LEBESGUE CONSTANTS FOR A FAMILY OF
SUMMABILITY METHODS

KYUHEI IKENO

(Received June 15, 1965)

1. Introduction. The unboundedness of the sequence of Lebesgue con-
stants implies the existence of a continuous function whose Fourier series
diverges at a point, and this is also the case with many summability methods.
The estimation of such constants for various summability methods has been
calculated by K. Ishiguro [2],[3], A. E. Livingston [4],and L. Lorch [5],[6], [7], [8].

In this paper we shall study the behavior of the Lebesgue constants for
a family of summability methods. A. Meir [9] has introduced a family of
summability methods which is defined by two parameters a and ¢, and has
shown that this family contains Borel, Valiron, Euler, Taylor and S.-
transformation.

If we define Lg(a,q(p)) by the Lebesgue constants for this family of
summability methods, then we obtain the following formula:

(1.1)  Lia,¢(p) = —2-log4ag(p) + A + O(logg/n/ q ) as p— oo,

77'2

where A is the constant such as
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which is Euler-Mascheroni’s constant.

The proof of formula (1.1) consists of two parts; 1°) the case where
g=q(p) is integer and 2°) the case where ¢=¢(p) is not integer. In the last
section we shall show that from (1.1) we can obtain Lebesgue constants for
Borel, Valiron, Euler, Taylor and S,-transformation which are contained in
this family of summability methods.

Finally I wish to express my gratitude to Professor G. Sunouchi for his
kind suggestions.
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2. The Family F(a,q(p)) of Summability Methods. After A. Meir [9],
let us say the summability matrix [c,.] belongs to F(a, g(p)) if it satisfies the
following conditions: p is a discrete or continuous parameter ; @ is a positive
constant; ¢g=¢(p) is a positive increasing function which tends to infinity as
p— oo ; for every fixed 8: 1/2 <8< 2/3

@1 cp=n-2 e‘%‘k“”*{HO(Lé:g!Ll)JrO( Ik——gqis)}

Tq q

as p— oo uniformly in % for |k—q|= ¢,

(2.2) et 2 key= O (exp(—q7)

lk~a]>q®

where 7 is some positive number independent of p, and
2.3) e =0.

It is known that the family F(a,q(p)) with appropriate a and ¢(p)
contains such summability methods as Borel, Valiron, Euler, Taylor and S,-
transformation, see G. H. Hardy [1] and A. Meir [9].

Let a function f{x) be integrable in Lebesgue’s sense over the interval
—m =< x == and periodic with period 2.

If we define S.(f;x) by the n-th partial sum of the Fourier series of
Ax) and ¢,(f; x) by the transformation of S,(f; x) by means of summability
matrix [c,;], then we have

= o x Cpr SIN Bt L )y

When we suppose that for all p

2.4) Doklep] < oo,
k=0

t(f;x) = ——ff(x+u) 5ein u/ZZcpk sm(k + %)udu

If the summability matrix [c,;] belongs to F(a, g(p)), then the condition
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(2.4) is satisfied and Lebesgue constants for this methods Lg(a,q(p)) are
defined as follows:

7 |2

(2.5) "~ Li(a,q(p)) = — Z coe Sin(2k+1)u | d

sin

3. Three Lemmas. To prove formula (1.1), we require the following three
lemmas.

LEMMA 31. When p tends to infinity, we get:

311) 2> fo "

™

|sin(2k+1)u| du

'1 a e_%(k—w lk—q|+1
sinu | s mg q

= O(logg/~/ q)
and

- —
(3.1.2) -i—j; .1 > \/—a—e“‘(k - lkq‘” [sin(2k+1) u| du

sinw | S~ 5" mq

= O(logg/A/ q)-

PROOF. i) We can suppose 0 <<1/q <m/2 for sufficiently large p, and
set I,,, I,, as follows:

2 f/ 1 ~ /a4 -fuw-or |k—g|+1
2 e, lk—g|+1
m™ Jo SInu |k—q|=a® ™q q

=2 ez

= In + 112-

|sin(2k+1) u|du

\/ a_ e‘%“"”"i“%'—tl- |sin(2k+1)u|du

lk-al=q® s

Since we have

NEEPS L gl ol ih2 SRR
kea=® 79 q

<\/— —__(k—a)’ lk—q|+1 {2|k—q|+@2g+1)}|u]

T [k— al<q5 q
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(\/——— _—(k—a)’((_qu)_z-f- |k_q[+1)[ul)

T klq=d q

=0W q lul),

then we obtain

1/q

Li=0W7q [ 5% d=00/ve),

sin u

and

/2 —
B 1 a ~Za-or |[k—q|+1
L. = O(-/l/q sin u 2 \/'rrq e q du

lk—a]=q®

1 /2 du . o
O(«/q fl,q smu):OOOg‘I/«/q ), as p—oo.

Therefore (3.1.1) has been proved.

ii) We can prove (3.1.2) by the same method as in (i).
We suppose that 0 < 1/qg < /2 similar as in (i) and set 1,,, I,, as follows:

2 a — 8 (k—q)2 |k_q|3 .
f sin u \ e’ < |sin(2k+1) u|du

|- qlsa s

(f j ) \/ a e‘%(k_wﬁ—;—zgﬁlsin(2k+1)u[du

sin « = qlsq wq

= Iy + I, .

Since we have

~2 (k—q)? — 3
> '\/—a—e c*® %Isin(2k+l)u|

|k-q]<d® mq

a_ -Lk-or |k—q|®
=V-Z ¥ T e g kgl + g D) ul
[ a -2 (k-a® (k—q)* [k—q]?
( nq 2 5%+ )[“')

=0W q lu)),
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then we obtain

1/q
—0(va [ ) =00/ D)

sin u

and

2 /2 1 _@ (ke oy k_ 3
122:()(_7}_]. _ > N Q)I-q—;]\—du)

1/a sinu le—al<d® - mq

1 7,2 d -
O(«/q au >=O(logq/dq) as p— oo.

1/a sinu

Therefore (3.1.2) has been proved.

LEMMA 3.2. If q=q(p) is an integer valued function of p, then we have

2 fm -2 Gc-ay
(38.2) gl B e » q|<q \/—— sin(2k+1)u | d:
2 /2 '%ﬂ . (2 1)
_ e “sin(2g+1)u
=l sin 2 ’du+o(1/q), as p—>oo.

PROOF. When we set n=k—q(p), we have

\/__a_ ¢ 7 sin Ck+1)u

p-as® T4

y a —8& n2youni
— S{ei(lqi-l)u‘ [_& z e 9 }

mq Inl=c®

— S{ei(ZLHl)u‘ [_ 4 ( Z z ) ‘—"’”""‘} .
n=—co Inl>q
Using the property of Theta function [10], we get

+eo +oo
J —_—n2+zuni Z —-—(u —nw)?

n=-—oo n=—o0

and for 0=u =m/2
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£ T Gin(2k+ 1) u

k-as® = T4

_ S{e“”"“)” gi e"g‘“'""z)’} (Z \/—e e |sm(2n+2q+1)u| )

]n]>q

n=—00

= e'g‘? sin(2¢+1)u + O(qe"%? lu]) + O(ge " ul)

= ¢ % sin2g+1Du + O(ge-""|ul).

Therefore we get

2

\/—q— e sm(2n+2q+ Du|d

sin u In[SqB

2 z/2
- 7.[0

and consequently we have proved Lemma 3.2.

_auw
e *sin(2g+1)u
sin «

{du +0o(l/q) as p— oo,

LEMMA 3.3 Let f(u,q) be defined over ¢ =0 and 0=u = 7, and let
Ef— = fu(u, q) exist for ¢ >0, and f,(u,q) be integrable over [0,/2].

7 [ fwald= 00 and f(3-,q)= 0T as g oo,

then we have

/2 7
J; fu, q) {‘7‘27__‘—‘ Isin(2g+1u]| }du =001/ "q), as g—oo.

In order to prove this lemma, see L. Lorch [5].

4. Lebesgue Constants. In this section we calculate Lebesgue constants
for a family of summability methods whose matrix [c,.] belongs to F(a, q(p)).

THEOREM. Let Lga,q(p)) denote the Lebesgue constants for a family
of summability methods whose matrizx [c,.] belongs to F(a, g(p)).
Then we get the following formula:

(LD Lia,q(p) = 2 log dag(p) + A + Olog g// ) as p— oo,
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where constant A is defined by (1.2).

PROOF. 1°) The case where ¢ = ¢(p) is integer.
From (2.5) we have

Loy = 2 [

smu(“c ~ lk_qzbas) Cor SIN(2k+1)u | du.

We set n, L(a,q) and E as follows:

n=k— qp)

4.1) L(a,q) = —g—f’ﬂ > c,,,c sin(2&2+ 1)u|

™ Jyo sin Jk—gl=d®
(4.2) E=2 f L5 ., sin(2k+ 1| du.

lk~-al>q®
Using (2.2), we have
; .

(4.3) |E| :o(fo Sinu(cm+lk§>qakc,,k> ]u]du)

= 0(e™™) = o(1/q)

We get from Lemma 3.2,

@8 2 [1:/2

m Jo

1 _em
N q
- ,_;qse sm(2k+1)u’du

In]=

2

™ Jo

1

sin »

e sin(2q+1)uidu +0(1/9).

Applying (4.3) and Lemma 3.1 to (4.1), we obtain

aRVICy

smul 1=

{1 + O(I"I‘]‘Fl)_’_o( = I )} sin (2k+ 1) u | d

/2
45 Lag=-—2[
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2 [

“a Jo

1
sin u

e—%}’ sin(2¢+1)u l du + O(logq/~/ q )

/2 -
2 e

™ Jo

f sin (2g-+ 1>u}du + O(1/q) + Olog ¢// ) .-

If we define L(g) as follows;

2 /2 )
Lg) = — L —th— |sin(2¢+1) u| du,

then from L. Lorch [5], [6] we obtain

(4.6) L(g) = ;;17 logg — ;2; i II:’(S‘/CS) sinu du + O(1/9)

4 4 2c
—_’TTlogq + Flogw + gy +A+0Q1/g)),

where A and ¢ are defined by (1.2).
If we set d(q)=1L(q9)—L(a,q), then from (4.5) we have

d(q) = L(g) — L(a, q)

2 f”” 1 e p
i —u—(l—-e Ysin(2g+1)u|du

S

/2
[ A @)lsin@g+ Duldu + Ooga/n/ g)
where f(u,q) = % 1- e_%q).

Since the function f(x,q) satisfies the conditions of Lemma 3.3, (see
L. Lorch [5]), we have

/2 au?
dig) =% [ - au+ Olloga/vT)

u

2 1 1 2 qu?/4a 1 B L
=5, *u—(l—e"‘)du—}-ﬁf1 7(1—e “Ydu + O(log g/~/ q )



258 K. IKENO

_ 24 if_L » f‘”l
_71_210 is {ou(l—e )du_lueu

r ]

2
= —ﬂ_—log?+—+0(logq/«/ q ).

Consequently we obtain

4.7 La,9) = L(g) - d(9)

ll

logq + —logvr +—+A

ﬂ‘[\:

7 logdag + A+ O(logg//q ).

From (4.1), (4.2), and (4.7), we get

Li(a,q(p)) = L(a,q) + o(1/9)

|

qz’/w

" log

q71"

4a

+O(log q/~q)

= —;log4aq(p) + A+ O(logq/~/q ), as p—>oo.

Therefore we have proved (1.1) when ¢=g(p) is integer.

2°) The case when g=¢(p) is not integer.

Let [g] denote the integral part of ¢g=¢(p) and g,=[q]+1.

We set D,, D,, D,, D, as follows:

1
sin u ka4

2 fﬂ/z
m™ Jo sin # lk—aoléaos mq,

=t ez, 2

g<k=q+q® d=k<q

@8 l % j:z/z

1 a

__ell

L (k—qo)?

\/ 2 T Y in(2k+ 1) u ‘ du

i n(2k+1)u\du

(\/_ o
mq

- \/7:; e—:—o(k—q")x) sin(2k+1)u \ du
0
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_2% lez 1 (k ~qo)?

T ) Shhu q+08<k5qo+q° \/ Isin(2k+1) u|du
if Lle-r | .

o o sinu _ qgskz%_qn \/ [sin(2k+1) u|du

=D1+D2+D3+D4,

where we take p large enough.
i) In case where ¢ <g,=k=q + ¢° we have

0=(k—q)/v ¢ <(k—9)/n/ "q <(k—Iq))/~[q] -

Hence the following inequality results:

(4.9) l / 7:; e——‘f,—(k—q)' _\/ a e"%(k-%)’

g,

= \/ ~—(k—dv)’ e—%(k—a)' )

WQO

1 (k-[a)/M/Ta]
= O( __f |xe“""’ldx)
N Qo Yana

_f_ 1 -fe-wr((k—1[q])" (k—gq,)’
B O(«@Te ( [q] % ))

1 -fw-wrf (k—q,)® | |k—qol 1
— O — 9o - .
(N/ 4d, ¢ ( q.° + 90 * q‘))

We shall estimate D,, by dividing the range of integration of D, in (4.8)
into two parts. We set D,,, D,, as follows:

D —_& fl/ll+ fﬂ/‘z 1 Z a e_%(k_wz
YT\ e | sinu wq

a<ksq+d®
'T(’Mw) sin(2k+1)u|du

WQO

= -Dn + D12,

where we can suppose 0 <1/q¢ < 7/2 for sufficiently large p.
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From (4.9), we get

e a \
D, = O(f .1 Z 1__ e—-a(k—do)
0

Sin % q<k§q+q5*/ 24

% (.(kf_goi_k |2— q,]
9o 9o

+ qi) (2]k—ql+2q+1)udu)

1/q
-o(va [ )= 0w

and

/2 " , _ _
D12=O(f 1l > —Le"ﬂ‘o(k““’(——(k @) | k=gl q°|+i)du)

2
ve SINU = 58/ g, 9 9 90

—0( A [ g ) = Otogarv 7).
Therefore
(4.10) | D, =Dy, + Dy, = O(logg// q).
ii) In case where £ = [q] < g < ¢,, we have
(k—g0)/~/ 4 <(k—q)// g <(k—Iq)/~/[q] =0.

Hence the following inequality results similarly to (4.9):

(4.11) '\/___ ——(k—a)'_\/ ot

k)

a a
S\/ a (e——q—(k—a)' _ e'E(k“‘“)’)
= Tq

1 (k—1q1)/4/Tal
= O(——_—f | e fdx)
~ q (k—-a0)// @

«/ET 9o [q]

1 e ((k—Iq) . [k—Iq)l , 1
O(«/m"” G +[q]>)'

O( 1 ‘°1>’<(k—qo)2 _ (k—[q])z))
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We divide the range of integration of D, in (4.8) into two parts for
sufficiently large p and set D,;,D,, as follows:

2 [ a -Z@-or
2“7(.[ f/,,)smu ( wqeq

- \/—a—e_io‘(k_“)g) sin(2k+1)u|du
7o

a-aPsk<q

= sz + D22 .

From (4.11), we get

D —0 fw 1 > 1 -ttt
e sinu 5=~ [q]

(k—[q])" | |k— [q][
( [ "l [q])@*k ql+2q+1>udu)

0

1/q
=07 [ gy du) = 0/ D)

and
. L fytay ((k— lg)* , 1k—Iqll ,
= P — . d
D O(L,, snu, 2 Vld ¢ g
1 /2 1 L
= O(ﬁ./;/q Sn du) = O(logg/~/ q ).
Therefore .
(4.12) D, = Dy, + D,, = O(log Q/»\/E .
Next we shall estimate D;, D, and we get for sufficiently large p,
2 k=t
(4.13) D, = f P \/—~ O sin(2k+1) u| du

q+QB<k§ﬂo+Qn

cofvie=[*

=0(1/9),

du) = O/ q e

sin
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and

a —i( —q)2 .
sinu 5 \/ e T Isin(2k+1) u| du

a-a®<k<q-a® ™

(4.14) D, = Zf

Sin %

=0 (¢7 g f " du) = O(/ g e )

=0o(1/9).
Using (4.8), (4.10), (4.12), (4.13), (4.14) and setting n,=%k—¢q,, we obtain

=
sin u . q]qu

2 |2
- 7.[0

Since we have from (4.7)
2 ™ 1 a
7~L sin # 2 \/

Inol =gl 7o
— 2 logag, + A+ OQ a
= og4aq, + A+ (quo/«/qo),

\/ 4T Sin(2k+ D u | du

1 > \/—Ee o sm(2k+1)u‘du+O(IOgQ/«/—q—)'
<q

S u 170108

_and.
e * sin(2k+1)u | du

we obtain

(4. 15) 2. j: i

1 \/-i— e 7 sin(2k+1) u| du
SIDU e _gs@ ™4

— 2 logdag(p) + A+ OQoga/x/T)

From Lemma 3.1, (4.3) and (4.15), we have

\/ 2 T in(2k+1) u|du+ O(loga/a/ 7))

lk-al =@ ks

Liaaw)= 2 [

sin u

—%log4aq(p)+A+O(logq/Jq ), as p—>oo.
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Thus we have obtained the Lebesgue constants for a family of summability
methods whose matrix [c,.] belongs to F(a, g(p)).

5. Lebesgue constants for Borel, Valiron, Euler, Taylor and S.-
transformation.

i) Borel-transformation. See L. Lorch [5].
The summability matrix of this transformation is defined by

k
Cpk:'e—p—kp—‘— (k:O,]»;Z,"'))

where p>0, a= —é—*, and ¢ = p, see A. Meir [9].

Therefore from (1.1) we get Lebesgue constants for Borel-transformation
Ly as follows:

1 2 -
Ls=Le( 5, p)= s log2p+ A+ Olog #/n/ 5)

This Lebesgue constants have been obtained already by L. Lorch [5] whose
remainder term is O(1// p ).

ii) Valiron-transformation.
The summability matrix is defined by

cpk=J;r%e—T(k—p)z (P:]"Z"." k=0:1)2,"’)

where @ >0, a = a and ¢ = p, see A. Meir [9].
Therefore from Theorem 1°) in section 4 we get Lebesgue constants for
Valiron-transformation L., as follows:

Liw = Le(@, p) = S logdap + A+ O/ F).

iii) Euler-transformation. See L. Lorch [7] and A. E. Livingston [4].
The summability matrix of this transformation is defined by

cpk=(i?)“k(1—“>”"‘, (p=1,2-++,k=0,1,2,--+)

where 0 <a <1, a=1/2(1—a) and ¢ = ap, see A Meir [9].
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Therefore we get from (1.1) Lebesgue constants for Euler-transformation
Lz . as follows:

L(E,a) = LF(l/Z(l—d), ap)

2 ' _
?log%f—% + A+ O(logp/~/ P ).

L. Lorch has obtained Lebesgue constants for (E, —;‘—) in [7] and has shown
that the remainder term is O(1/4/ p ).

iv) Taylor-transformation. See K. Ishiguro [2].
The summability matrix is defined by

‘ 0 O=k=p—-1)
Cre = { r"*‘(i)(l—ﬂ""’ =k

where 0 <r <1, a=17r/2(1—r) and g = p/r, see A. Meir [9].

Therefore we get from (1.1) Lebesgue constants for Taylor-transformation
L, as follows:

Ly = Le(r/2(1—7), p/7)

z;g{log_l%+A+O(logP/«/7)-

v) S,-transformation. See K. Ishiguro [3].
The summability matrix of this transformation is defined by

e = A=ap (PFF ) k=012, p=1,2,--")

where 0 <a <1, a=(1—a)/2 and ¢ = ap/(1—a), see A. Meir [9].
Therefore we get from (1.1) Lebesgue constants for S,-transformation
L, as follows:

Loy = Lr(1-a)/2,ap/(1—-a))

= ;Zglogde+ A+ O(ogp/A P ).
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