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Introduction. Let M be a difierentiable manifold. If M admits k almost
complex structures Φz, Φ29...Φk (Φl = Φl = ••• = Φl = — E)l\ then we say that

they are linearly independent with respect to real constant coefficients if

<*!<£>! + <X2Φ2 + •-• + &kΦk = 02) (Λ,, CL2}...oίk real constants) always implies
aτ = oίz =... = ak = 0. If a diίferentiable manifold M admits k almost complex

structures linearly independent in real constant coeffiecients and any other
almost complex structure (if it exists) is given by a linear combination (with

respect to real constant coefficients) of the k independent almost complex struc-
tures, then we say that the dimension of the set of almost complex structures

in the sense of linear combination in real constant coefficients is equal to k.
We remark that a linear combination of almost complex structures does not in
general give an almost complex structure, but the number k has an invariant
meaning.

The purpose of this paper is to clearify the structure of the manifold M
whose dimension of the set of almost complex structures in the above sense is
equal to 2 or 3 and put in order all such manifolds.

1. Case where the dimension of almost complex structures is equal
to 2. With respect to almost complex structures in a differentiable manifold M

we have already known the following remarkable structures3):

1) E(= δj ί, j = 1, ...,m) denotes the unit matrix of degree m, where m is the dimension

of M. We omit eventually to indicate the degree of a unit matrix E or the dimension of
the manifold M.

(i) 00 (fc)
2) This equation is written in tensor forms such that oiφί^ 4- 02Φ/+...+ αjtφ/ = 0, where

(i) (*0
Φ= (φj1), . . . ,Φfc = (φ/) (i, j = 1, ...,m). In this paper, since we only deal with tensor fields
of type (1,1), we do not use tensor calculations as far as possible, making use of matrix-

(i) a) (i) (2)
operations. The meanings of Φi2 or ΦjΦ2 is of course Φi2 = (Φjαφtα) or ΦjΦ2 = (Φ/αΦία), and
so on. In general, capital letters Φ, Ψ, T, Ay J3, C, ... will denote matrices given by the
components of respective tensor fields.

3) With respect to almost quaternions structure, see for instance, C. Ehresmann [1];
P.Libermann [2]; M.Obata [3], [4]; C.J.Hsu [7]; H.Wakakuwa [5], [6]. The structural
group of the tangent bundle of such a manifold is reducible to Sρ(n), the unitary symplectic
group.

The almost complex-product structure ot the first kind is the same as Ltbermann's
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(I) Almost quaternion structure (Φ,Ψ5T): Φ2=Ψ2= T2=-E; ΦΨ=—ΨΦ=T,

ψT = - TΨ = Φ, TΦ = - ΦT = Ψ.

(II) Almost complex-product structure of the first kind (Φ, Ψ, T) :

φ*=-E, Ψ2 = T2=.E; ΦΨ=-ΨΦ = T, ΨT=-TΨ=-Φ, TΦ=-ΦT = Ψ.

(III) Almost complex-product structure of the second kind (Φ,Ψ,T):

φ2 = ψ2=-£, T2 = £; ΦΨ=ΦΨ=-T, ΨT = TΨ=Φ, TΦ=ΦT = Ψ.

Now, we set forth the following new structure:
(IV) structure (Φ, Ψ, T) : Φ2 = Ψ2 = T2 = - E

φψ + ψφ = 2E (Φ 4=- Ψ), T = E - ΦΨ - Φ (= ΨΦ - E - Φ).

We can easily verify that the three almost complex structures Φ,Ψ and
T in (IV) satisfy

(1.1) ΦΨ + ΨΦ = 2E(ΦΦ- Ψ), ΦT + TΦ = 2E, ΨT + TΨ = - 2E.

The above three structures are characterized by the following simple forms,
for the existence of the remaining structure T necessarily follows by means of
Φ and Ψ.

(I') Φ2 = Ψ2 = - E; ΦΨ = - ΨΦ,

(II') φ^ = - E, Ψ2 = E; ΦΨ = - ΨΦ,

(III') Φ2 = Ψ1 = - E; ΦΨ = ΨΦ,

(IV) Φ2 = Ψ2 = - E; ΦΨ + ΨΦ = 2E (Φ 4=- Ψ).

The verifications are easy for the cases (Γ), (IΓ) and (III') by putting
φψ = - ψφ = T or ΦΨ = ΨΦ = T. We only prove for the case (IV'). If there

exist two almost complex structure Φ and Ψ satisfying the above relation (IV),
then we have E — ΦΨ — Φ = ΨΦ — E — Φ. If we put these common tensor
field by T then we see that

T2 = (E - ΦΨ - ΦXΨΦ - E - Φ) = - E,

making use of (IV).
We will' state several lemmas with respect to the above four structures

(I), (II), (III), (IV).

LEMMA 1.1. The three almost complex structures Φ, Ψ and T in the

structure (I) or (IV) are linearly independent with respect to real constant

quaternion structure of the second kind".
The Ψ and T in (II) and the,T in (III) are almost product structures. When we speak

oί almost product structures, we omit of course the trivial almost product structure
±E(= ±δp.
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coefficients.

PROOF. For the structure (I), the linear independence of Φ, Ψ and T easily
follows from the quaternic relations. We will prove the lemma for the struct-
ure (IV).

In the structure (IV), assume that there is a linear relation such that
aΦ + /3Ψ + γT = 0.

Taking account of the equations obtained by multiplying Φ from the left
and from the right to the above equation and making use of (1. 1), we get
a = β+ 7. And since T = E-ΦΨ-Φ, we have (β + y)Φ + /3Ψ + γ(E-ΦΨ-Φ)
= 0 or

/3(Φ + Ψ) + j(E - ΦΨ) = 0

By multiplying Φ from the left to the last equation, we get

- β(E - ΦΨ) + γ(Φ + Ψ) = 0.

From the last two equations, we have (/32 + γ2)(Φ + ψ) = 0. Since Φ=f= — Ψ,
we get β = 7 = 0 and hence oί = 0. Q. E. D.

The two almost complex structures Φ and Ψ in (III) are linealy indepen-
dent with respect to real constant coefficients, since T=(=±£.

The structure (II) admits apparently only one almost complex structure
but we can state the following lemma.

LEMMA I. 2. The structure (II) admits two almost complex structures
linearly independent with respect to real constant coefficients.

PROOF. If we put Φj = aΦ + /3Ψ, where a and β are non zero real con-
stants satisfying oίz — β2=l, then we see that Φ1 is an almost complex structure
linearly independent with Φ. Q. E. D.

Summing up the Lemmas 1. 1 and 1. 2, we can state

LEMMA 1.3. In the structures (I) and (IV), there are three almost
complex structures linearly independent with respect to real constant coef-
ficients. In the structures (II) and (III), there are two almost complex stru-
ctures linearly independent with respect to real constant coefficients.

LEMMA. I. 4. Let M be a differentiable manifold. And assume that M
admits two linearly independent (with respect to real constant coefficients)
almost complex structures A = (cz/X B = (b/) satisfying

AB + BA = cE (c: real constant).

Then we can necessarily find in M one of the three structures (I), (II),



(IV).

PPOOF. If c = 0, we can find in M the structure (I) (see (Γ)). If \c\ <2,
we put

Φ = A, ψ =

Then we see that Φ2 = - E and Ψ2 = - £, ΦΨ + ΨΦ = 0. Hence we
can also find the structure (I) (see (Γ)).

If ! c I > 2, we put

Φ =

Then, we see that Φ2 = - E and Ψ2 = E, ΦΨ + ΨΦ = 0. Hence, we can
find the structure (II) (see (IΓ)).

Lastly, if \c\ = 2, we can assume without any loss of generality that

c = 2. For, if c = — 2, we consider — -B instead of -B. Hence A and β satisfy
AJB + BA = 2£(A =f=- B) and by putting Φ = A, Ψ = B we can find the
structure (IV) (see (IV')).

LEMMA 1. 5. Let A = (α/), B — (&/) δ^ ίwo almost complex structures
linearly independent with respect to real constant coefficients in a differenti-
able manifold M. If

ocA + βB (a, β : real constants', otβ 4s 0)

gives again an almost complex structure^ then we can find in M one of the
three structures (I), (II), (IV).

PEOOF. Since OLA + βB (aβ 4= 0) gives an almost complex structure, we

have (aA + βB)2 = - E or AB + BA = *' + ̂  "" 1 E. Hence, by virtue of
aβ

the above Lemma 1. 4, we can find in M one of the structures (I), (II), (IV).
Q.E.D.

LEMMA 1. 6. Let A = (α/), B = (&/) be two almost complex structures
linearly independent with respect to real constant coefficients in a differenti-
ate manifold M. If A and B satisfy

ABA = aA + βB (a, β : real constants', α2 + β2 φ 0),

then we can find in M one of the four structures (I), (II), (III), (IV).

PROOF. If /3 = 0 (α=l=0), we have ABA = oίA, from which we get
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B = — OLA. But this contradicts to the assumption that A and B are linearly
independent. Hence we see that β =4=0. If CL = 0(/9ΦO), we have ABA = /S5
and we see that ABA = +B. If ^4£A = J5, we have AB + BA = 0. Hence
we can find the structure (I). If ABA = — B, we have AB = BA. Hence we
can find the structure (III) (see (III')).

Lastly, if #/S=H), we see that M admits one of the steuctures (I), (II), (IV)
by virtue of Lemma 1.5. Q. E. D.

THEOREM. Let M be a differentiable manifold. If the dimension of
almost complex structures of M in the sense of linear combination in real
constant coefficients is equal to 2 (see the definition in the Introduction), then
M admits the structure (II) or the structure (III).

PROOF. By virtue of the definition, there are two almost complex struc-
tures A = (α/), B = (ft/) linearly independent with respect to real constant
coefficients and any other almost complex structure is a linear combination of
A and B with respect to real constant coefficients. Since ABA is an almost
complex structure, we can write

ABA = aA + βB (a, β: real; c*2 + /β2 4= 0).

Hence, by virtue of Lemma 1. 6, we can find in M one of the structures
(I), (II), (III), (IV). But, the structures (I) and (IV) admits three almost complex
structures linearly independent with respect to real constant coefficients (Lemma
1.3), which contradicts to the assumption. Therefore, we find the structure (II)
or (III) in M. Q.E.D.

COROLLARY 1.1. Let M be a differentiable manifold which does not
admit any almost product structure. Then the dimension of the set of almost
complex structures in the sense of linear combination in real constant coef-
ficients is = 0,1 or > 3.

PROOF. If the dimension of the set of almost complex structures is just
equal to 2, then we find in M the structure (II) or (III) by virtue of the
Theorem. But these structures admits one or two almost product structures con-
tradictorily to the assumption.

2. The structure (IV). Since the structures (I), (II) and (III) are already
treated ([1]—[7]), we state here several remarks on the new structure (IV).

LEMMA 2. 1. The structure (IV) is equivalent to

(IV), strurture (Φ, Σ) : Φ2 = - E, Σ2 = 04) (Σ Φ 0), ΦΣ + ΣΦ = 0.

4) R.S.Clark and M.R.Bruckheimer ([8]) have treated a tensor field J in a 2/ϊ-dimen-
sional manifold M2n such that J2 = 0 and rank J p 2n all over the M2n.



398 H. WAKAKUWA

PROOF. If we are given the structure (IV) in M, we put Σ = Φ 4* Ψ.
Then we can verify that Σ2 = 0, ΦΣ + ΣΦ = 0 by virtue of the relations in
(IV). Conversely, if we are given the structure (IV)! ώ the present lemma,
then we can find the structure (IV) by putting Ψ = Σ — Φ, Ύ = E — ΦΨ — Φ.

In the structure (IV) or (IV)1? if Σ = Φ-fΨ is of constant rank r(< dim M)
oVer the. whole manifold M, then we say that (IV) or (IV)! is of requlr
type. If otherwise, we say that (IV) or (IV)! is of singular type.

LEMMA 2. 2. If the structure (IV) or (IV)X in M is of regular type, then
we can find in M an almost product structure.

PROOF. By the definition, Σ = Φ + Ψ is of constant rank r all over the
M. The characteristic roots of Σ are all zero and there corresponds a subspace
of dimension s = dim M — r. These define a distribution D of dimension 5
throughout the M. Since there exists always a distribution D' complementary
to D, M admits an almost product structure. Q. E. D.

We will here introduce the normal forms of the structure (IV) or
)j at the tangent space of a point P of M. Since the structures (IV) and
X are equivalent (Lemma 2.1), we consider only the structure (IV)X :

(2.1) Φ2 = - E, Σ2 = 0, ΦΣ + ΣΦ = 0.

The dimension of M is even : dim M = 2n, since M admits an almost
complex stlucture Φ. It is well known that at the tangent space of P we can
choose a complex frame such that the almost complex structure Φ takes the
form

(2.2) Φ =

where En denotes the unit matrix of degree n. In this case, the last equation of

(2.1) implies that Σ is necessarily of the form Σ = ί V where A and
\ A 0 *

A' are (n X /^-matrices. And since Σ has a real representation together with

Φ, it must be self-adjoint: A' = A, that is

(2.3) :

From the second equation of (2. l), we have AA = 0, and the (n x n)-

matrix A is degenerate. Hence there exists at least a non zero vector z such
that Az = 0. Hereby the vector z should be in general complex. Let (z1L,z^...,zΊϊ)
be the components of z and consider a regular (n x #)-matrix of the form
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where the elements in the part * are arbitrary except the condition that X is

regular. Then, we can see that X~1AX is of the form

(2.4)
-

X-1AX-

taking account of Az = 0. We write this X 1AX anew by A. We, can see that
there exists a complex (n x ^-matrix Y such that (see Appendix)

ί 0 eτ

• 0

(2.5) Y-*AY =

( 0 •0

where £j, •••,£«-! are equal to 0 or 1. But since A A = 0 and Y l AY is real, the
square of the last matrix is 0. Hence we see that at least one of the neighboring
et and ei+1 (i = 1,,.., n — 2) must be zero. If we consider a trans-formation

by a matrix of the formί — j for the Y satisfying (2. 5), then we obtain

the final form of Σ such that

/

(

,

0

) eτ

• o%
•

•
• f,

9

 en-\

•

0 βl ^• o•
•

•

* €•
•

0

>

where el}...9en-τ are equal to 0 or 1 and at least one of the neighboring et

and βi i (£=!,...,ft — 2) is equal to 2ero. Hence we know that the rank of 2 is
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even and it is 5Ξ n. And furthermore, we can transform Σ to the form

r

0

\Et

0

0

, o

0

Ep

0

O x

0

/

where Ep is a unit matrrix of degree pί^-^-J.
\ £.1 '

It is easily seen that under the above normalization of Σ the form (2. 2)
of Φ is unchanged. Consequently, with respect to a complex frame, the normal
forms of the structure (IV)! are given by

Φ =

iE. 0

0 - iEn

9 ^

( o o \0
EP 0

° ° 0(E,, o /

where En and Ev are unit matrices of degree n and ρ( ίS - J respectively.

Making use of a matrix

En E

where En is the unit matrix of degree n, we have I~1ΦI and 7" *Σ7 which give
the normal forms of Φ and Σ with respect to a real frame.
These are as follows:

Φ =

where En and Ep are unit matrices of degree n and />f <-^-J respectively.
\ & '

3. Two new structures. We introduce in this section, two new structures
and their normal norms.

(V) structure (Φ, Ψ, T) : Φ2 = Ψ2 = T2 = - E;

φψ «, ψφ, ΨT = TΨ, TΦ = ΦT,

y v

0 -Ea

En 0

\ /

(0 0

Ep 0

0
\

\
0

0 0

-EP O/
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where Φ, Ψ and T are linearly independent with respect to real constant coef-
ficients.

If M admits such a structure (V), the dimension of M is of course even:

M = M2n The normal forms of this structure at the tangent space of a point
P of M2n is introduced as follows.

With respect to a suitable complex frame, one of the Φ, Ψ and T, for

instance Φ takes the form: Φ =( n J. And in this case, by virtue of

the relations ΦΨ =ΨΦ and TΦ = ΦT, we see that Ψ and T take the forms

such that Ψ = ( \ T = ( Λ, where P, Q, P and Q' are (n X n)

matrices. Since Ψ and T have their real representation together with Φ we

must have P' = P, Q = Q, that is,

Furthermore, we see that P2 = ~P2 = - En, Q2 = Q2 = - £„, since Ψ and

T are almost complex structures. Hence the characteristic roots of P and Q

(P and Q) are ±z. Making use of a suitable complex (n X w)-matrix X, we
can get

X~1PX =
-i e\

*. \ o

e -i

, (r + s = n\

where el9. .er-ι9 eΊ9..-, e's-\ are equal to 1 or 0. But we can easily see that
el9.. 9 eι-ι, tfί,. ,£s-ι all vanish by virtue of Pz = — En. Therefore, making use

of a (2n X 2w)-matrix ϊ such that X = ί — \ we get
\ 0 ./v *

iEr



402 H; WAKAKUWA

where Er and Es are unit matrices of degree r and s respectively. Under such
a transformation, the form of Φ is unchanged: ϊ-1ΦX = Φ. Now, in this case,
by virtue of ΨT = TΨ, we have

where Qi and Q2 are matrices of degree r and 5 respectively. Let Y be a

complex (w X w)-matrix such that Y = ί * J, where the degrees of Yλ
\ U JL 2 '

and Y^2 are r and $ respectively. If we choose Yz and Y2 suitably, then we have

where £rι, £r2, £,, and JESl are unit matrices of degree rl9 r2, sτ and 52 res-
pectively.

/ Y 0 \
If we consider a (2n X 2w)-matrix D such that ^ = ί — J,

that

then we see

Q2

Q! and Q2 being given by the preceding diagonal forms. Under such a trans-
formation, the already obtained forms of Φ and Ψ are unchanged.

Consequently, with respect to a complex frame, the normal forms of the
structure (V) are given by

ί φ=(iEn ° ]
V 0 -iEn >

P 0 0

m

Q

iErt 0

0 - iEr,

0

°
0 -iEs,

r2 = r,

Making use of a matrix 7 of (2. 6), we obtain their normal forms 7 !Φ7, 7 !
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and I~1ΎI with respect to a real frame. These are as follows.

403

τ - r ° Qι] Q =
VQ, O / ' α

Erι 0

0 -Er,

o Es>

0

0

0

-£„,

, (r, + r2 = r, s, + s2 = 5),

where the indices of the unit matrices E's denote their degrees.
Now, the other new structure is given as follows:

(VI) structure* (Φ, Ψ, T) : Φ2 = Ψ2 = T2 = - E

φψ = TΦ, ΨΦΨ = aΦ + aψ + T, (a: real constant; =f=- 1),

Φ, Ψ, T being linearly independent in real constant coefficients.
The normal forms of this structure are introduced as follows. Of course

the dimension of the manifold M is even: M=M2n. First we consider the case
Λ=4=— 1,3. With respect to a suitable complex frame, we can take normal

form of Φ such that Φ =( n j. And by virtue of the self-adjointness

of Ψ and T and the relation ΦΨ = TΦ, we have

Q P -Q
where P and Q are of degree n.

Since Ψ and T are almost complex structures, we get

(3. 1) Pz + QQ =- £„, PQ + QP= 0;

furthermore the last relation of (VI) implies that

(3. 2) - P2 + QQ = ϊ(α + 1)P - «£n, - PQ

From the first equation of (3. 1) and (3.2) we have

(3. 3) + 1)-

and from the last equations of (3.1) and (3. 2) we have

(3. 4) PQ = -QP = - *'(g ~ V Q.
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By virtue of (3.3) we can see that the characteristic roots of P is — i

and — i . As in the preceding cases, we see that for a suitable complex
£j

(n X n) matrix X, the new form X~1PX of P is given by5)

r s

P =

0

*_,
0

2 }

, (r + s = n\

> s

where el9...er-ι, eΊ,...,e's-ι are equal to 1 or 0. But, since #=j=3 we know that
these are all zero by virtue of (3. 3), that is the new form of P is given by

— i
0

'.

0 ' -i

0

0

ia~ l o* \J

2

\

O - ^2
2

Now, if we put

, (r + s = n).

5) It is allowable to consider a transformat :on of Ψ, T by a matrix of the from

IT / ' s^nce *t has a real meaning. Hereby the form of Φ is unchanged.
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then by virtue of the equations of (3. 4) we know that Ql = Q2 = Q3 = 0, that
is,

Q=
0

From the first equations of (3. 1), we see that Q4Q4 — σEs, where Es is
a unit matrix of degree s and σ = (oL + l)(# — 3)/44=0. If σ > 0, we get

,—. ~1_ = Eβ, and we can take a complex (sXs)-matrix Fs such that Y^1

v σ v σ

-p^Ϋ, = £s ([4], Lemma 1 and 2') or YΓ^Y. = V~ΪΈS. If σ-<0? we get

4 = — £5 and we can take a complex (5 X 5)- matrix Y's such that7 . /
v — σ v — σ

y ^-S^F; - j,,,, Λ/2 = ( ° ~E^ } (M, ibid.) or
V — σ \ ^s/2 0 /

In this case, 5 must be even. In each case, we put

where Er is a unit matrix of degree r. Then making use of a matrix
/ Γ 0 \ , / Y" 0 \

D = ( — j or D — ( —, j, we get the normal forms f) ^D, D T|)

(or D'^Ψ?)', D'"^!)') of Ψ and T, whereas the form of Φ is unchanged. These
are as follows.

iEn 0

0 -IE*?

Q

Q

where
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5

P =

/ -ί 0

0

*.

0 * -i

_ yΛ~~ 1 o£• W

2

o

0 f ̂w ί

I 2 J

r
r s

(
\ }

0 0 Ur

0 Q4 /U '/ )

Qί = v σ Es(σ > 0) or v — σ

1 ^ -*-^S/2 \ / ^ /Λ\
X I J \^ ̂  ̂  /•V# s / 2 o /

With respect to a real frame, these normal forms are given by

φ / ° -£^ - / Q' - P ' \ /-Q' P'
~^ £„ o

where

r

P' =

f 1
o

o . °
*.

' 1

α-1
2

o
•

o Λ"~ -̂Vy

I 2

V

r
r 5

ΓΓ ^T" \ir
O' —1 I 1

> Ws — 1 I) >
1 \ 0 Q'4 Is

\ 1 }

>s

V~7ES (σ > 0)

O' — or

/ Λ 7Γ \

^-'̂ . f"><°)
If α: = — 1 in the present structure, then it gives rise the structure (IV).

For, in such a case, we have ΨΦΨ = — Φ — Ψ + T, from which we get
- φψ = - ψφ + E + ΨT and - ΨΦ = - ΦΨ + E +TΨ. Hence
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— 2E holds true and Ψ, — T give rise the structure (IV).
In the case cί = 3, the relation (3. 1) also holds true and (3.3), (3.4)

become

(3. 5) P2 = - 2iP+ En; PQ = - QP = - ίQ,

respectively. We know that the characteristic roots of P are all — / and we
can take Φ, Ψ, T such that

iEn 0 \ / P Q \ / -P Q \

where

0

^,- ΆI-I = 0 or 1; all of them are not zero).

From the first relation of (3. 5), we see that at least one of the neighbor-
ing et and £ί+1(/ = l,...,τι — 2) is zero. An example of normal forms of this
structure is set forth as follows:

r>

-ί 1
'. o

•

0

0
(

(

) 0
0

0
*

•

) 0

V

(

2

0

)

all relations of (3. 1) and (3. 5) are satisfied and hence all properties of (VI)

hold true.
We remark that in case of OL = 3, Σ = 2Φ + Ψ + T is a tensor field such

that Σ2 = 0 which is verified making use of the relations in (VI) (cί = 3).

And this tensor field Σ also satisfies ΦΣ — ΣΦ.
In the case #=j=— 1, there does not exist a relation such that

φψ + ψφ = pE. It is verified by taking account of the forms of P.

4. The last new structure. The last structure is set forth as follows;
(VII) structure (Φ, Ψ, T): Φ2 = Ψ2 = T2 = - E;

ΨT + TΨ = 2fE,

TΦ + ΦT - 2gE, (/, g, h : real constants; | / | , | f l r | , |λ| > 1),

ΦΨ + ΨΦ = 2hE
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Φ, Ψ, T being linearly independent in real constant coefficients.
The normal forms of this structure are introduced as follows. The dimen-

sion of the manifold M is even : M = M2n. First we take Φ such that Φ =

( n land we put Ψ = ( — — ), T = f * —_ J, taking account of
0 — ?En PZ PI ;^2 1^1

the self-adjointness of Ψ and T. From the last two relations of (VII), we see
that Pl=— ihEn, Q = — igEn, that is,

PZ \ / —iyEn Qz•& \ m / y n Xr ίψ = / -MS* n \ τ / -ign* U2 \
\ T) 'T. E1 / V f~\ * f*Έ* /

\ x 2 IflJl'n ' ^ \&2 lff£*n '

Since Ψ and T are almost complex structures, we have

(4. 1) ~

where A2 •— 1>0, g* — 1 > 0. Now, the first equation of (4. 1) is written such

P P
that ,—2

2 . —-T-- 2

2 = En. We can take a complex (n X /z)-matrix X such
v A —1 v A —1

that X"1

 y 7̂

2 = «^= £n or X~1P2Y= V'A 2 -l £n ([4], Lemma 1 and 2').
v A — 1

Hence if we consider a transformation by a matrix X = ί — j (see the fo-
\ 0 A. /

otnote 5)), the new forms ϊ^Ψΐ, SMTX of Ψ and T are as follows:

-JhEn Vh'-lEn\ / ~^n Q,
2 —1 £w ihEn / V Q2 z r̂£;n

whereas the form of Φ is unchanged. By virtue of the relation ΨT +
= 2fEn, we get

(4.2) Q2 + Q; =
Now we decompose the matrix Q2 such that Q2 = R + iS, where R and

S are real (n X w)-matrices. Then from (4. 2) we see that ί? is a diagonal form:

R = ^J y L En. And from the second equation of (4. 1) we have
v A — 1

(4. 3) £2 + S2 = (#2 - !)£„, £S = 5Λ,

the second equation necessarily holds true since R is proportional to En.

Taking account of the first equation of (4. 3) and R — ^ ^—L En, we have
V h —1

1 -h -,

-A 1 -/A2 —
En, where Δ =

g ~f
. If Δ > 0, we can choose a real
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matrix Y such that Y~1SY = v/— En and if Δ < 0 we can also choose
\ h — 1

a real matrix Y' such that Y'-1SY' = J ~"Δ Λ/2, Λ/2 = ( ° "£w/2 Y
» A — 1 \ J£»/2 0 /

In the last case n must be even. If Δ = 0, we can choose a real matrix Y"

such that Y"~1SY" =
0

E,'P

0

0
I, where Ep is a unit matrix of degree

/>( <j-^-J (see §2, the normalization of Σ such that Σ2 =0). Under a trans-

/ Y o \ , / y o \
fomation by a real (2n x 2w)-matrix φ = ( J, D = ( , J or |) =

ί „ J, the already obtained normal forms of Φ and Ψ are unchanged.

Consequently, with respect to a suitable complex frame, the normal forms
1 -h -g

of the present structure are as follows, where we have put Δ = — h 1 — f

-9 -f 1
(i) structure (VII) of the first type (Δ > 0) :

Q
_

0 -iEj' \*/h*-lEn ihEn Γ \ Q ίgQ

where

\
'

(ii) structure (VII) of the second type (Δ < 0):

" " >0 -iE* A \^/h2-! En ihEn / \ Q igEn

where

0 -Enl_
w/2' Λ'2 ~ £», o

(w : even).

(iii) strucutre (VII) of the third type (Δ = 0):

Q
_

0 -ίEj' \«/h*-lEn ihEn r \ Q
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where

H. WAKAKUWA

With respect to a real frame these respective normal forms are:

If a differentiable manifold M admits the structure (VII), we can find
in M almost product structures. For, since | 2f \ > 2, 12g \ > 2, [2h\ >2,M
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admits the complex-product structures (II) (see the proof of Lemma 1.4), which
contain almost product structures.

5. "Distributions" of almost complex structures. Let M be a differen-
tiable manifold and suppose that the dimension of the set of almost complex
structures linearly independent in real constants is equal to k. Then there are
just k almost complex structures Φι, ,ΦΛ; linearly independent in real constant
coefficients and any other almost complex structure (if it exists) is given by a
linear combination of them with respect to real constant coefficients. Let
x-ι9 9Xk be k real numbers such that jclΦ1+...+xkΦk gives again an almost
complex structure in M. The set of all such real numbers (.r!,...,α:*) gives a
subset in a ^-dimensional affine space Λfc. We call the subset in R* the ''distri-
bution9' of almost complex structures of (Φ-^. ^Φ^) and call Φl9.^yΦk the bases
of the distribution.

We can consider the other bases Φί = έ~, a{Φi9...9Φt = A/ aίΦί9 where as
i i

are real constants and there are some relations among them to make Φ' s be
almost complex structures and det aί \ =f= 0. Hence the "distribution" has a
meaning in affine geometry with some affine transformations leaving invariant
the origin.

In this section, we will consider the "distribution" of almost complex
structures of (Φ,Ψ,T) of the structures (I), (IV), (V), (VI) and (VII) (or briefly
"distributions" of almost complex structures of the structures (I)^(VII)) in
the above sense. They are subsets in a 3-dimensional affine space -R3.

1°. The "distribution" of almost complex structures of the structure (I). Let
(Φ, Ψ, T) give the structure (I) (almost quaternion structure), then the necessary
and sufficient condition that a linear combination xΦ + yΨ + zΎ (x, y, z: real
constants) is again an almost complex structure is that xz + y2 + z2 = 1.
Hence the distribution of almost complex structures of the structure (I) a
sphere with respect to a natural metric in R3 (bases Φ,Ψ,T). With respect is to
general bases Φ' = aτΦ + a2Ψ +a3Ύ, ψ' = b,Φ + b2Ψ + £3T, T' = cjΦ + c^ + c^T,
(aly...yc3 are real constants; the sum of squares of a's, b's, or c's is equal to
1; Φ, Ψ , T' are independent) the distribution is an ellipsoid.

2°. The "distribution" of almost complex structures of the structure (IV).
If (Φ, Ψ, T) gives the structure (IV), then the necessary and sufficient consition
that a linear combination xΦ + yΨ + zT (χ9 y, z: real constants) is again an
almost complex structure is that x — y — z =± 1. Hence the distribution of
almost complex structures of the structure (IV) is two parallel planes in R3.

3°. The "distribution" of almost complex structures of the structure (V).
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Let (Φ,Ψ,.T) give the structure (V). At first we remark that if we put ΦΨ( =
= T1? ΨT(= TΨ) = Φ19 TΦ( = ΦT) = Ψ\, then Φ,, Ψ1? Tx give almost product

structures and they satisfy Φ^ = Ψ\ΦZ = - Ύl9 Ψ^ = T1Ψ1 = - Φ1? T1Φ1

= Φ/I\ = — ΨV These almost product structures are not identical with ± E,
because Φ, Ψ and T are linearly independent. Suppose that xΦ + 3>Ψ + zΐ
(x,y,z: real constants) gives an almost complex structure. Then, from (xΦ +
yψ + *T)2 = -E9 we have 2yzΦτ + 2zxΦτ + 2xyΎτ = (x2 + y2 + z2 - 1)£ or
2zx'^l + 2xyΐl = (x2 + y2 + z2 — 1)£ — 2yzΦτ. If we consider the squares
of both sides and take account of Φτ 4=± £, we have 4z2x2 + 4x2yz = (x2 +
y2 + z2 -I)2 + 4y*z2 and 2x*yz = yz(x2 + y2 + z2 — 1). The equations obtained
by cyclically changing x, y, z in the last two equations are also hold true. If
one of the x, y, z is equal to zero, then the other one is also equal to zero,
which is the trivial case. If x Φ 0, 3/=j=0, 2=i=0, then we have x =±l,3;=dbl,

z =± 1. This is the necessary condition. In some cases, these values of x,y, z
make xΦ + yΨ + #T be an almost complex structure and in other cases, they
does not (for instance, in the normal forms in §3, if s2 = 0 such a case
occurs and if rar2 Φ 0, sτs2 4= 0 such a case does not cocur.) But in any cases,
the distribution of almost complex structures of the structure (V) is isolated.

4°. The "distribution" of almost complex structures of the structure (VI).
Let (Φ,Ψ,T) be the structure (VI) and we remark that ΦΨ + ΨΦ =ΦT + TΦ
which is obtained from ΦΨ = TΦ (ΨΦ = ΦT).

Now, from the relation ΨΦΨ = aΦ + αψ + T(#=f=— 1), we have

(5. 1) (a + 1XΦΨ + ΨΦ) + (ΨT + TΨ) - 2aE = 0.

On the other hand we consider in R3 a curve C such that

(5 2) c - °y * = yz =
a + I 1 2a

then we can easily see that C is a plane curve defined by

(5. 3) x(y + z) - (a + l)yz =0, x -y- z=±l.

C is composed of two branches which are conies on the plane x — y — z=*
and x — y — z = — I respectively. Let (x, y, z) be on C and we put

Σ = xΦ + yψ + zT.

Then, we see that 2 gives an almost complex structure for each (x,y, z) €
C. For, by virtue of ΦΨ + ΨΦ = ΦT-f TΦ and (5.1), (5.2) we have Σ2 = - E.

Assume that there exists an almost complex structure S' of the form
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+ z'T, where (x'9y',z") is not on C. Then, from Σ'2= —E we have

(5. 4) x'(y + *'XΦΨ + ΨΦ) + y.z(Ψt + TΨ) - (x2 + y'2 + z'2 - 1)E = 0,

where (x'9y',z') does not satisfy (5.2). Taking account of (5.1) and (5.4), the
x'(y + z) y'z , x'z + y'2 + z2 — 1 x , x'(y' Λ-z')case — — - — = — - =p - - — - can not occur, hence — — - -

α + 1. 1 2α α+1

. And in this case, by virtue of (5. 1) and (5. 4) we have

where p is a real constant (depending on x,y,z\ But since the structure (VI)
does not satisfy this relation (see the remark at the end of §3), the distribut-
ion is the curve C itself.

That is, the distribution of almost complex structures of the structure
(VI) is a curve C whose two branches are conies on two parallel planes
in R3.

5°. The '"distribution" of almost complex structures of the structure (VII)
(of the first, the second and the third type). Let (Φ, Ψ, T) be the structure
(VII) (of the first, the second or the third type). If xΦ + yΨ + zΎ (x9 y} z: real
constants) gives an almost complex structure, we have by virtue of (VII),

x*+y* + z*-2fyz-2gzx-2hxy=l (\f\9\g\,\h\ > 1).

1 -h -g

Now, we put Δ = -Λ 1 -/ Then, according to Δ > 0 (the first type

-9 -/ 1
(i)) or Δ < 0 (the second type (ii)) the distribution is a hyperboloίd of two or
one sheets respectively. If Δ = 0 (the third type (iii)), the distribution is a
hyperbolic cylinder.

The "distributions" of the structures (I), (IV), (V), (VI) and (VII) are dif-
ferent in the sense of affine geometry with affine transformations leaving
invariant the origin, we can easily get the following lemma.

LEMMA 5.1. The five structures (I), (IV), (V), (VI) and (VII) are linearly
independnent in real constant coefficients. That is, any one of them can not
be obtained from the other one by a linear combination with respect to real
constants.

6. Case where the dimension of the set of almost complex structures
is equal to 3.

LEMMA 6. 1. Let A— (<2/), B=(b')and C=(c/) be three almost complex
structures in a differentiable manifold M. Assume that A, B, C satisfy

(6. 1) AB '+ BA = pE, AC + CA = p'E, BC = CB,
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where />,p' are real constants such that \P\*\P\ > 2. Then, A} B and C are

linearly dependent in real constant coefficients.

PROOF. We will prove by normalizations of A, B and C. The dimension of

M is even: M — M2n. At the tangent space of P, we choose a complex frame such

/ iEn 0 \
that A takes the form A = ( . J. And in this case, by virtue of the

first two equations of (6. 1), we see that B and C are of the form

2- ' ' *'ΊΓ£"
Since B and C are almost complex structures, we have

(6.2) B,Bi = (-£- - l) En, CA

where -£—— 1 > 0,-^— — 1 > 0, because | / > | , p > 2. As in the normalization
4 4

of the structure (VII), we can choose a unitary matrix X such that X~1B1X

= pιEn, where Pi = ιu — 1. And under a transformation by the matrix

ϊ = ί —- J, the form of A is unchanged and the form of B becomes
\ 0 X '

The third equation of (6. 1) implies that Cτ = p2En, where p2 = PιP/P
Hence, the normal forms of A, B and C are as follows

A =

where ρ1 = v/ ^2 _ ]_ ^ /o2 = p^'/p. Accordingly there exists a linear relation
Λr 4.

in real constant c efficients such that

o,
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Since P is an arbitrary point of M2n, this equation is a tensor equation
all over the M2n. Q. E. D.

LEMMA 6. 2. Let A = (a/), B = (£/) be two almost complex structures

linearly independent in real constant coefficients in a differentiate manifold

M. And suppose that A, B satisfy

(6. 2) ABA = \A + μB,

where λ,μ are real constants. Then, we get μ =4=0, and if λ φ O we have

μ = l.

PROOF. If μ = 0, we see that λ = ± 1 and in this case ABA = ± A or

A = ± B. But this contradicts to the assumption. Hence μ =4= 0. Suppose that

λ =4= 0. Since ABA is an almost complex structure, we have \μ^AB 4- BA)

= (λ2 + μ2 — 1)£. On the other hand, by multiplying A from the left and

from the right to (6. 2), we get —BA=— \E + μAB and -AB=— \E+μBA
respectively. Hence we have (μ -f iXAB +B A) = 2λ£. Consequently we see

that μ = 1 o r μ + l = ± λ b y a simple calculation. If μ + 1 = ± λ(=f= 0), we
get AB + BA = ±2E from which we have ABA =±2 A + B. Taking account

of (6. 2) we get \A + μB = ± 2A 4- B and hence μ •= 1, because A and B

are linearly independent. In any cases, we know that μ — 1. Q. E. D.

LEMMA 6. 3. Suppose that the dimension of almost complex structures
of a differentiate manifold M in the sense of linear combination in real

constant coefficients is equal to 3 (see the definition in the Introduction). Let

A = (α/), B = (bjl), C = (cf) be three almost complex structures linearly

independent in real constant coefficients satisfying

(6. 3) ABA = \τA + μιB,

(6. 4) CAC = λ2C + μ2A,

(6. 5) BCB = X3β -1- μ3C,

where λα, μl9 λ2, μz, λ3, μs are real constants and λ? + μl Φ 0, \l 4- μl 4= 0,

Then only one of following cases can occur:

1° λα = λ2 = X3 = 0; μτ = μ2 = μB = 1,

2° λz = λ2 = X3 = 0; μτ = μ2 = μs =— 1,

3° 0 < |λj < 2, λ2, X3 = 06); μι= μ2 = μ3 = 1,

4° 0<|λ 1 |<2 ? 0<|λ 2 |<2, λ3 = 06); μι=μ2 = μs =1,

5° IλJ = |λ2 | = |λ8 | =2, X1λ2λ3<0; μl = μz=^μ3 = l,

6° 0< |λj, |λ2 |, |λ a | <2; ̂  = ̂  = ̂  = 1,

6) Of course the cases obtained by cyclically changing λj, λ2, λ3 are contained.
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7° ίλj, |λ2 |, |λ3|>2; ^x = /*2 = /*3 = 1.

In any case, we can find one of the structures (I), (IV), (V), (VII).

PROOF. At first as in the Lemma 6. 2, any one of μ1,μ2,μ3 can not vanish.
Because, if for instance μx = 0, then A and B are linearly dependent which
contradicts to the assumption.

We classify several cases following to the values of λz, λ2, λ3 and consider
their possibilities.

Case (i)λz = λ2 = λ3 = 0. In this case we see that μ1=±l) μ2±l, μ3 = ±l.
If all of the μlyμ2;μ3 are equal to 1, we have ABA = B, CAC=A, BCB = C or
AB + BA = 0, AC + CA = Q, BC + CB = 0. And AJB9C give rise the structure (I)
(case 1°). The case μl=

:l;μ2=μs= — 1 or the case μ1=μ2 = l, μ3=—1 can not
occur. For instance assume that μτ = l9 μ2 —μa~ —l Then we have AB + J3A = 0
and AC=CA. A and B give rise the structure (I) by putting Φ= A,Ψ = J3,T
= φψ (= --ψφ). Any other almost complex structure for instance C is a linear
combination of these Φ, Ψ, T, i.e., C = CίΦ + /8Ψ + yΊ (a2 + β2 + γ2 = 1). Since
ΦC( = AC=CA) = CΦ, we must have /3T — γψ=0 taking account of the relations
in (I). But since Ψ and T are linearly independent, we get/3=7 = 0 and hence
C = ctΦ = ± Φ = ± A. This contradicts to the assumption that A and C are
linearly independent. It is similar for the case μτ = μ2 = 1, μ3 = ̂  1.

If all of μl9μ2,μ* are equal to — 1, we have AB=BA, AC=CA, BC=CB.
And these A,B,C give rise the structure (V) (case 2°).

Case (ii) λx =1= 0, λ2 = X3 = 0. In this case, μ2 = ± 1, / 3̂ = ± 1.
If μ2 = μ3 = ι? we have AC + CA=0, JSC+CJ5=0. We put Φ=Λ Ψ=C,

T = ΦΨ(= — ΨΦ), then Φ, Ψ, T give rise the almost quaternion structure (I). The
almost complex structure B is given as a linear combination of Φ, Ψ and T:
JS=αΦ + /9Ψ + γT. From BC + CB = 09 we get /β=0, i.e., J3=αΦ + γT(rt2 + γ2 =
l,γ H= 0) taking account of the quaternic relations among Φ, Ψ and T. Now,
consider the relation ABA = \τA 4- μ β. By virtue of Lemma 6. 2, we know
that μτ=l since λr=M). Substituting A = Φ, B = CίΦ + γT (a2 + γ2 = 1, y=f=0),
we get \! + 2oL = 0 since Φ and T are linearly independent. Conversely, we
can verify that the present case can occur if μτ = 1, \\τ \ = | — 2cL\ < 2, where
Φ, Ψ, T give give the structure (I) (case 3°).

If μ2 =l.μs=~l, we have AC + CA=09 BC=CB. As in the above case,
Φ=A, Ψ = C, T = ΦΨ(=-ΨΦ) give rise the structure (I) and B = aΦ 4- βΨ +
γT (α:2 + /92 + 72 = l). From the relation BC—CE and from the quaternic relations
among Φ, Ψ, T, we have a = γ = 0 since Φ and T are linearly independent.
Hence B = ±Ψ = ±C, which contradicts to the assumption that B and C are
linearly independent. That is, the case μz = 1, μ3= — 1 (also the case μz= — 1,
/i/s = 1) can not occur.
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The case μz = μ3 = — 1 also can not occur, which is proved as follows.
If μ2 = μg = — 1, we have AC = CA, BC=CB and since λ^O we know that
μι = l (Lemma 6.2). Hence, we have from (6.3), AB + BA = \τE. If \\τ\ <2, we
obtain the structure (I) by putting Φ = A, Ψ = ρA + σB,T = ΦΨ( = -ΨΦ), where
p, σ are suitable real constants (see the proof of Lemma 1.4). The almost complex
structure C is a linear combination of Φ, Ψ, T: C=aΦ + βΨ + γ'T. By virtue of
AC—CA, we get /3 = y = 0 as in the preceding cases. Hence C=ctΦ= ±Φ=±A,
which contradicts to the assumption. If | X1 \ > 2, we obtain the structure (II) by
putting Φ = A, Ψ=pA + σB (p,σ: suitable real constants) T = ΦΨ( = — ΨΦ) (see
also the proof of Lemma 1. 4), where Ψ and T are almost product structures.
We remarK the relation ΦΨ = - ΨΦ and ΦC(= AC = CA) = CΦ. Since AC
= CA, BC = CB, we have ΨC = CΨ. If we put ΨC = CΨ = Ψ', then Ψ' is
an almost complex structure and Ψ C = CΨ'. We can easily verify that ΦΨ
= Φ(ΨC) = - ΨΦC = - ΨCΦ = - Ψ'Φ or ΦΨ' +. Ψ' Φ = 0. Hence Φ, Ψ', T'
= ΦΨ'( = — Ψ'Φ) give rise the structure (I). In this case C = aΦ -f βΨ' + γT'
and from the relation Ψ'C = CΨ' we get C = ± Ψ'. Therefore Ψ = ± £, but
this is a contradiction. Lastly, consider the case | \! | = 2. In this case we have
AB + BA = ± 2JE. We can assume that AB + BA = 2E without any loss of
generality. Because, if otherwise we consider —A instead of A, the form of
(6. 3), (6. 4), (6. 5) are however unchanged. If we put Φ = A, "Ψ = ± β, T = E
— ΦΨ — Φ, we obtain the structure (IV) and C = QίΦ + /3Ψ + γT. From the
relation AC = CA we have /3ΦΨ + 7ΦT = /SΨΦ + γTφ. Since ΦΨ + ΨΦ= 2E,
ΦT +TΦ = 2£, we get /S(ΦΨ - £) + γ(ΦT - £) = 0. By multiplying Φ from
the left and taking account of the linear independence of Φ, Ψ, T, We get
/9 = γ — 0. Hence C = oίΦ = ± A, which is also a contradiction. We remark
that in the proofs for the cases | λx | ^2, we have used only one of the
relations AC = CA, EC = CB.

Case (iii) \! =4= 0, λ zφO, λ3 = 0. In this case, μ3 =± 1. Since \τ =i= 0,
λ24=0, we have μz=l, μ2 = 1 and AB + BA = \τE, AC + CA = \2E (Lemma
6. 2). If μB = 1, then Φ = B, Ψ = C, T =ΦΨ(= - ΨΦ) give rise the structure
(I). And A is a linear combination of Φ,Ψ,T: A=--aΦ + βΨ + γT (Λ24-/32 + γ2=l).
From the relations AJB + SA^λ^, AC-l-CA = λ2E, we see that λx -f 2# == 0,
λ2 -f 2Λ = 0. Hence | λx | < 2, | λ 21 < 2. Therefore the present case can occur
if and only if 0 < λ: |< 2, 0 < | λ 21 < 2; μι = μ2 = μ3 = 1, where Φ,Ψ,T give
the structure (I) (case 4°). Consider the case μs — — 1, where we see that
BC = CB. the relations AB + BA = \τE, AC + CA = \2E also hold true. But
the case | λz | ^ 2 or | λ21 ^Ξ 2 can not occur, which is verified as in the case

(ii) (see the remark at the end of case (ii)). The case I \! | > 2 or λ2 > 2
also can not occur, for, in this case the structures A, JB, C are not linearly in-
dependent by virtue of Lemma 6. 1.
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Case (iv) λ1 =j= 0, λ2 =j= 0, λ3 4= 0. By virtue of Lemma 6.2, we know that
/*i = /*2 = /*3=l. In this case we have AB + BA = \1E) AC + CA = \2E, BC + CB
= \SE. If any one of |λ 1 | , |λ 2 | . |λ3 | is equal to 2, then the case 5° occurs,
where the structure (IV) is admitted. For instance assume that | X X | =2.
Without any loss of generality we can take \1 = 2, if otherwise we consider
— A instead of A (-λz,-λ2 instead of XZ>X2). If we put Φ = A, Ψ = B, T = E-
ΦΨ — Φ, we get the structure (IV). The almost complex structure C is given
by a linear combination of Φ,Ψ,T : C = ΛΦ + /3Ψ + yT, where a— β — y =. ±1
(see §5). Hence we can easily see that AC+ CA = ±2JE, BC + CB=+2E. This
case can occur if and only if |X j = | X 2 | = |X 3 | =2 and X X X 2 X3<0 (case 5°).
If any one of I X 1 | , | X 2 | , ! X s | is <2, then the remaining two are also <2. For
instance assume that |X Z < 2. Then we can find the structure (I) by putting
Φ = A, Ψ = pA + σB(ρ,σ: suitable real constants), T = ΨΦ(=-ΨΦ). Hereby
C=αΦ + /9Ψ + γT (rt2 + /32+ y2 = 1). From the relations AC + CA = X2E, we can
easily get 2tf + X2 = 0 or λ a |= | — 2a\ < 2. Similarly we have |λs| < 2. Hence
if 0< | X 1 | , | X 2 | , X 3 | <2; μι=μ2

:=μB = 1? the present case can occur, where the
structure (I) is admitted (case 6°).

Lastly if any one of | X 1 | , | X 2 | , | X s is >2, then the remaining two are also
> 2. For instance assume that | \τ \ > 2. If | X 2 1 ίS 2, we must have | X l | ^2
by virtue of the above considerations. But this is a contradiction. Hence if
IλJ, |λ2 |, |X 3 | > 2; μj = μ2 = μs = 1, the present case occurs (case 7°) and

we can find the structure (VII). Q. E. D.

THEOREM 6. 1. Let M be a differentiable manifold. If the dimension
of the set of almost complex structures of M in the sense of linear combination
in real constant coefficients is just equal to 3 (see the definition in the Intro-
duction), then M admits one of the structures (I), (IV), (V), (VI), (VII).

PROOF. According to the definition, M admits three and just three almost
complex structures A, B, C linearly independent with respect to real constant
coefficients and any other almost complex structure is given by a linear combi-
nation of the three in real constant coefficients. Now, if all of the three almost
complex structures ABA, CAC, BOB are linearly dependent with A, B C, A;
B, C respectively, then the proof is complete by virtue of Lemma 6. 3.

We cosider the other case, for instance, ABA is linearly independent with
A and B. Put

(6. 6) C = - ABA,

then A, B and C are linearly independent and other almost complex structure
is expressed by a linear combination of A, B and C in real constant coefficients.
We remark that
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(6. 7) AB = CΆ, BA = AC'.

Now, since BAB is also an almost complex structure, we can write

(6. 8) BAB = oίA + βB + yC',

where aβ and 7 are real constants all of which are not zero.
If γ = 0 in (6. 8), then from BAB = a A + βB we have ABA=

i.e., C'= — OLE — βA. But this is a contradiction since A, B9 C are linearly

independent. Therefore from now on, we consider γ =j= 0 in (6.8). Without any

loss of generality, we can assume that γ>0. For, if γ < 0, we put A' = — A.
Then the equation (6. 6) is unchanged for A', and (6. 8) becomes BA'B = cίA

+ βB—γC'9 where β'~—β. This is no other than the case of γ> 0 in (6.8).

By multiplying A from the left and B from the right to (6. 8), we get
-ABA=-aB-βA + γAC'B. Since - ABA = C and AC'B = BAB by virtue

of (6. 7), we have

(6.9) BAB = -£- A
7

^Lβ + _LC'.

From (6. 8) and (6. 9). we have a = -̂ , β = — , y2 = l, and hence a=β,
7 7

7=1, since A,B,C' are linearly independent and 7 > 0. In this case (6.8)

becomes

(6. 10) BAB = aA + aB -f C.

If a = - 1 in (6.10), we can easily get BC' + C B = - 2E. Hence Φ = β,

Ψ = — C' gives the structure (IV) (see the later Remark).
If Λ Φ — 1 in (6. 10), we can find the structure (VI) taking account of

(6.7), (6.10) and the linear independence of A, B, C'. Q. E. D.

REMARK. In the case α = — 1, if we put A = — Φ -- — Ψ, then A is
2 2

an almost complex structure lying on the distribution of the structure (IV). This
A satisfies (6. 7) and (6. 10).

APPENDIX

The ordinary normalization of a complex (n X n)- matrix A is such that

0

0
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where X1,...5λn are characteristic roots of A and βι = 0 or 1 (i = l, .9n — 1).

But the normalization in §2 (p. 7) is such that A-+Y~1AY. In this normalization

the property AA = 0 plays an important role. The trasίormations considered in

this Appendix are always such that A-*Y~~1AY. As has been already shown, we

( 0

I *

ό

Next, we can find a matrix Z such that

0 βι O O

0
ZΓ1AZ= f , ' (eτ =0 or 1).

V o /
Such a Z is composed of the matrices of the following types:

* J
/I \

• . o o
1 / 1 \

i 0 / β 0
1 1

(1) 0 '. 0 , E + aEih

1

1 \ "l /
0 0

\ I /

(a,β: complex)

where E is the unit matrix of degree n and E^ = δέj (Kronecker's delta). We

write the Z~1AZ anew by A. If eτ = 0, we can advance to the next step since

A is a direct sum. To consider the case eτ = 1, we put

>- a2n\

#32 a3n

\^w2 ••••••• *ann/

If at least one of a32,.. an2 is not zero, we can transform A such that
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/o
0

\ό

1

a22

λ
0

ό

0 0N

•Jf

/
which is done by the matrices of the former two types of (l) (i,j>3).

Furhtermore, if we consider a transformation by a matrix E + -—- £13 we can
Λ>

take A of the form In this case we can also advance to the next

step.
If all of tf32, Ά2 are equal to zero/we see that

1 O O

#22 ^23* * * #

0

\

V o o

and since AA = 0, we have <z22

 = ^23 = = a2n — 0. That is, A is transformed
into the form

A =

/O 1
0 0

0

0

In any cases, we can reduce to the normalization of a matrix of degree
n — 1 or n — 2. And we get the final form of A:

/O e, 0 \

(0 •
We remark that at least one of the neighboring et and et+1(ί = l, sι— 2)
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is zero.
I express many thanks to Prof. S.Sasaki to his kind advices.
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