
ON TANNAKA TERADA'S PRINCIPAL IDEAL THEOREM

FOR RATIONAL GROUND FIELD

SHOICHI TAKAHASHI

Let n be a natural number 2 \ ?ι or A\n and m be one more natural
number which have no quadratic factor and satisfy the relation Q(fn) D Q(\/ fw )
(Q : the rational number field, ζn = exp (2 τri/n)), then the author wants to
give an explicit representation for Tannaka-Terada's principal ideal theorem
for the case of Q(ζn) ^ Ω(\/ m) D Q . In 1 we express the calculation of
Geschlechtermodul %n of Q(ζn)/Q and 3β - KQ(ζn)/QW^n)/Q) according to
the definition and notation of T. Tannaka [1], S. Takahashi [5]. In 2 we show
that the ideals in each ambigous ideal class mod. 9JΪ which are prime to n
(i.e. 51 an ambigous ideal in Q(\/^n) prime to n satisfying the relation
(Άσ~ί = (ά), a € Q(-s/~rrΓ)9 et=l (mod. W) there σ means a generator of the Galois
group of Q(Λ/ ΎΠ )/Q)), are only principal %~{A) ideals in Q(\/^O> a n d
decide their form explicitly. In 3 it is shown that we can find a unit E(A)
in Q(ξn) explicitly, for which

A = E(A) (mod. %n)

so that

81 - 1 (mod. 8ίn) in Q(ξn)

holds.

1. Calculation of $n, fflϊ. Let n = f̂1 !̂2 pt be a natural number,
where pu p2, , pt are different prime numbers and pχ=2, ex—0 or eγ ^ 2 ,
and ^ w the "Geschlechtermodul" of Q(ξn)/Q. We have then from S. Takahashi
[5]

3f» = δpl3rΛ 3rΛ, erft = ( l - f Λ ) , i = 1, 2, , ί. ( 1 )

Subsequently, let f(Q(fn)/Q) and f(Q(χ/^Γ)/Q) be "Fϋhlers" of
and Q(\/ m )/Q respectively, then

f OT/>»e (w = 1 (mod. 4))

I (w ΞΞ 2, 3 (mod. 4))



88 S. TAKAHASHI

(provided that e = 0 for m > 0, e — 1 for m < 0) hold.
Now from Q(ζn)^>Q(\/ w>) we have | J | |w, and set n=\d\ri. Therefore,

according to the definitions and notations of T. Tannaka [1], we get

2K = f (Q(£n)/QWΊϊΓ)/Q) =

On the other hand

$ (Q (f «

hence

" as = »(Ω (fn

%(Q(U/Q) •

= ® (Q (?«

(provided that e' = 0 for m < 0 and ^' = 1 for m>0).

From the above, we get the following proposition.

PROPOSITION 1. Let m, n be as above and Q(ζn) DQ(A/"m")DQ, then

δ*sΛ δ f t, δΛ = α - ω >

provided that

d =
m (m = l (mod. 4))

Am

n = n/\d\, e —

ΞΞ 2, 3 (mod. 4))

1, for m>0

0, for m<0.

2. A decision of ambigous ideals mod 9DΪ. Let σ be the generator of
the Galois group of Q(ξn)/Q such that A / Ί n σ = — */~ln , and Si an ambigous
ideal mod. 5DΪ prime to n, then

1 = (μ)9 %σ = a z = \ (mod. 3R).

Here we set



ON TANNAKA-TERADA'S PRINCIPAL IDEAL THEOREM 89

a = λ,μ are integers of Q(s/~ΐn} prime to n.

Now from a = 1 (mod. SDΪ)

λ - / i = 0 (mod. W) ( 2 )

cc + 1 _ a-l
— 1 —2 2 ™ 2/χ

hold. On the other hand, from Slσ~1 = (α:) we get

JVΛ = ± 1 (JV: the norm Q(*/~m) -> Q)

here

if m < 0, NcC>0

if m > 0, from α: == 1 (mod. />«,) N(ά) > 0

hold. Therefore, for any cases we can set

Na = 1, aσ -

Now from

-81

— - — S I is an σ-invariant ideal of Q(\/ m ) which is not always prime to n.

Therefore, if we set all prime numbers in d, pu p2, , pt and pt = pϊ in
Q(\/~nP), then we get

^ ^ α = (α)pϊ t)a
λ . . ^ (4)

(provided that Λ is a rational number, where λi = 0 or 1).
In the following lines we decide 3Γ for each case of m (mod. 4).

I. m = 1 (mod. 4)

In this case, J = m is prime to 2, and n is prime to 2 or 4|w. Therefore

from 1, proposition 1 we get

2K is prime to 2 or 4|fflί and
%n is prime to 2 or 2||2B .

If n is prime to 2, then so is 9JΪ. Hence from (2), (3) we get
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and from fj,, 190? ,

α + 1
= 1 (mod. δ̂w)

holds.

If 41/i, then 4|9K, 2\\%n. Let 9JΪ' be the maximal part of 9Jί relatively

prime to n, then as above

— s — = 1 (mod. 5DΓ)

holds.

Furthermore, from 2||2/χ, λ—/χ=0 (mod. 4) and (3), we get

Ξ= 1 (mod. 2),
2

therefore from %n\(2)W

α + 1
= 1 (mod. Sn).

2

Thus we have the following proposition.

PROPOSITION 2. L<# m έβ ra=l (mod. 4) α ύ̂? Si α/i zJeαZ o/αw ambigous

ideal class mod. 9Jί zn Q(\/ m )/Q , i.e.

" 1 = (a), a ^ QW~m)9 ct = l (mod. 2tt)

2 = = 1 (mod. %n)

and — J L — , SI are both prime to n and d, now from (4) we have

— - — SI = (a), a is a rational number prime to n

and Si = I 1— I is principal in Q{*/~rrΓ)

2

^ = a (mod. %n)
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II. m=3 (mod. 4)

In this case, d=4mp(L, 4\n, 2|9J?. For the maximal part W of 9Jί which
is prime to n, as by the case of I, we get

=1 (mod. 2JΓ).

For mod. 2, we set (2) = p2 in Q(*/ m ), p = (2, 1 + ̂ / r a ) and investigate it
corresponding to the following cases.

> * = 0,1,2, . . .

Then fc+1 is prime to 2 and from

+1 9t is prime to /z especially to d. Therefore ( r>fc+i )^ϊ is a σ-invariant

ideal prime to d. Now from (4), we have

ok+1 Sί = (α) , α is a rational number prime to n

and

i s P r incipal in

X V ^ II o

Then p || fc+1 holds. And we can set

__ βQβQ

2k+1 b

provided that J:, 3;, έ are rational integers, b is prime to n, and /90 is an
integer in Q(\/ m) satisfying the condition p||/30.

Now from p = (2, l + \/ m ), p||/S0, Λ:, y must be both odd numbers, because
if x, y are both even then 2|/S0, if x is odd, and y is even i.e. x = 25+1
y = 2t (s, t are rational integers), then from
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β0 = 2s + 1 + 2t s/~m = 2(5 + W~m) + 1, p \ β0

and if x is even, 3/ is odd, i.e. :r = 2s, 3; = 2£ + l (s, t are rational integers) then

from

βQ =

= 2 (5 + t.y/~Ίn) + ^"m", p ̂  /90.

We have then

^J-* = (a +1)1-" = Λ = 1 (mod. 3R)

especially

/3J"σ = l (mod. 2).

On the other hand we have

p*\\2y */w, P IIx-ys

/SJ-°" Φ 1 (mod. 2).

Therefore the case ii) does not happen. As was stated above, we have the
following proposition.

PROPOSITION 2'. Let m be m = 3 (mod. 4) and Sί an ambigous ideal

of an ambigous ideal class mod. 9JΪ in Q{\/^rn)/Q i.e. %σ~1 = (a), <X€ Q(\/ m ),

a = 1 (mod. 9R). Then, the exponential index of p /or — ^ — /5 ?̂7̂ n, hence

we can set p2k || — - — (& = 0,1, 2, ). And t 81 is a σ-invariant ideal

°f Q(\/ m ) prime to n. Therefore again from (4), we get

is principal in

2k+1

a is a rational number prime to n.

III. m = 2 (mod. 4)

In this case, we have d = Amp^, n = 2t n0 (t § : 3, n0 odd). A n d if w e

set 2 = p2 in QW~m\ then
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p = (2, */ΊiϊΓ)

9β\n, P*

Now we set

μ ~ 2 ~ 2μ 2μ

then from 9M|λ—μ, P3 |λ-fc and P2\\2μ

p2 | |λ - μ + 2ft

holds. Therefore /9 is prime to p, and for the maximal part W of 9K which

is prime to 2, we have as above

— s — = 1 (mod. SK ) .

Hence /9 is prime to ^, and especially prime to J. And (/3)2ί is a σ-invariant

ideal of Q(\/~m) prime to d, therefore

/SSI = (α), a is a rational number prime to n

holds. Consequently, we have the following proposition:

PROPOSITION 2". Let m be m = 2 (mod. 4), SI an ideal of an ambigous

ideal class mod, 9JΪ of Q(\/~nϊ)y i.e.

2F"1 = (a), a e QWW), ct = l (mod. 2R)

then

—-—Sί = (a), a is a rational number prime to n

and

§j[ _ I —J ιs principal in (Q*/ m).

2

Now in consideration of the premises, for any cases we have that SI is principal

in QU/~τrΓ).

3. An explicit representation for Tannaka-Terada's principal ideal
therein, In the following we consider according to three cases of 2.

2. I. From the proposition 2 we get
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and, α is a rational number prime to n.
Now from S. Takahashi [5], there is an explicit form of an unit which

satisfy

a==E(μ) (mod. $„).

Therefore

a l λ =a = E(μ) (mod. $„)

2

and

Si - 1 (mod. g j .

2. II. From the proposition 2' we get

and if we set /9 = —:— , then β is an integer of Q(\/ m ) prime to n. Now

= Λ = i ( m o d . TO).

And if we set β = x+yx/^m~ (x, y are rational integers), then from

β*-1 = 1 (mod. W),

2y*/Ίn = 0 (mod. TO)

holds. Furthermore, from %n\S!R9 2 \\%n

= 0 (mod. g:n/(2))

holds. On the other hand we have

x ψ y (mod. 2), because /3 is prime to p = (2, 1 + */ m ) .

If .r, 3/ are both even, then 2\S, and if x, y are both odd i.e. x = 2s+l,
y — 2t-\-l (s, t are rational integers) then
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~), p \ β .

In the following we consider according to the cases where x, y are even or
odd respectively.

i) x : odd, y : even
In this case y^/ m = 0 (mod. 2) holds, so y*/ m = 0 (mod. ^n) a n d

/? = .z:+<yv'~wfc~ are prime to n especially prime to $n, so that x is prime to
$ w and n. Therefore

β = x (mod. %„) .

Now from S. Takahashi [5], there is a unit satisfying the congruence equation

x ΞΞ E(x) (mod. gn) .

For this unit we get

β == £0r) (mod. 3rn)

and

SI - 1 (mod. 3fn) in Q(f n) .

ii) x: even, 3;: odd
It we set n = 21' n0 (n0: odd), so x is prime to n, because β=xΛ-y\/~7?ϊ~

is prime to n and y*/ m = 0 (mod. ??n/(2)). Therefore the following linear
congruence equations have the solution k, and k relatively prime to n

For

hold

and

this k

ί
1

. Furthermore

kβ~-

kβ =

( kXΞΞΞ

t ky^

= kx 4- ky*/~

= kx + ky^/'

, from 4\n

1 (mod.

1 (mod.

^ Γ Ξ Ξ Ξ I

Ίn ΞΞ ^Z"

/-I e(

1 .

n0)

2 ) .

(mod. 3ίn/(2))

In (mod. 2)

20ΓO,

( 5 )

holds.
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On the other hand ±*/ — m + 1/2 is an integer, because — m = 1 (mod. 4),
hence \/ m = i (mod. 2) holds. So we have from (5) the following congruences,

kβ = 1 (mod. 3ίn/(2))
( 6 )

kβ = i (mod. 2) .

Let n = 2tf > no = 21' fi£ pi2 pi1 be, where p% are all odd prime numbers and
et Φ 0. Then we have

Now we put

i=l i=l

((ί,y): all combinations of two different numbers from 1, 2, , t)

= Π ( W 4 r A ••&,)> Λ = Π (fΛ fpl-?O
(i,J, ,l) (i,Λ ,0

> 0 : aH combinations of & difierent numbers from 1, 2, , t)

Then, Ei, £ 2 , , £ f , F 1 ? F2, 9Ft are units in Q(f „)•
Generally it is well known that if m is a natural number which contains

two or more prime numbers, and ξ is a primitive root of unity, then 1 — ξ
is a unit. Therefore

are all units. And furthermore, we set
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E1F2E3F4ι

E =
FγE^FzE^ Ft-ιEt

EιF2E3 * Ft-χEt

—-J ι * (if t is even)

97

( 8 )

(if t is odd)

Then E too is a unit in Q(ζn). Now we put for fixed i from 1, 2, , t as
follows

(λ -,0

ϊ > = π (fi ίΓi
(A .O

Et = EP

Ft = F]».

Then from ξΛ = 1 (mod. ^

£j.) = F(« ( m o d . 5 p ( )

£3?> = U'2, (mod. 3=Pt

Pϊ> Ξ ^ (mod. 5,,)

hold. Therefore, from (8), (9), (10)

(E (

( i ) = ί ? > = 1)

= 2, 3, , t

(t = 1,2, , ί)

E = 1 (mod. gfn/(2)) .

In the next we show that E = i (mod. 2). It holds

( 9 )

(10)
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1 ~ ζl ζPi ' * * ζpi _<-. ί

'ζvi-ζi (11)

ΪA = ~ζi = ζi (mod. 2).

Therefore

-jΓ- = "c^~ = fί7* (mod. 2) .

And from (8) it holds

t

E = £4*= ' *=f4α+i)*-ϊ = f4 (mod. 2). (12)

Therefore from (11), (12)

E =Ξ 1 (mod. $w/(2))
(13)

£ = ί (mod. 2).

And from (6) we have

&/2 = E (mod. ^ J .

Now again take the unit E(k) in Q(fn) satisfying ^ = E(k) (mod. 31,,) according
to S. Takahashi [5]. Then

kβ

21 ~ 1 (mod. §κ) in Q(ξn) .

2. Ill From the proposition 2" we have

st =

and put

2

is an integer of Q(*/~ϊn) which is prime to n, and
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θ*"1 = (a+iγ-σ = a = l (mod.a»).

Therefore if we put

β = x + yjs/^m (x, y are rational integers)

then

2yS"L=Q (mod.
x+y»/ W

So

= 0 (mod. SOt)

and r is prime to n

^ 0 (mod. 3fn/(2)). (14)

In the following we consider according to the cases where y is even or odd
respectively.

i) y: even

In this case it holds from (14),

y>s/~m = 0 (mod. ̂ n ) ,

so

β = x (mod. δ n )

and x is prime to n. Therefore take again a unit in Q(ζn) satisfying x=E(x)
(mod. 5n). Then

% = (β),β = χ = E(x) (mod. 3fn)

so it holds

21 - 1 (mod. %n) in Q(ζn) .

ii) y: odd

Write n = 2ί w0, w0 being odd. Then the following linear congruence
equations have the solution k which is prime to n

kx = l (mod. n0)

k = l (mod. 2)
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so, for β =
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m

kβ = kxΛ-kys/ m =l + \/ m (mod. 2)

kβ = kx+kytJΊrΓ = 1 (mod. %n/
(15)

hold. (phr. 0^(2) \n09 y^ΊτΓ = 0 (mod. &n/

Now we write m = 2m {rri is odd). Here, if m ^ 1 (mod. 4) holds

sfm - J 2 = ^ 2 (χ/m' -1) in Q(fn)

and is/mΓ—1/2 is an integer in Q{js/nϊr) C Q(ξ*w)

so s/~mΓ= ^~~2~ (mod. 2) .

And if m' = 3 (mod. 4) holds

Λ/W — s/ 2 i — JS/ 2 (*/m' —i)

and s/ΊΰΓ — i/2 = -^-r- (±LS/ — nϊ +1) is an integer, because - m = l (mod. 4)

so A/ OT = y/ 2 i (mod. 2) .

On the other hand take

then

_»/ 2 (l + ί) Λ/2 (1-0
~ 2 + 2

Therefore

= rίXl-ίS) = 2?,"1 Ξ 0 (mod. 2) .

From the above we have for any cases

1 + s/~m== 1 + «/~2~ (mod. 2) .
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Now 1 + v7 2 is a unit in Q(ζn), and has the following representasion.

1 + *Λ2~ = 1 + ξ8 + fr1 , ft = - 1 , ft = -ξsι

= 1 + ?. - ft

On the other hand

(i + f. - ft)(i - Cs) = l + ?β - ft - fβ - ft + ft
— >*3 _ ί-2
— ~" b8 b8 j

hence

In the following we write

2 =/ 2 = — —

so from (15)

β = £ 0 (mod. 2)
(16)

Now let all prime numbers contained in n0 be pu p2, , pt, and we put

JP* — TT bβ b pt # b 4 b Pi 1

g _ TT b 8 b Pib Pj # b 4b ptb pj 1

(t J) b 8 + b 4b Pib PJ b 4 b Pi b Pj

*', 7) : all combinations of two different numbers from 1,2, , t)

= TT

h i>' ' ' ? 0 : a l l combinations of & different numbers from 1, 2, , t)
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Now

ζi + ?4?ft u = s α - «

are all units. Therefore El9 E2, , Et are all units in Q(f „). Now, for fixed
£ from 1,2, , t we put

— pit) pit) fid) _.

17 _ 17(i) Ϊ7(i) 77(i) _ TT b8 ζpjζvj
iI/2 — ^ 2 ^ 2 ) -C*2 — 1 1 w I ί* 5- $-

__ Ί7(i) p(i) 17(1) — TT ?β ?p t^Pi ζpi ζiζpj bg| 1
— ILJC rLk , Hik — 11 03 •_ $- f . . . f* f- r r . . r

(j,...fl) b8-T"b4bί)i * * * b»i b4—bPibpj * # * bP|

Then

771 77(i) _ ξ*8+ £4

eβ-i

= 1 (mod. 3fΛ)

and for yfe = 2, 3, , t

Ξ π

U...I) £1+ ζiζp, "ξpi ζi—ξp,'" ζpi

= EL% (mod. 3fΛ)

holds. Therefore we have the following congruence equations
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\EΊ
Q

Now if t is even we put

E = -

So from (17)

E

If t is odd we put

T = 1 (mod.£U

i" Ξ £«!, (mod. 5Λ)

b = 2, 3, , ί) .

771 TT1 XT' 771

XLQxlf i ZI/3 XL{_i
XT' xĵ  XT'

Hd^Hjk χl/^

= 1 (mod. S1^) .

XT1 XT' XT' XT'

E%Ei ' Et-ι

EoE^Ep - £((i)

103

(17)

So from (17) we have

EΞΞI (mod. 8ίΛ) .

As the above we have for any cases

E = l (mod. 3rΛ) * = 1,2, . , ί ,

accordingly

£ = 1 (mod. 3n/(2)) . (18)

On the other hand we can show that E = Eo (mod. 2).
Put for brevity as the following

ζl + ζi ζPi* ' fj* ?4 ~ ?P,?P, ζpi

Then
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{ζ,-B){ζ,B-1)-

r = 0 (mod. 2).

Namely

A = 1 (mod. 2)

and so

ix = E2 = = £ί = 1 (mod. 2)
(19)

5 Ξ £ 0 (mod. 2).

From the above formulas (16), (18), (19)

kβ~E (mod. g g .

Now take once again according to S. Takahashi [5] a unit E(k) in Q(ζn)

satisfying the congruence equation k Ξ E(k) (mod. <Jn), then we have the

following congruence which is the desired result:

kβ E

Si - 1 (mod. %n) in Q(fn) .
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