indeed have 0 < minw* < 1 < max w*. By (11) we have

b b
" < bpyv/tan2 @ + (max w*)2 < ¢*(a) < byv/tan2 @ + (minw*)2 < M
cos cos o

REMARK 2.6. By the last inequality in the above proof, we know that |w*| < M3
for some M3 = M3(«, b) and c¢*(«) < bys/cosa. Hence |G (s, w*, ¢*, a)| < e My for some
My = My(o, a, b), thatis, |[w*'| < e My4. This means that max w*(-, «)—min w*(-, o) < eMjy.
Combining with fol w*(s, a)ds = 1 we have |[w* — 1| < eMy4 on [0, 1]. Therefore,

1

t
(16) (1 — Mage)tana < vg = e < (1 +2Mye)tane aslongas & < —.
w* 2My

PROOF OF THEOREM 2.1 (ii). First we show
Gy = e—22__[b(s)(tan? @ — 2w )Wiant « + w*2 + 2¢*w*2] > 0.

a(s) sin’® «

Set
2b
G| = <2c* — hs)Vianla + w*2>w*2
bu

2b
Gy = b(s)(tanzoz P —mw*2>\/tan2o¢ + w*? .

by

By (11), ¢* /by > tan? a + w*2 s0 G > 2c*w*? (1 =b(s)/by) = 0.
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Since 0 < minw* < 1 < max w*, (11) implies that max w*? < [(b%,l — b,zn) tanZ o +
bﬁ,l] / bi. So by assumptions (6) and (7) we have

G

b
2 =tan® o — 2(1 - —m>w*2
b(s)v'tan? o + w*? bu

b b2, — b2 b2
>tana —2(1 - 2 ) 2L " tan?q + M4
bu b,zn b2

m
b b2
>tana —2(1—- 2 )1+ )>0.
by b2,
Hence G, > 0.

Next we prove dc*(«) /da > 0. Since

1
/0 W(s, p(e), a, c*(@)ds =1, W(p@),a, @) = p@).

Differentiating them with respect to & we have

1 * 1
dc (Ot)/
Wyds + Weds
dp(@) Z/o T de Sy T dC@) @y
da 1 ’ da ¢ P da *
—/0 Wyds
Therefore,
1
de* (@) /0 (WpWy — W W, — Wy)ds
da [T _ _ ’
/ (W Wy — WW, + Weds
0
Note that
d

gWazGW'Wa“‘Ga, Wozls:():O-
Hence, if we write W, = p(s)W,, then
p'(s) =Gu/Wy, p(0)=0.

Since Gy > 0 and W, > 0 we have p > 0,and so p(s) > 0on (0, 1]. Thus

1 -
@ [RCCE ARSI AT
da

>0.

1 -
fo [((1) = )Wy Wy + (s) W lds

In other words, ¢*(w) is strictly increasing in «.
2.2. Estimate of average speed. In this section we consider homogenization problem
as ¢ — 0, and estimate c*(«) by using an average method.
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LEMMA 2.7. Letui,us, €1, &y be constants satisfying u, > uy, &2 > €1 > 0. For any
e € [e1, &2]\{0}, let u(x) € R be the solution of
d
(17) T=ef(exu). w0 =uo € (u.u2),
X
where [ € Cl([sl, &2] x [0, 00) X [u1, uzl), and is X-periodic in x. Define fy as fo(e, v) =
(1/X) fOX f(e,x,v)dx. Let v(x) € R be the solution of

dv
(18) - :8f0(87 U), U(O) =up.

dx
Then there exist Cy = Ci(e1, &2, u1, u, ug) > 0 and Cy = Ca(ey1, &2, uy, uz, ug) > 0 such
that

lu(x) —v(x)| < Cre for 0 <x <Cj/e.

PROOF. In the special case where f and fj are independent of ¢, this lemma is the well
known average method (cf. [4] or [7]). Our proof is similar to that for the special case.

First, if we set F = F (e, &3, u1,u2) = maxg | f(e, x,u)|, where 2 := [eq, &2] X
[0, 00) X [u7, uz], then the general theory of ordinary differential equations implies that (17)
(resp. (18)) has a unique solution u(x) € [uj, uz] (resp. v(x) € [u1, uz]) for x € [0, Cy/¢],
where C1 = Ci(¢e1, &2, U1, uz, ug) := min{us — ug, ug —u1}/F.

Set §(x,v) = f(f[f(s,z, v) — fo(e,v)]dz, and w(x) = v(x) + &6(x, v(x)) for x €
[0, C1/¢e]. Then §(x, v) and §,(x, v) are X-periodic in x and |§(x, v(x))| < 2F X,

180 (x, v(x))| = ‘/O [fo(e. 2, v(x)) = (fo)u(e, v(x))]dz| < 2F1 X,

where F| = Fi(e1, &2, u1, u2) := maxg | fy (&, x, v)|. Since

dw
= = efole,v) F el f (e, x, v) = fole, V)] + %8y fo(x, v),
we have
d d
_C —ef (e x, ) — ef (e, %, v) — 628, folx, v)
dx dx
=e[f(e,x,u)— fe,x,w)]+e[f(e,x,w) — f(e, x,v)] — 825Uf0(x, V).
Thus
du dw 5
— — — | <éeFllu—w|+4FF Xe~.
dx dx
Hence
Y (du dw x 2
lu —w| = — — — )dx| <&l lu(x) —w(x)|dx +4FF1 Xe“x,
0 dx dx 0
that is,

X
lu —w|+4FXe < eF / [lu(x) —wx)| +4FXeldx + 4F Xe .
0
By Gronwall’s lemma we have |u — w| +4F Xe < 4F Xeexp(eFix). Then
lu(x) — v(x)| < 2FXe +4FXe(ef11 — 1) =: Cre  for x € [0, Cy/e]. |



374 B.LOU
THEOREM 2.8. Assume (6) holds. Then

o) =

+ O() as ¢ —> 0,

cos o

1 1
a= [ = [ T,
0 a(s) 0 a(s)

PROOF. Recall (¢*(a), w*(s, @)) is the unique solution of (9), which corresponds to the
unique solution (c*(«), v*(£)) of (5). For simplicity, we write ¢*(«) = ¢* in the following.
Set

where

6_E e VO _veE
& & &

At the beginning of Subsection 2.1 we assume v*(0) = ¢(0) = 0, then ¢ satisfies

a(e oo 5 =¢&(c" cota gy — b(p)y/1 +@?), 0€R,
(19) 1+ g0

90) =0, g(cota) =1, @(0) = gg(cota) = 1/(p(a)cota) =: o, 0 € R,
where p(a) = w*(0, o) > 0 (see Lemmas 2.4 and 2.5 above). Denote ¢g = ¢ > 0. Then

1+y?
Yo = &(c*cota Y — b(p)y1 + wz)T(z
and hence (19) implies that ¥ (¢) is a 1-periodic function and it solves

dy c*cota  b(p) W 2
0) %=8< alp) alp) ¥ )“”’)’ v elfeo.
Ylp=n =0, neN.
By Remark 2.6 we have Y = ¢y = vg € [(1 — Mye) tane, (1 4+ 2Mye) tan ). Then for
h:= (1 —sina)/(3sina) and for some M5 = Ms5(a, a, b) > 0 we have
@21 —3h—Mse <1— 1+ y2/y < —3h+ Mse for ¢ €[0,00),

as long as ¢ is sufficiently small.
Denote by w(¢) the solution of

dw (_ . -1+ w?
ac*cota. —d——
w

(22) dp =~ °
w|<p=0 =v0.
Notice that ¢* in (20) and (22) depends on ¢; but since ¢* € [b,,/cosa, by / cosal,
we have sup{|Fo(w)/e||e > 0,0 € [V¥o/2,2v¢0]} < +oo. Recall also the remark on
immediately after (20), so that [v/2, 2v9] C [(tan«)/4, 4 tan ] since Mye < 1/2.
Applying Lemma 2.7 to (20) and (22), we have Cq, C» > 0 depending on «, a, b but
independent of ¢ such that w exists on [0, C] (where C denotes the largest integer less than or
equal to C1/¢), w(p) > ¥o/2, and

(23) [V (p) —w(p)| < Cre for ¢ €[0,C].

)(1+w2> =: Fy(w), ¢ >0,
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Combining with (21) we have, for sufficiently small ¢ > 0,

(24) 1 —vV1+w?/o<—-2h for ¢ €[0,C].
Case 1. Ifac*cota < d(1+ h), then by (24) we have

1+ a2 i i
ﬁ)(l t @) < —edh(l + w?) < —sdh for ¢ €[0,C].
w

Fo(w) < sJ(l +h—

Using this inequality and integrating the equation in (22) on [0, C] we have o (C) — w(0)
—edhC < —cthl/Z as long as ¢ is small. This is in contradiction to (23), since @ (0) = ¥
¥ (C). Therefore, Case 1 is impossible.

Case 2. We assume ac*cota > d(1 + h) and denote by [ the root of ac* cota

dv1+12/1,thenv/1+12/1 > 1+ handso0 < < h~!. Note that

1A

(25) Lo = forall ¢ € (0, tana +h~'].

1 1
- < -
¢? v1+ 2 C=tana+h~! V142
Subcase 2.1.  Assume Vg > [ + 2Cae/(C1Zod). Then
F JL+y2 N1+
O(WO; =8<c_lc*cot(x—d7%) >8<Ezc*cot(x—d + ) =0
1+ ‘/f() Yo [

So w > Y and hence, for some ¢ lies between [ and ¥,

g‘““”g)

Fo(w) = Fo(yo) > 8(516* cota —
Yo

(NIFE2 J1+y2 - —1 -2C 2C
=£d< l+ — ww()):sd Yo >ed 2_8= 2 Z
0

> —Z¢
Vie2 T Gd G

Therefore,

0(©€) = w(0) + Zf sy + 222 2C2 2 (Cl - 1) ¥(C) +2Cre — %ez
1

this contradicts (23) when ¢ is sufficient small.

Subcase 2.2. Assume g <[—2Cre/ (Clg“oc?). Then a similar discussion as in Subcase
2.1 also induces a contradiction.

Subcase 2.3. Ifl —2Cse/(C1Zod) < Yo < [ 4+ 2C2e/(C1Lod), then

dw _<J1+12 J1+w2> 5 - 14 o?
— =e&d — 14+ w) =

do [ w ;- /1+ 2
where ¢ (¢) lies between [ and w(¢), and D(¢) = d(1+w?)¢ ~2(14+¢2)~1/2 satisfies | D(¢)| <
Me(at, d). Therefore, w(¢p) — 1 = (0(0) — ) exp (f{ eD(¢)dg) on [0, C], and so

——F—= (- =¢eD(@)(w-1),

2Cr¢e
lw(p) — 1] < |0 — | exp(e Mep) < Cog P (MsC1) = M7e for ¢ €10,C],
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where M7 = 2C>(C1¢od) ! exp (MgC1). This means that w = /4 O(¢), and by (23) we have
Y =1+ O(¢). Since we have known ¢ = tana + O(e) above, we have [ = tana + O (¢),
that is,

-+/1+ tan? d
actcota =d "% L 0@) or, " =- +0@E) ase—0. O
tan o a coso

REMARK 2.9. In §2.1 we give the unique solution (c¢*(«), v*(&)) of (5). Then u*
defined by v* as in (4) is a solution of (2)—(3). It is easily seen that the graph of v* is a
periodic undulating line at finite distance from the line & tan«. So, for each ¢ > 0, the graph
of u*(x, t) is a periodic undulating line near the graph of x tan« + A(r) for some A(t). We
call (—sina, cos @) the global normal direction of the graph of u*, since (— sina, cosa) is
the normal vector of line x tan« + A (7). Along this direction, the average speed of u™ is

(26) k= c*a)cosa =d/a+ O(e).

norm

In other words, the homogenized average speed in global normal direction does not depend
on «, just like the trivial case b = by.

3. Two extreme cases.

3.1. Thecase o = 0. Define ug(t) := sF_l(t/s), where F(s) = fg b(t)~'dr is an
increasing function and F ~1is its inverse function. Then uq(¢) is a solution of (2)—(3), for
each r > 0, its graph is a horizontal line. The average speed cgp of u¢ is the harmonic mean of
b:co = ( fy b(r)"'dr) ™"

On the other hand, since (6) holds even for « — 07, the results in §2.1 (except for
Theorem 2.1 (ii)) remain to hold for « — 0%. One can see that, formally, the graph of
u*(x,t) := v*(x + ¢*(a)t cote) tends to the graph of ug(¢) as @ — 0. Moreover,

d
+0(@() > =+ 0() as a — 0T,
a

o) =

acos o
But this limit is different from ¢y even in the special case a = 1. We believe that, this
difference comes from our estimate for ¢*(«). Because in the proof of Theorem 2.8, when
we use average method we indeed require that cotae = O (1). However, in the limit process
a — 0T, cota may becomes larger and larger and even cota - &€ > 1. In such a case, average
method is not valid, and the estimate for c¢*(«) given as above is not accurate.

3.2. Thecase ¢ = n/2. Asa — m/2, (6) is not satisfied, Theorem 2.1 does not
include the existence of periodic travelling wave solutions in this case. On the other hand,
when o = 7/2, [2] proved the existence of travelling wave solutions of (1) with the form
x = —u(y) — ¢t (not periodic), which is a solution of

L (VY lyy AN
C—a(;)m—i—b(;) 1+My, yER,t>O,

) =u(e), uy(0)=iy(e).
Though the equation considered in [2] is the case a = 1, the result is also true for periodic a.
Moreover, when a = 1, [2] gave a rough estimate for ¢: b, < ¢ < by.
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In fact, as in the proof of Theorem 2.8, using average method one can show that ¢ =
d/a + O(g). On the other hand, (26) implies that the periodic travelling wave solution of the
form v* (&) travels in its global normal direction with average speed d /a + O (¢), approximat-
ing c.

Acknowledgments. The author thanks the referee and Professor Baojun Bian for their helpful
suggestions on the proof of Lemma 2.4 and that of Theorem 2.8.
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