NOTES ON FOURIER ANALYSIS (XVID:
THE INTEGRATED LIPSCHITZ CONDITION OF
A FUNCTION AND FEJER MEAN OF FOURIER SERIES.®

By
Sigeki Yano.

I. Let f(x) be a function of period 27 satisfying the intgrated Lipschitz
condition Lip (a, p) (0<a§1,‘ p=1), that is

27 » 1/p
(1.1) (f ’f(x+t)—f(x)|dx>=0(t“),
0
and let its Fouries seies be
(1.2) S~ ao/2+2(an cos nx-+by, sin nx).
n=1

If fe Lip(a, p) (0<a<l, p=1) and o(x, f)=cx(x) denotes the Fejér
mean of (1. 2), then it will be easily seen that?

13 ([ teor—aucsfax) 2o,
0
This does not hold generally for a=1, p=1,.but we have
a4 le(x)~a'n,(.7«f)]az':\::O(n'1 log n).
This will be seennby the following example. If we put
(15) A= Z ShmE_TA o (0ma<2m,

then f(x) belongs to Lip(1. 1)®. Noyv

1 n
Ay —an (== 2l F(®—su(®)]
k=1

1 n . n
- 2 sin kx—% smkx 2 smkx
k=1 k=1

k n+1

*) Received May 5th. 194°.

1) G. H. Hardy and J.E. L ttlewood A convergence criteria for Fourier series, Math.
Zeitschr. 28, (1928).

2) It is well known that if j(+) is of bounded variation then f(2) belongs to Lip(1.13.
cf. loc. cit. Lemma 9.
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1l 1 < sinkx  Da(x) S Di(x)
==, Du(® ng n+1 k%;kﬁgil)

_ Dix 1 sin kx| Du(%)
—351 kk+1) T2 =R+ 1 T atnt1y TOA/M,

where
D.(a) KE:: sin kx, Di(x)= Dn(x)-_ sin nx~_12 ;:05 nx >
(O<x<m).
Since®»
f2rb,z(x)ldx~log n, f %,‘;(x) dx~log n,
0 ' 0
we have

f A= drz A g% _ B o 0
kE=n+l

>C log n/n,
where A; B and C are the positive constants.
Furthermore, even for the absolutely continuous function, the relation

27

[ ) —an(a)| dx=0(n"1)
0
does not hold in general. For example, we take the function
N sin kx
which is absolutely continuous, but
a.n flf(x)—o-n(x)ldx>D log log n/n,
0

where D is a positive constant, in fact,

1~ sinkx 1 sinka sin kx
(1.8) f(x)—aaz(x)—7§2m 2 klogk 2 Flog k'

If we denote ay—au.1 by Acn, we have

n-1

sin bz : 1 Dn(2)
2 Tog £ = 2D WA o +OD+ o,
n-1 n-1
= 1 18 1 Dua)
(1.9 —‘ng(x)A—log o %sm kxA m'l‘“]og ” +0(1),

3) A. Zygmund. Theory of trigonometrical series, p. 23.
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and then

-1
sin kx
f Z1ogk |ds2E2, log k Aoy ]ogk —0M

0 k=2
> F log log x.
Next, since
< sinkxz _ D.(x)
2 Rlogk =" (nillog(nt 1y ﬂZ,MD’“(")Ak Tog

we have

(1.10) f 2 S‘nk" 7 da= 0(1/n>+0(2 k‘) o(1/n).

0 k= n+1 k=n+1

Summing up the estimations (1.7), (1.8) (1.9) and (1.10), we get
flf(x)—zrn(.‘-;)ldx>G log log n/xn.
0

II. Recently R. Salem and A. Zygmund® have proved that if f(x) is in-
tegrable and if f]f(x) —8.(2) | dz=0(n"%), thenf[f(x) Sn(x)]dx O(n~") for
any a>0, where s,(z) is the »-th partial sum of the series (1. 2), and f(x)
and s.(x) denote the conjugate function of f(x) and the partial sum of
con]ugate series of (1. 2), respectively.

For the Fejér means, however, the circumference is differement. If O<a
<1, and p=1, then under the condition

2.1) (J. [f(x)—an(x) dex)”l’: O(n=%)
0

we have

(2.2) (f[f(x)*}n,(x)Il’dx)‘“’::O'(n‘“),
0

where o.(1) is the Fejér means of the series conjugate to (1. 2). For, in the
case f(x) belongs to Lip (a, p), if (2. 2) holds for 0<a < <1, then, by Hardy
and Littlewood’s Theorem®, f(z) belongs to Lip (a, p) and then (2. 2) holds
good.

In the case a=1, the above fact fails to be true. This may be seen by
the following example.

4) R. Salem and A. Zygmund, The approximation by partial sums of Fourier series.
Trans. American Math. Soc., 59 (1946).
5) Loc. cit.D
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=5 COs nx
@3 S “ nlogn’
: - S _sinna
24) )= s log 7

For, we have

. __1_ " _ cos kx - cos kx
fD—cl)=— ?55k Dy lagk‘Jrk%l’k';ogk ’

and then

f A —ou(a)lde=0(-1).

But we have seen in § 1 that

f- [f(x)—au(x)|dz=D log log n/n.

0
III. We can, however, prove the following theorem.
Theorem 1. If

(3-1)A f [f(2)—cu(2) |dx=0C1/n)
0
then
2
(3.2) j [f(x)—aa(2) | dx=0Clog n/n).

0
Proof will be done by the analogous way as Kawata’s Theorem®.
IV. We shall now prove the following theorem.
Theorem 2. Let f(x) belong to Lip(1.1), then the necessary and sufficient
condition that

f- [f(2)—aws) | dx=0(1/n),

0
is that f(a) belongs to Lip(1. 1).
The proof of Theorem 2 is based on the following two lemmas.
Lemma 1. Let f(x) belong to Lip (1.1), then the necessary and sufficient
condition that the conjugate function f(x) belongs to Lip(1. 1) is that the
condition

4.2 f-' f (”(;j’” dt| dz=0(1)
0 h

holds, where

6> T. Kawata, The Lipschitz condition of a function and Fejér means of Fourier
series. Under the press.
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P(x, ) =f(a+1)+f(x—1)—2f(x).
Proof. We can write
O Tl
so we get

_ 1 (" fart)—fath)

-2 pr
S+ ) —fx)= ——21;( f + f ) U+ H—f() I Cetg }(t—h)—ctg } £d
-7 2n

+ 21—7,0’(“ h)—f(x)] f Cetgh(t—h) —ctgd(t-+h)lat

2h

tg it 27 CtgL (—h)

—2h

i CHEAD—f@ gy 1" fakt)—fat b
2” -2h

= i+t T+

Sa.Y.

L4 1 L4 20 . 1 2h L

f (Tl dx = f dx J ﬁffé?; t/-r(-fc)—dt’gil-%— —dti f | fCatt—f(n) | d:
-7 - =2h =2h -

2

=0( dt)=0(h).

—2h

Similarly f |Ji|dx=0(h). And

T " h
2={lat ) f(x)jfgL (t— 'h)(t+'h")']dt’
so we get

4
f |J:1dx=0Ch).
Finally, we estimate for Ji,

h

-2 pw
Ji=—gr( f + f Joern—feodcete —ctg—-2dt

=— -2},— f Ef(x+t)+f(x—t)—2f(a-)JEctgL—2£—ctg*’det

2n

+ 2—},[ U(x—t)—f(x)]ECtg%+ctg _t;lz—h et

2h

= J'+]J7,
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f srid= g [ f U —fdtotg 2 + otg TE2 —actg b 2ar ax

2

7T

dt
_O(hj U= h)> o).
And now
, (x 1) 1 1
oD o [t e By L
]1 2 ( 2n ) v t—h ¢
——h f PED g1 o(h? f ;”((tx it),
so we get

fl]xidx hf fq)(x’t) dffd’“ro(h‘f FG— h)>

_hf fq’“ D 4t | dx+O0Ch).

Summing up the estimations for i, /i, J; and J;, we complete the proof
of Lemma 1.
Lemma 2. Let f(2) belong to Lip(1.1). Then in order that the relation
(4.1) holds, it is necessary and sufficient that the condition (4.2) holds.
Proof. We have
sin®n’t/2
nsin? ¢/2

1 z/n 1 fﬂ . ’
=— - =5L+1,,
po ‘/‘0 + ) 1+12

say, since f(x) belongs to Lip(1.1), we have'

) U/L—l(l)_f(x)-:Tlf ¢(x,t) dt
0

2 /i
43) f | dr=— 0(:)——*- dr=0(-1).
[}
Therefore,
au1(0)—f(x)— ,,ln f Z:I(lxtt/)z dt
/n
cos nt _
~I)z__f q(x;t) Sin'z"t’/z 7dt = Pi’b_’Q‘ﬂy

z/n
say: If we put R,(¢) = 1/zn(sint/2)? then, for n=>1,

L4

Q= P(x,)R,.(1) cos nt dt

xn



56 S. YANO
- pr(n=1)[n
=—f . @, t+ 7 n)R,(t+m[n) cos nt df,

a(n-1)/n
2Qn=f D(2,)(Ri(t)—Ro(t+7/n)] cos nt dt

zin

a(n-1)/n
+f (P, )P, 7 [n) IRy (E4- 7 /n) cos nt di

wn

zn
—f P(x,t+ 7 n)Ry(t+m/n) cos nt dt
0

+f ‘P(x,t)Rn(t) cos nt dt = 117+L1+I<72+L1;-

a(n-1)[n
By the mean value theorem
[Ri()—Rn(t+7/n)| < Cr~%-3,
so that

T-T/N e

w1y 15t sCn [ acey tva

win

[ 1| éCn‘zf

Since R.(t+m/n) < 1/nt?, and
PO, D) —P(n, t+7 ) =f(x+ ) —fa+t—7 /) +f(x—t) —f(2—t—7/n),
we find

z|n

T

[l Cnm j Gt —f(a+t—m[m) |1 dt

w|n

+C7¢“f lf(x—t)—f(x—t—n/n)lt—‘-‘dt.

Tn

Moreover, since R, (I+z/n)<Ci for 0 < < 7/n,
| n

| K| ;\ZC;‘Z‘]] Jp(x, t+7/n)y|dt.

0
Finally
| Lo < C»-? |9 (x,t) | dt.

a(n-1)/n

27
Since | [f(x+1)—f(2)|dx=0(t) by the assumption we can immediately deduce
5 .

thatf}Pn,!dx, fllnldx, fl]n!dx, f( K,lldx,flLﬂld;: are all O(1/#). Thus
the lemma is proved.
Proof of Theorem 2 is immediate from Lemma 1 and 2.

Tohoku University, Sendai.





