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1. Let

f(2) = Ec,.z" = D carein®
n=0 n=0
be a function regular for » = |z| < 1. If for some p >0, the integral
[ sen»ae
remains bounded when r >1 — 0, the function f(2) is said to belong to the

class H?. If p >1, a necessary and sufficient condition for the function f(2)
to belong to the class H?, is that the real part of the series

2 cneme
n=0

is the Fourier series of a function of the class 2.
Throughout this paper we put

sulf, 0) = sa(0) = D¢, talf, 0) = ta(6) = nCae™,
v=0

oi(f, ) =o¥0) = ﬁié@ AZ-1s,(0) = sﬁ? fora > —1
and "

T, 0) =T0) = j]ﬁ é A1t (0) for a >0,
where -~

o_ (PHa) _ n®
A”—< 7 > INa+1)°
Then we have 7%(0) = n{c%(#) — o%_,(0)} = a{a®"(6) — %)}
A.Zygmund [6] has proved the following theorem :
THEOREM A.® If f(z) € H,

D2

f {2 l_T%@'f} d0<A4, f fie®)|2d6,  p>1,
n=1 n -7

-

* Ap,B,C,...... denote constants, which are not the same with different occurrence..



ON THE SUMMABILITY OF POWER SERIES 97

1/

* e 1 2 2 " :
f{zij_%"l} deng fie®) [ log* |f(e®)|d6 + B,

n=1

[ (200} wzc, ([ nemar) 0<u<t

-

H. C.Chow [1] has extended this theorem in the following form:
THEOREM B. If f(z) belongs to H? (p > 0), then the series
i |T2(0)|*

ne=l n
converges for almost all 0, where a = 1/p or a > 1/p according as 0 < p <1
orl<p=<.

In this note we completé Theorem B in the type of Theorem A. We
prove firstly

THEOREM 1. If f(2) € H?» 0<p<2), then
T . . L P2 o
f (= 'T_(;i‘)_"} degA,,,,,f Ife®)| 2d6,
where
a=(1+38)/p and 8 >0.

THEOREM 2. If ()€ HPO < p<1),

t e"l—q:",ﬁ)‘—zmtIHSA " &9 (? log* |f(e®)|dd + B

J (SO ap<a, [ emie oz nemian + B,

Yo tan1 ) .

fﬂ {é @E}M d()éCp,u{f |f(e“’)|p;'d0}”, 0<u<l,
wherea?ll;; -

From these theorems we prove

THEOREM 3. If ()€ H? 0 < p <1), then

7T N

f { sup toso) | a0 < 40 f " enin d,

[ 1ex@17 ao.5 A, [ remi» s,

where ‘a >1/p—1
THEOREM 4. If flz) € H? 0 < $<1/2),

x

f {02332, lo2(6)] } <A, f ’ 7(e®)|» log* [f(e®)|d6 + B,
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. "

| ’ {su 1o101) o=, i " ey a6}, 0<p<1,

where a = 1/p — 1.

Theorem 3 is a generalization of results of Hardy-Littlewood [4] and
Gwilliam [2]. Theorem 4 settles a conjecture of A.Zygmund [7]. Concerning
his another conjecture [7], we prove the following theorem:

THEOREM 5. If f(z) € HN(1 < p <?2), then
" @ P /2 z
| {Srwkiiops) wsa] e d

Yz tn=l

where a = 1/p.
THEOREM 6. If f(2) € H? (1/2< p < 1), then

" o0 ’
f{sup Tty W58 [ Ve a

where ot = 1/p — 1.

But there is discrepancy*®’ between Theorem 6 and Zygmund’s conjecture.

2. For the proof of these theorems, we need the following lemmas.
LEmMMA 1. If f(z2) € H*(k=1), and

l ' 0+ u k
h;f | (&™) [* du

1/k

% () = sup
0<| M| <m

then
Slret@+w) Lg Ay f¥ (6) {1 + %}llk
Further if f(2) € H? and k < 2, then

f % @) df =< B, f (@) do.

This is proved implicitly in the Hardy-Littlewood paper [5].
LEMMA 2. If g/@—1)<2=<q and p= (2 — q)/2q, then

g < a2
[ e s a, [ o+ v el o)

n=0

This is a particular case of a Hardy-Littlewood theorem [3].

LemMA 3. If f(z) € H, and we put
{ sup A—n 2 Isn(e)lzw‘}

n=0

12

),

then
*  See addendum at the end of the paper.
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T

f @) < A f fte?) log* f(e)|d6 + B,

-7

fﬂ I (6)|#d6 < C. {f f(e®)| a6 } 0<p<1.

Proor. Since the function (1 — 7)r*" has a maximum at r =1 — 1/(2n + 1),
‘we have

A= gy (1= 5551)”

IA

K
ot
Hence

{sup A=n3 1@ }l

0<r< n=0

1/2
= { sup (1 —r)z |5:(0) — o, (H)I'f""} .

n<r<l neo

{sup 1 -7 2 lol(0)]* 72"}1”2

n<r

W(6) — o4O 1" "
sa{Z=0 Y s, o)

=n <eco

<A {ZIT,.(G)I } + As sup o4O

n=0 0=n<eo

From Theorem A and a well-known maximal fheorem, we get the
demma.

LEmMA 4. If f(z) € H?, and we put

{ um 2 lsz 1O r‘"{ = {ff (6)}*

n=0

then

f I7%(6)* degAf If(e®)|% df.

Proor. The proof of this lemma is analogous to that of the above
lemma.
.Since
. K
r*[llog 1—7)| = Tog mF D)

-‘we have

{o<, P llog (1 -7 2 [s;11%(0)|* r“}

n=0

la; %(0) — an%(O)* , }
= {o<1<1|10g(1 7’)|2 n+1

n=(
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o)
+{o<r<l uoga—r)xz ¥l }

S | T3%(6)]* N
=4 {nz,(,(n + 1) log (n + 2)} A {osé‘igu "6 } ‘

By the well-known result [6], we get

f IfF (0)]"d€§A‘[ If(e)|* db,

which is the required.
LEMMA 5. If f(2) is zeropointfree and fz) = g*(2),
then

(@~1))2 — @+ DI2(g G)]2 . z
it 5 4.3 D SETOON {0

v=0

where o is a positive number.
PROOF. Since f(2) = g%(z), we have

f2) S an _ [ 9@ *
m = Esn(f: 0)z" = { (1 — 2)@+Di2 }

and then

n

1520,0)1 = | 255, ) 7740, )

: Drg, O)|*

|a<“
=3 s g Ol s S

v=0 v=0 v+ 1)1 -
< la (g, 6) — rr&““””"(g, 0)* oo+, 6)|*
§ = ‘ (V + 1)1—& E (p + 1)1—05
Thus we get
. ',,.(a+1) 2(g 0)[2
le%f, 0)] = 2 TS

v=0

+ {sup [o{*+DXg, 0)!“} { 2(v+1)“ 1}

v=0

(@+1)/2(g @
<4, OO L g tup oo, o)1

v=0
LEMMA 6. For any positive A, «, and large n,

A - (1 — r)oyen dr < B
(log nynze+1 = y [log (1 —7)|* =  (logn)‘nze+l

ProoF. From the change of variables
1/n 1

1 1
(1 — rypm _ 7291 — z)n _ f j‘ _
fog @~ ¥~ f log xS ) =T

1/n
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say. Then
el — pyrdr _ Ay [ K
71 — r)*"dr 7)*
I= A R A A — p)2n < -
:,/‘ |log r|* = (log n)"f (L= 7y dr < nz®+i(log n)*
0
and
1
_ (1 —7pn (A-=7 r) -
J= f IIOE_rI..A_.—dr._ f “ogr‘)\ (1 —7)y1t dr
i/n i/n
1
1—1/n f - . L .
< - =T 28(1 — r)n-l = — .
= [logn|* P -yt drs n2*+1(logn)

On the other hand,

f 1 — rdr = M l: — (1 — gyt ]1

/= n*(log n)* A 2n+1

n""(log n)*

> _N____
= mnti(log n)*

1/n

3. Proof of Theorem 1. Let us put

oo

Daol7, 0) = 2 (AL: 75O 7

n=1

and

S (A s

Yulp, 0) = E(Zn o AT O 0<p<D)
p
= p—zll“—,f (p — r)2°®u(r, 0)d r
0
1
= f 1 — r)**Pu(rp, O)dr,
0

then

2_&@1_ < AV, 6) = 4, f (1 — ryedu(r, O)dr.

n=1

On the other hand, since

S per 1@y = 227,
A0 = T

ne=l

we have by Parseval’s identity,
1 |7/ (rete+10) |2
(bw(r 6) f rpzpl 200 d

In proving these theorems we can suppose that f{z) has no zeros inside
the unite circle. Put

F¥(z2) = f4(z)
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then F(z) belongs to H2. Let 3 =1+ 98)/2, = (1 + 8)/p,8 > 0. Since
@) = LRy Pe)

we have
et _ 2 { Flae)|0rD sttt
1—2z" (1—2) (1—=2)2
and hence
_ 2 [T 1Rwee 2\ R e
@l 0) = pmf,, b B e

If we take 2 < 2, then by Lemma 1,
2/e (2/p-1)

D7, 6’)§A.fﬂ { |FX (0)]* (1 + 1_[‘7_’_|r> } IrF’(reifmo)lz do

|1 — rezw|4,ﬂlz)

@2%)2/p-1)

. o 7 (/)I |rF’(re“’+‘9)|2

-7

Thus we get
Vo, 0) S AtFE @ [ (1~ ryear
0

13 @2lk)(2lp-1) BN 12
. f (1+ | 17pF (rpes )2

1—7 |1 — rpetv|43ir dp

-7

and

f [Wa(1, )| 2:d0

<Af {F¥ (@)yrein- 1>{f a —r)"”drf (1+ 1"’;'f)

I ,,F/(rewwo) I 2 P2
T UIL = et 18I d db.

By Holder’s inequality for the indices 2/p,2/(2 — p), it follows,

/R)2/p-1)

@-p)2

| v, 6yt
{ f o Of (L — ryogr

§A4{f 17 @) a0)
2/%)(2/p-1)

f () el 1

| 1 —_ rei(ﬂ!«i,ﬁlli

é A-& (Ih‘)(l )2 (Jk)p/z’
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say. From Lemma 1,
T
rsAf (Fe): ab
-7

For the sake of estimation of J,, we consider the integral

4 1-7 k4
1 — @r)E/p-1>
f’ 7 + |pl] d¢=f _I_f =K+ L
0 0 1-7r

{0 =7y + gryaie
Kg As(l — ) @/R2P-1) -4/ p+1 ___} Ae(l — r)(z[k—l)(z/y—l)—zslp

and

T T

@RYCIP-1)

L< A7f ‘Z’TDWC@ - A7f PEO@IP-D=86/v Gy
1-r

1=
T

= A,z[q)(zlfc-l)(zlp—l)—zélp]
1-7

Since 8 >0, if we take & sufficiently near to 2, then
@/k—1)2/p—1)—28/p <0

and
L < Ayl — 7)@r-DCp-1-2]p
Hence
7T
[1—7 + ||| @M=D <A oo L
< Ag(l — ) @E-DE-1-2
— ) 21.28]p = 438 ’
S Q-7+ 9%

and

. {1 . |<P| }(Zlk)(le—l)
7T
Jkgfa—r)zwrf T 1—7
0

— yeiv|#8Ip d¢f |7F'(re')|2d0
- Y

1
< As f (1 — 7R%(1 — 7)-CIRP=D (1 — y)@R-DEIP-D-28Ip gy -
0
. f |7F'(ref)|* do
. -
= Agf a-7 drf | E(re®)|% dO
0 -7

gmfwwww

Collecting these estimations, we get
»/

7T 2 i
f{-i._f:fll_} a0 [ 1w, 010 a0
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gAg{ft [F(e“’)l”de}

§A9f (Rl db = Ay [ e .

(2-2)[2+p[2

Thus we get the theorem.

4. Proof of Theorem 2. The case p =1 is Theorem A. Suppose that
1/2<p<1 Let
a=1/p, G)={f2)},
then G(z) belongs to H. Then
F@) = a{G(2)}*"G'(2),
so that

2e'%(2¢"%) - { G(ze'®) }‘”"1 ze'® G'(2¢%)
1 -z 1—2z 1—2z
and hence we have by Parseval’s identity

7T 2 @-1
_ a_a G(ret(p-t-tﬂ)
<I>u(r,0)—-2”f {’ 1—rev }
Since 1/2<p <1, ¢ —1< 1, and then we have by H('ilder’s inequality

ozl [922 )" ([ 22 )

<A1{(1—r)f 1 G(reW”") 'a’ } {(1—1')1 @

(f 2/(2-@) 2-0

2
@/(rewnw)
1— ret¥

rG’(reW’*“’)
1—rete

) |}

= A{KO}*-JO),

say.
Let us put
G(2) = X ck 2,
n=0
s¥(6) = Dckem
v=0
and
1 n
* = * 0
O = Euc ¢
then

I0) < A1 —7) X [s¥ (O)]* r»

n=0
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= AAGT ()},
by Lemma 3.
On the other hand by Lemma 2, we have
B < A1 pyeel [ 2G e 10 ama
JO=A(1~-7r) {f 1 — e dfp}

< AL — )0 23 0% 1 ()] .

N=1
Hence

Vo1, 6) < As{GY (9)y2@-D f 1 =7yl —rr-®
0

D ik ()27 dr

n=1

= Ar{GY (0)y*“@-D{GIN0)}* = As{HT (0)}**,
where

o * gy1/2
ar@ = (SO ar (0) = maxiGr @), Gron.

n=1

Since by Lemma 3 and Theorem A
f |HY (0)|d8 < Af |G(e®)|log* | G(e®)|d6 + B

iz ot <cl | 16enasl”, o<u<y,
—x -~ I

we get the required
f {2‘_13»’@'_“ }”’” o< f W1, 6)[12= df

n

n=1

gAf lH*(é’)Id&gAf |G(e*)|log* | G(e'%)|d0 + B

=A f /()| ? log™* |f(e®)|df + B,

and
f‘ { i L-r;‘f’(f)l*}”"zdeé C. {f Ifte)|? do}“, O<p<D
where @ = 1/p. )

For the case 1/m+1)=<p=<1/m, (m=23, ....), we can proceed
similarly, cf. H.C. Chow [2].

5. Proofs of Theorem 3 and 4. If we put
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() = g¥%2),
then f(z) € H?(0 < p < 1) implies &z) € H*(0 < 2p < 2). By Lemma 5, we have
|o @ DI(g, §) — o, +VIx(g §)|*
v+1
+ Az sup [0, *0/(g 0)]

la(f, 0)] <A12

v=0

and if (¢ —1)/2>1/2p —1, that is @ > 1/p —1 >0, we get
(w—l)lz(g; 9) — o—y(ﬂrﬂ)lz(g’ 9),2

los(r )] = A, 1%

~ v+1
+ Az{ sup |o, @/ g 9)!}2,
0=y <eo
and
- (oD 8) — o=l B2
. 2p'2 o, @D g @) — o, %+ g )]
[lamrsor s [ (Fimosen oo 7,

" r 2p
+ A, f 1sup|o—y‘“+”’2(g, 6)!} dé

=4 f | gle®)|** db = A, f CIINA

by Theorem 1.
Thus we get Theorem 3, that is

fﬂ{ oésfﬁ.,l"w”}pde§cf If(e®)|* db, 0<p<l,

where a > 1/p — 1.

If0<p=<1/2, then gz) € H*?(0 < 2p <1), and we can apply Theorem 2.
Thus we get for @« =1/p —1 '
20/2

” @-1) /2 — g (@+)]2 2
[ {0 o500} d€<Af {2 e L

+f { sup [ale+Di(g, 9)[} do

0sn<

=A f [9(e®)|*? log™* |g(e)|d6 + B

=< Af |f(e®)|? log* |f(e?®)|dO + B.

Similarly we can get the remaining inequalities.
§. Proof of Theorem 5 and 6. If we write
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* — S (Az).) L] 2 p2n
Vil 6)= 2 @n ¥ 2a + DAR(log nypr | O P

then

P
(p—_r)'_z/p | Tz(g) [2 p2»,

1
V¥ (p,0) < A,
(¢ o) log (p—7)

by Lemma 6. Let
F(z) = {f(2)}*"*, and a = 1/p, then

Dof7, 0) = Z(A‘”)‘l-r 0] 72
|-

AJ Rl dg | {fﬂ

pl
rF’(rew-HO)
1—re¥

2/p
dgo}

by Holder’s inequality for (2 —p)/p < 1, where ' = p/(p —1). The last term
is majorated by

|1 — 7et| J

AALO)}1-1](6).
While

16) = 2 |s;"F, 0)]* r*n

n=0

.-
S A0S Tog =] 197 B O log 1 =)

< A;|F¥ (6)|21log(1 — 7),
by Lemma 4. Hence

2/p’
4 +16\ | P’
Dulz, 0) < A, |F¥ (0)]2/»-D{|log (1 — 7)| 21>~ ff rF_(re_"%Q dgg}
retv
=< A | FF (0)2%/?=D[log (1 — 7)|#/#-1 2 nz/pl.rl/’(F’ 0)| 22",

n=1

by Lemma 2. Therefore
Vi (p,0) < Ag|F¥ ()| @/»-D {E”WITW(F, 6)|2p%"

(1 —7p*log (1 —n)|¥*-L ,, }
f g —npe Y

1
(2D - ., o - 1 _r)’wr.m
< A F.}gz(z/pn{z 2|7 YY(F, 0 z_nf ( d}
= A= O 27 TEE O ] g =T

het 1/2 )
< Adlr @) { Rl o}

n=1

= As|Fi (0)|¢IP-D{F (0))
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= A{FF (O))?
by Lemma 4 and 6. Since

f’ (71 O o < f | Fem)|: e,

we get
»/2

(3 |72(9)!* -
‘_/; ln2=1(n+1){10g(n+2)}21p} d0§Alo£ | F(e') |2 do

<Ay f e®)|» b,

where a = 1/p. This is nothing but Theorem 5.
If we put f(z) = ¢%(z) and @ = 1/p —1 >0, then
9(z) € H?? (1<2p<2),
and hence we have by Lemma 5,
n (w-1))2 e (@+1)]2 2
O'z(f;g)_s_Al E la-” (g’ez)‘i‘o.l'(, , (g’o)l
+ A, sup |a®+V2(g, O)|*
0Sv<eo

n Ia_(m_l)lf_r(g’ 0) — o_(w.n)/z(g’ 0)12 .
< 2/ v v
=< A; (log n)? ZPE @ + 1) (log (v + 2))i2»

+ Ai{ sup |o =g, O)] 3.
From the above theor;m,
}’de

T
@,
f { sup a%(6)
057 <co
-
29/

> : /2
= Asf {2 lof*DXg, 6) — o~ 1(g, 6) |2 } db
JUS (w+dXlog (v + 2))7

A [ [BR_ioorn,01) ao

<[ loenimar < a; [ 1rentr ao.
Thus we get Theorem 6.
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Added in the proof. There is a slip in Zygmund's paper [7]. See his
correction, Bull. Amer. M. S, 51(1945), p.446. So his conjecture coincides
with our Theorem 6. The detailed argument will be given in another paper.





