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Let @(x) be defined in 0 =« =1 and continuous at # = 0 and of bounded

variation on (0, 1). Then we consider the mean of series ) a, by

kzﬂorp( )ak, #(0) = 1.

When @(x) = (1 — «f)® (8,8 > 0), we say this Riesz mean of the series.
Let f(x) be periodic and integrable over (0, 2m), let

flx)~ 7 + Z (axcoskx + bysinkx) = Z A(x),

and be its Riesz mean

Rz, f) = Ao+¢( JA@ + et )m(x) o) = (1 — uPy.

When 8 =1 and B is an integer, the approximation of f{x) by Riesz mean
R, (x,f) was solved by Zygmund [ 4 ].

Sz. Nagy [ 3] treated the general case. He did not calculate completely, but
if we calculate following his method, we have,

THEOREM A. (Sz. NAGY). If f(x) is r-times differentiable and f™(x)
€ Lip a0 <a=1), then

R, f) = @) =O( iz )s if ¥>a 4,

R/ = A = O(FE), if v =+ (™)

|Ru(z, f) — Flz)| = o(—nly—), ify<a+r

where v = min(B, r + d). In the special case &« = 0 and r = an even integer of (%),
the factor log n is suppressed.

From this, we may infer that his order of approximation depends upon 8.
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However we can prove that this does not occur. That is, we can prove the
following theorem.

THEOREM. If f(x) is r-th differentiable and f”(x) € Lipa (0 <a =1),
then

(1) IR@.f) = f@)] = Oz ). if B>t 1,
(2) R@.f) = f@)] = O(=282), if B= a4 7, ()
(3) R@.f) = f@] =O(55), if B<a+r

In the special case B =r = an even integer and a =0 of (¥x),
(2) Ri@.f) = f@)l = 0(57).

The proof of this theorem is easily reducible to the following two pro-
positions.

PROPOSITION 1. The saturation order and saturation class of Riesz
mean are n~? and ) FPA(x) € L0, 2m), respectively.

This is independent of 8. The necessity part is proved by G.Sunouchi-
C.Watari [ 2], and sufficiency part is given by Sz. Nagy [3] implicitly. For
the sake of completeness, we shall perform the calculation following Nagy’s
method.

LEMMA., Let us write pf = sup max |Rx,f) — flx)|, where the supre-

mum is taken over the class consisting of functions for which

S PA) ~ f(), 1f)] =1,
Then,

PR = O(%)

n

In order to prove the lemma, we use Nagy’s theorem B [3].

THEOREM B. (Sz. Nagy). For given B> 0, we set ¥gfu) = u (1 — @(w))
in 0 <u=1. Furthermore, we assume that ¥g(0) = Yg( + 0) exists and that
Vra(u) satisfies the following conditions.
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[i1 () is of .bounded variation except at least finite points:0,a,,«+,a,1.
[ii] The next integrals converge.

[ wiavicol, [ 1u = altog 2 ldwicl,

and
1~0

[ @ g lawial,

/ @
where f means f + f , if an interval (b, ¢) contains an exceptional point a.
b

Then,

PB = O (n5).

The points that do not satisfy the conditions of theorem B are called (IV)-
singular points.

PROOF OF LEMMA. We have only to verify that the points # =0, z =1
are not (INV)-singular.

(I) In a neighbourhood of « = 0, we have
Ye(?) = uP{l — (1 — '} =3,
and the point # = 0 is not (IN)-singular.

(I) In a neighbourhood of # =1, we set v =1 — w.
Since

o) = [1 = (L= vPP = 18 —(§ ) + - T = q0),
Yow) =u Pl —(1 —wlq(l —w)} =1~ (1 - u)BQ(l — u),
@' (1) = v*'qy(v), and @"(u) = v* g, (»).
where g(v), q,(v) and ¢,(v) are analytic in a neighbourhood of » = 0.
On the other hand,

1-0

f/z (=) log 2 |y = [ (1 —w) log = 19/(w)|du

1/2

1/2 1
= ¥~ log — |g.(v)|dv < oo.
+0 v
From these facts, we conclude that the point # = 1 is not (N)-singular.
Therefore, (I), (II) and theorem B yield the fact that
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PR = O@n™P).

Hence, we verified Proposition 1 completely.

PROPOSITION 2 (G.SUNOUCHI[1]). Let »r=0,1,2,... and0 <a=1.
Suppose that for linear approximation processes T,(f)

(1) o)l = M, implies |TH(f)x)| = K\M,,
and
(2) |f1¥(x)| = M, implies |f(x) — TW(f) (2)| = K,Myn™®,

where n~P is the best approximation of the class of functions

SO (x) € Np:r+a =48, ris an integer, 0 < a = 1.
Then,

FOx) € *Aa, r + @ < B & flzx) - T(f)x) = On~""%),
where f(x) € *Aa means

SOz + b+ fO(x — h) —2f“(x) = O(| h]%).
PROOF OF THEOREM., (1) can be proved from Propositions 1 and 2. (3)

can be verified from Propositions 1 or 2. Thus it remains only to show that
(2) holds. For simplicity we consider » =0 and 0 <a < 1. The proof of the

remaining cases is entirely the same.
We set fu(x) the moving average of f(x), that is

fo@) =~ [ fle+ndt = —5— (Fa+ )~ Rz =),

then
fid) = @) = = [ (fle + 0 = flalde = Oe)

Moreover we set g(x) = f(x) — f.(x),
fx) = Ru(x, ) = fulx) — Rulz,f,) + g(x) — Rulx, 9).
Since g = O(u%),
lg — Ru(z, 9)| = O(p").
Thus it remains to estimate |f.(x) — Ru(z, fu). We note that

_d‘f;_fﬂ(x) = —Z%L——{F“(x + p) — FNx — p)}.

Since F*(x) is (1 — A)-th fractional integral of f(x) and now we consider the
case A = a, by the well-known theorem [5],
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Frz + p) — Fx — p) = fi (@ + p) = fralz — p)
= f1-a(@ + 1) = fia(@)+ fi-a(x) = fi-alz — B)

=0 ( u log % ) .
Consequently
S ICE of —21; 4 log —L— )=0(log % ).
On the same way, since f(x) € Lipa (0<a<l),
@ = 0(log = ).
Therefore,

f u(x) e We,

where W*® means the class of functions which

2 k*A(x) ~ f* e L=(0, 2m).

k=1
By the saturation theorem, we get |fu(x) — R.(x,f.)| = O( 7},, log —i- )
Set u = -Z—, then we have

f@) — Rz, )] = o(‘°—g,,"—).

n
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