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The category of paracompact normal spaces is a sufficiently broad
class in which some methods of algebraic topology may be applied. It is
well-known that this category contains all metric spaces, compact normal
spaces and fully normal Hausdorff spaces. Simplicial complexes with the
weak topology and CW-complexes in the sense of J. H. C. Whitehead £5,
§ 5]x> especially play important roles in the algebraic topology. Author [3,

Lemma 4], J.Dugundji [2, Theorem 4] and D. G.Bourgin [1, Theorem 33
have been proved that any simplicial complex with the weak topology is
paracompact. The purpose of the present note is to prove that any CW-
complex is paracompact.

1. Notations. Let X be a space and W be a subset of X and $ =
{Vj} be a family of subsets Vj a X and / : Y-^X be a continuous map of a
space Y into X. We shall use the following notations

(Vj denotes the closure of V3 in X),

n wy> st(W;S8;= u F/F^Π W*Φ, FJΞSS),

St(S3) - {St(Vj SB;|F, € 35}, /-*($) - {Λ W I F > € $}.

And 11 > $ means that each element of U is contained in some element of
SB.

Let EΛ be the subset of n-dimensional Euclidean space defined by

- 1 < ** ;< 1 (i = 1, . , n).

The boundary of En is denoted by S'*"1. For a point Λτ€Sn~1 and a real
number / ( O S ί g l ) let (Λ:, 2) denotes a point which divides the segment
joining x to the center 0 = (0, ,0) of En in the ratio t .l — t.

For a given point (x0 t0) (x0 € Ŝ *"1, 0 < /0 < 1) l e* F be an open set of
S? ί-1 which contains x0 and let 6 be a number such that 0 < 8 < min (f0, 1 —
to). Then the open set W{xύ, t0) = {(x 0 l ^ € F, |f — ίo| < θ} is called a
regular open set of 2?n with the center (x0, t0) and the bottom B ZW(xo, toΠ
- V and the breadth 8[PF(AO, to)l - θ.

2. Two lemmas. Here we shall prove two lemmas which are used
in the proof of our main theorem.

LEMMA 1. Let P be a union*) of at most (n 4- l)-dimensional element Er

A

which are mutually disjoint. Let U = {£/«} be any open covering of P. Let

1} Numbers in brackets refer to the references cited at the end of this note.
2) P is topologized so that each Er

κ with its own topology is both open and closed
in P.



310 H. MIYAZAKI

53 = {F, } be a given open covering of n-skeleton Pι such that for each element
Vi of 93 there corresponds an element ί/α<.o of It which contains the star set

St(F;; Sf) and for each (n + Vyelement En

κ

+\ 95 Π ̂ Γ 1 *5 Λ /"«*#* covering.
Then there exists an open covering^ = {IV u W'a) which satisfies the conditions:

a) ψj n Pι = TO * * j pr; c P«+ I - /»,

- (2) SOB Π ̂ Γ 1 & a fini>te covering,

(3) St (ϋδ) > U <wtrf in particular St (Tf?- 58) c E/Λ(υ.

This lemma will be easily obtained from the following lemma.

LEMMA Γ. Let E be an n-element and S its bounlary. Let II = {Ua} be

any open covering of E and let 95 =: {Vi} be a given finite open covering of

S such that for each element V of 95 there corresponds an element Ua(» of U

which contains the star set St (Vj S). Then there exists a finite open covering

2δ - {W.u Wπ} such that Wj Π S = Vu W'a czE~-S, St Sδ > U and in

particular St (Wi 55) d Uaθ)

PROOF. We may assume that E = En, S = S""1. For a fixed element Vj
of 95, let F fo, . .,F,P be element of 2ί such that V", f] Vh Φ φ.
We set

By the assumption St (Vj 5Γ) cz C/α(n, hence we have F7 a £/αo). Therefore
there exists a real number fo(O < t0 < 1) such that for any x € S, if # € Fj
and 0 S t S 2ί0 then (r, /) € U*.

Now we set
Wj^{{χ, t)\xev, osί</o},

W7 = {(̂ , « U € F , 0 S / < 2 / 0 } .

Since it is an open covering of compact metric space E, there exists a
positive number £ such that any subset W of E with the diameter d(W) < 8
is contained in some element of U.

Next, for each point (x, t0) (x € 5) let W*(x, to) be the intersection of
all elements of {ιWj} which contain (x, t0). Then W*(x, t0) is non-empty
open set. Therefore there exists a regular open set W(x, t0) such that
W(x, to) cz W*(x9 to) and diW(x} to)l < p = <?/6. Since Si - {(*, /0)k € S} is
compact, SΊ is covered by finite elements of {W(x, to)\x^S}, say {W(xa,
t0)} (a - 1, ....,<?). Let 2δo=]V[in δ [ίFfe, /0)l and we define W'a and 1VF; by

Ba, \t-to\ <δo},
ιW'a={{x, t)\xeBa, |ί-/o |<2δo},

where J3α is the bottom of W(xa, t0).
For each point (x, h) {tλ = /0 + δo), let W*(ji, f x) be the intersection of

all elements of {*W£ which contain (*, ί,). Then W:!ί(ΛΓ,ί:) is a nonempty
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open set. Hence there exists a regular open set W(x, ti) such that W(x, Λ)
c W*(x, U) and h[_W(x, tι)Ί S δo/2. Since S2 = {(*, U)\x € S} is compact, S,
is covered by finite elements of {W(x, tΊ)\x € S}, say {PF(ΛΓβ, tι)}(β = 1, - , r).
Let δj = Min{δ[;W( |̂8, *])]} and we define Wβ by

where Bβ is the bottom of W(Xβ, ti).
For each point(#, t) (x G S, ti + δi ̂  t ^ 1) we associate a spherical

neighborhood TF//;(ΛΓ, t) with the diameter ^ &/2. Since £ ; = {(ΛΓ,/)|ΛΓ € S,
/i + î S ^ S 1} is compact, Er is covered by finite elements of {W"f(x, ΐ)\
x€S, t2+ 81^1^1}, say {W'y'J (γ = 1, ..., s).

Now we set

m = {w,, wu, w;, wy"j,
then 3B is a finite open covering of E. By the construction it is obvious
that

Wj n W'β = ψ, ppftn ίϊς" = Φ, ^ n s = F, , w;f wβ, wy-aE-s
and

Hence

therefore St(W^'; sϋ$) and St(\Y'y"; &$) are respectively containd in some
element of U.

Also it is clear that F , n ^ Φ φ ^ Wι Π Wj Φ Φ
If Wi Π ί̂ / Φ <£, then Fi Π F? Φ φ, hence TFi c= U] c: £/*o>

If W> Π 17; Φ Φ, then V1 f] Vk Φ φ, where *α € Kfc. Hence T ;̂ c T7*
(Λ:O, t0) cz U] cz Ua(j). Therefore St{W7 ^ ) c: £/«<;>. Similarly we know that

St(iF^:58) is contaΊnd in some element of U.
Hence the covering 2$ is required. Q. E. D.
Now let K be a CW-complex and ίlet the cells in K be indexed and

with each m-cell e'l1 ̂ K{m =0,1, ) let us associate an m-element E™ as
follows. The points in E™ shall be the pair (x, e™) for every point x in
EΊ\ and E™ shall have the topology which makes the map x->(x, e™) a
homeomorphism. No two of these elements have a point in common and we
unite them into a topological space2)

P = U E™.

Let f^:Em-^e^ be a characteristic map for e™ and let / : P-^K be the map

which is given by /(*, e™) = /Γ x f o r e a c h P o i n t (^ eΌ ^ p- s i n c e < ι h a s
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the identification topology determined by /™ it follows that the weak
topology in K is the identification topology determined by /. Let P71 and Kn

denote the ̂ -skeleton of P and K. Then f"1(K/ι) = Pw and f\p^1 — P* is
topological.

LEMMA 2. Using the above notation if V, W are any subsets of Kι then

fτ ^W Φ
PROOF. Since VaV, f'ι(V)czf-i(V), hence f~\V) af-\V) =

Hence if F 7 ^ ) Γ i / ' W ; * φ then /"^F) f] / " W ) * Φ Therefore V{\ W *
Φ

Conversely let us assume that F( l W ̂  p. Then there exists a cell
e™€ if containing the point p. Let 0 = /|E™ — Ef then g is a topological
map of E™ — Z?J* onto eΊ£. Hence there exists the unique point q € £^ — έ^1

such that <j(q)=-p. Since T^TV) ^ T 7 1 ^ Π C^Γ - E%1 = g-λ{V)=9 ~KV)9

f^W) 3 tf. And similarly /~J(F) 3 g. Therefore /-^l/) Π f'KW) ̂  q.

3. The main result. We shall prove the following our main theorem.

THEOREM. Any ON-complex is paracompact.

PROOF. Let K be a CW-complex and P, f.P-^K be the same as
preceding. Let Uo be a given open covering of K.

For a fixed integer n we assume that there is an open covering Ψι =
{V7}} of ϋΓw which satisfies the conditions:

(ln) for each element V7} of ^&n there corresponds an element Uaco of

Uo such that St(ΐO;S5 ) Π ί/βO>,
(2?ι) for each cell E'Jjr ^ « + l) /- ι(»Λ) Π ̂ J is a finite covering.
Let us put II = / - Wo), « - f ' \ ^ n ) . Then, by Lemma 2, (ln) implies

that St(Λτ(F^):5B)c:/-1(C/α(o). Therefore, by Lemma 1, there existsfa
covering 2δ - {T ?̂, T̂ ;> of P + 1 such that

and

(A) St (©) > U and in particular St (W-, S5) c / - W α O ) ) ,

and $B U E9

λ(r < n + 2) is a finite covering.
We put -Fy+1==/(WU F2+1 = /(W^), then / - ^ F ^ 1 ) = Wf, f-\V»+ι)

= Tϊς. Therefore F w + 1 = {V,w+1, F^+1} is an open covering of Kn+1 and
/"KSS"*1) = ϊ^ Hence from Lemma 2 and (A) we have

St($*+ 1)< Uo and in particular St(F)+ 1;«w + 1) c: t/β ( Λ.

Therefore the covering £Kί+1 satisfies the conditions (ln+i) and (2n+0.
For n = 0, since iΓ° is discrete, the covering '$° = Uo Π -ίC0 is satisfies

the conditions (l0) and (20). Starting with V°, it follows by induction on w
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that there is a sequence of covering Vn = {V^Q, .. , V^J-(ρ0 € /o, , P«€
/„) of #» such that St (F^ $*) c= ί/α(p0 and Vn

pf
ι U # w = V»(i = 0, .. ., n - 1;

pt € / ) . If we put
®={VP0, FP ι,-...,} (Po€/o, pi € / i , . - . . .>

where

then S3 is an open covering of K and it is obvious that St 95 > Uo. Thus it
has been proyed that any open covering of K has a star refinement. Hence
K is fully normal. By the definition of CW-complex K, K is a Hausdorff
space, hence, by C4, Theorem 1], Z£ is paracompact. Q. E. D.
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